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Abstract: The goal of this paper is to establish Dugundji’s extension theorem in p-normed spaces,
and then as applications, fixed theorems in p-normed spaces are given for p ∈ (0, 1]. The results in
this paper would provide a general fundamental basis for the development of fixed point theory, in
supporting for the study of Schauder’s conjecture and related nonlinear analysis in p-vector spaces
which are either finite or infinite-dimensional. In particularly, how important the Dugundgji type
extension and fixed-point theorem in p-normed spaces can be found from Yuan’s recent work in [42,43]
and related discussion wherein.
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1. Introduction
It is known that the class of p-seminorm spaces for p ∈ (0, 1] is an important generalization of

usual normed spaces with rich topological and geometrical structures, and related study has received
a lot of attention (e.g., see Agarwal et al.[2], Balachandran [3], Bayoumi [4], Chang et al.[11], Du [12],
Ennassik and Taoudi [16], Ennassik et al.[15], Goebel and Kirk [18], Granas and Dugundji [19], Jarchow
[20], Kalton [21,22], Kalton et al.[23], Kirk [24], Park [30,31], O’Regan [29], Takahashi [36], Xiao and
Zhu [40], Yuan [42,43], Zeidler [44], and many others). However, to the best of our knowledge, the
corresponding basic tools and associated results in the category of nonlinear functional analysis have
not been well developed.

The goal of this paper is first to establish Dugundji type extension theorem in p-normed spaces,
and then as applications, fixed theorems in p-normed spaces are given for p ∈ (0, 1]. The results in
this paper would provide a general fundamental basis for the development of fixed point theory, in
supporting for the study of Schauder’s conjecture and related nonlinear analysis in p-vector spaces
which are either finite or infinite-dimensional. These results not only provide fundamental tools for
the study of nonlinear analysis under the setting of p-vector or locally p-convex spaces for either
single-valued or set-valued mappings, but also show the existence of fixed points for continuous
mappings in p-normed spaces which unify or improve corresponding results in the existence literature
(see Granas and Dugundji [19], Djebali [13], Mauldin [27], McLennan [28], O’Regan [29], Park [30,31],
Yuan [42,43], Zeidler [44] and related references there for more in details). The results given by this
paper are also fundamental tools for the study of Schauder’s conjecture and related nonlinear problems
in p-vector spaces for p ∈ (0, 1]. In particularly, how important the Dugundgji type extension and fixed
point theorem in p-normed spaces established here for p ∈ (0, 1], can be found from Yuan’s recent
work in [42,43] and related discussion wherein.

Throughout this paper, for the convenience of our discussion, if (X, TX) and (Y, TY) be two
topological spaces with topology structures TX and TY, respectively, in short, denoted by X and Y
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without specified unless confusion. All p-convex vector spaces are assumed to be Hausdorff, and p
satisfying the condition for p ∈ (0, 1] unless specified. We denote by N the set of all positive integers,
i.e., N = {1, 2, · · · , }. For a given set X, the 2X denotes the family of all subsets of X. We denote by Rn

for finite n-dimensional Euclidean spaces, where n is a positive integer. The letter K is denoted for the
field of either real numbers or complex numbers unless specified. For the purpose in this book, we
also use the symbols R and C to represent the real field, and the complex field, respectively.

For a vector space X over a field K (which is an either real or a complex field), the span of a set A
of vectors (not necessarily finite) is defined to be the intersection W of all subspaces of X that contain
A. W is referred to as the subspace spanned by W, or by the vectors in A. Conversely, A is called a
spanning set of W, and we say that A spans W, and also denoted by span(A) for W.

For p ∈ (0, 1], we denote the interior, the closure, the boundary of a given subset A in a p-normed
space X by A0, A and ∂(A), respectively; and the origin (zero) element of vector space X is denoted by
θ. By B(x, r), we mean the open ball of X with center x ∈ X and radius r > 0, and Bp for the closed
unit ball with center θ in lp(n) for n ∈ N, i.e., Bp : {x ∈ lp(n), ∥x∥p ≤ 1}. If there is r > 0 such that
B(x, r) ∩ span(A) ⊂ A, then x is said to be an interior point with respect to its (i.e., span(A)) relative
topology and is denoted by x ∈ ri(A).

This paper consists of six sections. The Section 1 is for the brief introduction; Section 2 describes
general concepts for the p-convex subsets in p-vector spaces for p ∈ (0, 1], and related some basic facts;
in Section 3, Dugundji’s extension theorem is established in p-normed spaces for p ∈ (0, 1]; in Section
4, a fixed point theorem for continuous mappings is proved by the existence of homeomorphisms for
s-convex subsets in p-normed spaces, where s, p ∈ (0, 1]; Section 5 is the conclusion for the summary
of results established in this paper; and Section 6 is for the acknowledgement.

2. Preliminaries
We now recall some notion and definitions on p-convexity, p-vector and locally p-convex spaces

and related some fundamental facts (see Jarchow [20], Kalton [21], Bayoumi [4], or Ennassik and
Taoudi [16]), which will be used in this paper below.

Definition 2.1. Let p ∈ (0, 1]. A set A in a vector space X is said to be p-convex if for any x, y ∈ A, we
have sx + ty ∈ A, whenever 0 ≤ s, t ≤ 1 with sp + tp = 1. The set A is said to be absolutely p-convex
if for any x, y ∈ A, we have sx + ty ∈ A, whenever |s|p + |t|p ≤ 1. In the case p = 1, the concept of the
(absolutely) 1-convexity is simply the usually (absolutely) convexity defined in vector spaces.

Definition 2.2. Let p ∈ (0, 1]. If A is a subset of a topological vector space X, the the p-convex hull
of A and its closed p-convex hull denoted by cop(A), and cop(A), respectively, which is the smallest
p-convex set containing A, and the smallest closed p-convex set containing A, respectively.

Definition 2.3. Let p ∈ (0, 1] and A be p-convex and x1, · · · , xn ∈ A, and ti ≥ 0,
n

∑
1

tp
i = 1. Then

n

∑
1

tixi

is called a p-convex combination of {xi} for i = 1, 2, · · · , n. If
n

∑
1
|ti|p ≤ 1, then

n

∑
1

tixi is called an

absolutely p-convex combination. It is easy to see that
n

∑
1

tixi ∈ A for a p-convex set A.

Definition 2.4. A subset A of a vector space X is called balanced (or circled) if λA ⊂ A holds for all
scalars λ satisfying |λ| ≤ 1. We say that A is absorbing if for each x ∈ X, there is a real number ρx > 0
such that λx ∈ A for all λ > 0 with |λ| ≤ ρx.

Definition 2.5. Let X is a vector space and R+ is a non-negative part of a real line R. Then a mapping
P : X −→ R+ is said to be a p-seminorm if it satisfies the following requirements for p ∈ (0, 1]:

(i) P(x) ≥ 0 for all x ∈ X;
(ii) P(λx) = |λ|pP(x) for all x ∈ X and λ ∈ R;
(iii) P(x + y) ≤ P(x) + P(y) for all x, y ∈ X.
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We recall that a p-seminorm P is called an p-norm if x = 0 whenever P(x) = 0. A topological
vector space with a specific p-norm is called a p-normed space. Of course if p = 1, X is a usual normed
space. By Lemma 3.2.5 of Balachandra [3], the following proposition gives a necessary and sufficient
condition for a p-seminorm to be continuous.

A vector (or saying, linear) space X on which there is a p-norm is called a p-normed space and is
denoted by (X, ∥ · ∥p). If p = 1, then it is a usual normed space. A p-normed space is also a metric
linear space with a translation invariant metric dp(x, y) := ∥x − y∥p for x, y ∈ X. It is a basic fact that
the topology of every Hausdorff locally bounded topological vector space is given by some p-norm.
The space Lp(µ) is a p-normed space based on the complete measure space (Ω,M, µ) with the p-norm
given by

∥ f (t)∥p =
∫

Ω
| f (t)|pdµ, for f ∈ Lp(µ).

where Ω is a nonempty set, M is a σ-algebra in Ω, and µ : M → [θ, ∞) is a positive measure, and

Lp(µ) = { f | f : Ω → K is measurable, and
∫

Ω
| f (t)|pdµ < ∞}.

If µ is the Lebesgue measure on [0, 1], then it is customary to write Lp[0, 1] instead of Lp(µ). If µ is the
counting measure on Ω = {1, · · · , n} or Ω = {1, 2, · · · , }, then the corresponding spaces are denoted
by lp(n) and lp, respectively. Here we note that lp(n) is an n-dimensional space and lp is a complete,
infinite-dimensional, and separable space. The class of p-normed spaces for p ∈ (0, 1] is an important
generalization of the class of usual normed spaces of p-normed spaces (with p = 1).

It is well known that most of the fixed point theorems are concerned with some convex sets. But
the unit ball with center θ in a p-normed space for p ∈ (0, 1) is not a convex set. We know that that
every open ball in lp for p ∈ (0, 1) does not contain any open convex subset, and there is no open
convex subset in LP[0, 1] for p ∈ (0, 1), except the case Lp[0, 1] itself (see Kalton et al.[23], Rudin [34]
and related references). Here we also point out that the existence of fixed points for non-convex sets
is very useful both in theory and in applications, and even in usual normed spaces, the existence of
fixed points for operators on non-convex sets is often considered, and much attention attached to these
problems. For example, Klee [25] established some fixed point theorems in Hausdorff topological
vector space without local convexity under some symmetry conditions. Bayoumi [4] also established
generalized Brouwer fixed point theorem and generalized Kakutani fixed point theorem for p-convex
subset in p-convex Fréchet spaces; and Zeidler [44] gives a very comprehensive discussion on the
development of fixed point theory in functional analysis with applications in mathematics and related
various fields; See also more discussion given by Djebali [13], McLennan [28] and references wherein.

Proposition 2.6. Let X be a topological vector space, P is a p-seminorm on X and V := {x ∈ X :
P(x) < 1}. Then P is continuous if and only if 0 ∈ V0, where V0 is the interior of V in space X.

Now given a p-seminorm P, the p-seminorm topology determined by P (in short, the p-topology)
is the class of unions of open balls B(x, ϵ) := {y ∈ X : P(y − x) < ϵ} for x ∈ X and ϵ > 0.

We also need following notion for the so-called p-gauge (see Balachandra [3]).

Definition 2.7. Let A be an absorbing subset of a vector space X. For x ∈ X and p ∈ (0, 1], set

PA = inf{α > 0 : x ∈ α
1
p A}, then the non-negative real-valued function PA is called the p-gauge

(gauge if p = 1). The p-gauge of A is also known as the Minkowski p-functional.

By Proposition 4.1.10 of Balachandra [3], we have the following proposition.

Proposition 2.8. Let A be an absorbing subset of X and p ∈ (0, 1]. Then p-gauge PA has the following
properties:

(i) PA(0) = 0;
(ii) PA(λx) = |λ|pPA(x) if λ ≥ 0;

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 28 February 2025 doi:10.20944/preprints202502.2199.v1

https://doi.org/10.20944/preprints202502.2199.v1


(iii) PA(λx) = |λ|pPA(x) for all λ ∈ R provided A is balanced (circled);
(iv) PA(x + y) ≤ PA(x) + PA(y) for all x, y ∈ A provided A is p-convex.
In particular, PA is a p-seminorm if A is absolutely p-convex (and also absorbing).

Remark 2.9. It is worthwhile noting that a zero-neighborhood in a topological vector space being an
absolutely 0-neighborhood is also absorbing (by Lemma 2.1.16 of Balachandran [3], or Proposition
2.2.3 of Jarchow [20]), this leads us to have the following definition for a topological vector space E
being a topological p-vector space (in short, p-vector space) for p ∈ (0, 1] by using the concept of the
Minkowski p-functional below.

Definition 2.10. A topological vector space X is said to be a topological p-vector space (in short,
p-vector space) if the base of the origin in X is generated by a family of Minkowski p-functionals
(p-gauges) (see the Definition 2.7 above), where p ∈ (0, 1].

By incorporating Proposition 2.8, it seems that the following is a nature way for the definition of
locally p-convex spaces, where p ∈ (0, 1].

Definition 2.11. A topological vector space X is said to be locally p-convex if the origin in X has
a fundamental set of absolutely p-convex 0-neighborhoods. This topology can be determined by
p-seminorms which are defined in the obvious way (see pp.52 of Bayoumi [4], Jarchow [20]). When
p = 1, a locally p-convex space X is reduced to be a usual locally convex space.

By Proposition 4.1.12 of Balachandra [3], we have the following proposition.

Proposition 2.12. Let A be a subset of a vector space X, which is absolutely p-convex for p ∈ (0, 1] and
absorbing. Then, we have that

(i) The p-gauge PA is a p-seminorm such that if B1 := {x ∈ X : PA(x) < 1}, and B1 = {x ∈ X :
PA(x) ≤ 1}. then B1 ⊂ A ⊂ B1; in particular, kerPA ⊂ A, where kerPA := {x ∈ X : PA(x) = 0}.

(ii) A = B1 or B1 according as A is open or closed in the PA-topology.

Remark 2.13. Let X be a topological vector space and let U be an open absolutely p-convex neighbor-

hood of the origin, and let ϵ be any given positive number. If y ∈ ϵ
1
p U, then y = ϵ

1
p u for some u ∈ U

and PU(y) = PU(ϵ
1
p u) = ϵPU(u) ≤ ϵ (as u ∈ U implies that PU(u) ≤ 1). Thus, PU is continuous at

zero, and therefore, PU is continuous everywhere. Moreover, we have U = {x ∈ X : PU(x) < 1}.
Indeed, since U is open and the scalar multiplication is continuous, we have that for any x ∈ U,

there exists 0 < t < 1 such that x ∈ t
1
p U and so PU(x) ≤ t < 1. This shows that U ⊂ {x ∈ X : PU(x) <

1}. The conclusion follows by Proposition 2.12 above.
The following result is a very important and useful result which allows use to make the approxi-

mation for convex subsets containing zero in topological vector spaces by p-convex subsets in locally
p-convex spaces (see Lemma 2.1 of Ennassik and Taoudi [16], Remark 2.1 of Qiu and Rolewicz [32]),
thus we omit their proof.

Lemma 2.14. Let A be a subset of a vector space X, then we have
(i) If A is r-convex, with r ∈ (0, 1), then αx ∈ A for any x ∈ A and any α ∈ (0, 1];
(ii) If A is convex and 0 ∈ A, then A is s-convex for any s ∈ (0, 1]; and
(iii) If A is r-convex for some r ∈ (0, 1), then A is s-convex for any s ∈ (0, r].

Remark 2.15. We like to point out that the results (i) and (iii) of Lemma 2.14 do not hold for r = 1.
Indeed, any singleton {x} ⊂ X is convex in topological vector spaces; but if x ̸= 0, then it is not
p-convex for any p ∈ (0, 1).

In next section, Dugundji’s extension theorem in p-normed spaces is first establish, which will be
used to prove fixed point theorems in p-normed spaces which are either finite, or infinite-dimensional
for p ∈ (0, 1].
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3. Dugundgjit Type Extension Theorem in p-Normed Spaces
In this part, we establish Dugundgji type extension theorem under the framework of p-normed

spaces for 0 < s ≤ p ≤ 1, which includes Theorem 6.1 of Dugundgji [14] as a special case for s = p = 1,
and we expect that this new extension theorem would be a useful tool for the study of p-normed
spaces which are either infinite-dimensional or finite-dimensional in functional analysis and topology.

In topology and functional analysis, the well known Tietze extension theorem says that if a
topological space X is normal and f : A → [0, 1] is continuous, where A ⊂ X is closed, then f has a
continuous extension to all of X. The closed subset A in X maps into a finite dimensional Euclidean
space is continuous if its component functions are each continuous, so Tietze’s theorem is adequate for
the study under the framework of finite dimensional spaces and related applications. However, in
mathematics, we normally work and study with p-normed spaces (X, ∥ · ∥p) for p ∈ (0, 1], which are
potentially infinite dimensional. Thus we need to establish the extension theorem for closed subset
in p-normed spaces as a useful tool, to include Dugundji’s extension theorem (of Dugundji [14]) as a
special class for the study in functional analysis and topology.

In this section, our goal is to establish the following extension theorem for closed subsets under
the framework of p-normed spaces (X, ∥ · ∥p) for p ∈ (0, 1], which includes the classic Theorem 6.1
of Dugundgji [14] as a special case for p = 1. As mentioned above, we expect this new extension
theorem in p-normed spaces would be a useful and powerful tool for the development of new results
and theory in p-normed spaces which are either infinite-dimensional or finite-dimensional.

For the convenience of our discussion below, by following Dugundji [14] (see also McLennan [28]
and Djebali [13], here we first introduce some mathematical notations or symbols to use in this section.
For any ϵ > 0 and a point x ∈ (X, d), where, X is a metric space with metric d, we denote by Uϵ(x) the
open ball of radius ϵ at a point x in the metric space (X, d). For a subset A ⊂ X, we denote by d(x, A)

for the distance of x and A defined by d(x, A) := inf{d(x, a) : a ∈ A}.

Theorem 3.1 (Dugundji type extension theorem in p-normed spaces). Let E be a metric space (E, d)
with the metric d and A ⊂ E a non-empty closed subset, and (Y, ∥ · ∥p) being a p-normed space for
p ∈ (0, 1]. Then every continuous mapping f : A → Y has a continuous extension F : E → Y such that
F(E) ⊂ cos( f (A)), and F(x) = f (x) for each x ∈ A, where cos( f (A)) is the s-convex hull of f (A) in Y,
and 0 < s ≤ p ≤ 1.

Proof. Let the family {Ud(x,A)/2(x)}x∈X\A be an open cover of the space X \ A. As X \ A is paracom-
pact, it implies the existence of an open locally finite refinement {Wα}α∈I (see also Dugundji [14]). Then
we know that there is an existence of a partition of unity {ψα}α∈I subordinate to {Wα}α∈I (e.g., see
Theorem 4.2 in Chapter VIII of Dugundji [14] on the discussion on partitions). For each α ∈ I, choose
aα ∈ A with d(aα, Wα) < 2d(A, Wα), and define the extension mapping for f by F : X → cos( f (A)) ⊂ Y
as below:

F(x) :=

 f (x), if x ∈ A;

∑α∈I(ψα)
1
s (x) · f (aα), if x ∈ X \ A.

(1)

Clearly F is continuous at all points of X \ A and at every interior point of A. We only let to prove F is
continuous in the boundary of A.

Here we note that for any s > 0 with 0 < s ≤ p ∈ (0, 1], the p-normed space (Y, ∥ · ∥p) is also a

s-normed space with the s-norm ∥ · ∥s, which could be defined by ∥ · ∥s = ∥ · ∥
s
p
p .

Let a be a point in the boundary of the closed subset A in X(and may assume f (a) = 0; otherwise
let f1(x) := f (x)− f (a) for each x ∈ E, then we use f1 to replace f to prove its continuity at f1(a) = 0),
thus for any open ball Uϵ(a), the set Uϵ(a) ∩ (X \ A) ̸= ∅. Now let U be a p-convex neighborhood of
the point F(a) (actually F(a) = f (a) as a is a boundary point of a closed subset A) in the space (Y, ∥ · ∥p),
as f (a) is continuous in A, choose δ > 0 small enough that f (a′) ∈ U whenever a′ ∈ Uδ(a) ∩ A. Then
we will prove that for any x ∈ Uδ/7(a) ∩ (X \ A), F(x) ∈ U. This would help us to claim that F is
continuous at each boundary point of A, then we can complete the proof to show that F is continuous
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in X, and with the property in the statement of our Theorem 3.1. Here, we note that the p-convex U
is also s-convex since the p-normed space (Y, ∥ · ∥p) is also a s-normed space (Y, ∥ · ∥s) as mentioned
above when 0 < s ≤ p ≤ 1.

Indeed, for any x ∈ Uδ/7(x) ∩ (X \ A), suppose α ∈ I such that x ∈ Wα and any x′ ∈ X such that
Wα ⊂ Ud(x,A)/2(x′), we first observe that

d(aα, Wα) ≥ d(aα, x′)− d(x, A)/2 ≥ d(aα, x′)− d(x′, aα)/2 = d(aα, x′)/2,

and
d(x′, x) ≤ d(x′, A)/2 ≤ d(Wα, A) ≤ d(Wα, aα),

then it implies that

d(aα, x) ≤ d(aα, x′) + d(x, x′) ≤ 3d(aα, Wα) ≤ 6d(A, Wα) ≤ 6d(a, x).

Therefore we show that whenever x ∈ Wα, the following is true:

d(aα, a) ≤ d(aα, x) + d(x, a) ≤ 7d(x, a) < δ.

This means aα ∈ Uδ(a) ∩ A, thus f (aα) ∈ U by the continuity of f at the point a ∈ A with associated
neighborhood U with the condition and statement given above.

Now by a fact that ∑α∈I((ψα)
1
s )s(x) = ∑α∈I(ψα)(x) = 1 for any x ∈ X as it is a partition of

unity subordinate to {Wα}α∈I given above, and U is s-convex, it follows F(x) = ∑α∈I(ψα)
1
s (x) · f (aα)

is in the s-convex hull cos( f (aα)(x) : α ∈ I) of elements { f (aα)(x) : α ∈ I}, thus F(x) ∈ U. This
means F is continuous at a ∈ A (which is a boundary point of A). Therefore we have proved that F
is continuous in X. Moreover, by the definition (3.1) above for the mapping F, we do also have that
F(E) ⊂ cos( f (A)) ⊂ Y, where cos( f (A)) is the s-convex hull of f (A) in Y, for 0 < s ≤ p ≤ 1. This
completes the proof. □

Remark 3.2. It is clear that Dugundgji’s extension theorem under the framework of p-normed spaces
for 0 < s ≤ p ≤ 1 above includes Theorem 6.1 of Dugundgji [14] as a special case for s = p = 1.
In addition, we expect that this new extension theorem would be a useful tool for the study of p-
normed spaces which are either infinite-dimensional or finite-dimensional for in functional analysis
and topology.

Next by applying Dugundgji type extension theorem above, we are able to prove fixed point
theorems in p-normed spaces for p ∈ (0, 1], which unify the corresponding fixed point theorems in
normed spaces as special case.

4. Fixed Point Theorems in p-Normed Space
The goal of this section is to establish fixed theorems in p-normed spaces by applying Dugundji’s

extension theorem in p-normed spaces for p ∈ (0, 1] as a tool, which would support the study of
Schauder’s conjecture and related nonlinear analysis in p-vector spaces which are either finite or
infinite-dimensional (see Yuan [43] for more in details). In order to establish the general fixed point
theorems in p-normed spaces for p ∈ (0, 1], the starting point is the following classical Brouwer fixed
point theorem without proof as it available in almost any book on (nonlinear) functional analysis
(see, Granas and Dugundji [19], Djebali [13], McLennan [28], Rudin [34], or Zeidler [44] and reference
wherein).

Brouwer Fixed Point Theorem. Every continuous function from a closed ball of an n-dimensional
Euclidean space Rn into itself has a fixed point, where n is a positive integer. In addition, if the space
Rn is replaced by a normed space X, the conclusion still holds when the closed ball is replaced by a
compact convex of X.
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We now go to give some fundamental results in p-vector spaces which will be used in supporting
our study for the development of fixed point theory in p-vector spaces. The first one is the following
Lemma 4.1.

Lemma 4.1. Let (X, ∥ · ∥p) be a p-normed space for 0 < s ≤ p ≤ 1. Then we have:
(a) The ball B(θ, r) is s-convex, where r > 0.
(b) If C ⊂ X is s-convex and α ∈ K, then αC is s-convex.
(c) If C1, C2 ⊂ X are s-convex, then C1 + C2 is also s-convex.
(d) If Ci ⊂ X, i = 1, 2, · · · are all s-convex, then ∩∞

i=1Ci is s-convex.
(e) If A ⊂ X and θ ∈ A, then cos A ⊂ coA, where coA is the convex hull of A in (X, ∥ · ∥p).
(f) If C is a closed s-convex set and 0 < k < s, then C is a closed k-convex set.

Proof. They are Lemma 2.1 of Ennassik and Taoudi [16], and also Lemma 1.4 by Xiao and Zhu [40]. The
proof is complete. □

Lemma 4.2. Let (X, ∥ · ∥p) be a p-normed space for p ∈ (0, 1] and 0 < s ≤ p, and C be an s-convex
subset of X with θ ∈ C. Let qc be the Minkowski s-functional of C. Then we have

(a) qc(θ) = 0;
(b) qc is positively s-homogeneous, i.e.„ qc(tx) = tsqc(x), for each x ∈ X and t > 0;
(c) qc is sub-additive, i.e., qc(x + y) ≤ qc(x) + qc(y), for each x, y ∈ X;
(d) if C is bounded, then qc(x) > 0 for each non-zero point x ∈ X;
(e) if C is closed, then qc(x) is lower semi-continuous and C := {x ∈ X : qc(x) ≤ 1};
(f) if C is absorbing, then qc(x) < +∞ for each x ∈ X;
(g) if θ ∈ C0, then qc is continuous, and C0 = {x ∈ X : qc(x) < 1} and C = {x ∈ X : qc(x) ≤ 1}.

Proof. See Jarchow [20] (or see Lemma 1.5 of Xiao and Zhu [40]). This completes the proof. □

Lemma 4.3. Let (X, ∥ · ∥p) be a p-normed space for p ∈ (0, 1] and 0 < s ≤ p, and C be a bounded
closed s-convex subset of X with θ ∈ C0. For each x ∈ X, we define an operator by

r(x) =
x

max{1, (qc(x))
1
s }

,

where qc is the Minkowski s-functional of C in X. Then C is a retract of X and r : X → C is a continuous
operator such that

(a) if x ∈ C, then r(x) = x;
(b) if x /∈ C, then r(x) ∈ ∂C.

Proof. Since C is a closed and s-convex subset and θ ∈ C0, by Lemma 4.2, the Minkowski s-functional
qc of C is a positively s-homogeneous, sub-additive and continuous functional with C = {x ∈ X :
qc(x) ≤ 1} and C0 = {x ∈ X : qc(x) < 1}. It is also clear r is continuous. If x ∈ C, then qc(x) ≤ 1, so
we have r(x) = x ∈ C; if x /∈ C, then qc(x) > 1, also we have

r(x) = (
1

qc(x)
)

1
s x + (1 − 1

qc(x)
)

1
s θ ∈ C.

Hence, r is a continuous operator from X into C, C is a retract of X and (a) is valid.
If x /∈ C, then by qc(x) > 1 we have qc(r(x)) = qc(

x
(qc(x))

1
s
) = qc(x)

qc(x) = 1, which means that

r(x) ∈ {x ∈ X : qc(x) = 1} = C \ C0 = ∂C, so (b) is also true. This completes the proof. □

Now we have the following result in p-normed spaces for p ∈ (0, 1], which includes the corre-
sponding classic results in normed spaces (when p = 1) as a special case, e.g., see Theorem 7.1.21 of
Djebali [13] and references wherein.

Lemma 4.4. Let (X, ∥ · ∥p) be a p-normed space for p ∈ (0, 1] and D a non-empty closed s-convex
subset of X, where 0 < s ≤ p. Then D is a retract of X.
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Proof. Let IdD : D → D be the restriction of the continuous identity mapping on D. Now by Theorem
3.1, the mapping IdD admits a continuous extension IdD : X → X such that IdD(X) ⊂ cos(IdD(D)) =

D as D is closed and s-convex. Now let F(x) = IdD(x) for each x ∈ X. Then F is an extension of IdD

and also continuous, thus F is a retraction of D. This completes the proof. □

Now let (X, TX) and (Y, TY) be two topological spaces with topology structures TX and TY. We
first recall that a function f : X → Y is said to be bijective if and only if it is invertible; that is, a function
f : X → Y is bijective if and only if there is a function g : Y → X, the inverse of f , such that each of the
two ways for composing the two functions produces an identity function: g( f (x)) = x for each x ∈ X,
and f (g(y)) = y for each y ∈ Y. We now recall the following definition (see also Rudin [34] in pp.8
and pp.17).

Definition 4.5. Let (X, TX) and (Y, TY) be two topological spaces and the mapping f : X → Y be a
bijection. Then f is said to be homeomorphism if the bijection f : X → Y is continuous, and its inverse
f−1 : Y → X is also continuous, with respect to the given topologies. In addition, two spaces X and Y
are said to be homeomorphic.

Definition 4.6. Let (X, TX) and (Y, TY) be two topological vector spaces. A linear mapping T : X → Y
is said to be an isomorphism if T is one to one, and onto; and two vector spaces X and Y is said to be
isomorphic.

By the definition, we note that in mathematics languages, an isomorphism is a structure-preserving
mapping between two structures of the same type that can be reversed by an inverse mapping. Two
mathematical structures are isomorphic if an isomorphism exists between them.

For a positive integer n ∈ N, the real field R and complex field C, maybe the simplest finite-
dimensional Banach spaces are Rn and Cn, the standard n-dimensional vector spaces over R and C,
respectively, normed by the mean of the usual Euclidean metric below:

If, for example, for each zi ∈ C, i = 1, 2, · · · , n, z = (z1, · · · , zn) is a vector in Cn, then

∥z∥ = (|z1|2 + · · ·+ |zn|2)
1
2 .

Other norms can be defined on Cn, for example,

∥z∥ := |z1|+ · · ·+ |zn|, or ∥z∥ := max{|zi| : 1 ≤ i ≤ n}.

These norms correspond, of course, to different metrics on Cn (when n > 1), but one can see very
easily that they all induce the same topology on Cn. Actually, more is true as shown by result below.

If X is a topological vector space over C (the complex field) with n dimensions (denoted by,
dimX = n), then every basis of X induces an isomorphism of X onto C. The following result shows
that this isomorphism must be a homeomorphism. In other words, this says that the topology of Cn is
the only vector topology that an n-dimensional complex (C) topological vector space can have. We
shall also see that finite-dimensional subspaces are always closed. We note that everything below
discussed remain true with real scalars (R) in place of complex ones (C). We now have the following
fundamental result (which is actually Theorem 2.21 of Rudin [34] given in pp.16-17).

Theorem 4.7. If n is a positive integer and Y is an n-dimensional subsapces of a complex (or real)
topological vector space X, then we have: (a) every isomorphism of Euclidean space Cn (or Rn) onto Y
is a homeomorphism, and (b) Y is closed.

Proof. It is actually Theorem 1.21 of Rudin [34] and thus we omit its proof here. The proof is completes.
□

Theorem 4.7 says that each finite n-dimensional (X, ∥ · ∥p) p-normed space (p ∈ (0, 1]) is (linear)
homeomorphic to n-dimensional Euclidean space Rn, here the integer n > 0, and p ∈ (0, 1].
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It is known that every Hausdorff topological vector spaces of finite dimension n over K(either
a real field, or a complec field) is linear homeomorphic with an Euclidean space Kn by Theorem 4.7
above, and so is (X, ∥ · ∥p). By following the argument used by Rudin [34], or Xiao and Wang [39], we
have the following result (which is actually Lemma 2.5 of Xiao and Zhu [40]) and thus omit its proof in
details.

Lemma 4.8. Let (X, ∥ · ∥p) for p ∈ (0, 1] be an n-dimensional p-normed space. Then there is a linear
homeomorphism L of X into l1(n) with positive constants m, M such that

m∥x||p ≤ ∥Lx∥∗ ≤ M∥x∥p

for all x ∈ X, where, ∥ · ∥∗ denotes the norm in terms of Euclidean metric discussed above. In addition,
let L be a linear homeomorphism of (X, ∥ · ∥p) for p ∈ (0, 1] into l1(n). It is easy to see that if C is a
closed s-convex set, then so is L(C) and vice versa.

Proof. By following the argument used by Rudin [34] (see also proof given by Xiao and Wang [39] in
pp.149-150), then the proof is complete. □

Lemma 4.9. Let (X, ∥ · ∥p) be a p-normed space for p ∈ (0, 1] and C a compact s-convex subset of X,
where 0 < s ≤ p. Let θ ̸= x0 ∈ C and D = C − cos{x0}. Then D is a compact s-convex set, θ ∈ D, and
C ⊂ D. Let x ∈ D, and Cx = {y ∈ C : x = y − tx0}, for some t ∈ [0, 1]} and

α(x) = min
y∈Cx

[∥x − y∥p/∥x0∥p].

Then α(x) ∈ [0, 1] is continuous on D, and each x ∈ D has a unique decomposition:

x = y(x)− αx0 for some y(x) ∈ C.

For a given operator T : C → C, the operator T0 : D → D is defined by

T0(x) = T[x + α(x)x0]− α(x)x0

for each x ∈ D. Then the operator T0 has the following properties:
(a) T is continuous if and only if T0 is continuous.
(b) T has a fixed point if and only if T0 has a fixed point.

Proof. Indeed, it is Lemma 2.3 of Xiao and Zhu [40]. This completes the proof. □

Lemma 4.10. Let Bp and B1 be the unit closed balls with center θ in lp(n) for p ∈ (0, 1], and l1(n),
respectively. Then there is a homeomorphism H of lp(n) into l1(n) with H(Bp) = B1.

Proof. For α ∈ K, we denote by sgnα for (sgnα)|α| = α. Define H : lp(n) → l1(n) by

H(α1, · · · , αn) := (β1, · · · .βn)

where βi = (sgnαi)|αi|p for i = 1, · · · , n. It is easy to verify that H is a bijective mapping. As
Σn

i=1|αi|p ≤ 1 if and only if Σn
i=1|βi| ≤ 1, it follows that H(Bp) = B1. Since the functionals fi(αi) =

(sgnαi)|αi|p and gi(βi) = (sgnβi)|βi|
1
p are continuous in K for i = 1, · · · , n, we conclude that H and

H−1 are continuous, so H is a homeomorphism. This completes the proof. □

Lemma 4.11. Let Bp be the unit closed balls with center θ in lp(n) for p ∈ (0, 1] and T : Bp → Bp a
continuous operator. Then there exists u ∈ Bp such that T(u) = u.

Proof. Let H be the homeomorphism which is defined as the proof of Lemma 4.10 above and B1 the
closed unit ball with center θ in l1(n). Then HTH−1 : B1 → B1 is continuous. By the classical Brouwer
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fixed point theorem in a finite n-dimensional space, there exists one x ∈ B1 such that HTH−1(x) = x.
Now let H−1(x) = u. Then u ∈ Bp, which is a fixed point of T, i.e., T(u) = u. The proof is complete. □

Theorem 4.12 (Brouwer fixed point in finite-dimensional p-normed spaces). Let (X, ∥ · ∥p) be a finite-
dimensional p-normed space and C a bounded closed s-convex subset of X, where 0 < s ≤ p ≤ 1. If
T : C → C is continuous, then T has a fixed point in C, i.e., there exists z ∈ C such that T(z) = z.

Proof. Without loss of generality we assume that span(C) = X, which is a finite dimensional space with
dimX = n. Since X is linear homeomorphic with lp(n) by Lemma 4.8, we also assume that X = lp(n),
which is a finite-dimensional space. Without loss of generality, we assume that the interior C0 of the
subset C is not empty, i.e., C0 ̸= ∅. By Lemma 4.9, we may assume that θ ∈ C0. Then we have that the
Minkowski s-functional qc of C is a positively s-homogeneous, sub-additive and continuous functional
with C = {x ∈ lp(n) : qc(x) ≤ 1}. Since C is bounded, for θ ̸= x ∈ lp(n), we have pc > 0, i.e., qc is
positive definite. Now define a mapping S : Bp → C for each x ∈ Bp by

y = S(x) =

(
∥x∥p
qc(x) )

1
s x, if x ̸= θ,

θ, if x = θ;
(2)

where Bp is the unit closed ball with center θ in lp(n). Since qc(y) = (∥x∥p/qc(x))qc(x) = ∥x∥p, we
have

(
qc(y)
∥y∥p

)
1
p = (

∥x∥p

(
∥x∥p
qc(x) )

p
s ∥x∥p

)
1
p = (

qc(x)
∥x∥p

)
1
s , for all θ ̸= y ∈ C.

Hence there exists the inverse S−1 : C → Bp given by for each y ∈ C

x = S−1(y) =

( qc(y)
∥y∥p

)
1
p y, if y ̸= θ,

θ, if y = θ.
(3)

Clearly, by the continuity of qc and ∥ · ∥p, from (4.1) and (4.2) we see that S is continuous at x ̸= θ and
S−1 is continuous at y ̸= θ. Suppose that xn → θ. By (4.1) we have qc(S(xn)) = ∥xn∥p → θ. Since
C is bounded, there is M > 0 such that ∥x∥p ≤ M for all x ∈ C. For each ϵ > 0, there is a positive
integer N such that qc(S(xn)) < ϵ for all n ≥ N. By the definition of qc, there is tn such that 0 < tn < ϵ

and S(xn) ∈ t
1
s
n C. So we have ∥S(xn)∥p ≤ t

p
s
n M < ϵ

p
s M, for all n ≥ N. This shows that S(xn) → θ.

Suppose that yn → θ. By (4.2) and the continuity of qc, we have ∥S−1(yn)∥p = qc(yn) → θ. Therefore,
S and S−1 are all continuous, and so S : BP → C is a homeomorphism. Since S−1TS : Bp → Bp is
continuous, by Lemma 4.11, there exists u ∈ Bp such that S−1TS(u) = u. Let z := S(u). Then, we have
z ∈ C and T(z) = z, which is the fixed point of T. The proof is complete. □

The rest part of this section is to establish fixed point theorems for s-convex subsets in p-normed
spaces by applying the existence of homeomorphisms for s-convex subsets in p-normed spaces, with a
different proof by comparing those in the existing literature, where s, p ∈ (0, 1].

By Proposition 2 of Shapiro [35], for a space lp, where p ∈ (0, 1], we have the following result
which is often called the universal property of the space lp.

Lemma 4.13. Every complete, separable p-normed space for p ∈ (0, 1] is a continuous linear image of
lp.

By Lemma 4.13 and the space decomposition approach, we have the following result (see also
Corollary of Theorem 4.3.1 by Wang [37]; and also see close related Corollary 2.11 in pp.26 given by
Kalton et al.[23]). For its completeness and convenience of readers, we give its proof here below.

Lemma 4.14. Let (X, ∥ · ∥p) be a complete and separable p-normed space for p ∈ (0, 1]. Then there exists
a closed subspace lp

X of lp and a linear operator T : lp → X such that T : lp
X → X is a homeomorphism.
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Proof. By Lemma 4.13, there exists a continuous linear operator T : lp → X. We denote the kernel
(null) space of T by kerT := {x ∈ lp : Tx = 0}, then kerT is closed as T is continuous. Assume E
is the closed subspace of lp such that the (topological) direct sum (for the decomposition) of lp is
given by lp := kerT + E. Then T is a linear one to one continuous mapping from E to X. Now let
lp
X := {x ∈ E : T(x) ∈ X}. Then lp

X is a closed subspace of lp. We still denoted by T as the restriction of
the mapping T on lP

X , and T is a linear and one to one continuous mapping from lp
X onto X, thus it is a

homeomorphism. This completes proof. □

Now we have the following result for the existence of a homeomorphism for a given non-empty
s-convex compact subset in p-normed space (X, ∥ · ∥p) with 0 < s ≤ p ≤ 1.

Theorem 4.15. Let (X, ∥ · ∥p) be a complete p-normed space and D a s-convex compact subset of
X, where 0 < s ≤ p ≤ 1. Then there exists a linear operator F : D → lp such that F(D) ⊂ Cs and
F : D → F(D) is a homeomorphism, where

Cs := {x = (α1, · · · , αn, · · · ) ∈ lp : |αn|s ≤ 1/n2}.

Proof. Let Y := spanD. Since D is compact, thus Y is separable. As Y is a closed subspace of X, Y is also
complete. By Lemma 4.14, there exists a closed subspace lp

Y of lp and a linear operator T : lp → Y such
that T : lp

Y → Y is a homeomorphism. Let F = T−1. Then F : D(⊂ lp) → lp is a linear operator, and
continuous such that F : D → F(D) is a homeomorphism, thus F(D) is also s-convex, and compact
by the continuity of the mapping F from (lp, ∥ · ∥p) to (lp, ∥ · ∥p). In addition, it is easy to verify that
F(D) ⊂ Cs is true. This completes the proof. □

Remark 4.16. Here, we first would like to point out one very important fact that when 0 < s < p ≤ 1,
there is no linear continuous mappings from lp to ls (resp., Lp[0, 1] to Ls[0, 1]), but we do have the
existence of a homeomorphism for a s-convex compact in the p-normed space (X, ∥ · ∥p) due to the
universal property of lp for 0 < s ≤ p ∈ (0, 1]. Secondly, we know the dual space (Lp[0, 1])∗ of Lp[0, 1]
is with only zero element when p ∈ (0, 1), which means that the linear topological space Lp[0, 1] has
no separability property, so Theorem 2.1 of Bessaga and Pełczyński [6] is not applicable to claim the
non-existence of homeomorphisms by using Roberts’ example in [33] for a compact convex set with no
extreme points in (not separable) space Lp[0, 1] to derive her/his Corollary 2.5 by Yu in [41]!

We now have the continuous extension result in p-normed spaces for p ∈ (0, 1] below.

Lemma 4.17. Let (X, ∥ · ∥p) be a complete separable p-normed space for p ∈ (0, 1], and D a bounded
closed subset of X. Let T : D → X be a continuous bounded operator. Then T has a continuous
extension S : X → X such that S(X) ⊂ cos(T(D)).

Proof. By Theorem 3.1, the conclusion follows. This completes the proof. □

By Theorem 4.12, we have a fixed point theorem in lp space for p ∈ (0, 1] below.

Lemma 4.18. Let Cs be the closed cuboid in lp defined by

Cs := {x = (α1, · · · , αn, · · · ) ∈ lp : |αn|s ≤ 1/n2}

and T : Cs → Cs a continuous operator, where 0 < s ≤ p ≤ 1. Then Cs is s-convex and compact, and
there exists z ∈ Cs such that T(z) = z.

Proof. It is easy to verify that the set Cs is a compact subset of lp, and Cs is s-convex. For each n, we
define an operator Pn on lp by

Pn(α1, · · · , αn, · · · ) = (α1, · · · , αn, 0, · · · )
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for each (α1, · · · , αn, · · · ) ∈ lp. Then Pn is linear and continuous, and Pn(Cs) ⊂ Cs. It follows from
s-convexity and compactness of Cs that Pn(Cs) is an s-convex and compact subset of lp(n). Since PnT
is continuous and PnT(Pn(Cs)) ⊂ PnT(Cs) ⊂ Pn(Cs), by Theorem 4.12 (which is Brouwer fixed point
theorem in a finite dimensional space lp(n)), there is a point xn ∈ Pn(Cs) such that PnT(xn) = xn. Let
T(xn) = {α

(n)
i }∞

i=1. Then by the definition of Pn, we have

∥xn − T(xn)∥p = ∥PnT(xn)− T(xn)∥p = Σ∞
i=n+1|α

(n)
i |p ≤ Σ∞

i=n+1|α
(n)
i |s ≤ Σ∞

i=n+1
1
i2

.

Now {T(xn)} is a sequence in the compact set Cs, so there is a point z ∈ Cs and a subsequence {T(xnj)}
such that T(xnj) → z. By above inequality, it follows that xnj → z. Since T is continuous, we have
T(z) = limj→∞ T(xnj) = z, which is the desired conclusion. The proof is complete. □

Now we have the following fixed point theorem in complete p-normed spaces which are either
infinite-dimensional or finite-dimensional for s, p ∈ (0, 1].

Theorem 4.19. Let (X, ∥ · ∥p) be a complete p-normed space and C a compact s-convex subset of X,
where s, p ∈ (0, 1]. If T : C → C is continuous, then there exists z ∈ C such that Tz = z.

Proof. We prove this result by following two steps below.
The first step: we prove the conclusion for p ∈ (0, 1] and 0 < s ≤ p ≤ 1. By Theorem 4.15, there

exists a linear homeomorphism F : C → F(C) such that F(C) ⊂ Cs, where Cs is an s-convex compact
subset of lp defined by Theorem 4.15 (see also Lemma 4.18), then F(C) is s-convex compact. Since T
is continuous, the mapping FTF−1 : F(C) → F(C) is also continuous. By Lemma 4.17, FTF−1 has a
continuous extension S : Cs → Cs such that S(Cs) ⊂ cosF(C). By Lemma 4.18, which is a fixed point
theorem for a compact s-convex subset Cs in lp spaces (where, 0 < s ≤ p ≤ 1), there is u ∈ Cs such that
u = S(u) ∈ F(C), and so u = S(u) = FTF−1(u). Let z = F−1(u). It follows that z ∈ C and T(z) = z,
which is a fixed point of the mapping T.

The second step: we prove the case 0 < p < s < 1 and 0 < p < s = 1. For the case 0 < p < s < 1,
by Lemma 2.1, C is also p-convex. By applying the conclusion given in the first step above, it follows
that there exists x ∈ C such that T(x) = x.

Now the only case left to prove is for 0 < p < s = 1, which means C is convex. We choose an
arbitrary x0 ∈ C and let C0 := {x − x0 : x ∈ C}. Then it is clear that C0 is a compact convex subset
of X which contains the zero element. By Lemma 2.1 again, we conclude that C0 is s-convex for any
s ∈ (0, 1). Now, define the mapping S : C0 → C0 by S(x − x0) = T(x)− x0 for each x − x0 ∈ C0.
Clearly, S is continuous, and applying the result of the first step to S, we conclude that there exists
x ∈ C such that S(x − x0) = x − x0, it implies that x = T(x), which is a fixed point of T. This completes
the proof. □

In order to prove Theorem 4.19 also holds for a p-normed space which may not be complete for
s, p ∈ (0, 1], we need to recall the following result (see also Theorem 2.2 of Ennassik and Taoudi [16]).

Lemma 4.20. Let (X, ∥ · ∥p) be a p-normed space, where p ∈ (0, 1]. Then there is a complete p-normed
space X̂ and a linear isometry mapping i from X onto the subspace W := i(X) which is the dense in X̂.

Proof. It is Theorem 2.2 of Ennassik and Taoudi [16]. Its proof completely follows the way for the proof
of Theorem 2.3.2 by Kreyszig [26].This completes the proof. □

As applications of Theorem 4.19 and Lemma 4.20, we have the following general fixed point
theorem in p-normed spaces which may not be complete.

Theorem 4.21. Let (X, ∥ · ∥p) be a p-normed space and C a compact s-convex subset of X, where
s, p ∈ (0, 1]. If T : C → C is continuous, then there exists z ∈ C such that Tz = z.

Proof. Let X̂ be the completion of X. By Lemma 4.20, there exists a linear isometric embedding
i : X → X̂ with i(X) dense in X. We define T̂ : i(C) → i(C) by T̂(i(x)) = i(T(x)) for each x ∈ C. Then
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this mapping is easily checked to be well defined, and it is continuous since i is a linear isometry and
T is continuous on C. Furthermore, the set i(C) is compact, being the image of a compact set under a
continuous mapping. It is also s-convex as it is the image of an s-convex set under a linear mapping.

Now by Theorem 4.19, there exists x ∈ C such that T̂(i(x)) = i(x). Thus, i(T(x)) = i(x) so
T(x) = x, which means T has a fixed point in C. This completes the proof. □.

Let p = 1 in Theorem 4.21, we have the following fixed point theorem in normed spaces for
non-empty compact s-convex subset, where 0 < s ≤ 1.

Theorem 4.22. Let (X, ∥ · ∥) be a normed space and C a non-empty compact s-convex subset of X,
where, 0 < s ≤ 1. If T : C → C is continuous, then there exists z ∈ C such that Tz = z.

Remark 4.23. By applying Theorem 4.19 and Lemma 4.20, we establish general fixed point theorems
for s-convex subsets in p-normed spaces, which is Theorem 4.21 above for s, p ∈ (0, 1] by using
Dugundgji’s extension theorem in p-normed spaces for p ∈ (0, 1] given in Appendix A below as
a powerful tool, with the application of the existence of homeomorphisms for s-convex subsets
in p-normed spaces. Here we also like to share with readers that the proof for the existence of
homeomorphisms for s-convex subsets in p-normed spaces is new, and different from those existing
literature (e.g., see Xiao and Zhu [40] and references wherein). By a fact that each p-normed space
includes normed spaces as a special class (with p = 1), the main result Theorem 4.21 in this paper
unifies corresponding results in the existing literature, for more in details, see Agarwal et al.[1],
Agarwal et al.[2], Ben-El-Mechaiekh [5], Browder [7], Cauty [8–10], Chang et al.[11], Djebali [13], Du
[12], Ennassik et al.[15], Fan [17], Granas and Dugundji [19], Mauldin [27], McLennan [28], O’Regan
[29], Park [30,31], Xiao and Zhu [40], Zeidler [44], and references wherein. In addition, for the fixed
point theorem in p-vector and locally p-convex spaces, we refer to Ennassik et al.[15], Ennassik and
Taoudi [16], and Yuan [42,43]’s recent works for more in details.

5. Conclusion
In this paper, by establishing Dugundgji’s extension theorem in p-normed spaces for p ∈ (0, 1]

a powerful tool, with the applications for the existence of homeomorphisms for s-convex subsets in
p-normed spaces, where s, p ∈ (0, 1], we establish the general fixed point theorems for p-normed
spaces, which include corresponding Schauder fixed point theorem in normed spaces as a special
class; in addition, these now fixed point theorems in p-normed spaces seem interesting and would be
important tools for the nonlinear analysis under the framework of p-vector spaces for p ∈ (0, 1].

The new fixed point theorems established in this paper would provide a general foundation
for the development of fixed point theory in p-vector spaces for p ∈ (0, 1]. The results given by this
paper provide fundamental tools for the study of Schauder’s conjecture and related general fixed point
theory in p-vector spaces, as shown by Cauty [8–10], Ennassi and Taoudi [16], Granas and Dugundji
[19], Mauldin [27], Park [30,31], Yuan [42,43] and related references wherein for more discussion in
details. Once again, we like to share with readers that how important the Dugundgji type extension
and fixed point theorem in p-normed spaces established in this paper, can be found from Yuan’s recent
work in [42,43] and related discussion wherein.
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