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Abstract

Deterministic AI weather and ocean models are far more computationally efficient and achieve lower
mean-square error than state-of-the-art operational forecasts, yet they are widely criticized for violating
physical constraints, smoothing small scales, and underestimating extremes. We offer a unified Markov-
process explanation: MSE-trained deterministic models learn the conditional mean E[x;a; | x¢| rather
than the full transition law p(x;a¢ | X¢). This mean-field limit links low RMSE to poor conservation,
spectral dissipation, and weak extremes. We support the theory with a finite-state Markov experiment
and a stochastically perturbed Kelvin-Helmholtz fluid experiment using matched U-Net backbones.
From an information-entropy perspective, deterministic forecasts are low-entropy and overconfident
relative to atmospheric and oceanic variability, whereas diffusion models sample from conditional
transition distributions and better match intrinsic complexity. Distributional generative forecasting
may therefore be better suited to future Al prediction, reconstruction, and bias correction.

Keywords: Al weather forecasting; probabilistic mean field; deterministic forecasting; extreme event;
physical unconservation

Key Points

*  Under the Markov Process assumption, we declare that for existing deterministic AI weather
forecasting models optimized with RMSE as the objective function, the optimal weight parameters
obtained by minimizing this objective imply that each forecast is the conditional expectation
E[x;+at | x¢], which we refer to as the probabilistic mean field.

¢ Drawing on mathematical analysis and two experiments exploring the averaging property of
the probabilistic mean field E[x;a; | x¢|, we elucidate three major limitations encountered in
deterministic Al weather forecasting models: insufficient physical conservation, high-frequency
power dissipation, and poor extreme-value prediction.

*  We further show that deterministic forecasting models, regardless of RMSE, MAE, or related
regression losses, produce a systematic information-entropy mismatch with the true future field,
reflecting overconfidence in every prediction. Conditional generative models such as GANs
and diffusion models, which learn p(x;11 | X¢), instead produce probabilistic forecasts and
provide a distribution-aware alternative that may mitigate the three deterministic deficiencies
identified above.

Plain Language Summary

Al weather and ocean models are much faster than traditional forecast models and often have
low average error. But they can also look too smooth, miss extreme events, and fail to follow basic
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physical rules. We explain this with a simple idea: when Al models are trained to minimize average
error, they learn a weighted average over all possible outcome, not the full range of possible futures.
That typical forecast is smoother and less extreme than reality. We test this idea in two experiments: a
simple probability model and a turbulent fluid-flow model. In both cases, average-error models look
good in error scores but miss real variability. Diffusion models, which can generate multiple possible
futures, better match realistic small-scale structure. This suggests that the main problem is not one
training choice, but deterministic forecasting itself. Future Al systems may work better if they forecast
distributions, not just a single best guess.

1. Introduction

Since the advent of Al weather models epitomized by Pangu-Weather [1], a wide range of Al
forecasting systems for meteorology and oceanography have sprung up globally [2-5]. Several of these
Al model can intermittently surpass conventional state-of-the-art physics-based numerical weather pre-
diction (NWP) systems in forecast accuracy, alongside prominent superiority in computational speed
and energy consumption efficiency [6]. Accordingly, they are increasingly deployed to provide rapid,
operationally scalable global forecast support for disaster risk reduction, renewable energy scheduling,
heavy-precipitation-related hazards and marine activities and coastal management [3,4,7-9].

Nevertheless, Al weather models still suffer from notable limitations, including overly smoothed
forecast , systematic underestimation of extreme events and violation of physical conservation
laws [1,8,10]. For instance, Pangu-Weather tends to produce smoother contour lines and predicts
similar values for neighboring grid points, which is considered as an inherent property of deep neural
networks. In contrast, traditional operational NWP systems (IFS) better preserve small-scale structures,
even though yielding inferior overall performance in terms of RMSE and ACC [1]. A clear example is
Storm Ciaran, during which leading Al models captured the cyclone track and large-scale structure
well but underestimated peak 10-m wind speeds by roughly 8-9 m s~! relative to IFS and failed to
reproduce sharp frontal gradients essential for warning issuance [11]. For flood-relevant precipita-
tion, the catastrophic North China event exposed a complementary limitation: standalone Al global
forecasts struggle to resolve mesoscale rainfall maxima and sharp accumulation gradients that drive
hydrological impacts, even when large-scale patterns are broadly captured [12]. Complementary
diagnostics from ECMWF indicate that such deficits are part of a broader pattern in data-driven models:
even at short forecast lead times, Pangu-Weather exhibits pronounced spectral damping for wavenum-
bers above approximately 60, corresponding to spatial wavelengths shorter than roughly 700 km,
relative to physics-based ensemble forecasts, yielding systematically smoother fields than observed [8].
Moreover, the predicted wind and mass fields become progressively less dynamically consistent with
one another as forecast lead time increases, manifesting as a growing departure from geostrophic
balance. Spectral budget analyses further show that Pangu-Weather underestimates mesoscale kinetic
energy and fails to maintain the canonical mesoscale energy cascade seen in physics-based models [13].
This physical unconservation phenomenon is not limited to Pangu-Weather as a special case. Further
investigation on the FuXi weather model that Al Weather forecast model violates global dry-air-mass,
moisture-budget, and energy conservation [14] .

Existing views generally attribute these weakness to a hierarchy of mechanisms in current data-
driven forecasting. At the most fundamental level, mainstream Al weather models do not embed
atmospheric governing equations and instead learn mappings directly from historical reanalysis
data [1,10]. Their forecasts therefore depend primarily on statistical interpolation within the learned
state space rather than on physical extrapolation, which first limits skill for out-of-distribution extremes
and maintain physical conservation. This extrapolation weakness is further amplified by the rarity of
extreme events in training datasets, a classic data imbalance problem that biases optimization toward
common weather states and contributes to systematic underestimation of both extreme intensity
and occurrence frequency [10,15]. Additionally, from the perspective of the frequency principle (F-
principle), deep networks tend to fit low-frequency components before high-frequency details, making
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fine-scale structures difficult to learn fully and providing an additional explanation for the attenuation
of small-scale variability and extreme amplitudes [16].

Although the aforementioned interpretations have deepened our understanding of weakness in
artificial intelligence forecasting, most of these explanations are merely phenomenological. They fail to
establish a unified theoretical framework that can comprehensively account for three key issues of
Al weather models: insufficient physical conservation, dissipation of high-frequency power spectra,
and inadequate capability in extreme value prediction. Inspired by the “double penalty” effect [17,18],
where a misplaced forecast is penalized both for missing the observed feature and for producing
spurious structure at the wrong location, and where squared errors more broadly favor smooth
predictions, we further declare that deterministic forecast models with MSE-type loss are effectively
trained to recover the conditional mean field E[X;,; | X¢] rather than its full probabilistic structure
p(Xt+ar | X¢) [19]. This mean-seeking behavior offers a common theoretical basis for understanding
why such models may achieve competitive bulk errors while still failing to preserve conservation
constraints, maintain high-frequency variance, and represent extremes.

Convex manifold
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Figure 1. (A) Two non-Gaussian one-step laws and the corresponding conditional expectations (red dashed lines).
(i) Bimodal case: the mean can fall in a low probability region between modes. (ii) Long-tail case: heavy tails
pull the mean away from the modal bulk, so point forecasts misrepresent rare extremes. (B) Convex-manifold
analogue: samples on M (green) represent admissible physical states, whereas their Euclidean mean X (red star)
need not lie on M. This clarifies how the conditional expectation can become nonphysical.

As shown in Figure 1, panel A(i) illustrates the bimodal case that when p(X;a¢ | X¢) is non-
Gaussian, the conditional expectation E[X; s | X¢] may fall in a low probability region between modes
rather than near either mode. Panel A(ii) illustrates the long-tail case that tails can place E[X;a; | X¢]
far from rare extremes, so a single conditional mean offers little predictive value for extreme events.
Panel B provides a non-intuitive geometric view: the green samples lie on a convex manifold M
that schematically represents admissible physical states, yet the Euclidean mean of any 7 such points
need not remain on M; a mean-based forecast can therefore be not only statistically unrepresentative
but also physically inadmissible. Contrary to the conventional intuition that minimizing RMSE can
continuously narrow the gap between predictions and targets while satisfying physical conservation
constraints, we elaborate that pursuing the lowest RMSE in deterministic Al models will instead lead
to physical non-conservation. This finding may inspire the reassessment of existing meteorological Al
forecasting models or the reconstruction of evaluation paradigms for such models in future research.

The remainder of this paper is organized as follows. Section 2 develops the theoretical basis of
this study. We model atmospheric and oceanic evolution as a discrete-time stochastic Markov process
and show that deterministic Al models trained with RMSE learn the conditional mean E[X;; a¢ | X¢]
rather than the full transition law p(x;; ¢ | Xt). We further explain why this probabilistic mean field
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underestimates extremes and high-frequency variability, and show that it is generally not a solution
of the original nonlinear governing equations, so physical non-conservation may be a structural
consequence of RMSE-optimal deterministic forecasting. Section 3 presents the experimental design
used to validate the theory in Section 2. We learn an n x n Markov transition matrix with two MLP
neural networks: one trained with RMSE to predict a scalar next state, and one trained with cross-
entropy to predict the full conditional distribution. This section further represents a 200-member
stochastically perturbed Kelvin-Helmholtz Trixi ensemble to compare two one-step forecasters on
128 x 128 four-channel states: a U-Net [20] trained with RMSE to predict the conditional-mean next
state, and an EDM diffusion model [21] by comparison with the same U-Net backbone trained to sample
from the conditional next-state distribution p(x¢41 | x¢) [22,23]. Section 4 reports the experimental
results and related quantitative analyses. Section 5 discusses the main findings, highlights development
trend of Al forecasting models, and concludes the paper.

2. Preliminaries
2.1. Markov Formulation Of Atmospheric And Oceanic Forecasting

Atmospheric and oceanic evolution can be approximated as a discrete-time Markov process [24-26].
Let the system state at time ¢ be denoted by X; € S, where S represents the joint phase space of
atmospheric and oceanic variables (e.g., temperature, winds, pressure, sea surface height, and related
fields on a model grid). The one-step transition law is written as

P(xt+At cA | Xt, X¢_Aty - - ) = P(Xt+At cA | Xt), VA cS, (1)

which states that the future depends on the past only through the present state. Equivalently, the
conditional transition probability density is

PXernr | Xe Xe—pts - --) = P(Xepar | Xe)- )

As in contemporary data-driven meteorological models, the forecast is produced by a determinis-
tic neural network whose parameters are learned from historical state pairs. Given a training set
{(xgn), xg)A ;) }I_,, the model parameters are updated by backpropagation to minimize the empirical
MSE as the primary objective:

o =g B atof) 52, o

In the limit of infinite data and sufficient model capacity, the empirical objective (3) converges to
the population mean squared error (MSE):

R(6) = E[ [Xe1.a0 — Mo(X0)I13], @

where the expectation is taken with respect to the joint distribution induced by the Markov transition
law (2).
2.2. Mse Minimization Yields The Conditional Mean

Proposition 1 (MSE-optimal deterministic forecast as conditional expectation). Let (X¢, X;1a¢) be
generated by the Markov process (1)~(2), and assume E||X;; ¢||3 < oco. Consider any measurable estimator
¢ : S — RY and define the population MSE risk

R(8) = B |Xesar — X 3] ©)
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Then any minimizer of R(g) satisfies
< (xt) = BXpaar | Xe = x4] almost surely. (6)

Consequently, a deterministic neural model Mg trained by minimizing (3) learns the conditional mean of the
future state rather than the full conditional distribution p(x;1at | Xt). A detailed proof of (6) is provided in the
Supplementary Information (SI).

Proposition 1 shows that deterministic models trained with RMSE recover the conditional mean
E[Xt+at | X¢]. They do not, in general, recover the full conditional distribution p(x;;a¢ | X¢). Therefore,
low RMSE does not imply that the model has learned the complete Markov transition law in (2).
Consequently, such models have limited skill for rare, abrupt extremes and tend to underestimate both
the frequency and intensity of low- and high-quantile events.

Proposition 2 (Conditional expectation is not a nonlinear physical solution). Let u; be a random state
generated by a nonlinear dynamical system

oru = N(u), )

where N is nonlinear. Suppose every sample path satisfies this equation, and define the one-step conditional
mean

Appar = Elugpar | ul. (8)

If the conditional distribution of us, s given uy is not almost surely degenerate, then tiy | as is not, in general, a
solution of 0yu = N (u). Instead,

Orilpy ar = N (fy1at) + Resats Ripar = BN (upsar) | us] = N(Elugpar | ui). )

Moreover, Ry a+ 7 0 whenever N is non-affine on the support of the conditional distribution. A detailed proof
is provided in the Supplementary Information (SI).

Proposition 2 shows that a conditional-mean forecast need not satisfy the underlying nonlinear
dynamics. The resulting behavior is counter-intuitive: the more aggressively a model is optimized for
lower RMSE, the more it may converge to a statistically optimal yet physically non-realizable mean
field, with degraded representation of physical constraint-preserving structure.

3. Data and Methods
3.1. Markov Transition-Matrix Experiment

To validate Proposition 1 in a controlled setting, we design a toy experiment in which the
underlying atmospheric or oceanic evolution is represented by a finite-state Markov chain. The state
spaceis S = {s(l), ., s }, with K € {3,10,100}. For each experiment, the scalar states are placed
uniformly on [—1,1]:
2(j=1)

K-1"'

sU) = —1 4 j=1,...,K (10)

The one-step transition law is a row-stochastic matrix P € REK*K with entries
‘ ‘ K
Pij = P(St+At = 50 | St = S(l))’ Zpi]' =1 (11)

Each row of P is drawn independently from a symmetric Dirichlet distribution, P;. ~ Dirichlet(x, ..., a),
with « = 1 and random seed fixed at 0. This construction yields a random but unbiased transition
matrix without hand-crafted multi-modal structure.
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Training pairs (s¢,s;.41) are generated by simulating the Markov chain. For each current state
index 7, we sample next states from P;. and construct a dataset of state transitions. We use 100,000
transition pairs for K = 3 and K = 10, and 500,000 pairs for K = 100. The data are split into 80%
training and 20% testing subsets. Sampling is balanced across current states so that each row of P
is equally represented during optimization. Two multilayer perceptrons (MLPs) are trained on the
same transition dataset. The first model, denoted MLP(RMSE), represents the deterministic regression
strategy used in operational Al weather models. It takes the current scalar state s; as input and outputs
a scalar prediction 3; 1, trained to minimize the mean squared error (MSE). The second model, denoted
MLP(Cross-Entropy), represents explicit distributional learning of the transition law. It takes a one-hot
encoding of the current state index as input and outputs a K-dimensional logit vector.

To compare the learned transition law with the true matrix P, we construct an inferred transition
matrix from each model. For MLP(Cross-Entropy), row i is taken directly as the predicted probability
vector. For MLP(RMSE), row i is reconstructed from the scalar prediction y; = MLP (s() by mapping
to the nearest grid state:

7

1, j= argming‘s(@ — Ui

PEMSE — (12)

0, otherwise.

This nearest-state reconstruction reflects the fact that a scalar regression model cannot represent a full
probability vector. Detailed experimental configurations are provided in SI Table S1.

3.2. Kelvin—Helmholtz Experiment: Probabilistic vs. Deterministic Forecasting

The second experiment extends the theoretical result in Section 2 from discrete-state Markov
chains to a spatially extended fluid system. Our objective is to systematically compare the forecasting
behaviors of deterministic and probabilistic AI models from mainstream but distinct forecasting
frameworks. Because diffusion-based generative models are trained to represent a target distribution
rather than a single point forecast, we expect them to learn the conditional transition law p(x;4a¢ | X¢)
more faithfully than mean-seeking deterministic models. Following GenCast [27], we adopt its
diffusion-based ensemble approach and compare it with the deterministic conditional-mean output of
Pangu [1]. We study this question using the two-dimensional (2D) compressible Kelvin—-Helmholtz
(KH) instability as a prototype chaotic flow [28]. The governing equations are the 2D compressible
Euler equations on a periodic domain Q = [—1,1]?:

ou

=, +V-FU) =0, (13)

where U = [p, pvy, pva, pE]T is the vector of conserved variables, p is density, (v1,v,) is velocity, E is
specific total energy, and F is the corresponding flux tensor for an ideal gas with ratio of specific heats
v = 1.4. In primitive form, the prognostic fields are X; = (p, v1, v2, p), where p is pressure. The KH
setup consists of a tanh shear layer with a sinusoidal cross-stream perturbation, which triggers roll-up
of the shear interface and growth of multiscale structure.

To represent the atmospheric and oceanic forecasting problem as a Markov process, we do
not integrate a single deterministic trajectory. Instead, we generate an ensemble of conditionally
independent trajectories that share the same baseline initial condition but diverge through per-step
random perturbations. Let Xgm) denote the state of ensemble member m at time t. Conceptually, the
evolution can be written as

X\ = F(X"™) + ™, (14)

(m)

where F is the deterministic numerical time-step operator and #,  is a member-specific random
perturbation. In practice, after each accepted time step of the numerical solver, we add a multiplicative
Gaussian perturbation to every conserved variable:

U < Ui+ € |ui| &, Ci~ N(0,1), (15)
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with relative amplitude e,y = 3 x 107*. All members use the same initial-condition seed, while
member m uses perturbation seed 1000 + m. This design keeps the large-scale initial structure identical
across members while allowing the transition law p(x;1a; | x¢) to be broadened by unresolved
stochastic variability. The resulting ensemble therefore provides a Monte Carlo approximation of the
conditional distribution of future states.

Numerically, Equation (13) is solved with the TRIXI DGSEM solver on an adaptively refined mesh
(polynomial degree p = 3, base refinement level 5, AMR enabled). We integrate each member from
t = 0to t = 5s and save snapshots every Atsave = 0.2s. In total, we run 200 ensemble members. Some
members terminate before t = 5s owing to numerical instability; for those members we retain all
frames produced before failure. Each saved snapshot is exported on a uniform 128 x 128 grid covering
Q, with four channels (p, v1, v, p). Member m is thus represented by a sequence

{X(m) c R4><128><128}T’”_1 (16)
k k=0 ’
where Ty, is the number of saved frames for that member.

On the KH dataset, we compare two one-step U-Net forecasters with identical backbones
(128 x 128): a deterministic model trained with global RMSE loss, Xy = Up(X;), and a proba-
bilistic EDM diffusion model trained to sample from the conditional law Xy, 1 | Xi. At inference,
both models are rolled out autoregressively from the ground-truth initial state, X;, 1 = Up(X;) with
Xo = X(()m), yielding a deterministic nonlinear Markov surrogate in the RMSE case and an ensemble of
stochastic trajectories in the diffusion case. We split the 200 ensemble members into 180 training and
20 test trajectories , reserving 10 training members for validation and early stopping. All consecutive
pairs from the training pool are used to compute channel-wise normalization statistics.

4. Results and Discussion
4.1. Markov Transition-Matrix Results

Figure 2 compares the true transition matrix with the matrices inferred by MLP under two
training objectives: continuous next-pixel value regression optimized with RMSE loss, and discrete
pixel category prediction using softmax output paired with cross-entropy loss, for K = 3, K = 10,
and K = 100. For each case, the left panel shows the randomly generated ground-truth matrix P, the
middle panel shows the matrix reconstructed from the RMSE-trained scalar model, and the right panel
shows the matrix learned by the cross-entropy model.

Across all three state dimensions, the two models achieve nearly identical RMSE on the test
set ( Table 1). For example, at K = 100, the RMSE values are 0.579 for MLP (RMSE) and 0.577 for
MLP(Cross-Entropy). This indicates that both models recover the conditional mean with similar
point-wise accuracy. However, the distributional fidelity differs sharply. The KL divergence between
the true and inferred transition matrices remains large for MLP(RMSE) at all scales: 8.38 for K = 3,
14.81 for K = 10, and 14.06 for K = 100. In contrast, MLP(Cross-Entropy) achieves KL values near zero:
0.0002, 0.0016, and 0.0170 for the same three cases. The RMSE-trained model therefore approximates
the row-wise conditional means well, but fails to recover the full transition law Pl-]-. As shown in the
middle panels of Figure 2, the inferred RMSE matrix collapses each row to a single nearest grid state,
producing an effectively one-hot and overly concentrated transition matrix. The Cross-Entropy model,
by contrast, reproduces the spread, multi-modality, and tail structure of the true transition rows.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Table 1. Markov transition-matrix experiment: test RMSE and row-averaged KL divergence for MLP(RMSE) and
MLP(Cross-Entropy).

K Model RMSE KL  Samples / Epochs
3 MLP(RMSE) 0.585 8377 100,000 / 120
3 MLP(Cross-Entropy)  0.585  0.0002 100,000 / 120
10 MLP(RMSE) 0.658  14.812 100,000 / 120
10 MLP(Cross-Entropy)  0.658  0.0016 100,000 / 120
100 MLP(RMSE) 0.579  14.055 500,000 / 80

100 MLP(Cross-Entropy) 0.577  0.0170 500,000 / 80

Moreover, because RMSE training targets the conditional expectation, the scalar outputs MLP(—1),
MLP(0), and MLP(1) converge to approximately —0.38, +-0.75, and +0.50 respectively. None of these
values coincide with any legal state in —1,0, 1. This mismatch is analogous to the familiar property of
nonlinear dynamics that a linear superposition of admissible solutions need not remain admissible:
compressing a genuine transition distribution to its mean yields a point that may lie outside the
discrete state space and cannot represent the original Markov kernel.

These results provide direct numerical support for the theoretical distinction established in Sec-
tion 2. Minimizing RMSE leads to learning g*(s(!)) = Y Pijs(j ), not the full conditional distribution. A
model can therefore appear accurate in RMSE while remaining a poor representation of the under-
lying Markov transition law.In the subsequent discussion, we further interpret this failure from the
standpoint of entropy reduction. Deterministic RMSE regression effectively compresses the condi-
tional transition distribution into a single-point prediction, thereby collapsing stochastic uncertainty
and simplifying the intrinsic complexity of the underlying dynamical system. For a transition row
pi = (P, ..., Pix), the Shannon entropy is

K
H(pi;) = —)_ PijlogPj, (17)
j=1

which measures the intrinsic uncertainty in the one-step transition law [29]. RMSE training replaces
pi by an effectively degenerate law supported on a single predicted value, so that the distributional
entropy is driven toward zero even when H(p;) > 0 in the true Markov system.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 2. Markov transition-matrix experiment for K = 3 (top), K = 10 (middle), and K = 100 (bottom). Each row
shows, from left to right, the true transition matrix P, the matrix reconstructed from MLP(RMSE) via nearest-state
mapping (12), and the matrix learned by MLP(Cross-Entropy). Although RMSE-trained models recover row-wise
conditional means with accuracy comparable to the distributional model, they fail to reproduce the full transition
law and produce sharply concentrated one-hot rows.

4.2. Kelvin—-Helmholtz Experiment: Deterministic Mean Vs. Diffusion Samples

We train two one-step forecasters on 128 x 128 Kelvin—-Helmholtz (KH) fields for under matched
experimental conditions: the same dataset, the same U-Net backbone width (base_ch=32), and the
same training configs. The deterministic model minimizes mean squared error (MSE) and predicts a
single map K¢y a = Mget(Xt); the diffusion model uses the same U-Net as its denoiser and learns a
conditional distribution p(x;; ¢ | X¢) via EDM, from which we draw stochastic rollouts. Both models
are trained to convergence; and validation RMSE is summarized in SI Table S2. The deterministic U-Net
attains a slightly lower validation RMSE (0.0904) than the EDM U-Net (0.1089).The slightly lower
validation RMSE of Det U-Net is therefore not a contradiction of the spectral and structural contrasts
discussed below. Rather, it anticipates them: although pointwise error is smaller, the deterministic
mean field is smoother, dissipates more high-k power, and loses fine-scale detail relative to truth and to
diffusion samples. More importantly, diffusion models can provide reliable probabilistic forecasts: the
spread of an generated ensemble is well correlated with the actual forecast error. Deterministic models
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cannot offer this property, because they produce a single map rather than a calibrated predictive
distribution.

Figure 3 shows, for v, as a representative example, a test-set trajectory in which every model
is initialized from the same ground-truth state. At early times (f = 0 to 1.6), both forecasts remain
close to the truth. After several autoregressive steps (t = 3.0 to 4.6), the deterministic field turns
noticeably smoother: small vortical structures and sharp v, gradients are weakened, while individual
diffusion samples still show fine-scale turbulent features. This difference does not appear only at the
first forecast step; it grows and remains visible late in the rollout.

— random trajectory in test dataset

Truth Det U-Net EDM Unet mean (10) EDM Unet sample #1 EDM Unet sample #2
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Figure 3. Rollout of v; on a random test trajectory. All models share the same initial state. Columns show the

truth, the deterministic U-Net, the EDM U-Net ensemble mean (10 members), and two individual EDM samples.
At late times, the deterministic forecast and the ensemble mean become smoother, whereas individual diffusion

samples retain fine-scale turbulent structure.
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Figure 4. Radial power spectrum of v, averaged over five held-out test members at t = 3.00 and 4.00. These
late times are chosen because the flow is strongly nonlinear and develops pronounced high-frequency structure.
Individual EDM samples follow the truth at high wavenumber, while the deterministic U-Net and the diffusion
ensemble mean show clear spectral dissipation.

As KH evolution is controlled by shear-layer rotation, an important physcial conservation di-
agnositc variable is vorcity (w = dyv2 — dyv1). We diagnose the time-mean domain vorticity RMSE,
RMSE,,, between each rollout and the Truth reference. As shown in SI Table S3, Det U-Net and EDM
U-Net exhibit different fidelity to the rotational dynamics of Kelvin-Helmholtz (KH) instability. Exem-
plified by four randomly selected test members, members 14, 31, and 137 of EDM diffusion members

achieve lower RMSE,, than Det U-Net, whereas member 3 provides a contrasting case in which the
deterministic rollout is slightly better. This pattern indicates that stochastic diffusion samples can
better represent rotational KH structure than a single conditional-mean trajectory.

Another physical-conservation diagnostic targets the domain-integrated x-momentum Py () =
Jap(x,t) vx(x, t) dx on the same 128 x 128 periodic Kelvin-Helmholtz rollouts. Because the reference
simulation is unforced and periodic, Py should remain nearly constant in time; we therefore measure
the end-of-rollout percent drift 6Py = [Py(tend) — Px(0)]/Px(0) and report the bulk consistency error
ep, = |0Pypred — 0Py ref|, which quantifies how closely a predicted rollout preserves the global x-
momentum budget of the Truth reference. As shown in SI Table 54, all EDM samples yields smaller ep,
than Det U-Net, with reductions of best samples ranging from 26.5% to 99.1%. Det U-Net systematically
produces spurious positive Py of order +2-5%, whereas the Truth reference remains within +0.05%
and representative EDM samples track the reference drift to within < 0.5%. These results indicate that
EDM U-Net better preserves bulk x-momentum consistency than Det U-Net.

While ep, probes global integral behavior, it does not characterize whether fine-scale variability
is retained or overly smoothed. To quantify multi-scale fidelity, we also examine the radial power
spectrum, a standard diagnostic for small-scale structure and a useful proxy for whether a model
preserves physical conservative. Figure 4 compares radial power spectra averaged over five held-out
test members at t = 3.00 and ¢ = 4.00. We focus on these late times because the flow has become
strongly nonlinear and less predictable, and because the truth develops pronounced high-frequency
structure that is most difficult to preserve in autoregressive forecasting. Atlow wavenumbers (k < 0.1),
all methods remain close to the reference. However, at higher wavenumbers(k > 0.3), the deterministic
U-Net exhibits pronounced spectral dissipation: its power falls far below the truth, indicating loss
of sub-grid detail and sharp gradients. Individual diffusion trajectories, by contrast, remain much
closer to the reference spectrum over the same rollout horizon, consistent with the visual sharpness in
Figure 3.
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These two views support the Markov argument developed in Sec. 2: MSE training targets the
conditional expectation E[x;a; | x¢], which is smooth whenever the conditional distribution is broad
or multi-modal. Diffusion sampling approximates draws from p(x;;a; | X¢) and can represent small-

scale variability that the mean field suppresses. We further test this interpretation with a ten-member

(m) Y10

diffusion ensemble per initial condition. Let {x; j,},_

; denote independent EDM rollouts sharing
the same x;. The ensemble mean

] 1 1o
Xat = 75 21 XE-H:)At ~ x| x] (18)
m=

should coincide, in principle, with the MSE deterministic prediction when both models are well trained
on the same data. This is exactly what we observe: in Figure 3, X(EDM U-Net mean) is visually similar
to the deterministic field (Det U-Net) and both are smoother than the truth and than any single sample.
In Figure 4, the ensemble-mean spectrum nearly overlaps that of the deterministic U-Net and lies
well below the truth at high k, while each individual diffusion member tracks the reference much
more closely. In other words, the deterministic model performs well in mean-square error because it
approximates the conditional mean, not because it fully captures the transition distribution. Individual
diffusion samples better represent small-scale structure, while their ensemble mean again resembles
the deterministic forecast and shows a similar high-k spectral deficit.

Recent Al weather and ocean models often train with MSE-type objectives, but many also employ
MAE losses or other related variants. In this study we use MSE alone in both the Markov analysis
and the KH experiments, mainly for clarity and direct comparison with the conditional-mean theory.
This choice should not be read as a claim that deterministic forecasting is limited only to MSE training.
Specifically, deterministic AI models minimizing the L1 loss (MAE) yields the conditional median,
whereas asymmetric pinball (quantile) losses yield the corresponding conditional quantiles [19,30].
Regardless of the loss function adopted, a deterministic one-step model returns a single map at each
lead time. From an information-entropy perspective, this deterministic one-map forecast represents a
nearly degenerate predictive distribution rather than the full conditional law p(x;; ¢ | X¢). Quantified
by the Shannon entropy H(p) in Equation (17), such an output therefore carries much less uncertainty
than the true transition distribution: its effective information content is low, and in this sense the
forecast is overconfident relative to the intrinsic variability encoded in p(x;;a¢ | X¢). By contrast, a
diffusion forecast represents p(x;; ¢ | Xt) and generates an ensemble of physically distinct states. The
spread of those samples reflects the entropy of the conditional distribution, which is closer in spirit to
the variability seen in nature and in high-fidelity reference simulations. This mismatch between low-
entropy deterministic outputs and high-entropy realistic fields may therefore lie deeper than spectral
smoothing alone. For future Al-based forecasting, reconstruction, and bias correction, generative
approaches such as diffusion models or GAN-like samplers appear better suited than point estimators,
because they preserve distributional information and produce richer multi-realization outputs rather
than a single best guess.

Our stochastic KH results further suggest that diffusion models can learn one-step Markov
transitions in a form compatible with probabilistic post-training. Methods developed for large language
models, including PPO and DPO [31,32], may be adapted to adjust the distribution of diffusion
forecasts rather than only their mean. We plan to pursue this direction in our follow-up research,
as this distribution-level calibration strategy has not yet been explored in existing literature and is
theoretically well-grounded. Such distribution-level calibration could be useful wherever ensemble
spread matters, for example in typhoon track and intensity ensemble prediction, where the goal is not
only a central estimate but also a reliable sample of plausible futures.

5. Conclusions

In this study we show that deterministic models trained with RMSE-type objectives do not,
in general, learn the full transition law p(x;1a¢ | X¢); instead, they recover the conditional mean
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E[x;+at | x¢]. We establish this result theoretically under a Markov formulation and validate it in
two complementary experiments. The finite-state Markov experiment demonstrates that two models
with nearly identical RMSE can differ sharply in distributional fidelity: scalar regression collapses
each transition row to a nearest state, whereas cross-entropy learning recovers the full transition
matrix. The Kelvin—-Helmholtz experiment extends this conclusion to a spatially extended chaotic flow.
Although deterministic and diffusion-based models can achieve similar rollout error, the deterministic
forecast and the diffusion ensemble mean become visually smoother and lose high-k spectral power,
while individual diffusion samples retain small-scale structure closer to the truth. Averaging diffusion
samples recovers a mean-like state that again resembles the deterministic forecast, consistent with the
view that RMSE-optimal deterministic models target the conditional expectation.

Our analysis further suggests that this limitation is not confined to the choice of MSE over L; or
other regression losses. Any deterministic one-step architecture returns a single field and therefore
a low-entropy, overconfident prediction relative to the true conditional distribution. By contrast,
diffusion and related generative models represent p(x;4a; | x¢) through sampling, producing forecasts
with richer uncertainty structure and information content that is closer to realistic atmospheric and
oceanic variability. From this perspective, the mismatch between deterministic Al outputs and nature
may reflect a deeper entropy deficit rather than spectral smoothing alone. Looking forward, we argue
that Al systems for forecasting, reconstruction, and bias correction should increasingly be built as
distributional learners rather than point estimators. Diffusion models, GAN-like samplers, and other
generative approaches offer a natural framework for ensemble prediction, spread calibration, and
distribution-aware post-training. Such models may better preserve extremes, multi-scale variance,
and physically plausible variability, and they provide a promising path toward the next generation of
probabilistic Al geoscience models.
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Data Availability Statement: All source codes used in this study are publicly available at https://github.
com/DYHAI/PME. The Kelvin—-Helmholtz simulations are performed in Julia using TRIXLJL (https://github.
com/trixi-framework/Trixi.jl with DGSEM, shock capturing, and AMR. Solution export uses TRIXI2VTK.JL
(https:/ /github.com/trixi-framework/Trixi2Vtk jl). Computations were performed in Python 3.13 (PyTorch 2.12,
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CUDA 13.0) on a Linux system with an an NVIDIA RTX 4090 GPU (24 GB). The KH ensemble was integrated
with Julia 1.11.9 and TRIXIL.JL on the same machine.
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