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A NEW EXTENSION OF EXTENDED CAPUTO FRACTIONAL
DERIVATIVE OPERATOR

GAUHAR RAHMAN, KOTTAKKARAN SOOPPY NISAR*, SHAHID MUBEEN

ABSTRACT. Recently, different extensions of the fractional derivative operator are found
in many research papers. The main aim of this paper is to establish an extension of
the extended Caputo fractional derivative operator. The extension of an extended frac-
tional derivative of some elementary functions derives by considering an extension of beta
function which includes the Mittag-Leffler function in the kernel. Further, an extended
fractional derivative of some familiar special functions, the Mellin transforms of newly
defined Caputo fractional derivative operator and the generating relations for extension

of extended hypergeometric functions also presented in this study.

1. INTRODUCTION

The Gauss hypergeometric function is defined (see [19]) as

2 F1 (01,025 03; 2) = Z %2—7, (J2] < 1), (1.1)

(191,192,193 € Candds £ 0, —1,-2, -3, - )
and the integral representation of (1.1) is

N _ FWS) ' ¥o—1 93—02—1 —9
2F1(191,192,193,z)—F(?%)F(%_%)/Ot (1= )P ="=1(1 = 20)"dt, (1.2)

where R(J3) > R(J2) > 0 and |arg(l — 2)| < 7.
The Appell series or bivariate hypergeometric series defined by

it 03

[e.e]

F1<1917192,193;794;x7y) = Z

m,n=0
for all 9,19, 03,94 € C, 9, 7£ 0,-1,-2,-3,---, |CE| < 1, |y| < 1,
and the integral representation of (1.3) is given by

['(4)
C(9)T (04 — )

) (191,192,193,194;x,y) _
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1

« / Pl L (1 — g (1.4)
0
where R(J4) > R(J,) > 0, |arg(l — z)| < 7 and |arg(l —y)| < 7.
The extended beta function is given in [2] as
1
B(91,92: p) = B,(01,0,) = /t”1—1(1 — )% lem T gy, (1.5)
0

(R(p) > 0,R(¥1) > 0,R(J2) > 0) respectively. When p = 0, then (¥, J5;0) = (1, 02),

where 5(1,72) is the classical beta function which is defined by

1

B(¥1,95) = /t’%—l(l —t)271dt (R(,) > 0, R(W,) > 0) (1.6)
0
The extended hypergeometric and confluent hypergeometric functions is given in [3] as
follows:
OOB(Q92+71193—192) z"
E,(01,09;03; 2) = L ’ M )n—, 1.7
p( 1, V2, 372) nz_o 3(02’193_192> ( 1) n‘ ( )
and
i B (192+7L 793—192>Zn
D, (Vg5 0 = L - 1.
plV2:05:2) nz:; B(V¥9,03 — )  nl”’ (1)
where p > 0.
The integral representations of (1.7) and (1.8) respectively defined by
1
E,(01,09;03; 2) =
p( 1, V2, 372) B(ﬁg,ﬁg _192)

1 -p
x / tﬂgfl(l . t)ﬂs*ﬂzfl(l o Zt)iﬂl exp ( )dt, (19)
0

(p > 0,R(V3) > R(V2) > 0, |arg(l — 2)| < 7r>
and

1 1 _
By(02,05%:2) = - 193_192)/0 $92-1(1 — ¢)Pa—t2—1 oy (zt—t(lf’t))dt, (1.10)

(p > 0, R(03) > R(0) > o).
The definition of extended Appell’s function is (see [10])

a . N - Bp(191+m+n,194—191) xmy"
Fl(ﬁlvﬁb 7937 194; z, yap) - nZ:O 6(1917794 _ 191> (792)m(193)n mln! (111>

where p > 0 and its integral representation is

) /1 1 =) TN — )R (1= yt)

Fy (01,09, 055 945 2,5 p) = B(01, 0, — 01
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X exp <t(1_f t)>dt, (1.12)

(p > 0,R(04) > R(W,) > 0, |arg(1 — 2)| <, |arg(1 — y)| < W).

It is clear that when p = 0, then the equations (1.7)-(1.12) reduce to the well known
hypergeometric, confluent hypergeometric and Appell’s series and their integral represen-
tation respectively (see [19]). Shadab et al. [5] introduced a new and modified extension
of beta function very recently as:

33(01,02):/ltﬂl—lu—t)%—lEa(—t(lp_t))dt, (1.13)

where £(9;) > 0, R(Y2) > 0 and E, () is Mittag-Leffler function defined by

Ew(z) :gr(#:n (1.14)

Obviously, when w = 1 then Bj(z,y) = By(,y) is the extended beta function (see[2]).
Similarly, when when w = 1 and p = 0, then Bl(x,y) = By(z,y) is the classical beta
function.

The extended hypergeometric function and its integral representation due to [5] respec-
tively defined byis
F;(ﬁl, Ua; U35 2) = o1 (191, U2; U3; 23 p, 04) = Z(ﬁl)anging;%%)%) %

n=0

- B(0y +n, 03 — ¥2;p, ) 2"
=N"9)), Z (115
ZO( 1) B0, 05 —1U5)  nl (1.15)
where p,a > 0, 91,799,093 € C and |z| < 1.
1
F2(01,09;03;2) = ——————
p(l 2 ) 5(192;193—?92)
1
Ya—1(1 _ p\O3—a—1/71 —9 o b

></0 #92-1(1 — ¢) (1 t2) Ea< t(l_t)>dt, (1.16)

where R(p) > 0, R(a) > 0, R(V3) > R(V2) > 0. Obviously when a = 1, then the
hypergeometric function (1.15) will reduce to the extended hypergeometric function (1.7)
and similarly when o« = 1 and p = 0 then the hypergeometric function (1.15) will reduce
to the hypergeometric function (1.1).

An interesting generalization of Appell hypergeometric function and its integral repre-
sentation given in [17] as

Fﬁp(ﬁ17792,193;194;$=y) = F1(791,192,793;194;$7y;pa CY)

o0

B9 +m+n, vy — ) 2™y
= 3 (o)) 2 1= 0)any
B(’l91,194 — 191) m! n!

m,n=0
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- B +m+n,dq — di;p, ) 2" y"
= N (09)(95), 1.17
3 (o) PEL G AT IR 1

where p,a > 0, ¥1,99,03,94 € C and |z] < 1, |y| < 1.

1 ! 91—1 v4—191—1 —9 —03
Fl(ﬁlaﬁ%ﬁ?nﬁﬁbx yip, & ) B(’l91,794 191)/0 3 (1_t) (1—tl‘) (1_ty)
Ea< - t(lp t)>dt, (1.18)

where £(p) > 0, R(a) > 0, R(Y4) > R(I1) > 0, |arg(l — z)| < 7 and |arg(l —y)| < .
Recently, the researchers (see e. g., [2-4, 9-11, 14, 15]) introduced various extension and
generalization of various special functions. Also, they [17] give an extension fractional
derivative operator of Riemann-Liouville as

i ()} = 9“{f p,&}

)z — )R, ( )dt, (1.19)

(3? —1)
where R(u) > 0, R(p) > 0 and v 2 0. It is clear that, if @ = 1, then definition 1.19
reduces to extended fractional derivative operator defined in [10]. Similarly, if o« = 1 and

p = 0, then definition 1.19 reduces to classical fractional derivative operator defined in
[7].

2. EXTENSION OF HYPERGEOMETRIC FUNCTIONS

In this section, we define further extension of hypergeometric and Appell’s hypergeo-
metric functions.

Definition 2.1. The extension of extended hypergeometric function is defined as:
oY (191,192; Us; Z> =2F (191,192;193; Z5 3 a)
2 (01 (0a)y BE(02 — m + 1,03 +m — ) 2"

T (Wy—m)y  B(a—m.Us—Us+m) nl (21)
where m — 1 < R(Jy —¥3) <m < R(¥2) >0, R(p) >0, a >0 and |z] < 1.
Definition 2.2. The extension of Appell’s hypergeometric function is defined as:
Fffp<191;192,?93;193;2;Z) =I5 (791;192,193;193;Z;2;p; a)
_ i (02)n (93) 1 (91 )nyn 2 2% By (V1 +m + n+, 0, — 191)’ (2.2)

(191 — m)n+k my B("l?l —m, ’194 +m — ’191)

n,k=0

where m — 1 < R(V1 — Jy) <m < R(D), R(p) >0, a > 0.

The Integral representations of (2.1) and (2.2) are defined respectively as:

[¢ . . 1 ! Yo—m—1 v3—d2+m—1
2F1,p<191,192,19372> = 3(192 “m, Oy —192—1—m)/0 t (1 —t)
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XEQ< — ﬁ) 2F1 (191,’[92; 192 —m; Zt)dt (23)
and
1 ! J 1 Yq—10 1
F<19,19,19;19;7;,>= /tl_m_l—t 4=y —m=
PP U U 5 5 0 ) = gm0y — 0y +m) Jy 1-9
XEa< — t(lp— t)) F1 (191, 192, 193,191 —m,; Zt, Zt)dt (24)

Remark 2.1. If we letting « = 1, then (2.1)-(2.4) reduces to the extended hypergeometric
functions o Fy and Fy and their integral representations (see [6]) respectively.
3. EXTENSION OF FRACTIONAL DERIVATIVE OPERATOR

Recently, many papers (see [1, 8, 12, 16, 21]) introduced various extension and gener-
alization of fractional calculus . In this section, we define a new extension of extended
Caputo fractional derivative operator.

We recall the classical Caputo fractional derivative operator which is defined by

Definition 3.1. (see [7])

DI} = ey [ =0 0 (3.)

where m — 1 < R(p) < m where m =1,2,---.

Recently Kiymaz et al. [6] introduced the extended Caputo fractional derivative oper-

ator as:
Definition 3.2.

DU f(2)ip} =

1 z L P dm
— —)ymrl — )— t)dt 2
romm | et e (< s ) a6
where m — 1 < R(pu) < m where m =1,2,--- and R(p) > 0.

The extension of extended Caputo fractional derivative operator [18] defined by

Definition 3.3.
DU{f(2);p,v} = DEN{f(2)}

_[2p2? 1 z . S P22 qm
B s F(m—,u)/o 2 (z =) K”J“;(t(—z—t))dt_mf(t)dt’ (3.3)

For the case m — 1 < R(u) < m where m=1,2,---, R(p) > 0v > 0.

In view of [17], we introduce a new extension Caputo fractional derivative operator and

is defined as:
Definition 3.4.
DU f(2);p,a} = DU f(2)}

d0i:10.20944/preprints201801.0089.v1
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1 z o 2 dm
= — —tm“lEa<— )— t)dt 4
F(m_m/()@ ) T prdAOL

for the case m — 1 < R(p) < m where m =1,2,---, R(p) > 0.

Remark 3.1. Obviously if

(i) we letting o = 1, then definition 3.3 reduces to extended Caputo fractional derivative
operator defined in 3.2 (see [6]).

(1) we letting « = 1 and p = 0, then definition 3.3 reduces to extended Caputo fractional
deriwative operator defined in 3.1 (see [7]).

Now, we prove some theorems involving the modified extension of fractional derivative
operator.

Theorem 3.1. The following formula hold true,
Ln+1)Bs(n—m+1,m— pu)
I'(n—p+1)Bn—m+1,m—p)

where m — 1 < R(p) < m and RN(p) < R(n).

0i{z"p, 0} = 217 R(p) >0, (3.5)

Proof. From (3.4), we have

= ﬁ[n(n—l)w(n—ern]
X /OZ(Z — t)ymrl Ea( _ t(f'zj t))tn_mdt

I'(n+1 - - 22 -
= _m(j 1>F)<m — /0 (z —t)™ MEQ( - t<5_t))t” mdt. (3.6)
Substituting ¢ = uz in (3.6), we have
T+ 1) 2N /z w1 — )™ Ea< __r >du.
I'(n—m+1)(m — p) 0 u(l —u)
By using the definition (1.13) to the above equation, we get
Fin+1)

D" p,a} =

DHL 1. — N—HBY(p — 1 _
L(n+1)By(n—m+1,m—pu) e
= z
I(n—p+1)Bn—m+1,m—p)
which is the required result. O

Theorem 3.2. Let m — 1 < R(u) < m and suppose that the function f(z) is analytic on

the disk |z| < r for some r € RY and with its power series expansion given by f(z) =
> ganz™. Then

DH{f(2)ipa} = a,D{"p,a}. (3.7)
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Proof. Using the series expansion of the function f(z) in (3.4) gives

o0 dm .
) ;andt—mt dt.

As the series is uniformly convergent and the integrand is absolutely convergent, therefore

DL{f(2);pa} = ﬁ /OZ(Z — 0" B - t(fz— f)

interchanging the order of summation and integration gives

2

DU f(2);p,a} = ian{ﬁ/oz(z—t)m“1Ea(—t(fz_t)>i—2t"dt}

n=0

o0

= Z angg{znap7 Oé},

n=0

which is the required proof. ([l

Theorem 3.3. Let m — 1 < R(u) < m and suppose that the function f(z) is analytic on
the disk |z| < r for some r € RT and with its power series expansion given by f(z) =
Yoo o anz". Then

T (n)zn—r-1 o0 i (7)n Bg(n —m+n,m—p) "
T~ 2= G —m) Bl mm—a) (3.8)

Proof. By applying Theorems (3.2) and (3.1), we have

DU f(2)ip at =

n=0

D f(2)ipa} = Y @D p,a)
n=0

Pz~ (M Byln—mtnm-—p)
L(n— p) 2 (=) Bn—m+n,m—u)

NG Pl . . (7)n B;’(n—m+n,m—,u)zn
I'(n—p) ,; "n—=m)n B —mm—u)

which is the desired result. O

n=0

Theorem 3.4. The following result holds true:

o

L) i > (B)n(m)n By (n —m +n,m—n+p) 2"

C(p) = m—m) Bn—mp—n+m) nl
F(n) pn—1 % Cyy.

=t (8.m01:2). (3.9)

where m — 1 < R(n—p) <m < R(n) >0, R(p) >0, a> 0.

D1z (1 —2) P pa} =

Y

Proof. Using the power series of (1 — 2)~? and applying Theorem 3.1, we have
o f e _ ] 1Ny 2"
D! "{Z” 1= 2) ﬁ;p,a} =97 ”{2’7 12(5)715;17,04}

SR
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:i(ﬁ)n L(n+n)
— nl T(n+n—m)I'(m—n+p)
xBo‘(n—m—l—nm—n%—u)z“*"’l
_Z 77—|—n)Ba(77 m—l—nm 77+M) ”+n71
4 n' I'(p+n) B(n m—+n,m—n+ )
F(U) Z (0 — m—l—n+2,m N+ p) 2"
T T (e Bo—m+nm—n+p) nl
_ L) Z B)n Jn By(n—m+n,m—n+p)z"
TT) T & o Blp—m,p—n+m) nl’

with the aid of (2.1), we get the required result. O
Theorem 3.5. The following result holds true:

DI N1 — az) (1 — b2) P p,a}

_L) i (@)n (B ()nsr (az)™ (b2)* By (n +m +n +k, p— 1)

F(,u) it (m—m)pse n! K B(n—m,m+ p—mn)
L)
()~

9

T'(n

T 'R (n;a,ﬁ;u; az; bz; p, a), (3.10)

where m — 1 < R(n —p) <m < R(n), R(p) >0, a > 0.

Proof. To prove(3.10), we use the following power series expansion

(1= a2) (1 - bz)" ZZ(@)H(B),C(G;!)” (b;!) .

n=0 k=0

Now, applying Theorem 3.4, we obtain

DI (1~ az) ™ (1 = b2) Pip,a}

= 3 @@ Dy it o).

n=0 k=0

Using Theorem 3.1, we have

DI (1 = az) (1 = bz)%ip, o}

- 0 ()" (b)ET(n+n+k)By(n+m+n,pu—n) bl
B Zm)n(ﬁ)k nl k' I'm+p—nITh—-—m+n+k) -

L) e i i (@)n(B)k(M)nsk (@2)" (b2)* By (n+m +n, p—n)

n=0 k=0 (n_m>n+k n! k! B(n—m’m_i_ﬂ_n)’

with the aid of (2.2), we get the required result. O
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4. FURTHER RESULTS OF EXTENDED CAPUTO FRACTIONAL DERIVATIVE OPERATOR

In this section, we apply the extension of Caputo fractional derivative operator (3.4)
to some known functions. Also, we investigate the Mellin transforms of the extension of
Caputo fractional derivative operator.

Theorem 4.1. The following result holds true:

m_

DH{etip,a) = - Z%B (n+1,m— p) (4.1)

for all z.

Proof. Using the power series of ¢* and applying Theorems 3.2 and 3.1, we have

oi{e’ipal = Z TD“{Z ;p, o}

i Ln+1)By(n—m+1,m—p) v+
B 'n—p+1)Bn—m+1,m—pu) n

= T(n+m+1)By(n+1,m—p) zrime
_§Fn+m p+1)B(n+1,m—pu)(n+m)!

oo
z

ZZ—B n41m— ).
n!

n=

O
Theorem 4.2. The following result holds true:
@2‘{ 2 (191,192;793; Z>;p,a}
_O)m(W2)m 2™ — (W +m)a(y+m)y By(n+1,m—p)" (4.2)

(W3)m T —p+m) = (Os+m)(l—p+m), Bn+1lm—p)

n=

for all |z < 1.

Proof. Using the power series of Gauss hypergeometric function 5 F3(.) and applying The-
orems 3.2 and 3.1, we have

C‘D’;{ o Fy (191, U2; Us; Z);]% 04}
(ﬁl)n(l%)n
‘ (93),n!

(1)n(¥2), Tn+1)BY(n—m+1,m—p) -+
(¥3)pn! T'(n—p+1)Bn—m+1,m—u) n!

M)

DL{2";p, a}

n

WE

n

(D) ntm(P2)ngm  L(n+m+ 1)Bg(n +1,m—p) grtmon
(93)nim(n +m) T(n+m—p+1)B(n+1,m— pu) (n+m)

M)

Il
=)

n

d0i:10.20944/preprints201801.0089.v1
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(V1)m(V2)m ZmTH = (V1 +m)p(Py+m), Bg(n+1,m—p)"
(V3)m Tl —p+m) 0 (Js +m)p(l—p+m), B(n+1,m—p)

n—=

OJ
Theorem 4.3. The following result holds true:
") (V) 2"
I Eﬁ . — < ( m n Ba 1 — 4.

where v, 0,9, € C, R(p) > 0, and E% z) is Mittag-Leffler function (see [13]) defined as:

Zn

— (")
= HZ:O T+ 0)nl’ (44)

Proof. Using (4.4) in (4.3), we have

n

o [Ef,a(Z);p, 04] = @Z{ i@ Néz—ﬁ(s)%;p,a}.

n=

By Theorem 3.2, we have

o{E e - 5 B o)

n=0
Applying Theorem 3.1, we get
e 5 i T hn
F7n+(5 (n—p+1)Bn—m+1,m—pu) n!

[e.9]

Cn+m+1)BY(n+1,m—pu) rtm-s

n+m
nzofvn+7m+5) F(n+m—p+1)Bn+1,m—p)(n+m)

_ZR(Y),, Z F( (0 +m), Ba(n FLm— ).

CT(m—p) & T(yn+ym+6)n! 7

Theorem 4.4. The following result holds true:

(Oéz', Ai)l,m; Sm—p

ot ., 2 | ipa) =
{ (B, B)un : } L(m —p)

[T, T(ou + Aik) 2"
injl ZJ+B/€)B (n+1,m— ,u) ,(4.5)

where R(p) > 0, a > 0 and ,,V,,(z) denotes Foz-Wright function defined by (see [7], pp.
56-58)

(4.6)
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Proof. Applying Theorem 3.1 and followed the same procedure used in Theorem 4.3, we
get the desired result. 0

Theorem 4.5. The following Mellin transform formula holds true:

: T I'(n+1)
M D> (2"
{Qw (")ip = ’”} sin(rr) T(1 — re)D(m — p)T(y —m + 1)
xXBn—m-+r+1,m—pu+r)z"H (4.7)

where R(n) >m — 1, R(r) > 0.

Proof. Applying the Mellin transform on definition (3.3) and Theorem 3.1, we have

{2} = [
2

B /ooopr_l{r(n - rZ(j Ir);zm — ) /0 (L= ) B (- %)dt}dp

_F(n TZ(—Z jL)lzzm ) o /OOO pr—l{/o w1 - u)m—uEa< a u(lp— u)>du}dp
_ Fln+1) =

T —m~+1T(m — p)

X /0 w1 — u)m_“(/o pr_lEa( — ﬁ)dp) du. (4.8)

By substituting v = 57 (4.8) can be rewritten as

M{@‘;iﬁ(z”);p — 'r’}

_ F(n+1) -
= z
I'(n—m+1)I(m — p)
1 o)
X [ (1 — ) / P E,( —v))dv)du. (4.9)
| (), 7 E= ) )
By using the following formula,
< L(s)'(0 — s)
I ES (—ut)dt = 4.10
/0 (1) C(&)uT(y — sa)’ ( )

fory=90=1and u=1 (4.9) becomes
M{’D’Z‘j;‘(z”);p — r}

_ C(n+ 1)I(r)I(1—r)
I'l—ro)l'(n—m+1)I'(m —p

_ Cin+ HI(r)IA —r)
I'l—ra)l(n—m+ HI'(m — p)
7r F(n+1)
sin(mr) T'(1 —ra)T'(n — m+ DT (m — p)

1
)z”_“/ ™ — )Ty
0

Z7HB4+r—m+1,—pu+r+m)

=zT# Bn+r—m+1,—p+r+m).
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Theorem 4.6. The following Mellin transform formula holds true:

M{DE (1= 2))p— 1}

:sin7(T7rr) N TS;);Em — ZMTH Z(a + m)n;—TB(n +r+1lm—p+r), (411)

n=0

where R(p) > 0, R(r) >0, and |z] < 1.

Proof. Applying Theorem 4.5 with = n and using the power series extension of (1—2z)~%,

we can write

(@)n

hE

M{@g;g((l—z)_a);p%r} = M{@Z;g(z”);p—)r}

e n!
:sin(yrfr)r(l —Wra)l“(m — T;n nf?ggr_(i:—_:)l)B(n —m+r+1lm—pu+r)z"H
~sin(rr)T(1 —ﬂm)r(m - M)Zm_u g(a%*m%B(n fr4l,m—p+r)
:sin7(r7rr) - T(OzO;)FWEm — ) ZMH nio;(a + m)nZ—TB(n +r+1,m—pu+r),
which is the required proof. -

5. GENERATING RELATIONS

In this section, we applying Theorems 3.4 and 3.5 and obtain generating relations for
the extension of extended hypergeometric functions F7, and FY",.

Theorem 5.1. Assume that m — 1 < R(n — p) < m < R(n) and |z| < min{l, |1 — t|},
then

; (2" gFffp</\ +n,m; s Z>t" =(1-t) 2Fffp(>" T - t)' (5.1)

Proof. By considering the following series identity, we have
-2
(=2 - == (1- )

Thus, the power series expansion yields

> -9 () - a0 - (52)

n!

n=0
Multiplying both sides of (5.2) by 27! and then applying the operator ©7_** on both
sides, we have

@Z;M;“[i (A)n(l - z)_A(1 i z)nzn_l] = (1—t) D e [zn_l(l 1 . t>_A]
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Interchanging the order of summation and the operator D7 1, we have

5 earrfimto o e 0w (- 15) )

n=0

Thus by applying Theorem 3.4, we obtain the required result.

Theorem 5.2. The following generating relation holds true:

() S . _ zt
Z (n>' QFl;p((S — n,n;u;z)t =(1-t)°FR (5, A5 14 1P 04)7 (5-3)
n=0 ’

where |t| < m < R(n—p) <m<Rn).

1+\t|

Proof. Consider the series identity

I-(1—2)=(1—t)" [1 + 1Z_t JA.

Using the power series expansion to the left sides, we have

i Mn (1 yagn = (1 > [1 _ ]_A. (5.4)

n! 1—t¢

n=0

Multiplying both sides of (5.4) by 2"71(1—2)~° and applying the operator DT on both
sides, we have

@Z;M;a [i (Mn - 1 )—5+ntni| = (1- t)_AQZ;;‘“a [Zn_l(l _ z)_é (1 _ —zt )—)\},

n! 1—t

n=0

where (1) > R(n) > 0 and |zt| < |1 — ¢|, thus by Theorem 3.2, we have

D R e T V(R |

n=0

Applying Theorem 3.5 on both sides, we get the desired result. 0

6. CONCLUDING REMARKS

In this paper, we established further extension of Caputo fractional derivative operator
and obtained many results related to some known special functions and generating rela-
tions via special functions. We conclude that when o = 1 then all the results established
in this paper will reduce to the results associated with extended Caputo fractional deriv-
ative operator defined by Kiymaz et. al. [6]. Similarly, if « = 1 and p = 0 then all the
results established in this paper will reduce to the results associated with classical Caputo
fractional derivative operator (see [20]).

d0i:10.20944/preprints201801.0089.v1
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