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Abstract: The order of convergence(OC) for Jarratt-type methods in solving nonlinear equations
is determined without relying on Taylor expansion. Unlike previous studies, we depend solely on
assumptions about the derivatives of the involved operator up to the second order. The proof presented
in this paper is independent of the Taylor series expansion, thereby reducing the need for assumptions
about higher-order derivatives of the involved operator and enhancing the applicability of these
methods. The method’s applicability is broadened by employing the concept of generalized conditions
in local convergence analysis and majorizing sequences in semi-local analysis. This study includes
numerical examples and basins of attraction for the methods.
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1. Introduction

Several real-world problems can be mathematically modelled as an equation of the form
A(v) =0, )

where A : E C X — Y is a nonlinear operator mapping between the Banach spaces X and Y and E is
open convex set in X. One of the most challenging problems appearing in real-world is to determine
the solution v* of (1). Iterative methods are an alternate attractive technique to approximate solutions
of nonlinear equations as obtaining the exact solution to these nonlinear equations becomes difficult.
One of the most extensively used quadratically convergent iterative method is Newton’s method as it
converges rapidly from any sufficiently good initial guess. Even though this method provides a good
convergence rate, the need to compute and invert the derivative of the given operator function in each
of the iterative step, limits the applicability of these method. To overcome this several Newton-like
methods are available in the literature [1,3,5,13,19]. One such successful attempt was made by Ren et
al., in [18] providing iterative method (see(2)) of order six. Recall [10] that a sequence {a,} in X with
limy, 0 a4, = & is said to be convergent of order g > 1, if there exist a nonzero constant C such that

lim ||aVl+1 _0‘” =C
Ay —al?
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Previous studies primarily used Taylor expansion to determine the order of convergence(OC),
which necessitates the existence of higher-order derivatives. An alternative method involves employing
the computational order of convergence (COC) [23], defined as:

Ap+1 — &

ln< )
— ap — &

(el
In( {|————
Ay 1 — &

where a,,_1,a,,a,41 are three consecutive iterates near root « or the approximate computational order

of convergence (ACOC) defined as:

a —a
ln( n+1 n
—_ an - Lln,1
P = a, —a !
ln( n n—1 )
Ap—1 — Ap-2

where a;,_»,a,_1,ay,4,.1 are four consecutive iterates near root &, to obtain the OC.

The limitation of COC and ACOC for iterative methods lies in their susceptibility to the oscillating
behavior of approximations and slow convergence during early iterations [17]. As a result, COC and
ACOC do not accurately reflect the true OC.

In [18], Ren et al., considered the following iterative scheme defined by

2

Wn = Un— gA/(Un)ilA(Uﬂ)/
Zn = Un— %[3./4’(10,1) - A/(vn)]_1[3¢4/(wn) + A,(Un)]A/(Un)_lA(Un)/
Opi1 = zn—A(z0) Y A(zh), n=0,1,2,3.. )

for solving (1), when X =Y = Rk.

In [18], Taylor’s expansion is used to achieve a sixth-order convergence, but the analysis requires
conditions on the derivatives of A up to the seventh order. These assumptions restrict the applicability
of the method (2) to problems involving operators that are differentiable at least seven times.

In this article, we initially determine the OC of the method (refer to [9,13]) defined for all n =
0,1,2,...as follows:

w, = Un—gA/(Un)ilA(vn%
Dt = o= A 0n) — A 0)] A ) + A (o)A (00) A1),

)

where X and Y are Banach spaces. The local convergence of certain Jarratt-type methods was analyzed
in [2] by relying solely on assumptions about the derivative of order one of .A. However, the OC
was determined using COC and ACOC, which, as previously noted, are not ideal for calculating the
convergence order. This raises the question: can we establish a third-order convergence for (3) and a
sixth-order convergence for (2) without using assumptions on the higher-order derivatives of A or
Taylor expansion?
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Additionally, we enhance the method to a fifth-order approach, given as follows:
Wy = Up— %A’(vn)_lA(vn),
Zn = Uy— %[3A'(wn) — A (v)] T BA (wy) + A (0,)) A (v,) L A(w),
Oni1 = Zn— A’(M%)*A(zn), n=01,23. 4)

in Section 4.

In Section 2, we establish a third-order convergence for method (3), and in Section 3, we demon-
strate a sixth-order convergence for (2), relying on assumptions about the derivatives of A up to the
second order. Consequently, our analysis broadens the applicability of methods (3), (2), and (4) to
problems that could not be addressed using the approaches in [4,14,18,20,21].

In Section 5, we examine the constraints of our approach and propose novel strategies to overcome
these limitations for local as well as semi-local convergence scenarios. The convergence conditions are
solely tied to the operators involved in the method for both the semi-local and local cases.

The remaining part of the paper includes the efficiency index in Section 6, numerical demon-
stration in Section 7, and basins of attraction in Section 8, concluding with a summary in Section
9.

2. Order of Convergence(OC) of (3):
The analysis of local convergence relies on the following assumptions:
(A1) A'(v*)"1 & I Ly > O such that Vv, w € E,

| A" (0*) "1 (A (v) — A'(w)) || < Lol —wl].
(A2) sLq >0suchthatV v, w € E,
|A" ()71 (A" (0) — A" (w)) || < Lyllo—w).

(A3) 3L, > 0 such that
| A" (v*) L A" (v)|| < Ly, Vo € E.

and
(A4) 3 L3 > 0 such that
| A" (v*) LA (v)| < Ls, Vv € E.

Using the constants Lo, L1, Ly and L3, we define continuous nondecreasing functions (CNF)®,, H; :
[0, Lio) — R as follows;

205

O(t) = S 61+ m) + 1)t
and
H; (t) = @1(t) —1.
Given that H1(0) = —1 and H;j (t)approachesco as t tends to Lio_, it follows that H1(t) = 0 has a

smallest positive root in the interval [0, Llo), which we denote by A. Define CNF g7, 47 : [0,A) — R by

1
a0 = 0o, L2
X [(93(L1 — Lot) +32L1 L3 + 36LOL2)(1 — L()t) + 12LOL2L3]
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and
hi(t) =g (O — 1.

Since h1(0) = —1 and hy (t)approachesoo as t — A~ , it follows that h;1 () = 0 has a smallest positive
root in the interval [0, A), which is denoted by A;.
Let 1
r= min{/\l,m,l}. (5)

Then, we have
0< ()2 <1, Ve [0,r). (6)

Throughout the paper, we consider B(vg,p) = {v € X : ||[v —vy|| < p} and Blvg,p] = {v € X :
llv —vo|| < p}, forp > 0and vy € X.

Theorem 1. Assuming (A1)-(A4) are true, the sequence {vy, } given by (3) with initial value vy € B(v*,r)
converges to v*, and the following estimate is valid:

o1 = 0" || < g1(r)llow — 0. @)

Proof. An inductive argument will be employed for the proof. As a first step, we will demonstrate
that the operator 34" (w) — A’(v) is invertible for all v, w belonging to the open ball B(v*, r). Note that,

by (Al), we have
A (2%)) " BA () — A'(0) — 24 (0))]| < A" (07)) T BA(w) — A'(27))
—(A' (@) — A @)
< ) A w) - L))
@) A @) - A @)
< Do —o] + o) ®)
< %Lor+%Lor:2L01’<1.

Therefore, by Banach lemma(BL)on invertible operators, 3.4’ (w) — A’(v) is invertible and by (8), we
have

1
(BA(w) — A'(v)) A (o) < : )
: ) (T T
Similarly, one can prove that
1
||-A’(Z))_1.A’(?J*)|| < m (10)
Next, by the method (3), we have,
v —v" = vy—0"— %(3«4’(600) — A'(v0)) ' (3A' (wp) + A’ (v0)) A’ (v9) " A(wo)
= (BA'(wp) — A'(v0)) M (BA (wp) — A'(v)) (09 — v*)
2 (BA!wp) + A (20)) A (70) " Afwo)]. an

Note that, )
A(vg) = A(vg) — A(v*) = /0 A (v* + t(vg — v*))dt(vg — v*). (12)
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For convenience, let P = (3.4’ (wp) — A’'(vg)) ~!. In order to prove (7), we rearrange the equation (11)

as follows:

v —0*

P{{(3A'(wn) — A'(v0)) ~ 2A(x0)
(21 = 534 o) + A (o0)) A (0) ) Aleo) |

P{3/01(.A’(w0) — A (v* + t(vg — v*)))dt(vg — v*)

+ [ (A + tay — ) - A o)z — o) (by (12)
1

A (00) - A (n) = 34 (o)) A'0) M Ae) |

p{a/o1 /01 A (0 4 H(vg — 0*) + 8(wp — v — H(g — ©*)))d6

x (wg — v* — t(vg — v*))dt(vg — 0%)

—/01 /O1 A (0% + H(0g — o) 4+ 8(1 — £) (09 — 0" ))dE(1 — £)(0g — 0*)?
3 1 1

43 Ao+ 600 — w0))dO(o0 — 0) A'(cn) L Afwo) |

p{e,/o1 /01 A" (0 + t(og — 0*) + 8(wy — v* — H(vg — ©*)))d6

x((5 — (o0 — o)t

43 /01 /01 A (0% + Hog — %) + 0(wo — 0 — t(vg — 0*)))d6

X2 (00— 0" — A'(o0) ™ A(w0)) (00 — o)

( because wy — v* = %(vo —v*) + %(vo —v* — A (v) L A(vp)))

_/01 /01 A" (0" + vy — ) + 0(1 — £) (v — *))dE(1 — £) (v — v*)?

4 [ A"y + 0000 - wo>>d9<A'<vo>—1A<vo)>2} 13)

d0i:10.20944/preprints202504.1403.v1
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Let 51(9, t) = .AN(?J* + t(UO — U*) + 9(w0 —0* — t(UQ — U*))), 52(9, f) = A”(U* + t(vo - U*) + 9(1 —
t)(vg — 0*)) and S3(0) = A" (wy + 6(vg — wp)). Then, by (13), we have

o —vt = P{/Ol/()lsl(e,t)dG((l—2t)(vo—v*)2)dt

1 r1
+2 / / S,(6, t)dodt
0 Jo

s A (v9) "L (A (o) — /O1 A (v* + T(vg — v7))dT) (00 — 0*)?
- /0 ' /O ' 500, 1)d0dt (v — v* )2
+/01 /01(52(9,t) — 5,(6,)tdt(vg — v*)?
+ l S3(9)d9(A’(vo)_1A(v0))2}
- p{/o1 /01 S1(6, )do((1 — 2t) (v — 0*)2)dt
+2/01 /01 S.(6, t)dodt
x Al (29) " (A (29) — /O ' A (0" + (00 — 0°))dT) (0p — 0*)2
+/1 /1 (S2(6,8) — 51(6, £))tdt (vy — 07 )2
+/ / (S3(8) — S2(6, £))d6d (vy — v*)?

-I—/O S3(0)do[( A’ (vo)~ /0 .A'(v*—i—r(vo—v*)))z—I](vo—v*)z}.
= h+Dh+hL+I+I5, (14)

L = P/Ol/OlSl(G,t)dG((l—2t)(vo—v*)2)dt,
L = 2P /O 1 /0 ' 5,(6, )40t A' (09) 1 (A (v0) — /O " A (0" + (00— 07))dT) (00 — o2,
Iz = P/1 /1 (S2(6,t) — S1(8,1))tdt(vg — v*)?,
L = P// 53(8) — S1(6, £))d0dt (v — 0 )2

and

=P [ $30)8[(Ao0) ! [ A" +tlo0 ) = (e~ ")
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Next, we estimate the norms of Iy, I, I3, I and I5. Note that,
1 1
il = [P [ [ sena00 - 200 - ot
0 Jo
1 r1
< ||P/O/0[A”(v*+t(vo—v*)+9(wo—v*—t(vo—v*)))—A”(v*)]dG
x (1 —2t)(vo — v*)2dt
F(BA (o) — A (v9)) //A” )do(1 —2t)(vg — ")t
< 1P [ [IAE) A oo — o) + 6o — " — t{oo —2")))
— A" (o)) [d0]1 — 2¢] o — o* |t
1
/(3.4 (w0) = A'(00)) A (2") [[(1=26) (w0 ") ]
< LlIPA @) [ [t o)+ 0o o~z ~0))]
|1 — 2t|||v — v*||2d6dt
< nlea@)| [ [l - 2o - o
1611 = 2¢] o — o || + 6411 — 2]}z — 2" ]
X ||lvg — v*||2d6dt
< LA [ 1 - 2 - o)
1-2¢ t|1 — 2t
+ B oy — o7+ =2 g — ) oo — o et
. 13]¢]]1 —2¢ - 2t o X
< nlpA @) [ 2= oy = o+ B2 g — o) oo — ot
I3 1
< LiIPAWY) [8||vo—v*||3+4||wo—v*||uvo—v*||2], (15)

which is obtained using (A2) and (10)(with v = vg). Note that ||wy — v*| < ||[wo — vol| + ||[vo — v*|| and
using (10) we have,

2
lwo =20l = 34" (v0) " A(vo) |
2
< 2@ @I [ A @) A+t - 0"t — o)
2L,
< — 0. 16
= 30 Lo o i
Therefore,
N 2L3 X
o =71 = (14 57— ooy o0 =" i

and hence by (9) (with w = wp and v = vg), we have

|PA'(07)] < L . (18)

2(1 - (3(1+W)+1)HU—U*H)
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Therefore, on using (17) in (15) we get,
205
Il < L3 +2(1 + sy oo — o° P
= L L N :
16(1— 2 (3(1+ m) +1)[Jvg — v*|)
(19)
Next,
1 1
IL| = Hzp/ / S.(6, t)dodt
0 Jo

< A (o) (A (wo) — [ A 4 x(o — 2))de(ao — o)

2P A’ (v*)]| H / ' / LA ()18, (6, 0)d0dEA (vg) LA (o)

/ A (0) 1 (A (09) — A’ (0" + T(vg — v*)))dT(vg — v*)2]).

Therefore, by (9), (10), (A1) and (A3), we have

LoL *
HIZ” < 2(1— Lo 3(1 215 i i (1 — L _ *’ ||UO_U ||3 (20)
(1—2(3( +W)+ )loo —o*[))(1 — Lo[|vg — v*]|)
By using (9) and (A2), we have
Bl = IPAG) [ [ A (520,8) ~ 16,0 dbdt(o — o]
< LiPA" ||||// 0" + Hog — 0*) +0(1 — £) (v — v°)
— (0" + H(og — 0") + 0(wp — 0" — t(vg — 07))) )| [|vp — 0 |2
< A @) [ [ 10t — o + oo — o* ot oo — o
< b

8(1— %31+ m) +1)llvo — v*|)

% (loo = v*|| + [|wo — v*||) oo — v**. (21)

Thus, by (16) and (17), we have

Ly
sl < :

8(1 - (3(1+W)+1)Hvo—v 1

2L3 ) *113

X2+ Vg — 0

e e L

L1(3(1 — Lgllvg — v*||) + L
< 1( ( 0” 0 H) 3) ||UO_U*H3~

1201~ B3+ 3=r22 ) + Voo — 0*[)(1 — Loflwg — o° )

1-Lo[lvo—v*

(22)
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Similarly, we have
Il = 1PA) [ [ A ($5(0)  S2(6,1)dbdt(zy ' |
< Lq
= L L
2 ——0(3(1+W)+1)HUO—U*H)
/ (wo + 6(vg — wp))
(0" + t(vg — v*) + 0(1 — t)(vg — v*)))dbdt||||vg — v*||?
< L
= 2L ;
2(1——(3(1+m)+1)”vo—0 )
wo — || + 0||vg — w
[ o o1l + 6100 — o
+[t+60(1 —t)|[|[og — 0*||)dbdt]|||og — v* |2
< il
T o21-% (3(1+m)+1)||00—0*||)
><(ZHUo—U*HJr||wo—v*||+§||vo—Zvol|)||vo—0*||2
< Ly
2(1-% (3(1+m)+1)”vo—v*”)
><(;1||vo—v*||+§||wo—0*||)||vo—v*||2-
So, by using (16) and (17), we have
Ly
sl <
2(1- %( (1+m)+1)ﬂvo—v*”)
5 3 2L 113
2,121 _
(3430 sa= =o'l
_ Ll(ll — 11LOHUO - U*” +4L3) ||UO _ U*||3
8(1—%(ﬂler)+1)||Uo—v*||)(1—Lo||vo—U*H)
(23)

Next, we shall obtain an estimate for || I5||. Observe that

Il = IPA@) [ At ss(0)d0

X l(A’(vo)_l/O A (v* 4+ 1(vg — v*))d*r)2 - I] (vg — v*)?||

< PA @A @) 55(6)]
1 2
X l<AI(UO)1 /0 A (v* + t(vg — v*))d‘r) — I] (vg — v*)?
< IPA@ A @) 50)]

x||A’ (vg) ! [/01 A (v* 4+ 1(vg — v*))dT

1
x A’ (vg) ! /0 A (v* + t(vg — 0*))dt — A'(vo)] (vg —v*)?
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< [PA' (@) [[[| A" (v%) 1 S3(0)
(v0) [/ A (o + 7(09 — 0°))d — A’@O)]
—i—A’(vo)_l/O A (v* + 1(vg — v*))dT
X [.A’(vo)l /01 A (v* + 1(vg — v*))dT — I] (vg — v*)?
< |[PA' (@) ||| A (0%) 71 S3(8)]]
(v0) [/ A (0 + (09 — 0°))dr — A’(vo)]
4 A (0g) ! / A (0" + T(vy — v¥))dt
x A'(vg)~ [/ A (v* + (v — v* ))dT—A/(Uo)] (vg — v*)?
< PA (@) |||A (0*) 1 S3(0) 1| A' (v) LA (o)
| [ 1400 1A o0 - 07) - A o)
b [ A @) A+t — o)) el A (o)A o))
< [ IA@) A o + (o~ ') — Aol o — o
Therefore, by (9), (A1)-(A4), we have
sl < =
2(1— (3(1+W)+1)HUO—U*H)(1—L0||UO—U*||)
L LsL «
SR e e L
1
B 4(1—*(3(1+m)+1)”?’0—09‘”)(1—LOHUO—U*H)
xLyLo(1 — Lo|lvg — v*|| + L3)|lvo — v*||°. (24)

Thus, from (14)-(24), we have

lor =% < g1(lloo —v*[Dllwo — o]
Therefore, the iterate v; € B(v*,r) because g1 (||vg — v*||)|vo — v*||® < g1(r)7?||vg — v* || < |log — v*|| <
r.

Simply replace vy, wp, v1 in the preceding arguments by vy, wy, v,,41 to complete the induction for
(7). O

Theorem 2. The method defined by (3) exhibits a convergence order of 3.

Proof. The proof follows a similar argument to that of Theorem 3 in [6]. However, we include it
here for completeness. Let e, = ||v, — v*||. Let ¢ be maximal such that for some C > 0,

lim & — . (25)

n—mo0 en
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Then, since e, < r < 1, by (5) (for large enough 1), we have
eny1 = 1(r)ey. (26)
So, by (25) and (26), we get
e
"'3“ ~ g1(r).
en
Thus, by (25), we get
g=3 and C = g1(r).
Thus convergence order g = 3.
O

3. Order of Convergence(OC) of (2):

This section examines the OC of method (2). For our analysis we require some more CNF:
Let ©y, Hp : [0,A) — R defined by

@2(t) = Logl(t)t3

and
Hz(i’) = @2(t) —1.

Given that Hy(0) = —1 and Hy(t) — o0 and t — A~, we can conclude that the equation
Hy(t) = 0 possesses a smallest positive solution within [0, A). This solution is denoted as A,.
Let g2, 13 : [0,A2) — R be CNF defined by

Lo

= o (t)?
gZ( ) 2(1—L0g1(t)t3)g1( )
and
h(t) = ()0 — 1.
Then, 15(0) = —1and hy(t) — coast — A, . Therefore h,(t) = 0 has a smallest positive solution in
[0, A2) denoted by As.
Let 1

Then, forall t € [0, R],

0< g(t)t> < 1. (28)

Theorem 3. Assuming (A1)-(A4) are true, the sequence {v, } given by (2) with initial value vy € B(v*,R)
converges to v*, and the following estimate is valid:

[ons1 = 27|l < g2(R) ow — o7 ||°. (29)
Proof. Adopting the same proof strategy as in Theorem 1, we find that:

lzn = o*|| < g1(llow — 0" D on — 0% (30)
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Note that by (10) and (A1)
lowss 0" = [lzn— 0" — A'(zn) L Aza)|
1

= ) A ) — [ A = 0 ) — )]
— A () A (o /A’ LA (21) — A (0 + Hzn — 0%)))dt (20 — )|

LO )2
S Loy 7l
< Lo 1 (1[ow — o) ?|ow — 0

21— Logi (Jon — o*[)[on — o |F)

< g(R)[on ="

Now since ¢2(R) ||, — v*[|® < g2(R)R%||v, — v*|| < ||oy — v*|| < R, the iterate v, 1 € B(v*, R).

Theorem 4. The method defined by (2) exhibits a convergence order of 6.

Proof. Employing a proof strategy analogous to that of Theorem 2.

4. Order of Convergence(OC) of (4):

We analyze the OC of method (4) in this section. We require some more CNFs as in previous
sections:
Let g3,h3 : [0, ‘fi—;l) — R be CNFs defined by

Lo Lo
83(t) = 22 |1 Lot +81(0)t] g1(t)
2(1— 52 )
2(T—Lot)
and
ha(t) = g3(t)t* —
Then, h3(0) = —1 and h3(f) — o0 ast —» f?—;l_. Therefore h3(t) = 0 has a smallest positive
solution in [0, fi—;l) denoted by Ay4.
Let 1
Then, forall t € [0, Ry],
0<g(t)tt < 1. (32)

Theorem 5. Assuming (A1)-(A4) are true, the sequence {v, } given by (4) with initial value vy € B(v*, Ry)
converges to v*., and the following estimate is valid:

[on+1 = 0"l < g3(Ra) [[ow — v"1. (33)
Proof. In imitation of the proof presented for Theorem 1, we obtain:

1zn = v* || < g1(llon = 0" D |on = v*[I°. (34)
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o001 =0 =

IN

IN

IN

IN

<

13 of 27
N , 3w, — vy -1
za— 0" — A () A
3w, — v -1 3w, —v
/ n n / n n
(o) e (o)
1
—/ A’(U*—i—t(zn—v*))dt)(zn—v*)‘
0
. —1
HA’(?’“’"Z ”") A (v)
/ A/ <3wn2— Un) —A’(U*—l—t(zn—v*)))dt(zn —U*) ’
Lo |: 3wn_ Un * 1 * :| *
-0 ||+ =l|lzn — 0 Zny — 0
1_LMP,,,,,;M_U*H|| I+ 320 =7l 1z — 2]
Lo
2(1 = Lo(|[vn — v* — A'(vn) ~LA(vn)|]))
x [2lln = 0" = A (0a) " A@a) | + N1z = 0| 120 — 0|
Lo
LZ
2(1 = gerrger—orm lon = 2*112)
LO * 112 * :| *
X|——————|lv, — 0 +llzy — 0 Zn — 0
ey Ot O St | P
Lo
LZ
2(1— mllvn —v*|?)
LO * * * * (|5
| T + 10 = )l = o1 g1 (o = Do =)

83(Ry)llow — o*|°.

Here, we used the inequality

lon —v* — A’(va) L Avn) |
1
= [lA(on)” 1(«4’(%)—/ A" + t(on — 0%))dt|[|on — o7

IN

IN

1A (0n)

SAE [ AT + o o) — A on) on — o]

LO *HZ

On — 0
20— Lollon —o ) I

Now since g3(Rq)[lon — o*[° < g3(R1)R}||on — 0*|| < [Jox — 0*|| < Ry, the iterate v,41 €

B (U* ’ R1 ) .
O
Theorem 6. The method defined by (4) exhibits a convergence order of 5.
Proof. Resembling the proof of Theorem 2.
O

The subsequent result addresses the uniqueness property of the solutions derived from the
methods (3), (2), and (4).
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Theorem 7. Suppose Assumption (A1) holds and the equation A(v) = 0, has a simple solution v*. Then, for
the equation A(v) = 0 the only solution in the set Ey = E N B[v*, p] is v* provided that

2
Ly < —. (35)
T

Proof. Suppose ¢ € Ej is such that A(c) = 0. Define the operator N := fol A’ (v* 4+ y(c — v*))d7y. Then by
Assumption (A1) and (35), we have

A @) (N = A'(@)I| < Lo/01||v*+7(c—v*)—v*lld7

1
< Lo [ ylo” ~ clidy

Lo
< = 1.
< o<

So by BL, N is invertible and hence we get ¢ = v* from the identity 0 = A(c) — A(v*) = N(c —v*).

5. Convergence Under Generalized Conditions

The applicability of method (3) and the method (4) can be extended. Notice that the second
condition (A2) can can be violated easily even for simple scalar functions. Define the function

> logt+5t> —5t4, t#£0
t) =
AL) { 0, t=0.

Since v* = 1 and A”(#) is discontinuous at t = 0., condition (A2) is violated in any neighborhood
containing 0 and 1. This necessitates a convergence analysis based on generalized conditions and the
operators inherent to the methods.

First the local convergence is considered under some conditions. Set T = [0, +0).

Presume:

(H1) Consider a CNF ¢ : T — T for which the smallest positive solution to () — 1 = 0is po.. Let

To be the interval [0, po)..
(H2) Let p; € To — {0}, be the SPS of ¢4 () — 1 = 0, where the function ¢y : Ty — T is given by

 Jyw((—0)t)de + L1+ [ po(6t)d6)
B 1 —1o(t)

o1 (t)

for some CNF ¢ : Ty — T.
(H3) The equation p(t) — 1 = 0 has a SPS denoted by p, € Ty — {0}, where p : Ty — T is given by

p(t) = S9((@a(H) + 1)1) + ().

Let Ty = [0,pp).
(H4) The equation 03(t) — 1 = 0 has a SPS denoted by p, € T} — {0}, where 05 : T} — T is given by

[1((1—06)t)de
1—1o(t)
3¢(+)(1+ [ po(61)do)
4(1—p(t) (1 —yo(t))’

o2 (t)
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where
2o = ) w((+a(h))
v = { Yoler (1)) + o).
(H5) The equation g(t) — 1 = 0 has a SPS denoted by p; € Ty — {0}, here g : T — T is given by
a(t) = o ( (301(2 + 1)t>‘
Let T, = [0, 04).
(H6) The equation 03(t) — 1 = 0 has a SPS denoted by p3, where 03 : T, — T is given as
_ [e(a = 0)onas
slt) = [ T—fo(@2(t))
3P(H)(1+ Jo Yo(0a(t)1)d0)
2(1=q(8))(1 = o(o2(t)t)) |’
e (1) + Yo(a(t)1)
= _q 002
N O]
Let
p* = min{p;}, i=1,2,3. (36)

The developed functions ¢y and ¢ relate to the operators on the method (4).

(H?7) There exist an invertible linear operator L and v* € E solving the equation .A(x) = 0 such that
foreachx € E
IL7HA"(x) = DI < go(llx = o7

Notice that under condition (H1) and (36)
ILH (A" (@) = L)|| < ¢o(0) < 1.

Thus A’(v*) is invertible. Let E; = E N B(v*, po).

(H8) [L~1(A'(y) — A'(x))Il < (|ly — x[|) for each x,y € E;.
and

(H9) B[v*, px] C E.

The main local analysis for the method (4) follows in the next result.

Theorem 8. Let the conditions (H1)-(H9) hold. Then, the following assertions are satisfied provided that
v € B(v*, px) — {v*}

{vn} C B(v*, px), (37)

Jwn — 0[] < o1([|lon — 0" D [[on — 0| < [[on — 0[] < px, (38)
lzn — 0% < a2(llon — v*|)|lon — 0[] < [lon — 07, (39)
[0n1 — 0" < o3(llon — ™) |lon — 0[] < |log — 07| (40)

and lim, . v, = v*, where the functions o; are provided previously and the radius px is defined by the
formula (36).

Proof. Let T* = [0, px*). It follows that for each t € T*

0<¢o(t) <1, (41)
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0<p(t) <1, (42)
0<gq(t) <1 (43)
and
0<oc;(t) < 1. (44)

The assertions (37)-(40) are shown by induction. Let u € E* = B(v*, px) but be arbitrary. The condition
(H1) and the formula (36) give

IL7H (A" () = L) < gollu = o*) < po(px) < 1.

Thus, A’(u) is invertible,

1
A'(u) 1L < (45)
A S o
and the iterate wy exists by the method (4) if n = 0. Moreover, the first substep gives
w—o' = oo~ A(on) M Alw) + 3 A (o0) M Al)
1
= /O Al (v9) 1 [A'(vg) — A'(v* + 0 (vy — v*))]d6(vg — v*)
34 (o0) " Awo). )
Using (36), (44) (for i = 1), (H8), (45) and (46)
1 1
—0*|| < 1—0)||vg — 0*||)db||vg — v*
o =o'l < g | [ 90 =)l = o aeloo o]
1 1
+50+ [ pol@lloo — o as)ljo - v°)
< a1([lvo — v |llvo — v < [lvo —0*|| < p *. (47)

Thus, the iterate wy € E* and the item (38) holds if n = 0.
The following estimate establishes the invertability of the linear operator (3.4’ (wg) — A(vp)) and
iterate zg by the second substep of the method (4):

1(2L) 7 (34" (wo) — A'(wo) — 2L) |

< %[3IIL_1(A’(wo) — A'(v0)) || + IL7H(A'(v) — L)
= %(34)(“%—00”)+21/Jo(||vo—v*!|))
< plllwo =2l <1, (48)

where we used the conditions (H3), (H7), formulas (36), (42) and (37). Hence, by (48)

1

/ Y -1
| (3A"(wg) — A'(vo)) LHSZ(l—p(HUo—U*H))'

(49)

Moreover, the second substep gives

20— 0" = vy—v* — A (v9) L A(v)

+[I - %(3./4/(7”0) — A'(v9)) " (BA' (wp) + A’ (29))] A (v9) "' A(vo). (50)
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It follows by (36), (44) (for i = 2), (45), (47), (49) and (50)
. Jo #((1—6)][vo — v*[|)d6
o ="l < l 1= go(lo0 —o*[)
39((1+ 1 (J|oo — o) [0 — 0" 1) (1 + fy $o(6]vp — v*|)d6) I
4(1 = p(llvo — v*[1)) (X = o(l[vo — v*]]))
< o(llvo —o*|)llvo — v*[| < flvg — 07| (51)

Thus, the iterate zyp € Ex and for n = 0 the assertion (39) holds. Next the invertability of the linear
operator A’ (MT_UO) establishes the existence of the iterate v; as follows:

_ 3wy — v 3wy — v *
et () — ) < o122 o)
2||lwg — v*|| + ||wg — v*|| + ||vg — v* N
P e X R . B )
(by (36) and (43)),
so .
3wog—vp\ 1
Al <0°> L| < : 52
M) M= e o) 2
Then, the last substep of the method (4) gives in turn
v —v* = zg—0v" — A'(z0) T A(z)
N1
o)t = (FZ0) ) A )
= zp—v" — A(z0) L A(zo) + A (z0) (A’ (3’“’02_”0)

3w0 — 0o

-1
—A/(ZO))A,<2> A(ZO).
(53)

Using (36), (H8), (44) (for i = 3), (51), (52) and (53)
Jo $((1 = 0)]lz0 — 0" |))d6
1 —o(llzo — v*]|)

Fllzo =o' DA+ 3 o(@lz0 =" DdO)]
(1 —¢o(flz0 — o*[])) ‘

< o3([loo — v [)llvo — v* || < [loo — o7, (54)

o1 — o]

+

Hence, the iterate v; € E* and the assertion (40) holds for n = 0. The induction is terminated if
Uk, Wi, Zk, Vk+1 Teplaces vy, wo, 2, v1 in the preceding calculations. Finally, from the estimate

[ok41 = 0% < efloe — v < px, (55)
where ¢ = 03(||vg — v*||) € [0,1). It follows limy__,,, v = v* and the iterate vy 1 € E*.

The isolation of the solution v* is discussed in the next result.
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Proposition 1. Suppose: there exists a solution o € B(v*, p4) for some pg > 0; the condition (H7) holds in the
ball B(v*, p4) and there exists ps > py such that

1
/0 o (6ps)d6 < 1. (56)

Let E; = EN B[v*, ps].
Then, the equation A(v) = 0 is uniquelly solvable by v* in the region E;.

Proof. Define the linear operator L; = fol A’ (v* + 0(7 — v*))d6. Then, by the condition (H7) in
the ball B(v*, p4) and (56)

1
IL(Ly = L)[| < /0 $o(6[|0 —0"[|)df < tpo(ps) < 1.
Hence, 6 = v* follows from the identity o — v* = L' (A(3) — A(v*)) = L 1(0) = 0. O

Remark 1. (1) A possible choice for L = A’(v*). In practice L shall be chosen to tighten the function 1. Notice
also that it does not necessarily follow from (H7) that v* is a simple solution or that A is differentiable at v*.
(2) The results for the method (3) are obtained by restriction to the first two substep of the method (4).

A analogous approach is followed in the semi-local analysis but the role of v* is exchanged by vy
and that of function ¢y and ¢ by @o and ¢, respectively which are developed below.
Suppose:

(el) There exists CNF ¢ : T — T such that the equation ¢((t) —1 = 0 has a SPS denoted by
ps € T —{0}.
Set T, = [0,p6). Let ¢ : T, — T be a CNE. Define the sequence {a, } for ag = 0,9 > 0 and each
n=0,1,2,...by

pn = %(P(,Bn_“n)‘f'(l’o(‘xn),

T = ﬁw+;@¢wn—mo+gr;?wm»mn—%x
1

i = (14 [ @olan +0(va = 00)d0) (7 — )

+§(1 + @o(an))(Bn — an),

o= go(CPn

2
_ Hu
Xy+1 = ,)/n+1*b7n,
1
Ein = a+44m%+m%ﬂ—mmwx%ﬂ—w>

+%(1 + @o(an))(Bn — an),

and
% ‘;n—l—l

Pt = Bngs + 31— go(ansi1)

(e2) There exists p7 € [0, pg) such that foreachn =0,1,2,...

ﬁn < ]-/ ‘711 < 1/ q)O(an) <1 and Ay S p7,
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It follows that 0 < a, < By < 9n < ay41 < p7 and there exists pg € [0,py) such that
limy 0 &y = ps.
The functions ¢y and ¢ are connected to the operators on the method (4).

(e3) There exists vy € E such that

IL7H(A (@) = LI < po(llo — voll)-

Let E3 = E N B(v*, pg). Notice that (e1) and (e3) imply that the linear operator A’ (v) is invertible.
3
Let [|A"(v0) M A(v0) | < 5po.

(ed) ||IL7Y(A'(w)— A'(0))| < ¢(||lw—v||) for each v,w € E3 and
(e5) B[’Uo,pg] C E.

As in the local case we obtain in turn and induction the estimates

00 = ooll = 314/ (00) " A(wo)l| < Bo = o — 0 < ps. 67
e = (21— 3B wy) — (o)
(3A (1) + A'(0))]A'(00) " Alon),
= LA () — A (0n) " AGA () — A (00))
~3(BA () + A'(@n)](~ 3 (wn — ),
—1( >/ g7 —1 »
ol < JELCA) — A AC,
S ’)/Yl_ﬁ?’l/ (58)
lzn —2oll < llzn — wall + o — oo
< —Bu+Bun— &0 =Tn < ps, 59)

where p, = 3¢(Bn — an) + go(an),
A(zy) = A(zn) — A(vn) + A(vn)
- /01 A (0 + 0(2n — 0))A0(z0 — 02) — %A’(vnan — o),
LA < (14 [ gollon = i) +0lzn —0.))d0 ) 2 — o]
+3(1+€00(||Un—Uoll))Hwn—vnH
"

2
1+ (PO D‘n‘f'e( _“n»de) ('Yn _fxn)

IN

(14 @o(an))(Bn — an) = pin,

NI W

lowen = zull < 75 = st =, (60)
— qu
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where

- ()

B0 — 0 2w, = oo + 1w, — vl
po( 172 —wll) < 9o

-

IN

2

2 —
(P0<'8"+§” a") = <1,

IN

and

[on41 = 2zull + {120 — w0l

Qpy1 — B+ Bn = g1 < Ps, (61)
3

A(wnt1) = Alvpt1) — Alvn) — E-A,(Un)(wn — Un)

|on41 — ol

IN N

/0 U A (0 4+ 0(0n 11 — ) )d0(0n 11 — 00) ©2)

—l—g.A’(vn)(wn —vy),

1L A1)

IN

1
1 [ ullon = w0l + 8lomss = 0ul)d8 ) o2 — ol
(1+ go(llon — voll)) s — v

+ /01 @o(an +0(a 1 — “n))de) (pg1 — an)

IA
+ —~ + —

(14 90(a) (B — ) = Ens,

2 _ _
lonia = onall < SIA (On41) LINLT A )l

% gn—i—l
31— ¢o([[vns1 —voll)

2 Cni1
S__Sntl g a, 63
31— (PO(D‘I’H»I) ﬁ?’l"rl n+1 ( )

IN

IN

and

lwni1 = vnsall + |on1 — ol

lwpp1 — ool <
< Bus1 — App1 T &pg1 — a0 = Bur1 < ps- (64)

It follows by (57)-(64) that the sequence {x, } is complete, since {a, } is convergent by the condition
(€2). But X is a Banach space. Hence, there exists v* € B[xy, pg] such that lim, . v, = v*. Then, by
letting n — oo in

1L A(@as) || < Gnts

we deduce that A(v*) = 0. Finally, notice that for j = 0,1,2,...
||Un+j - Un” < Xptj— &n

thus for j — o
lo* —oull < ps — an.

Hence, the semi-local result for the method (4) is achieved.
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Theorem 9. Let that the conditions (el)-(e5) hold. Then, there exists v* € Blv, ps] solving the equation
A(v) = 0. Moreover, the following assertions hold

{on} C B(vo, ps),

lwn —vnll < Bu — an,
lzn — wnll < vn—Bn,
0011 — zull < ani1—rn

and
”U* - Un” < pg — ay.

The uniqueness property of the solution is specified in the next result.

Proposition 2. Suppose: There exists a solution & € B(vg, pg) of the equation A(v) = 0 for some pg > 0, the
condition (e3) holds in the ball B(vy, pg) and there exists p19 > pg such that

1
/0 @o((1—8)pg +6p10)do < 1. (65)

Let E4 = E N Blvg, p1o]. Then, the only possible solution of the equation A(v) = 0 in the region E4 is 0.

Proof. Let z € E; with A(Z) = 0 and the linear operator L, = fol A'(5+6(z—7))d6. It follows

1
I L2 =D < [ go((1 = 0)ll2 ol + ]}z — vo)do
1
< [ po((1=0)ps +6pro)de < 1.

Thus, we deduce Z = 7. O

Remark 2. (1) A possible choice for L = A’(vy).

(2) Suppose that the conditions (el1)-(e5) hold. Then, set pg = pg and & = v* in Proposition 2.

(3) Replace the limit point pg by pe in the condition (e5).

(4) Clearly the results for the method (3) are obtained by simply restricting in the first two substeps of the method
(4).

6. Efficiency Indices

There are several measures for comparing iterative methods other than OC, one of them is
efficiency of the method. Recall the informational efficiency, introduced by Traub [22] is given by
E.I = 05, where o0 is the order of the methods and s is the number of function evaluations. Ostowski
[16], introduced a term before Traub called efficiency index or computational efficiency defined as

1

C.E= c’o@, where @ is the OC of the method and 0 ¢ is the number of function evaluations. Thus, the

E.I and the C.E of the method (2) are g =12and 65 = 1.4310, the E. I and C. E of the method (3) are
4 = 1.33and 45 = 1587 and E. Tand C. E of the method (4) are 3 = 1 and 55 = 1.3797.

7. Numerical Example
Example 1. Consider X =Y = R3, vy = (0,0,0)T, E = B0, 1]. Define function A on E for u = (v,w,z)"

by
o =1 35 z3 T
A(u) = (e 1, — w® 4w, 3 —l—z) .
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Then, the first and second Fréchet derivatives are as follows:

e’ 0 0
-1
A= | 0 "2 w+1 0
2
z
—+1
0 0 2+
and
e 00 | 0 0 0] 000
A'(uy=10 00 | 0 (e—Dw 0 | 0 0 0
0 00 ] O 0 0] 0 0 z

Now, we can observe that A’ (v*) = A’ (v*)~! = diag(1,1,1). Thus we get || A’ (v*)|| = 1. Thus,
I (") 1 (A (0) = A'(@))]| < (e~ 1)[Jo— o,

IA"(0*) 7H(A" (0) = A" (@) < (e = 1)l ],
|4 (@) T A" (@) <e.
1
|4 (o) A (0) | <ee— 1,
1

Hence Lo = Ly = (e — 1), Ly = eand Ly = e — 1. With respect to Ay = 0.1146, Ay = 0.7115, A3 =
0.6959, and Ay = 0.3001, we get r = R = Ry = 0.0667.

Example 2. Consider the non-linear integral equation of the Hammerstein-type given by
A(v)(6) = v(0) — 5H(v)(6),
where H is any function such that
1
H'(0)(0) =0 [ po*(B)d(p),
defined on X =Y = C[0, 1], the space of all continuous functions on the on the interval [0,1] let E = B[0, 1].

Then, we obtain first Fréchet derivatives as

A (0($))(8) = 9(6) 150 [ 10 (3)p(n)d, forall v € E.

we can observe that v* = v*(0) = 0 is a solution of A(v). Then, by applying the conditions (Al) — (A4)
we have Ly = L1 = Ly = 7.5 and L3 = 2. With respect to Ay = 5028, A, = 0.0129, A3 = 0.0523, and
Ag = 0.1333, we get r = 0.0667, R = 0.0523, and R; = 0.0667.

In the next example, we compare the iteration and the convergence order of methods (3), (2) and
(4) with that of following methods:

Noor Waseem-type methods [10]: given forn =0,1,2,... as

vy — A(vy) L A(vn)
U1 = vn—4G, A(vy), (66)

Wny

where G, = 3A' (2% + A'(w,),
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wy = vy —A(vn) L A(vn)
Zn - Un — 4Gn_1./4(vn)
Opi1 = zn—A(wy) T A(zy) (67)
and
wy, = vy —A(vy) L A(vn)
Zn = Up— 4G7,1_1A(vn)
Opp1 = zn—A(zy) L A(zy). (68)
Newton Simpson-type methods [11]: given forn =0,1,2,... as
wy = vy — A'(vn) L A(vn)
Opi1 = Uy — 6G, LA(vy), (69)

where G, = A'(v,) + 4A"(252) + A’ (wy),

wy, = vy — A(v,) L A(v,)
Opi1 = zn — A (wn) L A(zn)

and

wy = vy — A (vy) "L A(vn)
zy = vy — 6G,, LA(vy) (71)
Vi1 = zn — A'(z0) T A(z0).

Example 3. Let T = Ty = R?. Consider the system of equations [12]

33, +15 = 1
H+utd = 1
Observe, iy = (—1,0.2), ap = (—0.4,—1.3) and a3 = (0.9,0.3) are the solutions of the above system of

equations. The approximation to the solution az using the methods (66)-(71), (3), (2) and (4) starting with
vg = (2, —1) is given. The results are displayed in Table 1- Table 3.
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Noor Waseem Method . Newton Simpson . .
k (66) Ratio method (69) Ratio Method(3) Ratio
X = (t,15) Ly xe = (8, 15) Sy x = (8, 15) L
() G (€
0 (2.000000,-1.000000) (2.000000,-1.000000) (2.000000,-1.000000)
1 (1.264067,-0.166747) 0.052791 (1.263927,-0.166887) 0.052792 (1.151437,0.051449) 0.040459
2 (1.019624,0.265386) 0.259247 (1.019452,0.265424) 0.259156 (0.994771,0.304342) 0.536597
3 (0.992854,0.306346) 1.578713 (0.992853,0.306348) 1.580144 (0.992780,0.306440) 1.951273
4 (0.992780,0.306440) 1.977941 (0.992780,0.306440) 1.977957 (0.992780,0.306440) 1.979028
5 (0.992780,0.306440) 1.979028 (0.992780,0.306440) 1.979028 (0.992780,0.306440) 1.979028
Table 2. Methods of order 5.
Noor Waseem Method . Newton Simpson . .
k 67) Ratio method (70) Ratio Method(4) Ratio
X = (5, 8) Lt xp = (t,15) X = (15, 15) L
()’ Gik ()
0 (2.000000,-1.000000) (2.000000,-1.000000) (2.000000,-1.000000)
1 (1.127204,0.054887) 0.004363 (1.127146,0.054883) 0.004363 (1.144528,0.069067) 0.004375
2 (0.993331,0.305731) 0.501551 (0.993328,0.305734) 0.501670 (0.994305,0.304922) 0.495553
3 (0.992780,0.306440) 3.889725 (0.992780,0.306440) 3.889832 (0.992780,0.306440) 3.847630
4 (0.992780,0.306440) 3.916553 (0.992780,0.306440) 3.916553 (0.992780,0.306440) 3.916553
Table 3. Methods of order 6.
Noor Waseem Method . Newton Simpson . .
k 68) Ratio method (71) Ratio Method(2) Ratio
X = (t5,5) G x = (t5,5) i1 x = (#5,5) G
()" €)° ()°
0 (2.000000,-1.000000) (2.000000,-1.000000) (2.000000,-1.000000)
1 (1.067979,0.174843) 0.001211 (1.067906,0.174885) 0.001211 (1.027012,0.256566) 0.001057
2 (0.992784,0.306436) 1.383068 (0.992784,0.306436) 1.384152 (0.992780,0.306440) 3.122403
3 (0.992780,0.306440) 5.509412 (0.992780,0.306440) 5.509414 (0.992780,0.306440) 5.509727
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8. Basins of Attraction

For an iterative method, the set of all initial points which converges to a solution of an equation
is known as Basins of attraction [7,8]. Using the approach of the basins of attractions we obtain the
convergence area of the methods (2), (3) and (4) when applied to the following examples;

3 — =
Example 4. v -F with solutions {(—1,—1),(0,0), (1,1)}.
B —a=0
302 — B> =0
Example 5. ©p-Fp with solutions
ad — 304[%2 —-1=0
1 V3, 13
{(_EI _7)1 (_zl 7)/ (110)}
2+ R -4=0
Example 6. © P with solutions

302+ 782 —16 =0

{(v/3,1),(=V3,1),(v/3,-1),(—=V3,-1)}.

Corresponding to the roots of system of nonlinear equations, the basins of attraction are generated
in a rectangle domain w = {(a,8) € R? : -2 < a < 2,-2 < B < 2} with equidistant grid points
of 401 x 401. According to root, each initial point (ag, Bo) € R? is assigned a color, to which the
corresponding iterative method converges, starting from («g, Bo). If either the method converges to
infinity or it does not converge, then the point is marked black. In a maximum of 100 iterations a
tolerance of 1078 is used.

2 A5 4 95 0 05 1 15 2 245 a4 05 0 05 1 15 2 245 4 085 0 05 1 15 2

Figure 1. Dynamical plane of the method (2) with Basins of attraction for Example 4(left), Example 5(middle) and
Example 6(right).

Figure 2. Dynamical plane of the method (3) with Basins of attraction for Example 4(left), Example 5(middle) and
Example 6(right).
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Figure 3. Dynamical plane of the method (4) with Basins of attraction for Example 4(left), Example 5(middle) and
Example 6(right).

9. Conclusion

We studied Jarrat-type method of convergence order three and its two extensions with conver-
gence order six and five, respectively. As mentioned in the introduction, we used assumptions on A’
and A” only, so these methods (2), (3) and (4) can be used to solve problems which were not possible if
we use the earlier convergence analysis using Taylor expansion. We discussed the limitations of our
approach and developed new ways to overcome these limitations in Section 5. Finally, we compare
the methods with other similar methods using an example. Also using Basins of attraction approach
the convergence areas of the methods (2), (3) and (4) are given. In future research our ideas shall be
applied on other methods to obtain similar benefits analogously [1-8,10-24]
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