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Abstract

In this work, we analyze the spread and transfer of quantum information in large quantum systems
under external control. We focus on the entanglement entropy growth rate as a key quantity, employing
tools such as Fourier analysis, Hamiltonian quantization, and out-of-time-ordered correlators (OTOCs).
Our goal is to derive a corrected expression that captures the role of external control while ensuring
consistency with fundamental physical principles, in particular the constraint that the entanglement
entropy cannot exceed the maximal bound Smax in closed systems.
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1. Introduction
Large quantum systems, such as many-body spin chains or quantum gases, exhibit complex

dynamics due to entanglement growth and information scrambling. Tracking the evolution of en-
tanglement becomes increasingly difficult as the number of qubits grows. In this study, we develop
a framework that captures entanglement entropy growth under external control, focusing on the
entanglement entropy growth rate vE, which measures the speed of quantum information spreading.

The challenge lies in the fact that while entanglement entropy typically grows linearly at early
times, it must saturate at a maximal value Smax at a characteristic time tc. A physically consistent
model must therefore capture both regimes without exceeding Smax.

Figure 1. Schematic representation of a one-dimensional qubit chain with nearest-neighbor coupling J and external
field B. The system shows quantum information propagation through entanglement spreading.

2. Model System: One-Dimensional Qubit Chain
We consider a one-dimensional chain of qubits described by the Hamiltonian

H = ∑
i

J σz
i σz

i+1 + B σx
i , (1)
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where J is the nearest-neighbor coupling and B is the transverse field strength. This Hamiltonian
captures the competition between interaction-induced correlations (first term) and external driving by
a magnetic field (second term).

3. Entanglement Entropy Growth
3.1. Growth Rate Definition and Early-Time Behavior

The entanglement entropy growth rate is defined as:

vE =
dS
dt

, (2)

which leads to the early-time linear growth:

S(t) ≈ vEt. (3)

This linear behavior characterizes the ballistic spreading of quantum information in chaotic systems.

3.2. Connection to Quantum Chaos and Scrambling

The growth of out-of-time-ordered correlators (OTOCs) provides a fundamental connection to
quantum chaos:

C(t) ∼ eλLt, (4)

where λL is the quantum Lyapunov exponent. The entanglement entropy growth rate is intimately
related to this scrambling behavior through:

vE ∝ λLT, (5)

where T is the temperature, establishing a deep connection between information scrambling and
entanglement dynamics.

3.3. Maximum Entropy Bound

For a bipartite system divided into equal halves, the maximum entanglement entropy is given by
the Page value:

Smax ≈ N
2

ln 2 − 1
2

, (6)

where N is the total number of qubits. This represents the typical entanglement entropy of a random
pure state.

3.4. Critical Time Estimation

The saturation time tc can be estimated from the growth rate and maximum entropy:

tc =
Smax

vE
. (7)

This time scale marks the transition from linear growth to saturation regime.

3.5. External Control Mechanism

When external control is applied through a phase parameter ϕ, the growth rate becomes modu-
lated:

vE(ϕ) = v(0)E − ∆v cos ϕ. (8)

The control phase ϕ can represent various experimental parameters such as laser phase, magnetic field
orientation, or microwave pulse phase.
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3.6. Environmental Decoherence Effects

To account for environmental effects and measurement limitations, we introduce a decoherence
factor:

κ(ϕ) = κ0(1 + β cos ϕ). (9)

This factor captures how the control parameter affects the system’s coupling to its environment and
the resulting decoherence rate.

3.7. Derivation of the Corrected Expression

Starting from the fundamental definition and incorporating all effects:
1. Early-time growth:

dS
dt

= vE(ϕ) for t < tc(ϕ) (10)

2. Integration yields linear growth:

S(t, ϕ) =
∫ t

0
vE(ϕ)dτ = vE(ϕ)t (11)

3. Saturation condition:
S(tc(ϕ), ϕ) = vE(ϕ)tc(ϕ) = Smax (12)

4. Post-saturation dynamics: For t > tc(ϕ), we consider environmental effects:

dS
dt

= −κ(ϕ)[S(t, ϕ)− Sequilibrium] (13)

5. Solution with boundary condition: Solving this differential equation with S(tc(ϕ), ϕ) = Smax

gives:
S(t, ϕ) = Sequilibrium + [Smax − Sequilibrium]e−κ(ϕ)(t−tc(ϕ)) (14)

For closed systems, Sequilibrium = Smax, leading to constant entropy. For open systems, we allow
Sequilibrium = Smax − α(ϕ), resulting in our final expression.

4. Physically Consistent Entanglement Entropy Expression
The complete physically consistent expression is:

S(t, ϕ) =


vE(ϕ) t, t ≤ tc(ϕ),

Smax − α(ϕ)
(

1 − e−κ(ϕ)(t−tc(ϕ))
)

, t > tc(ϕ),
(15)

where:

tc(ϕ) =
Smax

vE(ϕ)
, (16)

vE(ϕ) = v(0)E − ∆v cos ϕ, (17)

κ(ϕ) = κ0(1 + β cos ϕ). (18)
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Figure 2. Entanglement entropy dynamics for different control parameters ϕ. The curves show linear growth
followed by saturation without exceeding Smax, with environmental effects causing slight entropy reduction in
open systems.

4.1. Physical Interpretation and Significance

The model captures several key physical phenomena:

• Linear Growth Phase: For t < tc, the entropy grows linearly with slope vE(ϕ), representing
ballistic spreading of entanglement in chaotic systems.

• Saturation Transition: At t = tc, the system reaches maximum entanglement, and the growth
must cease due to fundamental quantum mechanical constraints.

• Environmental Coupling: The parameter α(ϕ) quantifies how much entropy can "leak" to the
environment, distinguishing closed systems (α = 0) from open systems (α > 0).

• Control Parameter Dependence: Both the growth rate vE(ϕ) and decoherence rate κ(ϕ) depend
on the control phase ϕ, enabling experimental tunability of entanglement dynamics.

• Smooth Transition: The exponential function ensures a smooth transition between growth and
saturation regimes, physically representing the gradual approach to equilibrium.

5. Experimental Implications
This model has significant implications for experimental quantum information processing:

• Quantum Control: The ϕ-dependence provides a mechanism for controlling entanglement growth
rates in quantum devices.

• Decoherence Management: Understanding the κ(ϕ) dependence helps in designing protocols to
minimize unwanted decoherence.

• Benchmarking: The model provides a framework for benchmarking quantum devices against
ideal theoretical predictions.

• Quantum Error Correction: The saturation behavior informs the design of quantum error correc-
tion protocols that must operate within entanglement limits.
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Figure 3. Effects of control parameter ϕ on entanglement growth rate vE(ϕ) and decoherence rate κ(ϕ). Different
curves correspond to different values of ϕ showing tunable quantum dynamics.

6. Conclusions
We have developed a comprehensive and physically consistent model for entanglement entropy

dynamics under external control. The key achievement is the derivation of an expression that respects
the fundamental bound Smax while incorporating experimental control parameters and environmental
effects. The model successfully captures:

1. The linear growth phase characterized by the controlled growth rate vE(ϕ) 2. The saturation at
the fundamental limit Smax 3. The environmental effects through the decoherence parameter κ(ϕ) 4.
The smooth transition between regimes ensured by the exponential form

This framework provides a valuable tool for both theoretical studies and experimental implemen-
tations of quantum information processing in controlled quantum systems.
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