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Abstract: Many people, including Horadam, have studied the numbers W;,, satisfying the recurrence relation
Wy = uW,,_1 +oW,,_p (n > 2) with Wy = 0 and W; = 1. In this paper, we study the p-numerical semigroups
of the triple (W;, W2, Wi, ) for integers i, k(> 3). For a nonnegative integer p, the p-numerical semigroup
Sp is defined as the set of integers whose nonnegative integral linear combinations of given positive integers
ai,ap,...,a; with ged(ag, ap, ..., ac) = 1 are expressed in more than p ways. When p = 0, S = Sy is the original
numerical semigroup. The largest element and the cardinality of No\ S, are called the p-Frobenius number and

the p-genus, respectively.
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1. Introduction

We consider the sequence {W,,}5°_, satisfying
Wy =uWy_1+oWy—2 (n>2) Wo=0W; =1, ey

where 1 and v are positive integers with ged(u, v) = 1. The values of W, = W, (4, v) depend on the
values of u and v. If u = v = 1, F, = W,(1,1) is the n-th Fibonacci number [1]. If u = 1 and v = 2,
Jn = Wy(1,2) is the n-th Jacobsthal number [2,3]. If u = 2 and v = 1, P, = W,,(2,1) is the n-th Pell
number [4]. However, for simplicity, if we do not specify the values of u or v, we will simply write W,
for Wy, (u,v).

This type of number sequence has been well known to many people by Horadam’s series of
studies ([5-9]) in the 1960s. Because of this fact, this sequence is sometimes called the Horadam sequence.
Horadam himself used the recurrence relation W,, = uW,,_; — vW,,_,. But recently more people (see,
e.g., [10,11]) have used the recurrence relation W, = uW,_; + vW,,_» and such works are still due
to Horadam. In general, the initial values are arbitrary, but because of some simplifications, we set
Wo = 0and Wy = 1. According to [6], this sequence has long exercised interest, as seen in, for instance,
Bessel-Hagen [12], Lucas [13], and Tagiuri [14], and, for historical details, Dickson [15]. However, it is
deplorable that quite a few papers are publishing results that have already been obtained by these
authors as new results, either because they are unaware of their or the following important results, or
even if they are ignoring them.

Given the set of positive integers A := {ay,ay,...,ax} (x > 2), for a nonnegative integer p, let
Sp be the set of integers whose nonnegative integral linear combinations of given positive integers
ai,ap,...,a, are expressed in more than p ways. For a set of nonnegative integers Ny, the set NO\S,,
is finite if and only if ged(ay,az,...,ax) = 1. Then there exists the largest integer g,(A) := g(Sp)
in Ng\Sp, which is called the p-Frobenius number. The cardinality of Ng\S, is called the p-genus and
is denoted by n,(A) := n(Sy). The sum of the elements in Ny\S, is called the p-Sylvester sum and
is denoted by s,(A) := s(Sp). This kind of concept is a generalization of the famous Diophantine
problem of Frobenius since p = 0 is the case when the original Frobenius number g(A) = go(A), the
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genus 1(A) = ng(A) and the Sylvester sum s(A) = so(A) are recovered. We can call S, the p-numerical
semigroup. Strictly speaking, when p > 1, S, does not include 0 since the integer 0 has only one
representation, so it satisfies simply additivity, and the set S, U {0} becomes a numerical semigroup.
For numerical semigroups, we refer to [16-18]. For the p-numerical semigroup, we refer to [19].

We are interested in finding any closed or explicit form of the p-Frobenius number, which is even
more difficult when p > 0. For three or more variables, no concrete example had been found. Most
recently, we have finally succeeded in giving the p-Frobenius number as closed-form expressions for
the triangular number triplet ([20]), for repunits ([21,22]).

In this paper, we study the p-numerical semigroups of the triple (W;, Wi, Wi, ) for integers
i, k(> 3). We give explicit closed formulas of the p-Frobenius numbers and p-genus of this triple. Note
that the special cases for Fibonacci [1], Pell [4], and Jacobsthal triples [2,3] have already been studied.

2. Preliminaries

We introduce the Apéry set (see [23]) below in order to obtain the formulas for g,(A), n,(A), and
sp(A) technically. Without loss of generality, we assume that 2; = min(A).

Definition 1. Let p be a nonnegative integer. For a set of positive integers A = {ay,a,...,ax} with
gcd(A) = 1and a; = min(A) we denote by

App(A) = App(a1/a2/-- -raK) = {mép),mgp),. ﬂ1 1}

the p-Apéry set of A, where each positive integer mgp) (0 <i < ay — 1) satisfies the conditions:
)m? =i (moday), (i)m" €S,(A), (ii)m" —ay &S,(A).
Note that méo) is defined to be 0.

It follows that for each p,
App(A) ={0,1,...,ay — 1} (mod aq).

Even though it is hard to find any explicit form of g,(A) as well as n,(A) and 5,(A) k > 3, by
using convenient formulas established in [24,25], we can obtain such values for some special sequences

()

(a1,ay, ..., ay) after finding any regular structure of m i One convenient formula is on the power sum

sPA) = Y
neN\Sp(A)

by using Bernoulli numbers B, defined by the generating function

o n
X

=Y By,
=0 n:

and another convenient formula is on the weighted power sum ([26,27])

SHCOE D
’ neNo\Sp(A)

by using Eulerian numbers (! ) appearing in the generating function

ank_ n+lZ< >m+1 nZl)
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with 0° = 1and <8> = 1. Here, y is a nonnegative integer and A # 1. From these convenient formulas,
many useful expressions are yielded as special cases. Some useful ones are given as follows. The

formulas (3) and (4) are entailed from sf\% (A) and s(;,; (A), respectively.

Lemma 1. Let x, p and y be integers with k > 2 and p > 0. Assume that gcd(aq, ay, ..., ax) = 1. We have

_ Py _
gplay,ay,... a¢) = <0<I]2aai(—1m] ) ap, (2)
1 Ml () a1—1
np(u1/a2/'--/a1€) = a ];0 m] - 2 ’ (3)
1S g2 195 ) a1
sp(al,az,...,a,()zﬂ ;)(mj ) —Ejg) m; +T. (4)

Remark 1. When p = 0, the formulas (2), (3) and (4) reduce to the formulas by Brauer and Shockley
[28] [Lemma 3], Selmer [29] [Theorem], and Tripathi [30] [Lemma 1]', respectively:

g(ay,ap,...,a¢) = < max m]) —ay,

0<]<[11 1
a1 o a —1
n(ay, ap,...,a¢) = — Z !
1 ol 2 = 11%—1
s(ay, a,...,a¢) = (mj)>— = Y mj+ /
2a; = 25 12

where m; = m](o) 1<j<a;—1)withmy = m((]o) =0.

3. Main Results

We use the following properties repeatedly. The proof is trivial and omitted.

Lemma 2. Fori, k > 1, we have

Wi |W; < ki, ®)
u ifiis even;

cd(W;, W; = 6

g ( i 1+2) {1 zfz'isodd, ()

Witk = Wi 1 Wi + oWilWi_q, @)

W, = {O (mod u) if n is even; @)

o' (mod u) ifnisodd.

First of all, if i is odd and 3 < i < k — 1 then by (1) and (7),

Wik — 8o(W;, Wi+2) > Woip1 —WiWio + Wi+ Wi
= WitaWi—1 + Wi + W; > 0.

1 There wasa typo, but it was corrected in [31].
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Hence, go(W;, Wi 2, Wiik) = go(W;, Wi2). Therefore, from now on, we consider the case only when i

is even and k is odd, or when i is odd, with i > k > 3.

3.1. The Case k Is Odd

When k is odd, we choose non-negative integers q and t as

Wi=qWr+rtu, 0<rv<W,

©)

where q = W;/Wj if k|i due to (5), otherwise q is the largest integer, satisfying

0 (mod u) if i is even;

W.
qSW; and qE{ -

v2 (mod u) ifiisodd.

More directly, when i is even (and k is odd),

2]
REERSIS

Note that if u = 1 ([2]), then always q = |W;/W].
In particular, if i is even and

When i is odd (and k is odd),

W.
u>—-, then q=0, so t=W;/u.
Wi

If k|i, then by (5) Wi|W;. So, when i is even, by (8) u|W; (8). Thus, we get

q:W;, so t=0.

i1
2

When kli and i is odd, by W; = v
(mod u). By ged(u,v) =1, h = v'T (mod u). Thus,

Thus, we get

We use the following identity.
Lemma 3. Fori,v > 3, we have

Wit + Wik = (Wig1 + 0(qWi—g + 1)) W;.

Proof. By (1) and (7) together with (9), we get

k— i—
and W, = le, there exists an integer & such that le =hv

(10)

(11)

(12)

k-1
2

LHS — RHS = t(u? 4 0)W; + tuoWi_1 + q(Wi 1 Wy + oW, Wi_4)
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— (MWZ‘ + UWifl)Wi - T’UWZ‘ - qUWiWk—l
=0.

O

Assume that k 1 i (The case k | i is discussed later). Then the elements of the (0-)Apéry set are
given in Table 1. Here, we consider the expression

ty,Z = yWipo +zWipg (]/,Z > O)
or simply the position (y, z).

Table 1. Apy(W;, Wii2, W) for odd k

(0,0) (1,0) (Wr —1,0)
(0,1) (1,1) (We —1,1)
0a-1  (La-1) (We—1,4-1)
(0,9) (t—1,q)
(O,q—i—-u—l) (t—l,q.—i-u—l)

We shall show that all the elements in Table 1 constitute the sequence {¢W;,, (mod W;) }gv:"al in
the vertical y direction. However, if i is odd and i is even, the situation of this sequence is different. In
short, if i is odd, the sequence appears continuously, but if i is even, the sequence is divided into u
subsequences.

First, let i be odd. Then by ged(W;, W;,) = 1, we have

{Wira  (mod Wy}t = {£ (mod W)}t

By (7), we get
Wi 2 Wi — uWip g = 0*WiWi_p (13)

Hence,
WitoWy = uW g (mod Wi) and Wit oWy > uW . (14)

Thus, the element at (W, j) (0 < j < q — 1) cannot be an element of Ap,,(A) but (0, u + j) as the same
residue modulo W;, where A = {W;, W2, W, }. Next, by Lemma 3, we have

tWiso +qWi =0 (mod Wi) and Wi, +qW; > 0.

Thus, the element at (t,q +j) (0 < j < u — 1) cannot be an element of Ap,(A) but (0, f).
Therefore, the sequence {{W;,, (mod Wi)}zvzial is divided into the longer parts with length W
and the shorter parts with length t: Namely, the longer part is of the subsequence

©.7), (L), We=1,j) (j=0,1,...,a=1)
with the next element at (0, + j). The shorter part is of the subsequence
0,9+j),La+j),...,c—La+j) (=01,...,u—1)

with the next element at (0, j). Since gcd (W2, W1 k) = 1, all elements in {{W;, (mod Wi)}zv:’gl are
different modulo W;.
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Next, let i be even. Then by ged(W;, Wi1,) = u, we have
{{Wipo (mod W;)}, W/u '—{¢ (mod Wi/u)}, W/u '

Hence,
{0 (mod W)}t = UE-L{0W; 5 + KW,y (mod W)}/

with {{W; 5 + 11 W, (mod W;) Zvé” YN LW + KWk (mod Wi)}, W/u ' = @ (1 # Ky). By the
determination of q in (11), we see that u|q. So, by using the relations (14) Thus, each subsequence is
given as the following points. Forz =0,1,...,u —1

0,2),(1,2),..., Wx—=1,2z), (O,u+2z), L,u+z),..., Wy —1,u+z),
(0,2u+z),(L,2u+z),..., Wy —1,2u+z),...... ,
0,g—u+z),(Lg—u+z),..., We—1,9g—u+2z),

(0,9 +2), (1,q+z),...,(t—1,q+z)

with next element is at (0, z), coming back to the first one, because of Lemma 3. In addition, by (8), all
terms of the above subsequence are

YWito +z2Wiy = v (mod u).

Since ged(u,v) = 1, this is equivalent to z (mod u) (z = 0,1,...,u — 1). Therefore, there is no
overlapped element among all subsequences. By (9), the total number of terms in each subsequence is

ﬂWk—I-t:%
u u

as expected.

By Table 1, the candidates of the largest element of Ap,(A) are at (v —1,q +u — 1) or at (Wy —
1,q—1). Since (v —1)Wio + (q+u — )W > (Wx — 1)Wisp + (9 — 1) W, is equivalent to tWj i, >
Wi Wi_y, by Lemma 1 (2), if tW;j;, > v>W;Wj_,, then

So(Wi, Wito, Wig) = (t = D)Wio + (a+u — 1) Wi — Wi
If tW;» < v?W;W,_,, then
8o(Wi, Wiso, Wipk) = (Wx — )Wipa + (g — )Wy — W;.

3.1.1. The Case k Is Odd with k|i

When k is odd and k|i, we get ¢ = W;/ W and v = 0. Hence, the elements of the (0-)Apéry set are
given in Table 2.

Table 2. Ap,(W;, Wii2, Wi ) when ki

0,0) ) ()
0.1) O R L S i)
OW/We 1) LW/ W 1) o (W LWW 1)

Similarly to the case k 1 i, when i is odd, so uWj t W;, the sequence {¢{W;,, (mod Wi)}zvzial simply
becomes one sequence by combining all the subsequences with length Wy and with length . When i
is even, so uWy | W, the sequence {{W;, (mod W;) }Zﬁgl consists of u subsequences with the same
length W; /u.
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By Table 2, the largest element of Ap,(A) is at (W — 1, W;/ Wy — 1). Hence,
Wi
80(Wi, Wiz, Wiik) = (W — )W + w, L) Wirk = Wi

In fact, this is included in the case where k t i and tW; 5 < P WWi_,.
3.2. The Case k Is Even
When k is even (so i is odd), we choose non-negative integers q and r as

W, W,
Wi=q—F+r, 0<r< =t (15)

where g = |uW;/W;|. Note that Wy /u is an integer for even k.
Note that k { i because otherwise i is also even. Then the elements of the (0-)Apéry set are given in
Table 3.

Table 3. Ap(Pajy1(1), Pojy3(u), Pojy i1 (u)) for even k

(0,0) (1,0) (Wk/u—l,O)
(0,1) (1,1) (Wk/u—l,l)
0g-1) (Lg—1) - - (W/u—1g-1)
(0,9) L =19 |

Similarly to the case where k is odd in (14), we have

W,

W
Wi+27k5 itk (mod Wl') and Wiio k > Witk

u
Thus, the element at (W /u,j) (0 < j < g — 1) cannot be an element of Ap,(A) but (0,7 + 1) as the

same residue modulo W;. The sequence {¢{W;,, (mod Wi)}zv;al is divided into the longer parts with
length Wy /u and one shorter part with length 7: Namely, the longer part is of the subsequence

©,7), (17)., We/u=1,j) (j=0,1,...,4=1)
with the next element at (0, j + 1). One shorter part is of the subsequence
0,9), (L,9),-.., (r=1,q)
with the next element at (0,0). Notice that similarly to Lemma 3, we have
Wiz +qWigr =0 (mod W;).

Since ged(Wiip, Wii) = 1, all elements in {¢{W;,, (mod Wi)}zvzio_l are different modulo W;. Then by
ged(W;, Wiio) = 1, we have

{EWH_Z (mod Wl) szlal = {g (mod WZ) ZV=7071 .
By Table 3, the candidates of the largest element of Ap,(A) are at (r —1,4q) orat (Wx/u—1,9 —1).
Since (r — 1)Wi o + qWiix > (Wi/u — 1)Wiyp + (g — 1)W;y is equivalent to ruW;, , > v>?W;W;_,, by

Lemma 1 (2), if ruW;,» > v*W;Wj_,, then

80(Wi, Wiz, Wisk) = (r = 1) Wiz + qWiix — Wi

d0i:10.20944/preprints202407.1982.v1
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If rulVi,» < v*W;Wi_,, then

W,
80(Wi, Wio, Witk) = (ukl)V%4z+(q1)Vﬁ+kVW-

Notice that ruW;, , = v*W;W;_, may occur in some cases. For example, (i, k,u,v) = (9,2,6,133).
In this case, both of the two formulas are valid, yielding the Frobenius number go(A) = 5949962315313983.

4. The Case where p > 0
It is important to see that the elements of Ap,, (A) are determined from those of Ap,_4 (A).

4.1. When k Is Odd

411 Whenp =1

The corresponding relations from Ap(A) to Ap,(A) are as follows. See Table 4.
[The first u rows]

(y,z) > (y+vz+q) O0<y<Wy—tr—1,0<z<u-1),
(y,2) > (y—Wr+vz+q+u) We—t<y<Wy—1,0<z<u-1)

by Lemma 3 and

(Wi + Witz + (0 + 1)Wik = (Wi1 + 0(qWe_q +1) — * W)W,
(Lemma 3 and (13)),

respectively. Note that when v = 0, the second corresponding relation does not exist. This also
implies that all the elements at (y + v,z + q) and (y — Wi + v,z + q + 1) can be expressed in terms of
(Wi, Wiio, Wik ) in at least two ways.

[Others]

(y,2) = (Y+Wez—u) O0<y<Wi—1,u<z<q-1;
0<y<t—1,qg<z<q+tu-1)

by the identity (13). This also implies that all the elements at (y + W,z — u) can be expressed in at
least two ways.
By Table 4, there are four candidates to take the largest value of Ap;(A). Namely, the values at

(t—1,q94+2u-1), Wi—1,9+u-1),
We+t—1,q-1), 2Wi—1,9—u—1).

If 2uW; . > WxWi,o, one of the elements at (v — 1,9+ 2u — 1) and at (W — 1,9 + u — 1) is the largest.
In this case, if tWj 1, > v*W;W;_,, then

S1 (Wi, Wito, Witk) = (¢ = D)Wipo + (g 4+ 2u — 1) Wi — W;.
If Wiy, < ’UZWI'Wk_Q, then

S1(Wi, Wio, Wit) = Wi = D)W + ( +u — D)W — W

d0i:10.20944/preprints202407.1982.v1
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If 2uW; < W W, 2, one of the elements at (Wi +t—1,q9 — 1) and at (2Wj — 1,q — u — 1) is the largest.
In this case, if tWj 1, > UZWiWk,Z, then
81 (Wi, Wiya, Wirk) = (Wi + v = 1)Wito + (q = D) Wi — W;.
If tWiy, < 'UZWI'Wk_Q, then

81 (Wi, Wi, Witk) = @QWk = 1)Wipo + (g —u — 1) Wi — Wi

Table 4. App(Wi, Wiio, Wiik) (p =0,1) for odd k

©,0) T,0) B B W —1,0) ;. 0) W +1,0) = B W, —1,0)
(0,1) (1,1) (We—1,1) (W, 1) (We+1,1) (2W;—1,1)
Oq-u=1) (La-u-1) We—Lg=u—-1) | (Weqa—u—1) (We+Lg—u—1) (W —1,q-u—1)
(0.9-u) (Lg-u) o We-La-n) (We,q—u) . (Wy+t—1,q-u)
(09-1) (La=1) (We—1,9-1) (Wi, a—1) (We+t—1a-1)

(0,q) (=10 W =1a]
(0,g+u—1) - (c=Lgtu-1) | (We—lagt+u-1)
©q+u) .. T=Taru
(0,q+2u—1) (t—1,9+2u—1)

Examples.
When (i, k, u,v) = (5,3,4,3), the first identity is applied:

q1(Ws, Wy, Wg) = g1(409,8827,41008)
= 11W; + 26Wg — W5 = 116289%.

Indeed, there are two representations in terms of Ws, W7, Ws as
11Wy; + 26Wg = 2155Ws + 18W5 + 3Wg,

which is the largest element of Ap, (Ws, W, Ws). In fact, the second, the third and the fourth identities
yield the smaller values

1060653 = 18W; + 22Wg — W5(I 2164Ws + 6W7 + 3Wg — W5) ,
1002545 = 30Wy; + 18Wg — W5(= 9Ws5 + 11W; + 22Wg — W),
900302 = 37W; + 14Wg — W5(= 9Ws + 18W; + 18Wg — Ws),

respectively.
When (i, k,u,v) = (5,3,2,7), the second identity is applied:

&1 (W5, W7, Wg) =& (149, 2143, 8136)
= 10Wy + 14Wg — W5(: 753Ws5 + 7Wy + Wg — W5) = 135185.

In fact, the first, the third and the fourth identities yield the smaller values
134313, 125342, 126214,

respectively.
When (i, k,u,v) = (5,3,1,4), the third identity is applied:

91(Ws, Wy, Wg) = ¢1(29,181,441)
= 8W7 + 4Wg — Ws(= 16Ws5 + 3W; + 5Wg — W5) = 3183.
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In fact, the first, the second and the fourth identities yield the smaller values
3160, 2900, 2923,

respectively.
When (i, k, u,v) = (5,3,3,35), the fourth identity is applied:

g1(Ws, Wy, Ws) = g1(2251,123929, 898467)
= 87Wy + 46Wg — Wis(= 1225W5 + 43W; + 49Wg — W) = 521090543 .

In fact, the first, the second and the third identities yield the smaller values
51396298, 52046980, 51458372,

respectively.

41.2. Whenp > 2

The similar corresponding relations to the case p = 1 are also applied for p > 2. When p = 2, the
elements of the first # rows of the main area (the second block from the left) correspond to fill the gap
below the left-most block:

(y,2) = (y—Wr+vz+q+u) We<y<2Wy—t—1,0<z<u-1),
(v,z) > (y—2Wr+v,z+q+2u) QWe—t<y<2W;—1,0<z<u-1)

The other elements of the main area correspond to those in the block immediately to the right to go up
the u row:

(y,2) > (Y+Wi,z—u) We<y<2Wi—1l, u<z<qg—u-1,
We<y<Wi+r—1,q-u<z<qg-1).

The elements of the stair areas correspond to those in the block immediately to the right in the form as
it is to go up the 2u row:

(y,2) = W+ Wrz=2u) t<y<Wi—1,q+u<z<q+2u-1;
0<y<r—1,q4+2u<z<q+3u-—1).

See Table 5. We can also show that all these elements have at least three distinct representations in
terms of W;, Wio, Wi k.

Table 5. Ap,, (Wi, Wi, Wisk) (p = 0,1,2) for odd k
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From Table 5, there are six candidates to take the largest element of Ap,(A). These elements are
indicated as follows.

@:(t—1,94+3u—1) @:(We—1,94+2u—1)
@: (We+r—1,q+u—1) @:(2W—1,q-1)
@:2We+r—1,9q—u—1) @:BW—1,q—2u—-1).

IfuW; x> (Wi — )Wy (or tWiyp > v>W;W_5), one of those at @), @ and @) is the largest. Otherwise,
one of those at @), @) and @) is the largest. However, it is clear that one of the values at @) or @)
(respectively, ) or ©) is larger than at @) (respectively, €)). Hence, if 2uW; , > W W, ,, then the
element at @) (respectively, @) is the largest. Otherwise, the element at @) (respectively, @) is the
largest.

In conclusion, if 2uW;_; > WW;,, and tW;,, > v?W;W,_,, then

2 (Wi, Wiya, Wigx) = (v = )Wipp + (9 + 3u — )Wiyp — W;.
If 2uW; e > Wi Wiip and tWi, < 02W;W,_,, then
2 (Wi, Wiya, Wirk) = (Wi = D)Wiga + (q+2u — D)W — Wi
If 2uW; . < WiWiip and tWi, > v2W;W;_,, then
82 (Wi, Wita, Wiri) = @Wk +v =)W+ (a —u = 1)Wiy — Wi
If 2uW; i < WiWi o and tWi, 5 < 02W;W;_,, then
2 (Wi, Wit Wigr) = BWx — 1)Wiga + (g — 2u — 1) Wi — Wi

In general, for an integer p > 0, it is sufficient to compare two elements at both ends. See Table 6.
If 2uWii g > Wi Wi and tWiy, > Z)zwiwk,z, then

8p (Wi, Wito, Wisg) = (t = 1)Wisa + (a4 (p+Du — 1) Wi — W;.
If 2uW; i > WiW; o and tW, 5 < 02W;W;_,, then
8p (Wi, Wito, Witk) = (Wi — 1)Wipp + (g 4 pu — 1) Wi — W;.
If 2uW; . < WiWiip and tWi, > v2W;W,_,, then
8p (Wi, Wito, Witk) = (pPWi +t = D)Wigo + (g — (p — Du — 1) Wi — W;.
If 2uW; ) < WiWipp and tWi,, < v?W;W,_,, then
8p (Wi, Wio, Witk) = ((p+ 1)Wie — 1) Wipp + (9 — pu — 1) Wiy — Wi

The positions of the elements of Ap,,(A) below the left-most block and the positions of Ap,,(A) in the
right-most block are arranged as shown in Table 6.

This situation is continued as long as z = q — pu > 0. However, when p > q/u — 1, the shape of
the block on the right side collapses. Thus, the regularity of taking the maximum value of Ap, (A)is
broken. Hence, the fourth case holds until p < |g/u]| — 1 and other cases hold for p < |q/u].
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Table 6. Ap,, (Wi, Wito, W) for odd k

- ((p+DWe—la—pu—1)

...... o (pWitr—la—(p-Du-1) ‘

o (Wi—Lgt+pu—1)

‘ o (e=La+(prDu-1)

Theorem 1. Let i be an integer and k be odd with 3 < k < i. Let q and « be determined as (9) and (10). For
0<p<q/u,if 2uWi > WiWi o and tWiy o > 02 W;W,_,, then

Sp(Wi, Wisa, Wig) = (t = D)Wia + (a+ (p+ Du — 1) Wiy — W
IF2uW; . > WWiyp and tWiyp < 02W;Wi_y, then
Sp(Wi, Wiz, Wik) = Wi = D)W + (g + pu — D)W — W;.
IF 2uW, . < WWi o and tWi o > 02 W; Wi _,, then
(Wi, Wio, Wih) = (pWe e = D)W+ (a = (p — Du — 1) Wiy — W;.
IF2uW; < WeWiyp and tWi,p < 0?W;Wy_y, then for p < q/u —1

8p (Wi, Wiga, Witk) = ((p + D)W = 1) Wipp + (g — pu — 1) Wi — W;.

Examples.
When (i, k,u,v) = (5,3,3,7), the first identity is applied. Since q = 19and vt = 5, for 0 < p < |19/3] =
6 we have

{gp(Ws, W7, Wg) }5_o = {gp(319,6553,29739)}%_,
= 650412, 739629, 828846, 918063, 1007280, 1096497, 1185714.

Namely, the corresponding element for each integer is at (4,3p +21) (p =0, 1,...,6). However, for
p > 7, the p-Frobenius numbers can be computed neither by the above formula nor by any other
closed formulas. Namely, the real value is g7(A) = 1218479, corresponding to (9,39), though the
formula gives 1274931, corresponding to (4,42).

4.2. When k Is Even

421 Whenp =1

Similarly to the odd case where k is odd, the elements of Ap, (A) can be determined from those
of Ap, , (A). When p = 1, there are corresponding relations as follows.
[The first row z = 0]

(y,0) = (y+rz+q) O<y<W/u—-r-1),
(y,0) > (y—Wi/u+rz+g+1) We/u—r<y<Wy/u-—1)

with

Wit + qWirk = (Wig1 +0(qWk—q +1))W;

d0i:10.20944/preprints202407.1982.v1
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due to (15). Note that when r = 0 the second corresponding relation does not exist. This also implies
that all the elements at (y + 7,z +¢) and (y — Wy/u +r,z+ g+ 1) can be expressed in terms of
(Wi, Wiio, Wi k) in at least two ways.

[Others]

(y,z2) = Y+ Wi/u,z—1) 0<y<We/u—-1,1<z<q-1;
0<y<r-—1,z=9)

by the identity (13). This also implies that all the elements at (y + Wy /u,z — 1) can be expressed in at
least two ways.
By Table 7, there are four candidates to take the largest value of Ap,(A). Namely, the values at

(r_l,q+1)/ (Wk/u—l,q),
(We/u+r—1,9-1), (Wi /u—1,9-2).

If 2uW; . > WxWi, 2, one of the elements at (r — 1,4 + 1) and at (W — 1,9) is the largest. In this case,
if ruWi+2 > vZWiWk,z, then

S1 (Wi, Wito, Wigg) = (t = DWipa + (a + D)Wy — W
If ruWi,, < Z)ZWiWk_z, then
Wi
81 (Wi, Wigo, Wig) = o 1) Wito +qWi — W;.

If 2uW; < WW;i,,, one of the elements at (Wy./u+r—1,4—1) and at (2W./u —1,q — 2) is the
largest. In this case, if ruW;, > v*W;Wj_,, then

W,
81 (Wi, Wi, Wipg) = (uk +r— 1) Wita + (= DWie — W

If ruW; o < v>W;Wj_,, then

2W;

1 (Wi, Wiyo, Wig) = ( i )Wi+2 + (@ =2)Wik — W;.

Table 7. App(W,-, Wi, Wiik) (p =0,1) for even k

©0,0) (1,0) o (Wi/u—1,0) (Wi /u,0) (W /u+1,0) S @We/u—1,0)
1,1) (Wi/u—1,1) (Wi/u,1) (Wi/u+1,1) - (2W/u—1,1)

-~ @Wi/u-1,9-2)

q-2) e Wilu=1,9-2) | (Wilug—2) (Wi/ut1q-2)
, ,q-1) o (W/u-1,9-1) | (We/u,q-1)
©0,9) (r=1q) [ W/u-14q)
©0q+1 (r—Tq+D ]

(Wy/u+r—1,g-1)

422 Whenp > 2

The situation is similar for p > 2. From Table 8, there are six candidates to take the largest element
of Ap,(A). These elements are indicated as follows.

@:(r—1,9+2) (Wi/u—1,9+1)

@) :
@: (We/u+r—1,9) @ (2We/u—1,9—-1)
®: QW /u+r—1,9—2) @ : BWi/u—1,9-3).
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Similarly to the case where k is odd, middle element at @ and at @) cannot take the largest value.
Hence, if 2uW;, > W W;,,, then the element at ) (respectively, @) is the largest. Otherwise, the
element at @) (respectively, €) is the largest.

Table 8. App(Wi, Wi, Wiik) (p =0,1,2) for even k

0|

)

In conclusion, if 2uW;_ ;. > WiW;,, and ruW; 5 > v>W;W;_,, then
82(Wi, Wi, Wiry) = (r = D)Wia + (9 + 2) Wiy — W;.
If 2uW; i > WiWi o and ruW; o < 02W;W;_,, then

W,
2 (Wi, Wi, Wig) = (uk - 1) Wi2 + (@ + 1) Wi — Wi

If 2uW; o < WeWiyp and ruW; p > UZWiWk,z, then

2W;

82(Wi, Wito, Witk) = (u +r— 1) Witz + (9 = 2)Wipx — Wi.

If 2uwi+k < WkWi+2 and ruWi+2 < UZWiWk,z, then

3W,
82 (Wi, Wio, Wigk) = (uk - 1) Wisz + (9 —3)Wipr — Wi

In general, for an integer p > 0, it is sufficient to compare two elements at both ends. See Table 9.
If 2uWi g > WiWi o and ruW o > vzw,»Wk_z, then

Sp(Wi, Wi, Wik) = (r = )Wiga + (9 + p) Wik — Wi
If 2uW; i > Wi Wi o and ruW; o < 02W; W, _,, then

W,
Sp (Wi, Wiin, Wigk) = (uk - 1> Wi+ (@+p—1)Wi —W;.

If 2uW; i < WiW; o and ruW; o > v2W;W;_,, then
W,
8p(Wi, Wita, Witg) = <puk +r— 1) Wita +(q — p)Wirk — Wi

If 2uW; o < WWipp and ruWip < UZWiWk,z, then

(p+ D)W

Sp(Wi, Wiya, Wisg) = ( ”

- 1) Wiva + (g —p = DWirk — Wi
The positions of the elements of Ap,,(A) below the left-most block and the positions of Ap,,(A) in the
right-most block are arranged as shown in Table 6.

This situation is continued as long as z = ¢ — p — 1 > 0. However, when p = ¢, the shape of the
block on the right side collapses. Namely, we cannot take the value at ((p +1)Wy/u—1,9 — p —1).
Thus, the regularity of taking the maximum value of Ap,, (A) is broken. Hence, the fourth case holds
until p < g — 1, and other cases hold for p < g.

d0i:10.20944/preprints202407.1982.v1
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Table 9. App(W,-, Wi, Wi ) for even k

e ((pEDOW/u—=1,9—p-1)
...... o (pWi/utr—1,q-p)

o We/u=1,9+p-1)

- (-Lg+p)

Theorem 2. Let i be an integer and k be even with 3 < k < i. Let q and r be determined as (15). For0 < p < g,
if 2uW;i i > WiWi o and ruW; o > v*W;Wy_,, then

8p (Wi, Wiso, Wing) = (r = 1)Wiya + (7 + p)Wips — Wi
IfF 2uW, . > WiWi o and ruW; o < 02 W;W,_y, then

W,
Sp (Wi, Wiin, Wig) = (uk - 1> Wi+ (@+p—1)Wi —W;.

If2uWi o < WiWi o and ruWi o, > ?J2Wl'Wk_2, then
W
Sp(Wi, Wiy2, Wigy) = <puk +r— 1) Wi + (9 — p)Wisk — Wi.

If 2uWiy < WiWi o and ruWi o, < *WWi_, then for0 <p <g—1

(p+1)Wi

” —1>Wi+2+(q—P—1)Wi+k—Wi-

gP(Wi/ Wi+2/ Wi-l—k) = <

Example

When (i,k,u,v) = (5,4,2,3), we have g = 6 and r = 1. So, the elements of Ap (W5, W7, Wy), where
(W5, W7, Wo) = (61,547,4921), are given as in Table 10. The largest element is at (Wy/u — 1,9+ p —
1) = (9,11), which comes from the second identity. Thus,

96(Ws, Wy, Wo) = W, + 11Wo — W5 = 58993 .

Notice that the right-most element is at (pWy/u +r —1,9 — p) = (60,0) and the block of the right side
is empty. Therefore, the formula does not hold for p = 7. In fact, g7(A) = 59542, corresponding to
(19,10), though the formula gives 63914, corresponding to (9,12).

Table 10. Ap, (W5, W7, Wo) for (u,v) = (2,3)

(60,0)
[GLD) . (59,0 ]
[ (50,2) ]
(L3 ... @3]
[ (40,4) |
[BL5) ... (39,5 |
(30,6)
2L7) ... (297)
[(20,8) ]
[(L9) 19,9 |
[(10,10) |

[L1) ... (51D ]

0,12)
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5. p-Genus

5.1. The Case Where k Is Odd

Let k be odd. For a non-negative integer p, the areas of the p-Apéry set can be divided into three
parts: the stairs part (left), the stairs part (right) and the main part. By referring to Table 6 (with Tables
4 and 5), we can compute

Y w

wEApp(A)

p q+(p—21+1)u—11Wj+r—1
=2 )y Y, (YWira +2Wipk)
I=0 z=q+(p—-2D)u y=IW;
p qgt+(p—2hu—1 (I+1)W;—1
+), X Y (YWia+2Wik)
1=0z=q+(p—21-1)u y=IWi+t

q—pu—1 pW+e—1 q—(p+1u—1(p+1)W—1
+ Y Y Wi +z2Wi)+ ), Y. (YW +2Wisy)
z=0  y=pW z=0 y=pWi+t
W.
= o (Wi =) Wi+ u(u = Wi — qo* (2W; — uWi) Wi
+ qZUZWka,Z)
pWi

2
W.
+ P 0w — uotw, ) — 2 ST W Wi

2

Here, we used the relation (9) to simplify the expression. In addition, by goWy_, = qWy = W; (mod u),
we have

(Wi — 1) Wigp + u(u — 1) Wik — qv* (2W; — uWje) Wiz + 0" W Wy
= oW? — 20W? +oW? =0 (mod u).

By Lemma 1 (3), we have

np(Wi, Wiz, Witk)

1
= (W — ) Wi + u(u — 1) Wik — qo* (2W; — uWi) Wi

+ CIZUZWka_2)
2 W, —1

+ ng(ZWiJrz — ur*Wy_p) — %WJZWka—z -

= %((Wi — 1) (Wipg — 1) +u(u — 1) (Wig — 1) — qo*(2W; — uW) Wy,

+ PP W Wi )

2
+ gwk(zwi_ﬂ - uv2Wk,2) — %uvZWka,z .
Since the z value of the right-most side must be non-negative, ¢ — pu — 1 > 0. Namely, the above
formula is valid for p < (q —1)/u.
Example
When (i, k,u,v) = (5,3,3,7), by
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for0<p<(q—1)/u=6wehavefor0<p<|q/u] =6

{np(Ws, Wy, Wg)}5_o = {n,(319,6553,29739)5_,
— 330327, 432823,532967, 630759, 726199, 819287,910023.

However, for p > 7, the p-genus cannot be obtained by the above formula. The real values are given
by
{np(Ws, Wy, Wg)})_; = 965215,1021448, 1067956,

though the formula gives
998407,1084439,1168119.

5.2. The Case Where k Is Even

Similarly to the case for k is odd, when k is even, by referring to Table 9 (with Tables 7 and 8), we
can compute

w
weAp, (A)
p Wi /u+r—1

- Z Z (ywl+2+(q+p 21) l+k)
I=0 y=IWy/u

p (14+1)We/u—1
+ Z Z (YWip2a +(qg+p—21 =1)Wii)

120 y=IWg/u+r
q—p—1pWp/u+r—1 qg—p—2 (p+1)Wi/u—-1

+ ) Y (Wi +2Wi) + ) Y (YWiga +2Wipy)
z=0 y=pWi/u z=0  y=pWi/u+r

(When p = g — 1, the fourth term is empty, and

when p = g, the third and the fourth terms are empty.)
1
2 212
2
+ PP WWi o)

Wi (P Wi 2 (Wi — 1) — qu* Wy (2uW; — Wy)

2
+ %Wiwk(zuwi+2 — 0P Wy) — ;?vzwiwkwk,z.

Here, we used the relation (15) to simplify the expression. In addition,

Wiz (uW; — Wy) _ Wi (ZW Wk>

u? u u
PWiWe g _ 2 W Wiz
u2 u u
Wi (2uWiip — *Wia) _ Wi W — 2 V2
) 0 i+2 — U ’
v WilWNiWe—2 _ 2y Wi Wia
2 - 1
u u u

are all positive integers. By Lemma 1 (3), we have
np(Wi, Wi2, Wisk)
1
=52 (Wi (W; = 1) — qu* W2 (2uW; — W)
+ PP W Wi o)
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2 W; —1
+ %Wk(zuwwz —0*Wy_p) — %Uzwkwkfz -

1
=52 (1 (Wi — 1) (Wiso — 1) — q0*Wi_p (2uW; — W)

+ qzvz Wka_z)

2
+ TZZWk(quiH — 0" Wi_p) — %Uzwkwk—z :

Theorem 3. Let i and k be integers with ged(i, k) = 1and i > k > 3. When k is odd, for 0 < p < q/u we

have
np(Wi, Wi2, Wisk)
1
= 5 (Wi = )(Wiip = 1) + (= 1) (Wi — 1) — qo* (2W; — uWi) Wy

+ qszWka,z)
4 r*
+ EWk(ZWiH — uv*Wy_p) — TMUZWka_z ,

where q and v are given in (9). When k is even (and i is odd), for 0 < p < g we have
np (Wi, Wiz, Witk)

1
(1 (W; — 1) (Wiy2 — 1) — q0* Wie_o (2uW; — W)

T
+ PP W W)
P 2 P 5
+ ﬁwk(zuwi-i-z — 0" Wy 2) — 22° WiWk—2,

where q and r are given in (15).

Example

Let (i,k,u,v) = (5,4,2,3). So,q = |2W5/Wy] = [2-61/20] = 6. Then for 0 < p < 6 by the formula
we have

{np(Ws, Wy, W) }5_o = {n,(61,547,4921)}5_,
= 14976,20356, 25646, 30846, 35956, 40976, 45906 .

However, contrary to the fact that ny(Ws, Wy, Wy) = 46885, the formula gives 50746.

6. Final Comments

The original numbers studied by Horadam satisfy the recurrence relation W, = uW,,_1 — vW,_».
From this point of view, almost all the above identities hold by replacing v by —v, though the condition
u > |v| is necessary. For example, the identities of (7) and (8) are replaced by

Witk = Wita Wi —oWiWg 4,

0 (mod u) if n is even;
Wi = n-1 e
(—v) 2 (mod u) ifnisodd.

respectively. For example, when (i, k,u,v) = (8,5,4,—3), by q =24 for 0 < p < 6 = 24/4 by the first
identity of Theorem 1, we have

{gp(Ws, Wy, Wo) }5_ = 24265799, 27454443, 30643087,
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33831731,37020375,40209019, 43397663 .
When (i, k,u,v) = (5,4,3,—2),by g = 6 for 0 < p < 6 by the first identity of Theorem 2, we have
{gp (W5, W7, Wy) 210 = 3035, 3546, 4057,4568, 5079, 5590, 6101 .

Horadam also studied the number W,, with arbitrary initial values Wy and W;. However, with
arbitrary initial values many identities (e.g., (7)) do not hold as they are. Hence, the situation becomes
too complicated.
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