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IS THE PROBABILITY OF TOSSING A COIN REALLY 50-
50%?
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Abstract: Considering that a fair coin has two sides and a cylindrical edge, the probability that it
would fall on its edge is calculated, yielding the probability of heads or tails less than 50%. Theoret-
ical models for a static case and for five dynamic cases, without and with rebounds, show that there
is a small probability that the coin does not fall on its head or tail, depending on initial toss condi-
tions, the coin geometry and conditions of the coin and landing surfaces. For the dynamic model
with rebounds, it is found that the probability that a 50 Eurocent coin thrown from a normal height
with common initial velocity conditions and appropriate surface conditions will end up on its edge
is in the order of one against several thousand.
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1. Introduction

To toss a coin is the simplest of experiments in probability and statistics. Students usu-
ally learn that there is a 50-50 % chance that it falls on either side. Repeat this simple ex-
periment with a fair coin a sufficient number of times and the result should show that on
average half of the tosses yield heads and half yield tails. But is it really so, even with a
fair coin? A coin is a flat cylinder made of some metallic alloy. It has of course two sides,
but it has also a small cylindrical surface, the edge.

In this paper, we calculate the probability that a coin would fall on its edge, yielding the
probability of heads or tails less than 50%. Several models are considered: a simple static
model and five dynamic models, with and without rebounds. Depending on initial toss
conditions, the coin geometry and conditions of the coin and landing surfaces, there is a
small probability that the coin does not fall on its head or tail.

2. Methods

2.1. Static Model

Let’s consider a flat cylindrical coin, perfectly circular and homogeneous with a basis
diameter d much larger than its height h. From the centre of mass at the coin mid-height,
the height is seen under an angle a. The coin is placed on a perfectly smooth horizontal
surface, with the coin edge making an angle 6 with the horizontal surface (see Fig. 1).

Clearly, the coin will fall on its side if

<6<~ )

Therefore, the probability that the coin will fall on a side can be estimated as
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Pside = (3)
and the probability that it will stay on its edge is
7\ _ 2n
Pedge =1-Pige = (?) o 4)

Another way to see it is to calculate the probability P4 as the ratio of all values of 6
yielding the coin to stay on its edge in the range 6,,;, to 8,4, to all possible values of 6
in the range —m/2 to m/2, yielding

Peage = (%“f{fz"f”) = (TE,_E)) =i~ 2 5)

2 2

For a 50 Eurocent coin, d = 23.5 mm, h = 2 mm, yielding (h/d) = 0.085, which
gives a probability Pedg in the order of 5%. This means that approximately one out of
twenty tosses should end with the coin on its edge, which is clearly too much.

This static model is obviously not adequate to describe a real situation and must be

refined. It shows however that the probability of a coin falling on its edge is not nil.

2.2. Dynamic Model
2.2.1 General model and equations

In addition to the hypothesis of a fair coin, i.e., a homogeneous flat circular cylinder
of mass m, one considers the following hypotheses (with bold characters denoting vec-

tors):

e the coin is thrown manually from an initial height H with a velocity v, under
an angle f on the horizontal, and an initial angular velocity wy; for a manual
throw, minimum and maximum possible values are considered to be:
d<H<2m;0<v,<5mfs; == < B< m/2; 0<w,<10m rad/s  (6)
where v, and w, are the norms of the vectors v, and wy;

e the coin rotation axis is horizontal and passes through the coin centre of mass at
all times during the fall until impacting the landing surface;

e the coin angular velocity after impact is along a (yet) undefined instantaneous
axis of rotation that stays horizontal at all times;

e the atmosphere is windless, without any disturbance and the air friction is
negligible;

¢ the landing surface is a perfectly horizontal, plane, solid and immovable surface;
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e inafirst approach, one considers that there is no rebound of the coin; the rebound

case is then addressed at the end.
One considers further a referential frame with its origin at the impact point on the
landing surface, its Z-axis perpendicular to the landing surface and directed downward,
its X and Y axes in the horizontal plane of the landing surface with X pointing in the

direction of the throw (see Fig. 2).

ol

Figure 2: Dynamic model of a coin throw with a clockwise initial rotation.

The velocity vectors of the coin centre of mass before and after impact are noted re-
spectively v and u, and the coin angular velocity vectors before and after impact are
noted respectively wj, and w,. Since the landing surface is immovable and with & de-

noting the vector product, the equations of impact are simply [1] :

mu = mv + R 7)

hwa, =, wp, + p QR 8)
where R is the impulse of the impact, having components N and T respectively normal
to and along the surface at the point of contact; I, and I, are the moments of inertia of
m at the coin centre of mass with respect to the instantaneous axis of rotation immediately
after and before impact; and p is the distance vector from the impact point to the coin
centre of mass.

The components of the coin velocities before impact are obviously

v= (UO cos B,0,,/vé sin? B + ZgH) 9)

wp = (0,(2w,),0) (10)
since the initial rotation can be in either direction. The coin moment of inertia before impact

is
b= 5(5+7) a

with respect to the instantaneous horizontal axis of rotation passing through the coin cen-

tre of mass.

The components of the distance vector are (see Fig. 3)
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p= (p sin( @ —%), 0,pcos(6 —%)) (12)

h2+d?

with p = and where 6 is the angle from the downward vertical to the mid-plane

parallel to the coin sides counted positively in the counter-clockwise direction.

Figure 3: Angles and distances at the moment of impact.
Note that to be exact, the height H from which the coin falls should be less, as the coin's
centre of mass never touches the landing surface. The height H should be replaced by
(H —pcos(6 — %)), but as pcos(8 — %) is much smaller than H for any value of 6 at
impact, one can simplify the problem by considering H only.
With the hypothesis that the angular velocity after impact is along a horizontal instanta-

neous axis of rotation, one has also
w, = (0,(f£wy),0) (13)

The equations (7) and (8) reduce then to:

along X: mu, = mvgcosf-T (14a)
along Y: I, (xwg) = I (£wo) — Npy — Tp, (14b)
along Z: mu, = m,/visin?B +2gH + N (14c)

An additional condition is given by the nature of the impacting bodies and their surfaces.
Four cases can be classically considered:

1. both bodies are inelastic and perfectly rough,

2. both bodies are inelastic and perfectly smooth,

3. both bodies are elastic and perfectly smooth,

4. both bodies are elastic and partially rough.

2.2.2 Inelastic and perfectly rough bodies

In the first case, if the bodies are inelastic and perfectly rough, the particles of the coin
and of the landing surface do not separate after collision and their relative velocity is nil,
giving the condition

u+ w,p =0 (15)

yielding

along X: u, = —(Ffw,) p, (16a)

along Z: u, = (wg) px (16b)
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which, with (14a) and (14c), allow to find the tangential and normal com-
ponents of the impulse at impact

T = m(vocos f + (fwa) pz) (17a)

N = m((+w,) p, — vZsin? B + 2gH) (17b)

Replacing in (14b) yields the angular velocity after impact

K(xwg)—vg cosf cos(9—%)+ v2 sinZ f+2gH sin(B—%)
() = (18)

Ka+p
where
hZ d?
Ip (T+T) Ig
K=K, =—F= and K, = — 19
b= pm T 2Jn21az @ pm (19)

For the coin to stay on its edge, the angular velocity after impact w, must become nil

while |6] <%. Solving the equation (18), w, = 0 for the variable 6 yields

\/v% sin? ﬁ+ZgHi\/vg+2gH—x2w%

0= % — 2 arctan (20a)

Vg cos f+k(twg)

2 2
14 [1- K(two) ¥ vg cos B
ng sinZ B+2gH ng sinZ B+2gH

a
or 0= P 2 arctan T Ewg)Trgcos B (20b)

v} sin? f+2gH

with the resolution condition

v+ 2gH > K*w} (21)
The condition [6] < g yields successively
—-<6<3 (22a)

\]vg sin? ﬁ+2gHi\/vS+2gH—x2w%

0<

Vo cos B+r(+wg) < tan (g) = 2 (22b)
meaning that the argument of the arctan function in (20) must be positive and smaller than
h/d.

For the positive condition, the numerator and the denominator must be of the same
sign. Considering the negative sign in front of the second root in the numerator of (20a):
e for both numerator and denominator to be positive, the first root must be greater than

the second, yielding

v2 cos? f < k?wk (23)
and the denominator must be such that
vy cosf + k(fwy) >0 (24)

which is true only for a positive sign in front of w,, i.e., an initial coin counterclockwise
rotation, as for a negative sign in front of wy, i.e., an initial coin clockwise rotation, one
must have in addition
Vo €OS ff > Kwy (25)
which contradicts (23);
e for both numerator and denominator to be negative, the first root must be smaller than
the second, yielding

v cos? B > kw3 (26)
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and the denominator must be such that

vy cosf + k(twy) <0 (27)
which is only possible for a negative sign in front of w,, i.e., an initial coin clockwise
rotation, and for

Vo cos B < Kw, (28)
which contradicts (26).

Considering the positive sign in front of the second root in the numerator of (20a), the
denominator must be positive which is true either for a positive sign in front of w,, i.e., an
initial coin counterclockwise rotation, or for a negative sign in front of wy, i.e., an initial
coin clockwise rotation, in addition to

Vo €OS ff > Kwy (29)
However, the solution, in this case, yields a too large value of 6.
In conclusion for this first case, the only possible solution is given by an initial coin

counterclockwise rotation with the condition (23), which coupled with (21), yields

k2w%-v¢ cos? B
SRS (30)
v3 sinZ f+2gH

For the right part of the condition in (19b), considering a positive sign in front of w, it

0<

yields

dz-i?
Kwo—|——= |vo cos 8
d2+h? < 2hd
22 1’ +d?
vy sin® B+2gH

where vertical bars denote the absolute value. These two conditions constrain the vertical

velocity /v sin? B + 2gH of the falling coin.

Within the above conditions, the maximum and minimum values of 6 are

@31

ng sin? B+2gH—\/vg+2gH—lc2wg

a
2} = — — arctan 2a
max — Vg €os B+Kwg (32a)
min
« \/vg sin? B+2gH—Jv§+2gH—K2wg
Omin = — — arctan 2b
min 5 vg €OS B+Kwq (32b)
max
The probability that the coin will end on its edge is then
2 cin2 2 2,42
9 —0. . 2 \/170 sin ﬁ+2gH—\/v0+2gH—x wj
Paage = (M) = 2| arctan _
T T Vg €0S f+Kwg
max
Jv% sin2 B+2gH—Jv§+2gH—x2w(2,
arctan (33)

v cos B+Kwg

min
The maximum value of this probability will occur for the largest value of 6,,,, and the
smallest value of 6,,;,. Considering that 8 is bound by a/2 and —a/2 (22a), 0,4, =
a/2 and 0,,, = —a/2, which would yield the same value of the maximum probability
as for the static case (5). However, one has still to verify that the values of 8,5, and 6.,

can be achieved within the ranges (6) of the four initial parameters H, vy, f and w,.
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For 6,,; = a/2 to occur, the argument of the arctan function in (32a) must be nil,
i.e., for the limiting case where wgp;, = 0 and either vy, = 0 and - /2 < B < n/2,
or f =+n/2 and v, taking any value, with H taking any value.

For 0,,;, = —a/2, the arctan function in (32b) must be equal to or larger than —a/2,
which in most cases is not possible within the conditions (30) and (31). In fact, the argument
of the arctan function in 6,,; (32b) is maximum for wgmax, Vomin and Hpyipm, with B

taking any value between —m/2 and n/2, yielding

2 . 2 2
\/vo min SiN? ,8+2gHmin—\/vo mint29Hmin—K2 0§ max

a
Omin = 2 arctan Vo min €OS B+KWo max (33)
max
yielding for the ranges of values (6) with vomin, = 0 and Hpy, = d,
— 2,,2
Omin = % — arctan (ﬁ (1 —J1- %)) b

The maximum probability that the falling coin stays on its edge at impact becomes then

slightly less than in the static case, namely

P, = (—9’"‘“‘ _0"”'") — 2arctan | 2294 (1 — |1 — 90max (35)
edge max n max T KWomax 2gd

which, for the values given in (6) for a 50 Eurocent coin, yields a probability P.gge max =
0.04366 or nearly one throw every 23 that ends with the coin on its edge.

For more common and practical values, let’s consider a series of vertical throws up or
down (i.e., B = *m/2) from a height H = 1.5 m with the coin initial velocities ranging
from 1 to 5 m/s and initial rotation ranging from 0.5 to 5 turns/s. The probability that the
coin will end on its edge is then P44, = 4.96 10-° or approximately one throw every 202.
For another series of throws with 8 = /4, H = 1.5 m and the coin initial velocities
ranging from 0.01 to 0.1 m/s and initial rotation ranging from 0.5 to 5 turns/s, Peyg4e = 1.17

10 or approximately one throw every 856.

2.2.3 Inelastic and perfectly smooth bodies
In the second case, if the bodies are inelastic and perfectly smooth, at the moment of
impact, the X and Y components of the relative velocity of the coin contact point with
respect to the landing surface are unaltered, while the Z component is reduced to zero

[1], giving the condition (with ® denoting the scalar product):

u-v)-(u-v)ez =20 (36)
u+w,®@p)ez=0 (37)

where z is the unit vector following the Z-axis, z = (0,0, 1), yielding
along X: u, = v, = vycosf (38a)
along Z: u, = (fw,) px = (Fwg)psin(o —g) (38b)

Replacing these last two relations in (14a) and (14c) yield

T =0 (39a)

N = m ((wy)p sin(8 — g) —v&sin? B + 2gH) (39b)
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indicating that the impulse lies only in the normal direction to the surface. Replacing in
(14b) yields

k(two)+_|v3 sin? B+2gH sin(@—%)
(twq) = (40)

Kq+p sin? (9—%)
For the coin to stay on its edge, the angular velocity after impact w, must become nil

while |6| < a/2. Solving the equation (40) w, = 0 for the variable 6 yields

k(wo)
/vg sin? B+2gH

under the condition that the denominator in (40) is different from zero, which is always

6 = £ — arcsin 41
: (41)

the case as all terms are positive. For the condition || < % to hold, the argument of the
arcsin function in (41) must be first, positive which is the case only for a positive sign in
front of w, i.e., an initial coin counterclockwise rotation, and second, smaller than sin a,
yielding for a positive sign in front of w,

< (ma) @)

\/vg sin2 B+2gH

If this condition holds, the probability that the coin will end on its edge is then

_ (Omax —Omin \ _
Pedge - ( p -

Kw . Kw
2 — arcsin S

v3 sin2 B+2gH v3 sin? p+2gH

max min

1 .
—| arcsin (43)
The maximum probability will occur for 6,,,, = a/2 for the limiting case where wq min
=0and vy, H and f taking any value (—m/2 < f < r/2), and for the argument of the
arcsin function in 6, being maximum, i.e., for wgmax, Hmin and either vg,;,, and

-n/2< B < m/2,or f = 0 and v, taking any value, yielding

Peage max = (—em“";emin )max = %arcsin (—:/C:;H%) (44)
which, for the values given in (6) for a 50 Eurocent coin, yields a probability P.gge max =
0.04366 or nearly one throw every 23 that ends with the coin on its edge, like in the
previous case.

Throwing the coin vertically, upward or downward, i.e., § = +m/2, from an initial
height H =1.5 m with the coin initial velocities ranging from 1 to 5 m/s and initial rotation
ranging from 0.5 to 5 turns/s yields the same result as in the first case above. For a series
of throws with initial conditions f§ = m/4, H=15 m and v, ranging from 0.1 to 5 m/s
and w, varying between 0.5 and 5 turn/s, Peqg. = 4.99 102 or approximately one throw

every 200 will deliver the coin on its edge.

2.2.4 Elastic and perfectly smooth bodies
In the third case, if the bodies are elastic and perfectly smooth, at the moment of
greatest compression at impact, the Z component of the relative velocity of the coin

contact point with respect to the landing surface is reduced to zero, while the X and Y
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components are unaltered. The magnitude of the normal impulse can be computed like in
the second case, multiplying it by (1 + e) where e is the coefficient of restitution.

This yields from (39b)

N = m(1+e) ((wg)psin(8 —7) —/vdsin? B +2gH) (45)

with T still being nil. Replacing in (14b) yields

k(+wo)+(1+e) [v3 sin? B+2gH sin(G—%)
(twy) = (46)

Ka+(1+e)p sin?(0-3)

Like above, for the coin to stay on its edge, the angular velocity after impact w, must

become nil while 0] < % Solving the equation (46) w, =0 for the variable 6 yields

0= % — arcsin =20 (47)

(1+e) |vd sin2 B+2gH

where the positive sign in front of w,, i.e., an initial coin counterclockwise rotation, was

chosen to guarantee that the first part of the condition |6 < % holds, while the second

part yields
0 < (1+e) () (48)

e 72, 12
/vg sin2 B+2gH h™+d

Under this condition, the probability that the coin will end on its edge is then

1 w W
Poqge = —| arcsin < ) — arcsin ( >
T (1 +e)yJvgsin? B +2gH/ (1 +e)yvgsin? B +2gH/
(49)

Like in the previous case, the maximum probability will occur for 6,,,, = a/2 and for

the maximum value of the argument of the arcsin function in 6,,;,, yielding

Pedge max = (—em“";gmin )max = %arcsin <—(1+Z;J%) (50)
The coefficient of restitution e depends obviously on the nature of the surface of both
bodies and can take values [2] from 0.2 for lead on lead to 0.95 for glass on glass, with
approximately 0.55 for steel on steel, yielding values of (1 + e) ranging approximately
from 1.2 to slightly less than 2.

Assuming a coefficient of restitution e =0.5, i.e., both coin and landing surface being
made of steel alloy, for a 50 Eurocent coin and the values given in (6), (50) yields a
probability Pegge max =0.02905 or nearly one throw every 34 that ends with the coin on its
edge.

Throwing the coin vertically, upward or downward, i.e., § = +m/2, from an initial
height H =1.5m with the coin initial velocities ranging from 1 to 5 m/s and initial rotation
ranging from 0.5 to 5 turns/s yields P,qg4. =3.304 10- or approximately one throw every
303 will end with the coin on its edge, i.e., less than in the first two cases.

For a series of throws of a 50 Eurocent coin with initial conditions § = n/4, H =15
m and v, ranging from 0.1 to 5 m/s and w, varyingbetween 0.5 and 5 turns/s, Peqge =

3.33 10 or approximately one throw every 300 will deliver the coin on its edge.

2.2.5 Elastic and partially rough bodies
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Contrary to the first three idealised cases, this fourth case depicts reality from closer
as the partially rough character of both surfaces in contact will cause slippage to occur.
One assumes for simplicity that first, the slip is always in the same direction, second, the
frictional impulse has a magnitude uN, where p is the coefficient of friction, and a
direction opposite to the relative motion of the point of contact on the landing surface. The

normal impulse is still calculated as in the third case.

This yields from (45)
N = m(1+e)((wy)psin(0 — g) — Jvé&sin? B + 2gH) (51a)
T =mu(+e)((xwg)psin(o — g) —Jvé¢sin? B + 2gH) (51b)

Replacing in (14b) yields

k(+wg)+(1+e)_[v3 sin? ,8+2gH(u cos(9—%)+sin(9—%))
(twg) = (52)

- Ka+(1+e)p sin(§-5) (i cos(8—5)+sin(6-3))

Like above, for the coin to stay on its edge, the angular velocity after impact w, must be

nil while |8] < % Solving the equation (52) w, =0 for the variable 6 yields

2
14+ [1+p2- S =T)
(1+e) vg sin2 B+2gH
(53)

a
0 = ;—Zarctan kGeg

under the condition that the denominator of (52) is different from zero, i.e., for

H(1+e)i\/u2 (1+e)2—4"7a("?a+1)

2((1+e)+%‘)

0 + g — arctan (54)

To verify condition (54), one must evaluate in x, (19) the coin moment of inertia I, after
impact, which depends on the position of the instantaneous rotation axis after impact.
Under the hypothesis that the coin rotation axis after impact stays horizontal along the Y
direction, its position can be assumed between two extreme cases. The first corresponds to
the coin rotation axis after impact being identical to the one before impact, namely along
the horizontal axis passing through the coin centre of mass, i.e.,, I, = I, and x, = k. The
second case corresponds to the coin rotation horizontal axis after impact passing through

the coin contact point with the landing surface, yielding

_ o _ (@+¥) (55)

K
¢ pm 2 p24a?

These two extreme cases can be extended to other positions of the instantaneous axis of
rotation, e.g., outside the coin at a distance from the coin centre several times the diameter
of the coin, which would increase the values of the parameters k; and k,. For the sake of
the argument, we limit ourselves to the two positions indicated.

The condition (54) then yields

k1h?+kpd?\[ A+k)h? +(1+kz)d2
h?+d2 W2 +d?2

u(1+e)i\/u2(1+e)2—4(
6 # < — arctan
2 2(

(56)
(1+e)+7k122122d2)
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where kjand k, take values respectively k;=1/3 and k,= 1/4 in the first case (I, = I,)
and k;=4/3 and k,=5/4 in the second case (55).

For 6 to be real in (53), the condition for the radical in the numerator reads

—E) < (1+e)T+u2 (57)
For the condition 6| < % to hold, the argument of the arctan function in (53) must be
positive and smaller than h/d. For the positive condition, the numerator and the
denominator must be of the same sign. Considering the negative sign in front of the root
in the numerator of (53):

- both numerator and denominator are positive if

K(+wo)

1+eu< (58)

v3 sin? f+2gH
that combined with (57) yields
(1+e)u < —2E2 < (1+4e)/1+u2 (59)

v3 sin? f+2gH

which is true only for a positive sign in front of w,, ie., an initial coin
counterclockwise rotation;

- both numerator and denominator are negative if

K(twp)

/vg sin? p+2gH

which includes condition (57) and is true either for a positive sign in front of w,, i.e.,

<(A+e)u (60)

an initial coin counterclockwise rotation, and with values of w, complying with (60),

or for all values of w, for a negative sign, i.e., an initial coin clockwise rotation.

For the positive sign in front of the root in the numerator of (53), the denominator
must be positive which is true if condition (58) holds, meaning that the positive sign in
front of w, must be chosen, i.e., an initial coin counterclockwise rotation. However, the
solution, in this case, yields a too large value of 6.

The other part of the condition, i.e., the argument of the arctan in (53) smaller than
h/d like in (22b), yields

v sin? B+2gH

. h Kw 2hd—p(d?-h?)
-if p<=: Ateu< —=———<A+e)|——— (61a)
d v3 sin? p+2gH ( W +d? )
. h Kwo h
-if u=-=: ——=(1+4+¢)- (61b)
d ’vg sin2 B+2gH d
. h 2hd—p(d%—h?
ifp>h o (e (PR )) < 7 K% < (1+e)pu (61c)

These three conditions include condition (57) as the right part of (57) is always greater than
the right parts of (61a) to (61c).

Summarizing the conditions for this case:
-if p< g, then (61a) includes (59) and w, must be positive, i.e.,, an initial coin
counterclockwise rotation;

-if = g, then (61b) is the limiting case of (58) and (60), and w, is positive, i.e., an

initial coin counterclockwise rotation;
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- if §< u< %, then (61c) includes (60) and w, is positive, i.e., an initial coin

counterclockwise rotation;

2hd

-if u> = then (61c) includes (60) and w, can be either positive or negative, i.e.,

an initial coin counterclockwise rotation or clockwise rotation.
Discussing the probabilities like in the first case and depending on the above

conditions, the probability that the coin will end on its edge is

2
1- 1+u2—( r(£0,) )
(1+ e)y/vésin? B + 2gH

Kk(fwo) _
(14 e)yvésin? B +2gH

2
Pegge = p arctan

max

— arctan

2
1—\/1*'#2—( K(Fwo)
(1+e) [v3sin2 B+2gH
(62)

K(+wo)

e ) —,
(1+e) [vEsin2 B+2gH

min

The maximum probability will occur first, for 6,,,, = a/2 for the limiting case where

KE%) __ ~ (1+e)p (63)

/vg sin? B+2gH

where the approximate equal sign is taken to recall that the exact equality is not allowed
by conditions (58) or (60), and second, for the argument of the arctan function in 6,,;,
being maximum, i.e., for wgmay, Hmin and either vg,; and —n/2 < < w/2, or f =

0 and v, taking any value, yielding

2
_ 2_[_K(Zwomax)
L \[1+” ((1+e) mgHmin)
K(two max)

(1+e) /ngmin

_ 9max _emin — 2
Pedge max — ( P max = ;arctan

(64)

The coefficient of friction u depends on the nature of the surface of both bodies and can
take values from 0.05 to 0.2 for steel on steel depending on whether the surfaces are wet or
dry, or up to 0.6 for steel on wood.

Assuming, for a 50 Eurocent coin, coefficients of restitution e = 0.5 and of friction u

=0.05, i.e., both coin and landing surface being made of steel alloy with wet surfaces, the
case u < 2 applies and with the values (6), (64) yields a probability Peyge max =0.04492 or

nearly one throw every 22 that ends with the coin on its edge.
For more common values, the condition (61a) restricts drastically the choice of values
of the coin's initial rotation velocities with respect to the coin's vertical velocity at impact.

For the above values of coefficients e and u, the condition (61a) yields

Kwo

v3 sin? B+2gH

0.075 < < 0.1796 (65)
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with k =2.955 10*m, which leaves a relatively limited range of values for the four initial
parameters. This shows that a coin ending on its edge is a very rare event in reality.

Nevertheless, if one extends the ranges (6) of allowed initial conditions, throwing
either the coin horizontally (8 = 0) with any initial velocity v, or vertically (8 = —m/2)
with a nil initial velocity, from initial heights between 5 and 10 cm and with initial rotation
velocities between 6 and 12 turns/s yield a probability P.y4. =9.916 10- or a throw every
approximately 100 that would end with the coin on its edge.

From a normal initial height H = 1.5 m, tossing the coin upward at 45° (§ = n/4)
with an initial rotation of 33 turns/s with initial velocities ranging from 0.1 to 1 m/s leads
to a probability Peyge =1.993 10+ or a throw every 5017 ending with the coin on its edge.

For larger values of the friction coefficient, i.e., u = 0.1, the friction becomes quickly
too important and the coin cannot come to a vertical position after impact: it falls
immediately on one of its sides.

For all the above values, the term under the root sign in condition (56) is negative
yielding imaginary values for the argument of the arctan function, which shows that

condition (56) is complied with for all practical values of 6.

2.2.6 The case of rebounds

The four cases above have been analysed assuming that the coin is not rebounding
after impact. This is obviously the case by definition for the first two hypotheses, as for
inelastic surfaces, the velocity component normal to the landing surface becomes nil and

the coin does not rebound.

For the last two cases, where elastic surfaces are involved, one has to be more cau-
tious. A simple condition of no-rebound can be found by writing that the normal impulse
of the landing surface at impact must be smaller than the integral over time of the coin

weight considered as an impulsive force during the short period of impact, i.e.,
t
IN| = |ftofmg dt| =mg At (66)

For this condition to be respected in the last two hypotheses of elastic surfaces, the

duration of impact At must be such as

4t > |(22) ((zwa)psin(o —2) — v sin B + 2gH )| (67)

ry
which yields respectively for the cases of elastic and perfectly smooth bodies and of elastic

and partially rough bodies

i

K(two) sin(G—%)—%‘ v3 sinZ B+2gH

9((1fi)p+5m2(9 '%))

At >

(68)

i

K(two) sin(G—%)—%‘ v3 sin? f+2gH

At >

(e +sin? (0-H+E sin(20-a)) (69)
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For the numerical values previously considered, (68) and (69) yield impact duration At
longer than several seconds, which is practically impossible for usual surfaces. This shows
that the condition (66) cannot be practically fulfilled and the coin will rebound.

In this case, one can still calculate the probability that the coin will stay on its edge at
the second impact by considering that the first impact will be such as to deliver the fa-
vourable initial conditions (Event 1) for the second impact to result in the coin staying on
its edge (Event 2). The probability of the first event E; is obviously independent of the
probability of the second event E,. The opposite is of course not true and the probability
of the second event E, depends on the first event E; having occurred. Therefore, the
probability that the coin will stay on its edge at the second impact knowing that the first

impact has delivered the favourable conditions for the second event to occur is

Pedgez = P(Ey) P(E; Ey) = PFav.Impactl PedgeZ 1 (70)
where indexes 1 and 2 refer respectively to the first and second impacts.
With the following hypotheses:
- between the first and second impacts, the coin attains a maximum height
Hy, = e*H (71)
- the rotation velocities and moments of inertia of the coin respectively before the

second impact and after the first impact are the same, yielding

twp, =twe (72)

Ly = Iy (73)
_ — b1 - - — a1 _ Ip2

K1 = Kpy = om’ Ky = Kpz = Kg1 = om . pm (74)

- the vertical components of the coin velocity before and after the second impact are

respectively
v, = e 2gH (75)
U = ($Wa2) px = (Fwgp )psin(6; —3) (76)

- the coin and landing surface are elastic and partially rough bodies (fourth

hypothesis above), such as the normal and tangential impulses read

Ny = m (1+e) (Fwaz) psin(6, —3) — ey2gH) (77a)

T, = mu(1+e) (wa) psin(6; —3) — eyf2gH) (77b)
and the impact equation reduces to

lop (FWaz) = Igr (FWa1) = Napy — T2 p; (78)
yielding

Kz (twqa1)+e(1+e)2gH (1 cos(6,— ) +sin(8,—<

(Fwez) = 1:,:2+(1:-)e)p(sin()Gfg)(gzucos(;22—%2))4-sin((922—%2)))) (79)
where

Koz = -2 (80)

pm

Like before, the coin will stay on its edge if the angular velocity after the second impact

Wgy isnil while |6,] < % Solving the equation (79) w,, =0 for 6, yields
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2
1i\/1+uz_(e"2(:“’a1) ) \‘
6, = % — 2arctan ( CrovEol (81)

K2(twa1) _

e(1+e),/2gH ® /

under the condition that the denominator of (79) is different from zero, i.e., for

2 2_y4ka2(Kaz
u(1+e)i\/u (14+e)=—-4 7 ( 7 +1)

a
6, # - —arctan 2((1+e)+,€%2) (82)
that can be modified like (56).
For 6, to be real, the condition on the root in the numerator of (81) reads
+
7'{2(—2;0;1) <e(l+e)/1+u? (83)

For the condition [6,| < % to hold, the argument of the arctan function in (81) must be
positive and smaller than h/d.

For the positive condition, the numerator and the denominator must be of the same
sign. Considering the negative sign in front of the numerator root in (81):

- both denominator and numerator are positive if

K2(twa1)

e~ e(L+eu (84)
that combined with (83) yields
e(l+e)u <%S e(1+e)/1+u? (85)

which is true only for a positive sign in front of wg,, i.e., a coin counterclockwise
rotation;

- both denominator and numerator are negative if

K2(fwa1)

J2gH

which includes condition (83) and is true either for a positive sign in front of w4, i.e.,

<e(l+e)u (86)

a coin counterclockwise rotation after the first impact, as long as values of wg;

comply with (86), or for all negative values of w4, i.e., a coin clockwise rotation.

For the positive sign in front of the numerator root of (81), the denominator must be
positive which is true if condition (84) holds, meaning that the positive sign in front of
wg, must be chosen, i.e., a coin counterclockwise rotation. However, the solution, in this
case, yields a too large value of 6,.

The other part of the condition, i.e., the argument of the arctan in (81) smaller than

h/d like in (22b), yields like in the previous section

. h @ 2hd—p(d?—h?

-if p<z e(l+eu< 'f/zzwg_; <e(l+e) (#) (87a)
. h “ h

-if p== '7%;=e(1+e)5 (87b)
. R, 2hd—p(d%-h?) KoWq

Sif > e(l+ e)( S ) < <e(l+eu (87¢)
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These three conditions include condition (83) as the right part of (83) is always greater
than the right parts of (87a) to (87c).

Summarizing the conditions for this case:

-if pu< 2 , then (87a) includes (85) and w, must be positive, i.e., a coin
counterclockwise rotation after first impact;

-if p= g, then (87b) is the limiting case of (84) and (86) and w,, is positive, i.e., a
coin counterclockwise rotation after first impact;

- if g <u< % , then (87c) includes (85) and w,, is positive, ie., a coin
counterclockwise rotation after first impact;

-if u> %, then (87c) includes (86) and w,; can be either positive or negative, i.e.,

a coin counterclockwise rotation or clockwise rotation after first impact.
The three conditions (87a) to (87¢c) constrain the favourable values of w,;, which can
be translated into conditions on 6; through (52) (where the index 1 has been added to

0, w, and k).

Assuming that u < Z, the left and right parts of (87a) yield respectively
sin?( 0, — g) — sin( 6, — g) (B —ucos(0, — g)) - (A + Bucos(6; — %)) <0 (88)

sin?(8, — %) —sin(8; — %) (D — pcos(8, — %)) = (€ + Ducos(8, = H) >0 (89)

with

_ K1 (two)—e(1+e)pu,/2gH
A= ( e(1+e)2up-/2gH ) (90&)

K ’vz sin? B+2gH
S e (90b)

e(1+e)up/2gH

- 2_,2
mcw_e(ua(w) [35H

W +d?

2
e(1+e)? p(w) fagh

h?+d?

Ky V3 sin? B+2gH
D=—" (91b)

_ 2_32
e(He)p(M) T

W2 +d?

C =k, (91a)

Analytical solutions of (88) and (89) for (6, —g) require solving analytically fourth-
degree equations in sin(6; — g), which is not an easy task. However, numerical solutions
can be found to define the range [61min,@1max] Of allowed values of 6, at first impact to
deliver favourable conditions. Relations (88) and (89) yield numerically values of
respectively 601 and Oipq,, involving functions @, and @, of we, H, vy, B,
e,u,h and d, respectively through A and B and through C and D
Oimin =5+ Pmin(A.B,1);  Oimax =5 + Prax(C, D, 1) (92)

The probability that the first impact delivers favourable conditions for the second impact

to bring the coin on its edge reads then
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01 max—061 min) — (‘I’max(ch‘Ii)_‘I’min(A.B,ﬂ)) (93)

PFav.impact 1= ( . .

For this case u < %, the condition (87a) constrains the favourable coin rotation velocity

gy after the first impact between minimum and maximum values ®gimin and Waqmax

corresponding to Oy, and 6y, through (52):

K1 (£wo)+(1+e) |vE sin? B+2gH (1 €OS Ppyin+Sin @opin)
(94a)

w L=
ailmin Ko+ (1+€e)p sin @i (U €OS Py in+Sin Ppyin)
K1 (£wo)+(1+e) [v3 sin? f+2gH (1 coS Pmgx+Sin Pmax)
WDa1max = (94b)

K2+ (1+€)p Sin @5 (U €OS Ppgx+Sin Pax)
Replacing these two values wgimin and Wgimay in (81) yield the two limiting values

92min and 02max

« 1- ,1+u2—v12m-n «
Oomin = 5 —arctan Ea—— 5 Oomax = 5 —arctan

1- ’ 12~V
— (95)

Vmax—H

with

vp sin B

2
K1 (+wo) ( .
+(1+e) |1+ (1 coS Dpyin+sin @y in)
J2gH

_ K2Waimin  _ V2gH

VUmin ol
e(1+e)y2gH e(1+e)<1+(1+e)x%sin¢'min(,ucosd>min+sind>min)>

(96)

and a similar expression for vy, with @,,, replacing @,,;,.
The probability that the coin stays on its edge at the second impact knowing that the

first impact has delivered the appropriate favourable conditions is then

92 max 92 min )

T
1- ’1+#2—”12nin 1- [1+p2 -2 0x
—— | —arctan| —
Vmin—H Umax—H

(vmax—#)(l— 1+pu2 —V72,1in>—(vmin—#)(1— ’ 1+u? —Urznax>

(Umin_#)(vmax—#)+<1—J1+#2 —Viin)(l—\/lwz _Urznax)

Pedge 2]1 = <

2
= —| arctan
T

97)

2
= —arctan
b4

where the formula arctan(X) - arctan(¥) = arctan (%)was used [3].

The total probability that the coin stays on its edge at the second impact after the first
rebound has delivered the appropriate conditions is given by (70).

As in the previous section, coefficients of restitution and of friction are e = 0.5 and
u =0.05 for a 50 Eurocent coin, thus u < g. One considers further the two extreme cases

of position of the instantaneous rotation axis after the first impact, i.e., respectively along
the horizontal axis passing first through the coin centre of mass, and second through the
coin contact point with the landing surface (see the previous section), yielding values of
K, varying between 2.955 10 and 1.475 102, while x;= 2.955 103 under the initial
hypothesis.
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Like in the previous case, the condition (87a) imposes a quite stringent range of

K2Wa1

J2gH’

values for the ratio

namely

12.689 < “224 < 30,381 and 2.543 < 224 < 6.088 (98)

N N
respectively for k,p, = 2.955 10°m and k,pa, = 1.475 102m, yielding respectively for
H =d andfor H = 2m
8.616 < wy; < 20.629 and 1.726 < wgy; < 4.134 (rad/s) (99a)
79.490 < wgy < 190.311 and 15.928 < wgy; < 38.135 (rad/s)  (99b)

The allowed range for the coin angular velocities after the first impact thus increases for

increasing initial height H.

Within the value ranges (6) of initial parameters, the largest value of the probability
Peqgez max i obviously attained for the largest values of Prgy impact1 max and Peggez 1 max-
The largest value of  Prgy pmpace1 is obtained for the largest value of @, and the
smallest value of @,,;,. @4, is the largest for C;, and Dy, ie., for wy=0and vy =
0, while ®,,;, is the smallest for A,,,, and By, ie., for wy= 107 rad/s, vy = 5 m/s,
B = tm/2 and H = d.

For the first case of k; = Ky, = 2.955 10°m, a series of coin tosses having initial
conditions in the ranges (6), one finds successively

Do =0.0101, @y, =-0.0588 (rad)

01max =0.0950, B8, =0.0261 (rad)

Warmax = 190311, Wyimin = 8.616 (rad/s)

Ormax =-0.0849, 03, =-0.0150 (rad)

Prav.impactimax = 2:193 102, Pogger 1 max=2.225 102, Pegger max=4.880 104
or approximately a throw every 2050.

For the second case of K, =1.475102m, one has similarly

Ppax =0.0099, @,,;, =-0.0588 (rad)

O1max =0.0948, 61 =0.0261 (rad)

Warmax =38.135, Waimin =1.727 (rad/s)

Ormax =-0.0849, 05, =-0.0150 (rad)

Pray.mmpactimax = 2188102 Pegger 1max =222510% Pegger max=4.868 104
or approximately a throw every 2054.

For more common values, a series of throw from an initial height H=1.5 m with a
velocity vo= 1 m/s under an angle of f = m/4 and an initial rotation velocity wg
varying between 0.5 and 5 turns/s yield successively first for k., =2.95510°m,

O1max =0.0829, 6 =0.0585 (rad)

Warmax = 164.814, waimin = 68.840 (rad/s)

Ormax =-0.0849, 03, =-0.0150 (rad)

Prav.impactr =7.774 103, Pegger 1 =2.224 102 and Pegge, =1.729 10+
or approximately a throw every 5783, and second for k;pq, =1.475102m,

01max =0.0829, 0, =0.0586 (rad)

Warmax =33.026, Waimin = 13.794 (rad/s),

Ormax =-0.0849, 6,5, =-0.0150 (rad),
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Prav.impact1 =7.759 103, Pogger 1 =2.224102and Poqge, =1.726 104

or approximately a throw every 5794.
For the sake of completeness, for all the above values, the term under the root sign in
condition (82) is negative yielding imaginary values for the argument of the arctan
function, which shows that condition (62) is complied with for all practical values of 8,.

The cases of successive rebounds can be treated similarly, albeit with more and more

complexity in the various relations.

3. Discussion

The six theoretical models developed in this paper show that there is a non-nil
probability that a falling coin will not end up on one of its sides but on its edge, with
decreasing probabilities for models describing reality from closer. It is interesting to note
that the probabilities calculated in all the above case models are independent of the coin
mass but strongly depend on several other factors, mainly on the coin vertical velocity
before impact, which depends on the initial height H and the initial angle § of the throw.
It appears that increasing the initial height decreases the probability that the coin will end
on its edge while increasing the initial rotation will increase this probability. Depending
on the characteristics of the surface, throwing the coin vertically seems to decrease the
probability of the coin ending on its edge. The role of friction is obviously important: if
the surface conditions are such as to increase the friction coefficient y above a certain
value depending on the models, the coin can no longer stop on its edge and will inevitably
fall on one side. Finally, the rebound case model shows that very limited initial conditions
and coin and landing surface conditions would deliver the proper conditions for the coin
to stop on its edge at the second impact. For a series of throws from an average height
with common velocity values and appropriate surface conditions, the probability that a
50 Eurocent coin ends up on its edge is calculated to be in the order of one against several
thousand.

The coin geometry is also an important factor. A 25 US Dollar cent coin has a thinner
edge (approximately d = 1.5 mm), which would decrease all above calculated
probabilities, although these would stay in the same order of magnitude.

However, these theoretical models are just what they are: theoretical models. All
effects are not taken into account, e.g., the coin may spin around its symmetry axis, the
coin may not be exactly ‘fair’ (i.e., with a perfectly homogeneous mass distribution),
surface conditions of the coin and the landing surface may not be optimal as assumed
above, etc. Therefore, to throw a coin in the air and let it fall will usually end up with the
coin on one of its sides. Nevertheless, the probability that the coin ends on its edge is not

nil, even in reality.
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