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Article 

Identification of Decentralised Control Systems 
Nikolay Karabutov 

MIREA – Russian Technological University, Moscow, 119454 Russia; nik.karabutov@gmail.com 

Abstract. The identification problem of decentralised control systems (DS) is considered. Analysis 
shows that this problem has not been given sufficient attention. The complexity of systems and a 
priori uncertainty require the development of approaches and methods. DS parametric identifiability 
(PI) requires a solution. We propose the approach to the PI assessment based on the fulfilment of the 
constant excitation condition and consider relationships in the subsystems. PI conditions are got and 
algorithms for parametric and signal adaptive identification are received. We consider DS with non-
linearities satisfying the quadratic condition. The exponential dissipativity of the identification 
system is proved using Lyapunov vector functions. The influence of interrelations considers on 
properties of parameter estimates. Examples are given. A method is proposed for the construction of 
adaptive algorithms under functional constraints. 

Keywords: identification; decentralised system; adaptation; nonlinearity; quadratic condition; 
Lyapunov vector function; identifiability; exponential dissipation; excitation constancy; S-
synchronizability 
 

1. Introduction 
Decentralised control systems (DCS) are widely used to solve various tasks. Ensuring the DS 

stability and quality is the principal goal of control. The system works under incomplete a priori 
information. Thus, an adaptive robust DCS with a reference model is proposed for interconnected 
time-delayed systems in [1]. the system asymptotic stability is proved. A similar problem of 
stabilising the DS output using feedback is considered in [2]. Control laws are based on the 
application of nonlinear damping, adaptive state observer and Lyapunov functions. Various variants 
of the adaptive control problem under uncertainty are studied in [3, 4]. In [5], a design method is 
proposed for adaptive decentralised regulators based on an identifier and a reference model. 
Recurrent neural networks [6] are used to control large-scale systems under uncertainty. Algorithms 
are used to control a flat robot with two degrees of freedom. 

Robust DS control of a nonlinear multidimensional object is proposed in [7]. The system 
identification is based on the frequency approach. The model approach [8] recommends for the 
control unknown large-scale DS. In [9], correlation analysis and the least squares method were used 
to identify DS. Correlation analysis and the least squares method [9] are the basis for the DS 
identification. Stochastic procedures for the DS identification are proposed in [10, 11]. The 
identification of DS with feedback [12] is based on the analysis of transient characteristics. Adaptive 
control of nonlinear large-scale systems (LSS) with limited perturbations is considered in [13]. The 
asymptotic tracking issue for LSS based on nonlinear output feedback considers in [14, 15]. Adaptive 
algorithms guarantee compensation disturbances. 

We see that various identification procedures and methods are used in the DS. Parametric 
uncertainties are compensated by adjusting the parameters of the adaptive control law. Applied 
methods of retrospective identification do not always consider the current state of the system. The 
properties of the proposed algorithms, the system identifiability, and the influence of connections in 
the system are studied. These difficulties are compensated using multistep identification procedures. 
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We consider the adaptive identification problem of DS with nonlinearities (NDS) for which the 
quadratic condition is satisfied (Section 2). Section 3 contains a solution to the parametric 
identifiability (PI) problem for NDS. We study the influence of the information space on PI. The 
approach to the synthesis of adaptive identification algorithms based on the second Lyapunov 
method is proposed. We analyse parametric and signalling algorithms. Properties of the 
identification system are studied. We proof the exponential dissipativity of the adaptive identification 
system (AS I). 

2. Problem Statement 

Consider the system comprising m  interconnected subsystems  

 

( )
1,

,
:

,

m

i i i i i ij j i i
j j ii

i i i

X A X B u A X F X
S

Y С X
= ≠


= + + +


 =

∑

 (1) 
where in

iX ∈  , iq
iY ∈   are vectors of the state and output of iS  -subsystem, iu ∈   is a 

control, 1,i m=  , 
1

m

i
i

n n
=

=∑  . Parameters of the matrices , , i ji i i n nn n n
i i ijA B A ××∈ ∈ ∈     are unknown, 

i iq n
iC ×∈ . The matrix ijA  reflects the mutual influence of the jS  subsystem. ( ) in

i iF X ∈  consider 
the nonlinear state of the iS -subsystem, and iA  is Hurwitz matrix (stable). 

Assumption 1. ( )i iF X belongs to the class 

 ( ) { }1 2 1 2, ( ) : ( ) , (0) 0n
F F X X F X X Fπ π π π= ∈ ≤ ≤ =N 

 (2) 
and satisfies the quadratic condition 

 ( )( ) ( )( )2 1 0
T

X F X F X Xπ π− − ≥
, (3) 

where 1 20, 0π π> >  are set numbers. 
Information set of measurements for subsystems 

 [ ]{ }, 0( ), ( ), ( ), ,o i i i j kX t u t X t t J t t= ∈ =
.  

Mathematical model for (1) 

 
( ) ( )

1,

ˆˆˆ ˆ ˆ ˆ
m

i i i i i i i i ij j i i
j j i

X K X X A X B u A X F X
= ≠

= − + + + +∑

, (4) 

where iK ∈H  is Hurwitz matrix with known parameters (reference model); ˆ ,iA  ˆ
iB , ˆ

ijA  are 

tuning matrices of corresponding dimensions, îF  is a priori given nonlinear vector function.  
Problem: find such algorithms for estimating model (4) parameters based on the analysis of the 

set ,o i  and the fulfilment assumption 1, so 

 
ˆlim ( ) ( )i i it

X t X t δ
→∞

− ≤
,  

where 0iδ ≥ . 

3. On identifiability iS -Subsystem 
Identifiability is the basis for estimating iS -subsystem parameters. It knows that fulfilment the 

constant excitation (CE) condition for ,o i  guarantees identifying DS parameters. 
The CE condition 

[ ]2
, 0 0: ( ) ,

u i iu ii u i uu t t t t Tα α α α≤ ≤ ∀ ∈ +EC
, (5) 
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where ,
i iu uα α   are positive numbers, 0T >  . Next, condition (5) will be written as 

,( )
uu iiiu t α α∈EC  . If ( )iu t   does not have the CE property, then we will write ,( )

uu iiiu t α α∉EC   or 

( )iu t ∉EC . 
Remark 1. Condition (5) requires modification, considering S-synchronisation for NDS [16]. We 

write property (5) as: 

( ) ( )2
, S: ( ) & ( ) ( )

u i i iu ii

S
u i u uu tα α α α ω ω≤ ≤ Ω ⊆ ΩEC

,  
where ( )

iu ωΩ  is the set of frequencies for iu ; S ( )ωΩ  is the set of acceptable frequencies for iu

, guaranteeing S-synchronizability. Next, we will denote the CE property as , uu iiα αEC , assuming, that 

it guarantees , uu ii

S
α αEC . 

To obtain the conditions of identifiability, consider the model (4). The error equation: 

( )
1,

M

i i i i i i i ij j i i
j j i

E K E A X B u A X F X
= ≠

= + ∆ + ∆ + ∆ +∆∑

, (6) 

where ˆ
i i iE X X= −  ; ˆˆ ˆ ˆ, , ,i i i i i i ij ij ij i i iA A A B B B A A A F F F∆ = − ∆ = − ∆ = − ∆ = −   are parametric 

residuals. 
Lemma 1. If the nonlinearity ( ) nF X ∈ , nX ∈  belongs to the class ( )1 2,F π πN  and 

( )1 2 ,X F X Xπ π≤ ≤  (7) 
then 

( ) 2
XF X ηα≤

, (8) 

where 1 20, 0,π π> >  ( ) ( )1 2, 0, 0X X Xη η π π α α= > = > . 
Lemma 1 proof is presented in Appendix A. 
Lemma 2. If Lemma 1 conditions are satisfied, then the estimate is valid for ( )F X∆  

2T
X FF F ηα δ∆ ∆ ≤ + ,  

where 
22η π π= + , 1 2π π π= , 1 2π π π= + , 0Fδ > . 

Lemma 2 proof is presented in Appendix B. 
Consider the system (6) and Lyapunov function (LF) ( ) 0.5 T

i i i i iV E E R E= , where 0T
i iR R= >  is a 

positive symmetric matrix. Let Sp( )T
i i iA A A∆ = ∆ ∆ , Sp( )T

ij ij ijA A A∆ = ∆ ∆  is  

Let Sp( )T
i i iA A A∆ = ∆ ∆ , Sp( )T

ij ij ijA A A∆ = ∆ ∆  are matrix norms iA∆ , ijA∆ . 

Theorem 1. Let 1) iA ∈H ; 2) ,( )
XX iiiX t α α∈PE , ,( )

XX jjjX t α α∈PE  ,( )
uu iiiu t α α∈PE ; 3) conditions 

of Lemma 1, 2 are satisfied for ( )i iF X . Then subsystem (1) is identifiable on the set ,o i  if  

22 2

1,
2 2

i i j i i

m

X i u i X ij X F i i
j j i

A B A Vα α α ηα δ λ
= ≠

 
∆ + ∆ + ∆ + + ≤ 

 
∑

, (9) 

where i i ikλ λ= −  , 0iλ >   is the minimum eigenvalue of the matrix iQ  , 0ik >  , 
T

i i i i iK R K R Q+ = −  , 
iQ  is positive symmetric matrix, 

22η π π= + , 1 2π π π= + , 1 2π π π= , 0
iFδ ≥ . 

Theorem 1 proof is presented in Appendix C. 
If Theorem 1conditions are fulfilled, then the subsystem iS   is identifiable on the set ,o i   or 

iXPI -identifiable. 

Consider the identifiability of the iS -subsystem on the set 

[ ]{ }, 0( ), ( ), ( ), ,
io Y i i j kY t u t Y t t J t t= ∈ =

.  
Representation of the iS -subsystem on , io Y  
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( )#
#, #, #,

1,
,

m

i i i i i ij j i i i i
j j i

Y A Y B u A Y C F C Y
= ≠

= + + +∑  

 (10) 
where ( )# TT

i ii iC CC C= , # # #
#, #, #,, ,i i i i i i i ij i ij jA C AC B C B A C A C= = =     , # is a sign of a pseudo-inreversal 

of the matrix. 
The model for (10) has a similar structure. Introduce the error #,

ˆ
i i iE Y Y= −   and LF 

( )#, #, #, #,0.5 T
i i i i iV E E R E= . 

Theorem 2. Let 1) #,iA ∈H  ; 2) ,( )
YY iiiY t α α∈EC  , ,( )

YY jjjY t α α∈EC   ,( )
uu iiiu t α α∈EC  ; 3) ( )i iF X  

satisfies conditions of Lemmas 1, 2; 4) the iS   subsystem is observable. Then subsystem (1) is 
identifiable on the set , io Y  if  

22 2
#, #. #, #, #,

1,
2 2

i i j i i

m

Y i u i Y ij Y F i i
j j i

A B A Vα α α ηα δ λ
= ≠

 
∆ + ∆ + ∆ + + ≤ 

 
∑

,  

where #, #, #, #, #, #, #, #, #,
ˆˆ ˆ ˆ, , ,i i i i i i ij ij ij i i iA A A B B B A A A F F F∆ = − ∆ = − ∆ = − ∆ = − , #, 0iλ > . 

The proof of Theorem 2 coincides with the proof of Theorem 1 

4. Synthesis of Adaptation Algorithms 
Consider LF ( ) 0.5 T

i i i i iV E E R E=  and  

( )
1,

m
T T

i i i i i i i i i i ij j i i
j j i

V E Q E E R A X B u A X F X
= ≠

 
= − + ∆ + ∆ + ∆ +∆ 

 
∑

.  
We require that the functional constraint be satisfied for all 0t t∀ ≥  

( ), ,i i i iV A A Fχ≤ − ∆ ∆ ∆

,   
where 

( ) ( )22 2 2, , , 0.5 ( ) ( ) ( ) ( ) ( ) ( ) ( )
i i iii i i i A i i B i F iAA A B F t A t t A t t B t F tχ ϕ ϕ ϕ ϕ∆ ∆ ∆ ∆ = ∆ + ∆ + ∆ + ∆



,  
( )

iA tϕ , ( )
iA tϕ


, ( )
iB tϕ , ( )

iF tϕ  are limited non-negative functions. Then: 

( ) ( )
1,

, ,
m

T T
i i i i i i i i i i i i i ij j i i

j j i
V E Q E A A F E R A X B u A X F Xχ

= ≠

 
= − + ∆ ∆ ∆ + ∆ + ∆ + ∆ +∆ 

 
∑

 (11) 
From (11), we obtain adaptive algorithms 

( )
( )
( )

( ) ,

( ) ,

( ) ,

i i

ij ij

i ij

T
i A A i i i i

T
ij ij i i jA A

T
i B B i i i i

A t A E R X

A t A E R X

B t B E R u

ϕ

ϕ

ϕ

∆ = −Γ ∆ +

∆ = −Γ ∆ +

∆ = −Γ ∆ +









 (12) 
where 

iAΓ  , 
ijAΓ 

 , 
iBΓ   are diagonal matrices of corresponding dimensions with positive 

diagonal elements, ensuring the stability of adaptation processes.  

4.1. Parametric Algorithm for iF  

Parametric and signal algorithms can be used to evaluating iF  . Consider the parametric 
approach [17]. 

Assumption 2. The function ( )i iF X  is given on the set 

{ ( )

}
1 2 ,1 ,2

,1 ,2

, : ( ) ( , ) ,

, , ,
i

T
i F i F i i i i i i

T T T
i i i i a

F F F X F X N N

N N N N

π π∈ = ∈ =

 = ∈ 

N 


 (13) 
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where { }, :n
ii a i i iN N N N= ∈ ≤ ≤   is a posteriori generated parametric domain for iF ; ,N N  

are vector boundaries for N , understood as ,i i i in N n N∈ ∈ ; ,1iN  is a priori set vector of nonlinearity 
parameters, ,2iN   is a priori, an unknown set of parameters, which we consider as a vector to be 

evaluated. Some elements of ,i iN N may be unknown. The ( ),1,i i iF X N  structure is formed a priori 

considering the known vector ,1iN . 
As follows from (13), the estimation for function ( )i iF X  is defined in the form:  

( ),1 ,2
ˆ ˆ ˆ( ) ,T
i i i i i iF X F X N N= 

, (14) 
where ,1

,1
ˆ in

iN ∈  is a priori estimation of known parameters, ,2
,2

ˆ in
iN ∈  is the vector of tuning 

parameters.  
We believe ,1 ,2=i i i∪    . The set ,1

,1
in

i ⊂    ( ),1 ,1i iN ∈   contains elements that are not 

available for adjusting. We get estimates of elements ,2
,2 ,2

in
i iN ∈ ⊂   at the identification stage. The 

matrix ( ),1
ˆ,i iF y N   is formed at the stage of structural synthesis (analysis) of the system. 

Representation (14) is a consequence of the proposed parametric concept for ( )i iF X . 

Remark 2. The vector ,1
ˆ

iN  can be adjusted iteratively based on the coercion algorithm [17]. 

As ( ),1 ,2
ˆ ˆ, ( )T

i i i i iF F y N N F X∆ = − , then we get an adaptive algorithm for ,2
ˆ

iN  from the condition 

0iV ≤  

( )( ),2 ,2 ,1
ˆ ˆ ˆ,

i i

T
i F F i i i i i iN N F R E X Nϕ= −Γ + 



, (15) 
where 

iFΓ  is a diagonal matrix with positive diagonal elements. Designate the system (6), (11), 

(15) as 
iAFAS . 

4.2. Signal Algorithm 
Consider the model 

( )
1,

ˆˆˆ ˆ ˆ
m

i i i i i i i i ij j i
j j i

X K X X A X B u A X U
= ≠

= − + + + +∑

 (16) 
and the equation for the error 

( ) ( )
1,

m

i i i i i i i ij j i i i i
j j i

E K E A X B u A X U X F X
= ≠

= + ∆ + ∆ + ∆ + −∑

. (17) 
Then  

1,

m
T T

i i i i i i i i i i ij j i i
j j i

V E Q E E R A X B u A X U F
= ≠

 
= − + ∆ + ∆ + ∆ + − 

 
∑

. (18) 
Choose the algorithm for iU  in the form: 

i i i iU D R E= − ,  (19) 
where i in n

iD ×∈  is a diagonal matrix with positive diagonal elements. As ( ) ( )1 2,i i FF X π π∈N

, then Lemma 1 is valid for ( )i iF X . 

Apply the approach [18]. Select matrix iD  elements from the condition 
ii i XD d ηα≥ ≥ . Then: 

1,

m
T T

i i i i i i i i i i ij j i i i i
j j i

V E Q E E R A X B u A X D R E F
= ≠

 
= − + ∆ + ∆ + ∆ − − 

 
∑

. (20) 

As 
2

i i

T
i i i i i X R iE R D R E Vηα λ≥

 then 

1,

m
T

i i i i i i i i ij j
j j i

V V E R A X B u A Xσ
= ≠

 
≤ − + ∆ + ∆ + ∆ 

 
∑ 

, (21) 
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where 
iRλ   is the smallest eigenvalue of the matrix ,iR   2

i i iQ X Rσ λ ηα λ= +  . We apply the 

approach outlined in the proof of Theorem 1, and get 
22 2

1,
2

i i j

m

i i X i u i X ij
j j i

V V A B Aσ α α α
= ≠

 
≤ − + ∆ + ∆ + ∆ 

 
∑

.  
If 

22 2

1,
2

i i j i

m

X i u i X ij Xi i
j j i

A B A Vα α α ηα σ
= ≠

 
∆ + ∆ + ∆ + ≤ 

 
∑ 

,  
then the system (16) is parametrically identifiable on the set { }( ), ( ), ( )i i ju t X t X t   on the 

algorithms (12), (19) class, if ( )( ), ( ), ( )i i ju t X t X t ∈EC . 

Designate the system (6), (12), (19) as 
iASAS . 

5. Functional Restriction and Synthesis of Adaptive Algorithms 
The described synthesis method of adaptive algorithms (AA) is typical for the adaptive 

identification. Another approach is based on accounting of the limitations that are imposed on ASI. 
This approach requires some knowledge and does not always provide workable algorithms. We 
propose the method based on consideration of requirements for ASI. Show the algorithm synthesis 
method using the example of the iA∆  matrix. 

Consider of LF 
( ) ( ), , 0.5 0.5SpT T

i i i i i i i i iV E A A E R E A A∆ ∆ ∆ = + ∆ ∆


.  
Let 

( )Sp T
i i iV A Aχ α∆

∆ ∆≤ − = − ∆ ∆

, 0α∆ ≥ . (22) 
Denote iVη χ∆

∆ ∆= +  and obtain: 

( ) ( ) ( )Sp Sp Sp .T T TT T
i i i i i i i i ii i i iE Q E E R A X A AA A A Aη α∆ ∆= − + ∆ + + + ∆ ∆∆ ∆ ∆ ∆  

  
Adaptive algorithm for iA∆   

i

T
i i i A i i iA A A E R Xα∆∆ = −∆ − ∆ −Γ 

. (23) 

Let 1iA Z∆ = . Then: 

1 2

2 1 2

,
:

.
i

AA T
A i i i

Z Z
S

Z Z Z E R Xα∆

 =


= − − −Γ





 (24) 
So, if the functional restriction 0χ∆ ≥  is imposed on ASI, then AA is described by the system 

.AAS  The AAS -algorithm use is associated with difficulties of application. Therefore, using the AAS  
requires their modification.  

Let ( )( ), , Sp T
e e i iA E Aχ α∆ ∆= ∆ ∆ D  and , ,e i eVη χ∆ ∆= + . Then A M -algorithm is presented as: 

( ),i i

T
i A i i i e i iAA E R X D E Aα ∆∆ = −Γ − Γ ∆



 

 (25) 
or 

1 ,
i

T
i A i i iA M E R X−∆ = − Γ

 (26) 
where ( ), in n e AM I Eα× ∆= + Γ



D  , ( )ED   – диагональная матрица от вектора E  , n nI ×   – 

единична матрица, 0
i i

T
A AΓ = Γ >
 

.  

We describe A M -algorithm (25) as: 

( )( )( ) ( ) ( ) ( ) ( )
i i

T
i A i i i e i iAA t E t R X t E A t A tω τ∆ = −Γ − Γ ∆ −∆ −



 D
, (27) 

where 1
, ,e eω α τ −
∆ ∆=  . It is difficult to evaluate the properties of the algorithm (27). If the matrix 

D2 is unique, then 
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( )( ) ( ) ( ) ( ) ( )
i i

T
i A i i i e i iAA t E t R X t A t A tω τ∆ = −Γ − Γ ∆ −∆ −





. (27a) 
Convergence conditions of estimates for algorithm (27a) at , 1eω ∆ =   and the matrix 

iAΓ  is 

diagonal. 
Theorem 3. Let 1) #,iA ∈H  ; 2) ,( )

XX iiiX t α α∈PE  , ,( )
XX jjjX t α α∈PE   ,( )

uu iiiu t α α∈EC  ; 3) ( )i iF X  

satisfies conditions of Lemmas 1, 2; 4) ( )1
, =Sp ( )

i

T
i i iAV A A t−

∆ ∆ Γ ∆


; 5) there exists υ > 0 such that  

( ) ( )( )21 1 2Sp Sp
i ii i

T T T T
i A i i i i A i i i i iA AA E R X A A E R E Xυ− − ∆ Γ Γ = ∆ Γ Γ ∆ +   

  
is valid at. Then algorithm (27a) estimates are bounded if 

2 2
( )

3
e

i iA t V V
σ

τ η υ
σ∆

∆

∆ − ≤ −,i

   0t t∀ > ,  

where 31
4Ai

η λ υσΓ ∆
 = + 
 

 , 2
i ie X Rσ α λ=

AA ii
σ λ λ∆ Γ Γ=



 , 
Ai

λΓ


  is the minimum eigenvalue of the 

matrix 
iAΓ 

  

Theorem 3 proof is presented in Appendix D. 
Remark 3. Algorithm (27) is a differential equation with an aftereffect. The equation (27) discrete 

analogues are proposed by various authors for regression models. They are based on the intuition of 
the researcher. 

6. Properties of Adaptive System 

6.1. System iAFAS
 

Consider systems 
iAFAS , 

jAFAS  и LF ( ) 0.5 T
i i i i iV E E R E= ,  

( ) ( )
,2 ,2

1 1 1 1
, ,2

1
0.5 Sp 0.5 Sp 0.5 0.5

i i

m
T T T T

i i i i ij ij ij i i i i N N
j

V A A A A B B N N− − − −
∆

=

= ⋅ ∆ Γ ∆ + ∆ Γ ∆ + ∆ Γ ∆ + ∆ Γ ∆∑
, (28) 

where Sp( )⋅   is the spur of matrix. We believe that the interference matrix ijA   ensures the 
stability of the iS -subsystem.  

Theorem 4. Let (i) Lyapunov functions ( )iV t  , , ( ),iV t∆   admit an infinitesimal upper limit; (ii) 

iA ∈H  ; (iii) ijA   ensures the stability of the subsystem iS  ; (iv) ,( )
XX iiiX t α α∈EC  , ,( )

XX jjjX t α α∈EC  

,( )
uu iiiu t α α∈EC ; (v) 

ii FF ∈ ; (vi) the system of inequalities  

,,
, , ,

2 2

0.5

i

iWi

i ii F
i i

ii
i i i N i

LA

V V
VV

χα λχ

µ κ υ
µ µ

ϑ ρ β δ∆∆

   −      ≤ +              −   









 (29) 

is valid for the Lyapunov vector function ,,
T

i i iW V V∆ =    , where , , ,, , , , ,
ii i i i i N iFχα λχµ κ ϑ ρ β υ δ


  are 

positive numbers depending on the subsystem iS  parameters and set ,o i  properties; (vi) the upper 

solution for iW  satisfies the system of equation 
i i iW W W iS A S L= +  if 

( ) ( )w t s tρ ρ≤  ( ) ( ) ( )( )0 0 0&t t w t s tρ ρ∀ ≥ ≤ ,   

iw Wρ ∈ , 
iWs Sρ ∈ , , ; ,e i iρ = ∆ . Then the ,F iAS -system is exponentially dissipative with the estimate: 

( ) ( )0

0

0( ) ( )W Wi i

i

t
A t t A t

i W i
t

W t e S t e L dτ τ− −≤ + ∫
, (30) 

if 
2

, ,2i i i i iλχ χαµ β κ ϑ ρ≥ . (31) 
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As follows from (30), the ,F iAS  limiting properties are determined by vector iL  elements. If the 

vector ,1
ˆ

iN  structure and parameters are known, then the ,F iAS -subsystem is exponentially stable if 

iF ∈EC . 
Theorem 4 proof is presented in Appendix E. 
Consider the system , ,F i jAS   with subsystems ,F iAS   and ,F jAS  . We have the system of 

inequalities for , ,F i jAS  

0

0
i

j

Wi i i

j jWj

AW W L
W LAW

      
≤ +      
         





, (32) 
where 

iWA and iL  have the form (29). Exponential dissipative conditions 
2

, ,2i i i i iλχ χαµ β κ ϑ ρ≥ , 
2

, ,2i j j j jλχ χαµ β κ ϑ ρ≥ .  

6.2. System iASAS
 

Consider LF ( )iV t  and 

( ) ( )

0

1 1 1
,

1
0.5 Sp 0.5 Sp 0.5

0.5 ( ) ( ) ,

S

i i

m
T T T

i i i i ij ij ij i i i
j

t
T

U i U i
t

V A A A A B B

F F dτ τ τ

− − −
∆

=

= ⋅ ∆ Γ ∆ + ∆ Γ ∆ + ∆ Γ ∆ +

+ ∆ ∆

∑

∫
  

where iU i i iF U F∆ = −
. 

Theorem 5. Let (i) Lyapunov functions ( )iV t  and , ( )
S iV t∆  to have an infinitesimal upper limit; 

(ii) iA ∈H  ; (iii) ijA   ensures the stability of the subsystem iS  ; (iv) ( ) ( )1 2,i i FF X π π∈N  ; (v) 

,( )
uu iiiu t α α∈EC  , ,( )

XX iiiX t α α∈EC  , ,( )
XX jjjX t α α∈EC   ; (v) exist 0iν >   such that the condition 

( )22
i i

T
i U i i U iiF F FFν− ∆ = − ∆+   satisfy at 0t t>>   in some area of the origin; (vi) the system of 

inequalities 

,

,,
, ,

,

2 0

0.125
S i

S iS i i
S i S i

S S iiSi
WSi

ii i
i

i i X
i

W LW
A

V V
VV v

µ κ
µ

η αϑ ρ β

∆

∆∆
∆ ∆

 −     ≤ +                − 













 (33) 

is valid for the Lyapunov vector function , ,,
S

T

S i i iW V V∆ =   , where , . ,, , , , , ,
Si i i i i i ivµ κ ϑ ρ β η∆ ∆ ∆  are 

positive numbers depending on the subsystem iS  parameters and set ,o i  properties; (vii) the upper 

solution for iW  satisfies the system of equation 
i i iW W W iS A S L= +  if 

( ) ( )w t s tρ ρ≤  ( ) ( ) ( )( )0 0 0&t t w t s tρ ρ∀ ≥ ≤ ,   

,, ; S ie iρ = ∆  for elements 
iSW , 

iSw Wρ ∈ , 
,S iWs Sρ ∈ . Then the 

iASAS -system is exponentially dissipative 

with an estimate  
( ) ( )0

0

0 ,( ) ( )W WS Si i

i Si

t
A t t A t

S W S i
t

W t e S t e L d
σ

σ
− −

≤ + ∫
, (34) 

if 
2

, . ,2
Si i i i iµ β ϑ ρ κ∆ ∆ ∆≥

. 
As follows from Theorem 4, the 

iASAS  -system application gives biased estimates for the 

parameters of the iS -subsystem. 
Theorem 5 proof is presented in Appendix F. 

Remark 4. Signalling algorithms (SA) are widely used in adaptive control systems (see review 
[19]). The rationale SA is based on ensuring on non-positivity derivative LF. This is a feature of using 
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quadratic LF, which does not fully reflect the specifics of the processes in the system 
iASAS . The 

Lyapunov function ,S iV∆  proposed in the paper allows to prove the properties of the adaptive 

system. 
Remark 5. Algorithm (19) is a compensating control. Therefore, the term "signal adaptation" 

reflects only the gain factor in (19). In identification systems, the SA use depends on the quality 
requirements of the identification system. 

Remark 6. The analysis of the properties of algorithms (12) with 0iϕ =  is based on the results 
got in [20]. 

7. Example 
Consider the system 

( )

( )

11 11
2 1 1 11

21 22 1 1 11 12 12

1 11

2 2 2 2 11 2 2 2 1 11
2

2 2

0 1 0 0 0
,

:
,

,
:

,

x x
x u f x

a a a b cS x x
y x

x a x a x b u c f x
S

y x

           
= + + +           − −           

 =
= − + + +


=







 (35) 

where [ ]1 11 12
TX x x= , 1y  is the state vector and output of the subsystem 1S ; 1u  is input 

(control)); ( ) ( )1 11 11satf x x=  is saturation function; ( ) ( )2 2 2=signf x x  is sign function; 2y  is 
subsystem 2S  output. System parameters (35): 1 1b = , 21 222, 3a a= = , 1 1.5a = , 1 1b = , 1 1c = , 

2 1.25,a =  2 0.2a = , 2 1b = , 2 0.25c = . Inputs ( )iu t  are sinusoidal.  
Since the variable 12x  is not measured, the subsystem 1S  is converted to a form where only 

observable variables are used [20]. Subsystem 1S  has the form in the input-output space: 

1 2 1 11 1 1 2 12 1 1y x u fy y p p b p c pα α β= − + + + + , (36) 

where 1α , 2α , 12β , 1 1,b c  is unknown coefficients; 0µ > , 

1 1 2 2

1 1 1 1

1 2

1 1

, ,

, .
y y x x

u u f f

p p y p p x

p p u p p f

µ µ

µ µ

= − + = − +

= − + = − +

 

 

   (37) 

We present the phase portrait for S1 in Fig. 1. Processes in 1S  are nonlinear. There is a 
relationship between 1y  and 2y  (the determination coefficient is 75%). This reflects in properties of 
the subsystem 1S  (see Fig. 1). In particular, 2y  effects on S-synchronizability and parameter 
estimation. Apply the approach [16] and get that the 1S  subsystem is structurally identifiable. 
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Figure 1. Phase portrait of subsystem 1S . 

Models for subsystems 1S  и 2S  

1 2 1 11 1 1 11 1 12 12 1 1
ˆˆˆ ˆ ˆ ˆy x u fy k e a y a p p b p c pβ= − + + + + + , (38) 

2 2 2 2 2 2 1 2 2 1 2
ˆˆˆ ˆ ˆy k e a y a y b u c f= − + + + + , (39) 

where 1 2,k k  are a priori set positive numbers (reference model); 1 1 1ˆe y y= − , 2 2 2ˆe y y= −  are 
identification errors; ˆˆˆ ˆ, , ,i i i ia a b c  are tuning parameters. 

Apply algorithms (12) with 0iϕ = : 

11 12 12 21

1 1 1 1

11 1 1 12 1 12 1

1 1 1 1

ˆˆ ˆ, , ,

ˆ ˆ, ,

a a y x

b u c f

a e y a e p e p

b e p c e p

βγ γ β γ

γ γ

= − = − = −

= − = −



 

  (40) 

2 2

2 2

2 2 2 2 2 1

2 2 1 2 2 2

ˆˆ , ,
ˆ ˆ, ,

a a

b c

a e y a e y

b e u c e f

γ γ

γ γ

= − = −

= − = −





 (41) 

where 0, 0, 0, 0, 0
ij ij ij i ia a b cβγ γ γ γ γ> > > > >  are gain factors of the adaptation subsystem. 

Figure 2 shows tuning parameters of the model (38) for 1S . 

0 100 200 300 400 500

-3.0

-1.5

0.0

1.5

Па
ра

ме
тр

ы 
мо

де
ли

 (3
1)

 
Figure 2. Tuning model (31) parameters. 
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Show the adequacy estimation of the of models (31), (32) in Fig. 3. 
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Figure 3. Adequacy of models (38), (39). 
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Figure 4. Tuning model (39) parameters. 

Fig. 4 shows the tuning process dynamics of the model (32) parameters depending on 2e . We 
see that the processes in the adaptive identification system (ASI) for 2S  are nonlinear. The tuning 
process is more regular in the ASI for the 1S  subsystem.  

Models (38) and (39) adaptation processes have different speeds (Fig. 5). 

-1.25 -1.00 -0.75 -0.50 -0.25 0.00 0.25
-0.50

-0.25

0.00

0.25

0.50

 
Figure 5. ASI phase portrait in error space. 

Consider an ASI with signal adaptation for 2S . Apply the model  

2 2 2 2 2 2 1 2 2 ,2
ˆˆˆ ˆ sy k e a y a y b u u= − + + + + , (39а) 
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where ,2 2 2 2su d e x= − .  
We show results for the ASI in Fig. 6-9. Show the adaptation of the model parameters (38) and 

the adequacy of the models in the output space in Fig. 6, 7. Fig. 8 reflects the dynamics in ASI and the 
change in SA as 2e   function for the subsystem 2S . 
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Figure 6. Tuning model (38) parameters. 
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Figure 7. Adequacy of models (38), (39а). 
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Figure 8. Phase portraits of the ASI and the output of the signal adaptation. 
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Figure 9. Tuning model (39a) parameters. 

We see that the 2S -subsystem output with SA effects on the ASI adaptation of the 1S -
subsystem. Therefore, ASI with SA should be applied considering the quality requirements of the 
identification process. Despite the compensating properties of CA, CA can lead to more complicated 
processes in ASI. 

8. Conclusions 
We consider a class of nonlinear decentralised control systems for which the quadratic condition 

is valid. The problem of identifiability S1-subsystem of DS is studied. We note the constant excitation 
condition role in the parametric identifiable analysis of decentralised systems. Quadratic estimates 
are got for the nonlinear part of the iS -subsystem. Parametric identifiability conditions are got. 
Algorithms of parametric and signal adaptation are synthesised, and identification system properties 
are studied. The exponential dissipativity of the adaptive identification system is proved. We present 
the simulation results confirming the proposed approach efficiency. Appendix contains proof results. 

Appendix A. Lemma 1 Proof 
As ( )1 2 ,X F X Xπ π≤ ≤  then 

( )( ) ( )( )2 1 0
T

X F X F X Xπ π− − ≥ , (A1) 

where 1 20, 0π π> > . 
After simple transformations, we get 

( ) ( ) ( ) ( )
( ) ( ) ( )

2 1 2 1

1 2 0,

T T T T

T T T

X F X X X F X F X X F X

X F X X X F X F X

χ π π π π

π π π

= − − + =

= − − ≥
 (A2) 

where 1 2π π π= + . Let ,( )
XX

X t α α∈EC . Denote 2TX X X= , 2
X XXα α≤ ≤ , 1 2 ,π π π=  where 

,X Xα α  are positive numbers. 
Transform χ  to the form 
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( ) ( )
( )( )

( ) ( )

2
2 0.5 10.5

4 0.52 0.5

0.5 0

T

T T T

T

X F X
X X F X F X X X

F X F X

π
χ π π

  
  = − + ± −  ⋅   

− ≥

  

or 

( )

( ) ( )

2

2

10.5
2 0.5

10.5 0.
4 0.5

T

T T

X X F X X

F X F X X X

χ π π

π

 
= − + − 

 

− + ≥
⋅

  

Then 

( ) ( ) ( ) ( )

( ) ( ) ( )

2
22

22 2

10.5 0.5 0.5
2 0.5

2 2 .

T

T T T

F X F X X F X X

F X F X X X X X X

π π π

π π π π

 
≤ + − + 

 
⇓

≤ + = +

 

 ( ) ( ) 22T T T
XF X F X X X X X

η

π π η ηα
 

≤ + = ≤  
 


   

Appendix B. Lemma 2 Proof 

As F̂ F F= − ∆ , then we obtain from (7): ( ) ( )2 1
ˆ ˆ 0

T
X F F Xπ π− − ≥ . Transform this inequality to 

the form 

( ) ( )2 1 0Tf F f F+ ∆ −∆ ≥ , (B1) 

where 1 1f F Xπ= − , 2 2f X Fπ= − . Then 

2 1 2 1

2 1 12

,
0,

T T T T

T T

f f f F F f F F
f f f F F F

− ∆ + ∆ −∆ ∆

− ∆ −∆ ∆ ≥
 (B2) 

where 12 2 1f f f= − .  
Transform (B2) 

( )2

2 1 12 12 12 12

2 1 12 12

0.5 0.5 0.5 0.5 0,

0.5 0.5 .

T T T T T

T T T

f f F F f f F F f f

F F f f f f

− ∆ ∆ + − ∆ ∆ + ≥

∆ ∆ ≤ +
  

As 2 1
T

Xf f ηα≤  (see Lemma 1), then: 

12 12 12 120.5 0.5 2T T T T
X XF F f f F F f fηα ηα∆ ∆ ≤ + ⇒ ∆ ∆ ≤ + .  

Obtain for 12 12
Tf f  
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( ) ( ) 2
12 12

2
12 12

2 2 4 4 ,

2 ,

TT T T T

T
F

f f X F X F X X X F F F

f f X F

π π π π

π δ

= − − = − +

= − ≤
  

where 0Fδ ≥ . So 

2 2 .T
X FF F F ηα δ∆ ∆ = ∆ ≤ +   

Appendix C. Theorem 1 Proof 
Derivative iV  

( )
1,

m
T T

i i i i i i i i i i ij j i i
j j i

V E Q E E R A X B u A X F X
= ≠

 
= − + ∆ + ∆ + ∆ +∆ 

 
∑ , (C1) 

where T
i i i i iK R K R Q+ = − , 0T

i iQ Q= > . Transform (C1) 



( )

( )

1,

2

1,
0.5 ,

i i i

m
T T

i i i i i i i i i i ij j i i
j j iV k V

m

i i i i i i i i ij j i i
j j i

V E Q E E R A X B u A X F X

V k V A X B u A X F X

λ

λ

= ≠−

= ≠

− + ∆ + ∆ + ∆ +∆ ≤

 
≤ − + + ∆ + ∆ + ∆ +∆ 

 

∑

∑





 (C2) 

where 0iλ >  is the minimum eigenvalue of the matrix iQ . 
We apply the Cauchy-Bunyakovsky-Schwarz inequality and Titus lemma to the last term in (C2) 

( )

( )

2

1,

2 2 22 2 2 2

1,

0.5

2 .

m

i i i i ij j i i
j j i

m

i i i i ij j i i
j j i

A X B u A X F X

A X B u A X F X

= ≠

= ≠

 
∆ + ∆ + ∆ +∆ ≤ 
 
 

≤ ∆ + ∆ + ∆ + ∆ 
 

∑

∑
 (C3) 

Since the conditions of Theorem 1 are fulfilled, then 

( )2 22 2

1,
2

i i j

m

i i i X i u i X ij i i
j j i

V V A B A F Xλ α α α
= ≠

 
≤ − + ∆ + ∆ + ∆ + ∆ 

 
∑ , (C4) 

where i i ikλ λ= − . 
Apply lemmas 1, 2. Then 

2 2
i

T
i i i X iF F F ηα δ∆ ∆ = ∆ ≤ + , (C5) 

where 22η π π= + , 1 2π π π= + , 1 2π π π= , 0iδ ≥ . 
Get estimation for (C4) 

22 2

1,
2 2

i i j i

m

i i i X i u i X ij X i
j j i

V V A B Aλ α α α ηα δ
= ≠

 
≤ − + ∆ + ∆ + ∆ + + 

 
∑ . (C6) 

As follows from (C6), if state variables have the property CE and 
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22 2

1,
2 2

i i j i

m

X i u i X ij X i i i
j j i

A B A Vα α α ηα δ λ
= ≠

 
∆ + ∆ + ∆ + + ≤ 

 
∑ ,  

then subsystem (1) is identifiable on the set ,o i  or 
iXPI - identifiable.  

Appendix D. Theorem 3 Proof 
Consider the LF ( )0.5Sp T

i i i iV E R E= ∆ ∆  and ( )1
, 0.5Sp

i

T
i i iAV A A−

∆ = ∆ Γ ∆


. 

( )

( )

1,

1,
.

M
T T

i i i i i i i i i ij j i i
j j i

M
T T
i i i i i i i i i ij j i i

j j i

V E Q E E R A X B u A X F X

E Q E E R A X B u A X F X

= ≠

= ≠

 
= − + ∆ + ∆ + ∆ +∆ ≤ 

 

≤ − + ∆ + ∆ + ∆ + ∆

∑

∑



  

The derivative of iV  has the form 

( )

( )

1,

1,
,

M
T T

i i i i i i i i i ij j i i
j j i

M
T T
i i i i i i i i i ij j i i

j j i

V E Q E E R A X B u A X F X

E Q E E R A X B u A X F X

= ≠

= ≠

 
= − + ∆ + ∆ + ∆ +∆ ≤ 

 

≤ − + ∆ + ∆ + ∆ + ∆

∑

∑



  

and after simple transformations (see Appendix E) 

,
2 2

ii i i i i F
i i

V V Vµ κ υ
µ µ∆≤ − + +



 .  

For ,iV∆
  we have 

 ( )1 ( ) ( )
ii i i

T T
i i A i i i iA A AV A A t E R X A t τ−

∆ = ∆ Γ −Γ ∆ −Γ + Γ ∆ −
  



,i   

or 

( ) ( ) ( )1 1Sp ( ) Sp Sp ( )
ii i i

T T T T
i i i A i i i i iA A AV A A t A E R X A A t τ− −= − ∆ ∆ − ∆ Γ Γ + ∆ Γ Γ ∆ −

  



M,i . (D1) 

Let 2 2
i i

T T
i i i R i i i R iE R E E R E Vλ λ≥ = , 

( )2 Sp ( ) 2
A Ai i

T
i iV A A t Vλ λΓ ∆ Γ ∆≤ ∆ ∆ ≤

 

,i ,i  и ( ) 2 2Sp ( ) ( ) 0.5 ( )T
i i i iA t A t A A tτ τ ∆ ∆ − ≤ ∆ + ∆ −  ,  

where ( )Sp ( ) ( ) 2
Ai

T
i iA t A t VλΓ ∆∆ ∆ ≥



,i , 
Ai

λΓ


 is the minimum eigenvalue of the matrix
iAΓ 

. 
Then (D1) 

( ) ( )
( )

1
,

2 21

2 Sp Sp ( )

2 Sp 0.5 ( ) .

iA ii

iA ii

T T T
i i A i i i i iA

T T
i A i i i i iA

V V A E R X A A t

V A E R X A A t

λ τ

λ τ

−
∆ Γ ∆

−
Γ ∆

≤ − − ∆ Γ Γ + ∆ ∆ − ≤

 ≤ − − ∆ Γ Γ + ∆ + ∆ − 











,i

,i

, (D2) 

Apply condition 5) of Theorem 3 and get 

( ) ( )( )2 21 20.5 ( ) Sp
iA ii

T T
i i A i i i i iAV V A t A A E R E Xλ τ υ −

∆ Γ ∆
 ≤ − + ∆ − − ∆ Γ Γ ∆ +  





,i ,i , (D3) 
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or 

2 20.5 ( ) 2
A i iA A ii i

e

i i X R iV V A t A V
σσ

λ τ υ λ λ υα λ

∆

∆ Γ ∆ Γ Γ≤ − + ∆ − − ∆ −
 







,i ,i   

As 

2 2 2 23 3
4 8 3

e
i e i i e i i iA V A V A V

σ
υσ υσ υσ υ σ υσ υ

σ∆ ∆ ∆
∆

− ∆ − ≤ − ∆ + ≤ − ∆ + ,  

then 

2 2
( )

3
e

i iV V A t V
σ

η τ υ
σ∆ ∆

∆

≤ − + ∆ − +

,i ,i , (D4) 

where 31
4Ai

η λ υσΓ ∆
 = + 
 

. 

The system will be stable if the functional limitation is fulfilled 

2 2
( )

3
e

i iA t V V
σ

τ η υ
σ∆

∆ − ≤ −M,i .  

Appendix E. Theorem 4 Proof 
Derivative T

i i i iV E PE=   

( )

( )

1,

1,
.

M
T T

i i i i i i i i i ij j i i
j j i

M
T T
i i i i i i i i i ij j i i

j j i

V E Q E E R A X B u A X F X

E Q E E R A X B u A X F X

= ≠

= ≠

 
= − + ∆ + ∆ + ∆ +∆ ≤ 

 

≤ − + ∆ + ∆ + ∆ + ∆

∑

∑



 (E1) 

Apply the inequality 

2 2
2 , 0, 0, 0

2 2
az baz bz a b z

a
−

− + ≤ − + > ≥ ≥ . (E2) 

As  

,2 ,2 ,2 i

T T T
i i i i i i i FF F N F N F N D∆∆ = ∆ + ∆ = ∆ +   ,  

then apply the conditions of Theorem 3 and get 

( )

22 2

1,

2

,1 ,2

2

ˆ, .

i i j

i

m

i i i X i u i X ji
j j ii

T
i i i i F

V V A B A

F X N N D

µ α α α
µ = ≠

∆


≤ − + ∆ + ∆ + ∆ +


+ ∆ + 


∑



, (E3) 

where T T
i i i i i i iE Q E E R Eµ= , ( )2 Sp T

i i iA A A∆ = ∆ ∆ . 
2

i iF FD υ∆ ∆≤
 

 follows from the system 

construction, 0
iFυ∆ ≥


. Obtain for 2
iA∆  
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( ) ( )2 1 1Sp Sp
i i A ii

T T
i i A A i i A iA A A A Aλ− −

Γ∆ = ∆ Γ Γ ∆ ≤ ∆ Γ ∆ , (E4) 

where 
Ai

λΓ  is the maximum eigenvalue of the matrix 
iAΓ . Estimates for 2

iB∆ , 2

jiA∆  are 

obtained similarly. For ,2
T

i iF N∆  in (E3), we have  

,2

2 2 2 1 1
,2 ,2 ,2 ,2 ,2 ,2 ,2 ,2 ,2ii i

T T T
i i i i i i i i i i iF FF N F N N N N Nϑ ϑ λ− −

Γ∆ ≤ ∆ ≤ ∆ Γ Γ ∆ ≤ ∆ Γ ∆
 

  ,   

where 
,2i

λΓ  is the maximum eigenvalue of the matrix ,2iΓ , and F  is limited in construction, 

i.e. 2
.

ii FF ϑ≤


  Therefore, (E3) 

,
2 2

ii i i i i F
i i

V V Vµ κ υ
µ µ∆≤ − + +



 , (E5) 

where ( ),2
max , , ,

i A i B j NA ii i iij
i X u X Fκ α λ α λ α λ α λΓ Γ Γ Γ=



. 

,iV∆
  haves the form 

( )( ) ( )( )
( ) ( )

,
1

,2 ,2 1, 2,

Sp Sp

.

i ij

ij i

m
T T T T

i i A i i i i ij ij i i jA
j

T T
i B i i i i i F i i i i i i

V A A R E X A A R E X

B B R E u N N F R E

ϕ ϕ

ϕ ϕ ω ω

∆
=

= − ∆ ∆ + − ∆ ∆ + −

−∆ ∆ + − ∆ ∆ + = +

∑ 





. (E6) 

Consider first components in (E6), i.e. 1 1, (1) 2, (1)i ir ω ω= + : 

 

( ) ( ) ( )

( ) ( )

( )

1 Sp Sp 0.5 Sp

0.5 10.5 Sp 2 Sp
4 0.52 0.5

10.5 Sp .
4 0.5

i i

i

i

ii

i

i

T T T T
A i i i i i i A i i

AT T T T T
A i i i i i i i i i i i i

AA

T T T
A i i i i i i i i

A

r A A A R E X A A

A A A R E X X X E R R E

A A X X E R R E

ϕ ϕ

ϕ
ϕ

ϕϕ

ϕ
ϕ

= − ∆ ∆ − ∆ = − ∆ ∆ −

 
 − ∆ ∆ + ∆ ± ≤
 ⋅ 

≤ − ∆ ∆ +
⋅

 (E7) 

Using the transformations performed above for iV , we obtain 

( )

( )

1

11

10.5 Sp
4 0.5

0.5 Sp ,

i

i

i i ii i

T T T
A i i i i i i i i

A

T
A i A i X i iA A

r A A X X E R R E

A A V

ϕ
ϕ

λ χ χ α ρ−−

≤ − ∆ ∆ + ≤
⋅

≤ − ∆ Γ ∆ +
 (E8) 

where 11, ,
i ii i

A i i AA A
Rϕ χ ρ ϕ χ−−≥ ≤ ≤ .  

Estimate 2 1, (2) 2, (2)i ir ω ω= + , using the approach for 1r : 

( ) ( ) ( )

( )

2
1 1 1

1

1 1

Sp Sp 0.5 Sp

0.5 Sp 0.5 .

ij ij

ij ij

m m m
T T T T
ij ij ij i i j ij ijA A

j j j

m m
T T T
ij ij i i i i j jA A

j j

r A A A R E X A A

A A E R R E X X

ϕ ϕ

ϕ ϕ

= = =

−

= =

= − ∆ ∆ − ∆ = − ∆ ∆ ≤

≤ − ∆ ∆ +

∑ ∑ ∑

∑ ∑

 

 



 (E9) 

Let ( )
ij ijij A AA

tχ ϕ χ≤ ≤ . Then: 
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( ) 11
2

1 1
0.5 Sp

ij ijijij ij

m m
T

A ij ij i i XAA A
j j

r A A Vλ χ ρ χ α−−

= =

≤ − ∆ Γ ∆ +∑ ∑ . (E10) 

Estimate for 3 i

T T
B i i i i i ir B B B R E uϕ= − ∆ ∆ −∆   

11
3 0.5

i i ii i

T
B i B i u i iB B

r B B Vλ χ χ α ρ−−≤ − ∆ Γ ∆ + , (E11) 

where 11( ) , ( )
i ii i

B BB B
t tϕ χ ϕ χ−−≥ ≤ . 

Consider 4 ,2 ,2 ,2 ,2i

T T T
F i i i i i i i i i ir N N N F R E N F R Eϕ= − ∆ ∆ −∆ − ∆   

,2 ,2

,2 ,2

11
4 ,2 ,2 ,2

11
,2 ,2 ,2 ,2

0.5

0.5 0.5 0.5 ,

i i ii i

i i ii i

T T
N i N i i i i i i iFF F

T T T T
N i N i i i i i i i i i i iFF F

r N N V N F R E

N N V N F F N E R R E

λ χ χ α ρ

λ χ χ α ρ

−−

−−

≤ − ∆ Γ ∆ + + ∆ ≤

≤ − ∆ Γ ∆ + + ∆ ∆ +









  

where 2
( ) ,

i ii
F i FF

t Fϕ χ α≥ ≤


 . Considering the designations introduced above and 

,2 ,2 , ,0.5 , 0T T
i i i i N i N iN F F N δ δ∆ ∆ ≤ ≥  ,  

we obtain 

( ),2 ,2

11
4 ,2 ,20.5 1 0.5

i i iii i

T
N i N i i i NFF F

r N N Vλ χ χ α ρ δ−−≤ − ∆ Γ ∆ + + +


. (E12) 

Let 

( )
( )

,2

1

,

1 1 11
,

1

min , , , ,

max , , , 1 .

i ij i ii ij i iAk Ak

i i ij i iij i iA Xi i

A A B N iA A B F

m

A X X u iFA B F
j

λχλ χ

χα
χ α

λ χ χ λ λ χ λ χ β

χ α χ α χ α χ α ϑ
−

− − −−

=

=

 
+ ≤ 

 
∑ 

  

Then 

, , , ,0.5i i i i i N iV V Vλχ χαβ ϑ ρ δ∆ ∆≤ − + + . (E13) 

We obtain a system of inequalities for the ,F iAS  from (E5) and (E13) 



,,
, , ,

2 2

0.5

i

i

iWi

i ii F
i i

ii
i i i N i

W
LA

V V
VV

χα λχ

µ κ υ
µ µ

ϑ ρ β δ∆∆

   −      ≤ +              −   









 (E14) 

The ,F iAS -subsystem is asymptotically stable, if ( )( 1) 0
i

q
q WDm A− > , where qDm  is the qth minor of 

the matrix Wi
A . From these terms, we obtain the exponential dissipation condition: 2

, ,2i i i i iλχ χαµ β κ ϑ ρ≥ .  

The upper solution for iW  satisfies the comparison system 

i i iW W W iS A S L= + ,  (E15) 
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if ( ) ( )w t s tρ ρ≤  ( ) ( ) ( )( )0 0 0&t t w t s tρ ρ∀ ≥ ≤ , iw Wρ ∈ , 
iWs Sρ ∈ , , ; ,e i iρ = ∆ . Then the ,F iAS -system 

is exponentially dissipative with the estimate 

 ( ) ( )0

0

0( ) ( )W Wi i

i

t
A t t A t

i W i
t

W t e S t e L dτ τ− −≤ + ∫ . (E16) 

Appendix F. Theorem 5 Proof 
Consider iV . 

1,
i

m
T T

i i i i i i i i i i ij j U i
j j i

V E Q E E R A X B u A X F
= ≠

 
= − + ∆ + ∆ + ∆ + ∆ 

 
∑ . (F1) 

Apply the approach from Appendix D and get 

2
22 2

1,

2
i

M

i i i i i i i ij j U i
j j ii

V V A X B u A X Fµ
µ = ≠

 
 ≤ − + ∆ + ∆ + ∆ + ∆
 
 

∑ . (F2) 

where ( )2 Sp T
i i iA A A∆ = ∆ ∆ , ( )2

Sp T
ij ij ijA A A∆ = ∆ ∆ . 

According to section 4, iU  has the form (19), where i in n
iD ×∈  is a diagonal matrix with 

positive elements. We select the matrix iD  from the condition 
ii i XD d ηα≥ ≥ , and 

( ) ( )1 2,i i FF X π π∈N  satisfies conditions Lemma 1, 2 conditions. Given the choice iU , we get 
2

i iU i FF σ∆ ≤ , where 0
iFσ ≥ . Apply the mean theorem, 

2 21 1( )
i i i

Fi

t

U i U i F
t

I

F F d I
τ

ττ τ τ

∆

+
− −

∆∆ ∆= =∫


,  

where 0τ > , 
iFI ϕ∆ ≤ , 0ϕ >  Let τϕ φ . Then the estimation for iV : 

2
2 2 1

1,

2
i

M

i i i i i i i ij j F
j j ii

V V A X B u A X Iµ τ
µ

−
∆

= ≠

 
 ≤ − + ∆ + ∆ + ∆ +
 
 

∑ . (F3) 

Using the proof scheme from Appendix 4, we get: 

22 2 1
, ,

1,
i i j i S S

m

X i u i X ji F i i
j j i

A B A I Vα α α τ κ−
∆ ∆ ∆

= ≠

∆ + ∆ + ∆ + ≤∑ , (F4) 

where , 0
S iκ∆ > , and 

, ,
2

S Si i i i i
i

V V Vµ κ
µ ∆ ∆≤ − + . (F5) 

Consider 
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( )( ) ( )( )
( )

,
1

Sp Sp

.

S ij ij

ij i i

m
T T T T

i i i i i j ij ij i i jA A
j

T T
i B i i i i U i U i

V A A R E X A A R E X

B B R E u F F

ϕ ϕ

ϕ

∆
=

= − ∆ ∆ + − ∆ ∆ + −

−∆ ∆ + + ∆ ∆

∑ 



 (F6) 

Lemma 3. Estimate 

2
2 0.125

ii i i

T
U iU i U i i i i i i XFF F v d V vθ ρ η α∆∆ ∆ ≤ − + +   

is valid for 
i i

T
U i U iF F∆ ∆ . 

Lemma 3 proof. 
i i

T
U i U iF F∆ ∆  has the form 

i i i i

T T T
U i U i i i i U i i U iF F E R D F F F∆ ∆ = − ∆ − ∆ .  

Estimate the 
i

T
i i i U iE R D F∆ . Let in the domain ( )OνO , the equality holds: 

( )22

i i

T T
i i i U i i U ii i i

E R D F FE R Dπ− ∆ = − ∆+ ,   

where 0iπ > , 0,{0, 0 }i i i in n n n
ν

× ×
∞= ⊂ × ×O    , 0 i i i in n n n× ×∈  is zero matrix, νO  is some 

neighbourhood of the point 0, 0,[0, ]t ∞∈ ∞ =  . 
Then 

( ) 222

2 2

2

0.5

20.5 0.5
2

0.5 0.5 0.5 .

ii

i i

i i

T
U ii U ii i

T T
U i U ii i i i i i i

T
U i U ii i i i i

FFE R D

F FE R D E R D

F F E R D

π π

π

π π

∆− = − −∆+

 ∆ ∆− ≤+ ± 
 

∆ ∆≤ − +

 (F7) 

Apply the inequality (E2) to (E7) 

2 2
.

ii

T T
U ii i i U i i i i i i

FE R D F E R Dπ π∆− ∆ ≤ − +   

As ,i i i iD d R ρ≤ ≤ , then 

2
2 .

ii

T
U ii i i U i i i i i iFE R D F d Vπ π ρ∆− ∆ ≤ − +  (F8) 

2 1
i iU i FF Iτ −

∆∆ = . Therefore, (F8) 

1 2
i i

T
i i i U i i F i i i iE R D F I d Vπ τ π ρ−

∆− ∆ ≤ − + . (F9) 

Estimate 
i

T
i UF F− ∆ . Let 0iν > exist such that: 

22
ii

T
U ii U i i i i FF F F vν ∆− ∆ = − −   

is fulfilled on 0t t>> . 
Then 
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2 2 22 2

2 2 2

0
2 2 2

0.5 0.5

2 0.52 0.50.5 0.5 22

0.5 0.5 0.25 0.125 .

i i ii

i ii i

i ii

T
U i U i U ii U i i i i i i i i

TT
U ii i i i UU i i i U i

T
U i U ii i i U i i i i

F F FF F F v v v F

Fv v v F FF F F F

F Fv v F F v v F

ν ν

>

∆ ∆ ∆− ∆ = − − = − − − =

 ∆= − − + ∆ ≤∆ + + ∆ 
 

∆ ∆≤ − + ∆ ≤ − +



  (F10) 

Use (E9) and (E10) and get the desired score for 
i i

T
U i U iF F∆ ∆  

( ) 2
0.25 2 0.125

ii i i

T
U iU i U i i i i i i i i i XFF F v d V vπ π ρ η α∆∆ ∆ ≤ − + + +  

where 2

ii i XF ηα≤ .  
Use the estimates obtained in Appendix D. Introduce notations 

( )( )1
,min , , , 0.25

i ij i Si ij i
A A B i i iA A B

vλ χ χ λ λ χ π τ β−
∆+ = ,  

1

1 11
,

1
max , , ,

i i ij i Sij iA Xi i

m

A X X u i i iA B
j

d
χ α

χ α χ α χ α π ϑ
−

− −−
∆

=

 
≤ 

 
∑ ,  

and apply to Lemma 3. Then (E6)  

, , ,, 0.125
S S i S i S i ii i i i i XV V V vβ ϑ ρ η α∆ ∆ ∆ ∆≤ − + + , (F11) 

where 22 , 0
ii

T
U ii U i i i i iFF F F v vν ∆∆ = − − ≥ . 

We obtain the system of inequalities for 
iASAS  

,

,,
, ,

,

2 0
.

0.125
S i

S iS i i
S i S i

S S iiSi
WSi

ii i
i

i i X
i

W LW
A

V V
VV v

µ κ
µ

η αϑ ρ β

∆

∆∆
∆ ∆

 −     ≤ +                − 













.(E12) 

The exponential dissipation condition for 
iASAS  

, , ,

2 2
S i S i S ii iµ β ϑ ρ κ∆ ∆ ∆≥ . (F13) 

If we introduce a comparison system (see appendix D), then we get the estimate for 
iASAS  

( ) ( )0

0

0 ,( ) ( )W WS Si i

i Si

t
A t t A t

S W S i
t

W t e S t e L d
σ

σ
− −

≤ + ∫ .  
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