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Abstract 

Floating belt conveyor routes, consisting of serially arranged belt conveyors, the end parts of which 
are mechanically attached to floating bodies, are designed for the continuous transport of extracted 
granular materials from the water. The paper deals with the analytical determination of the position 
of the centre of gravity of the buoyancy force, the coordinates of which change depending on the 
longitudinal deflection of the floating body from the equilibrium state, which acts as a supporting 
element of individual conveyor belts. The analysis of the individual phases of deflection of the 
floating body, consisting of a pair of floats with a circular cross-section, shows that the complete 
submergence of one of the floats occurs at a higher value of the angle of inclination in the case when 
the floats are initially submerged under the surface to exactly half of their diameter. On the realized 
experimental device the buoyancy force was detected using strain gauges during the deflection of the 
floating body from the equilibrium position for three defined levels of immersion. The floating body 
of the experimental device consists of a pair of floats with a circular cross-section with a diameter of 
80 mm. The output is a structured methodological procedure for determining the position of the 
centre of gravity of the displacement (centre of buoyancy) of a floating body when it deviates from 
the equilibrium position and a methodology for calculating the stability arm, which is a key 
parameter for assessing the buoyancy and stability of the body. On the basis of the laboratory 
measurements, the magnitude of the buoyancy force can be quantified as a function of the immersion 
depth of the floating body. It was found that the buoyancy force remains constant when the body 
deflects only when the immersion corresponds to half the diameter of a float with a circular cross-
section. If the depth of the immersion is less than the radius of the float, the buoyancy force increases 
during deflection; on the contrary, if the immersion is greater than the radius of the float, the 
buoyancy force decreases. 

Keywords: floating belt conveyor; center of gravity of displacement; stability arm; displacement of 
floating body from equilibrium; buoyancy force; experimental setup 
 

1. Introduction 

Floating belt conveyors [1] consist of two floating bodies [2], co called pontoons, of a rectangular 
[3] or circular [4] cross-section, see Figure 1 with several watertight chambers, equipped with 
overflows and a turning mechanism. 

The main objective of this paper is to investigate the buoyancy of floating conveyors, considering 
the loss of stability it is essential to ensure their safe and reliable operation. Understanding the 
mechanisms that lead to loss of stability allows you to prevent accidents, minimise the risk of damage 
to equipment and the surrounding environment and optimise the design of conveyors. At the same 
time, it contributes to more efficient operation, extended equipment life and reduced economic losses 
associated with breakdowns or downtime. 
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Figure 1. Floating belt conveyor. I – floating body, II – belt conveyor, 1 – turntable structure, 2 – float of a circular 
cross-section. 

When designing the floating bodies of floating belt conveyors in the design of end floats, it is 
necessary to ensure the condition of unsinkability [5,6]. The unsinkability of the floating body of a 
floating conveyor belt is defined as the property of the floating body to retain its buoyancy [2,7–9] 
when one or more of its parts are flooded. In practice, unsinkability is ensured by dividing the partial 
floats by watertight transverse or even longitudinal watertight bulkheads (into so-called chambers). 
In order to ensure unsinkability [10–12], it is necessary to determine the optimum location and the 
minimum number of these chambers that is unavoidable, because flooding of the sub-chambers 
results in a change in the displacement and mean draught, a change in the longitudinal slope and a 
reduction in the metacentric stability height (the effect of the free surface in the flooded chambers). 

For floating bodies, stability is important [13,14]. A body floats stably if, when deflected, a pair 
of forces acts on the body to bring it back to its original equilibrium position. A floating body can 
have essentially three positions [15,16] - stable (steady), unstable (wobbly) and indifferent (free). 

For floating bodies, two points [1] are primarily important, which lie on a common vertical, the 
so-called axis of floating, during the equilibrium of the body. It is the centre of gravity “T” of the 
floating body, at which the gravitational force G୊୆ ሾNሿ of the body acts, and the centre of gravity “V” 
of the liquid body of volume V ሾmଷሿ displaced by the floating body, the point at which the buoyant 
force F୆ሾNሿ acts, see Figure 2. 

 

Figure 2. Floating body of a conveyor belt with circular floats. 

For a homogeneous body [17], the point “T” is always above the point “V”. In the centre of “T” 
gravity of a body, the downward force of gravity G୊୆ ሾNሿ tries to take the lowest possible position 
after the body is deflected, whereas the centre of gravity “V”, in which the upward force of buoyancy F୆ ሾNሿ acts, takes the highest possible position [1,2]. If we move the body out of this position by a 
small angle ϕ [deg] the shape of the liquid body changes, although its volume V [mଷ] is preserved 
- the position of the centre of gravity “T” changes. When a floating body is deflected from a stable 
position, a pair of forces F୆ [N], [N], G୊୆ [N], is generated which, by its moment of force, returns the 
deflected body to its equilibrium position. The stable position is easily judged by the point “M” [2], 
which is the intersection of the buoyancy force carrier and the deflected axis of float. The point “M” 
is called the metacenter [1] and the distance “TM” [2] is the metacentric height. For a stably floating 
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body, the point “M”  is above the point “T”  and the metacentric height “TM”  is defined to be 
positive. The greater the metacentric height “TM” , the faster the deflected body returns to its 
equilibrium position. 

If the metacentre “M” falls below the centre of gravity “T”, the body is in an unstable position 
when floating, because when it is deflected from its equilibrium position by a small angle ϕ [deg], a 
pair of forces F୆ [N] , G୊୆ [N]  begins to act on the boy by a knock-on moment of force which 
overturns it. The metacentric height “TM” is negative in this case. 

In addition to the stable and labile position, the body may be in an indifferent position, where 
the metacentre “M” is at the centre of gravity “M”. In the indifferent position during floating, there 
is probably a longer rotating cylinder with a horizontal axis or a sphere [1,2]. The metacentric height “TM” is zero. 

Buoyancy [18] is defined as the ability of a body to float on a still liquid surface by the action of 
hydrostatic buoyancy [19]. Buoyancy is one of the basic properties of a floating body, characterized 
by the ability of the body to remain in an equilibrium state when immersed in a liquid. The buoyancy 
reserve is defined as the mass amount of load (which the floating body is capable of carrying) that 
will cause the total immersion of the floating body in the liquid [20]. 

Stability [21,22] falls inherently into a broader group of navigation properties of floating bodies. 
Stability of a floating body [23,24] is defined as the ability of a floating body to return to its 
equilibrium position after deflection if the external forces causing the deflection cease to act on it. 

According to the direction of deflection of the floating body, two variants of stability are 
recognized, “transverse” stability [25–27] and “longitudinal” stability. 

Depending on the amount of deflection of the floating body, we distinguish between “initial” 
stability and “high angle of heel” stability. 

According to the time effect of external forces and the influence of inertia of masses, it is possible 
to define “static” stability (which is defined by the magnitude of the return moment when the body 
is deflected from the equilibrium position) and “dynamic” stability (which is determined by the 
magnitude of the work that the floating body is able to absorb when deflected from the equilibrium 
position). 

The issue of stability of floating belt conveyors has not yet been fully investigated systematically, 
especially in the case of floating body designs using floats with circular cross-sections [28,29]. These 
specific designs of floating bodies can significantly affect the buoyancy distribution, the position of 
the centre of gravity and the overall stability behaviour of the system, but the available literature only 
marginally addresses this area. Insufficient knowledge of these influences poses a risk in the design 
and operation of the equipment, especially in terms of the possibility of loss of stability under variable 
operating conditions. Detailed research on this issue is therefore necessary to gain a deeper 
understanding of the behaviour of these systems, to refine design methods and to improve the safety 
and reliability of floating conveyors. 

The current state of knowledge in the field of stability of floating bodies has been analysed on 
the basis of available literature. It was found that the vast majority of the publications searched focus 
mainly on the issue of buoyancy and stability of ships, while the specific area of floating conveyor 
belts remains virtually uncovered in professional sources. This disparity points to an existing gap in 
research and highlights the need for a focused study of the stability of these devices, whose design 
and operating conditions differ from conventional vessels in many respects. 

The stability of a floating body of rectangular cross-section is addressed in [30,31]. For these 
types of floating bodies, the coordinates of the centre of gravity of the buoyancy force can be 
determined at different immersion depths and angles of deflection of the floating body from the 
equilibrium state using the relations of static moments of surfaces [1]. 
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2. Materials and Methods 

The detailed description of the procedures and methods used in this section is intended to ensure 
the transparency of the research, to enable reproducibility of the results and to support their use in 
subsequent studies or practical applications. 

The total gravity G୊୆ [N] acting on the floating body is assumed. The weight G୊୆ [N] acts at the 
centre of gravity “T”, which is h୘ [m] away from the bottom plane of the floating body, see Figure 
2. In the equilibrium position (ϕ ൌ 0 deg), the horizontal axes of the floats of circular cross-section are 
parallel to the water surface. The buoyant force F୆ [N]  must be in balance with the gravity G୊୆ [N] (1). F୆ ൌ  ρ ൉ V୮ ൉ g ൌ  ρ ൉ a ൉ S ൉ g ൌ  G୊୆ [N] (1)

where ρ [kg − mିଷ] is the density of water; V୮ [mଷ] is the total volume of the submerged parts of 
the two floats (2); S [mଶ] is the submerged plan area of the floats; and [m] is the length of the floats. S୭ ൌ π ൉ Dଶ4 [mଶ]; V୮ ൌ 2 ൉ S2 ൉ a [mଷ] (2)

where D [m] is the diameter of the circular float. 

2.1. Longitudinal Tilt of the Float Body When the Floats Are Submerged ℎ௣ ൌ ஽ଶ  [𝑚] 
The 1st phase starts in the equilibrium position ϕ ൌ ϕ଴ ൌ 0 [deg], see Figure 2, and ends with 

the right cylindrical float dipping below the surface ϕ ൌ ϕଵ [deg] (ϕଵ ൌ asin ቀୈୠቁ  [deg]). 
The area S [mଶ] bounded by the circular faces of both floats (the left Sଵ [mଶ], according to Figure 

3, and the right Sଶ [mଶ]) of its bottoms and surface, can be expressed according to relation (3). 

 

Figure 3. Floating body (a) in equilibrium state ϕ ൌ 0 deg, (b) when deflected by an angle of ϕ ൌ ϕଵ [deg]. 
S ൌ Sଵ ൅ Sଶ [mଶ] (3)

where Sଵ [mଶ] is the sumberged area of the left float; Sଶ [mଶ] is the submerged area of the right float. 
According to Figure 4, the relation (4) applies to the length xଵ [m] and the height of the circular 

segment v [m]. sinሺϕሻ ൌ  2 ൉ xଵb ⇒ xଵ ൌ sinሺϕሻ ൉ b2 [m];  v ൌ D2 − xଵ [m] (4)
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Figure 4. (a) the area of immersion of the left Sଵ [mଶ] float and right float Sଶ [mଶ] at deflection ϕ [deg] of the 
floating body, (b) coordinates y୘ଶ[m] of the centre of gravity Tଶ of the right float. 

The central angle α [deg] of the submerged area (circular segment) Sଵ [mଶ] of the left float of 
the floating body can be expressed according to (5). α ൌ 2 ൉ asin ቀxଵDቁ  [deg] (5)

The length of the chord t [m] , the angle α [deg]  (see Figure 4a) and the angle αଵ[deg]  (see 
Figure 4b) are given by relation (6). t ൌ 2 ൉ ඥv ൉ ሺD − vሻ [m];  α ൌ 2 ൉ asin ൬ tD൰ [deg]; αଵ ൌ 2 ൉ ൤π − asin ൬ tD൰൨ [deg] (6)

Distance of the centre of gravity yୗଵ[m]  of the submerged area Sଵ[mଶ]  of the left float, see 
Figure 4a, and the distance of the centre of gravity yୗଶ [m] of the immersed area Sଶ [mଶ] of the right 
float, see Figure 4b, can be expressed according to the relation (7). 

yୗଵ ൌ 2 ൉ ቀD2ቁଷ ൉ ቎α4  −  sinሺαሻ4  −  sin ቀα2ቁଷ3 ቏
ቀD2ቁଶ ൉ ൤α2  −  sinሺαሻ2 ൨  [m]; 

yୗଶ ൌ 2 ൉ ቀD2ቁଷ ൉ ቎𝛼ଵ4  −  sinሺαଵሻ4  −  sin ቀαଵ2 ቁଷ3 ቏
ቀD2ቁଶ ൉ ൤αଵ2  −  sinሺαଵሻ2 ൨  [m] 

(7)

Area Sଵ [mଶ] of the submerged part of the left float and the area of Sଶ [mଶ] of the submerged 
part of the right float can be analytically determined according to (8). Sଵ ൌ 12 ൉ ൬D2൰ଶ ൉ [α − sin ሺαሻ] [mଶ];  Sଶ ൌ ൬D2൰ଶ ൉ ൤π − α − sin ሺαሻ2 ൨ [mଶ] (8)

The coordinates of the centres of gravity of the sub-plots Sଵ[mଶ] , Sଶଵ[mଶ]  and Sଶଶ[mଶ]  are 
given in relations (9) and (10). x୘ଵ ൌ −b2 ൅ ൬D2 − yୗଵ൰ ൉ sinሺϕሻ [m]; x୘ଶଵ ൌ b2 [m]; x୘ଶଶ ൌ b2 − ൬D2 − yୗଵ൰ ൉ sinሺϕሻ [m] (9)

y୘ଵ ൌ D2 − ൬D2 − yୗଵ൰ ൉ cosሺϕሻ [m]; y୘ଶଵ ൌ D2  [m]; y୘ଶଶ ൌ D2 ൅ ൬D2 − yୗଵ൰ ൉ cosሺϕሻ [m] (10)

The coordinates of the centre of gravity of the displacement x୘[m] , y୘ [m]  are given by the 
relation (11). x୘ ൌ Sଵ ൉ x୘ଵ ൅ S ൉ x୘ଶଵ − Sଵ ൉ x୘ଶଶS  [m]; y୘ ൌ Sଵ ൉ y୘ଵ ൅ S ൉ y୘ଶଵ − Sଵ ൉ y୘ଶଶS  [m] (11)
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The stability arm sୟ [m], see Figure 5, is given by relation (12). 

 

Figure 5. Arm stability sୟ [m] of a floating body deflected from equilibrium by an angle of ϕ [deg]. 
sୟ =  x୘ · cosሺϕሻ+ y୘ · sinሺϕሻ − hୋ · sinሺϕሻ [m] (12)

The coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m]  of the buoyant force F୆ [N]  of the 
floating body during the first phase of deflection 0 ≤ ϕ ≤ ϕଵ[deg], analytically calculated according 
to (11) at the float immersion depth (in the equilibrium state ϕ = 0 deg) of the floating body h୮ =795 mm, are given in Table 1. 

Table 1. Coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m] of the buoyant force F୆ [N] of the floating body 
during phase 1 of the deflection 0 ≤ ϕ ≤ ϕଵ at the immersion depth of h୮ = 795 mm. 

b = 3.18 m; D = 1.59 m; hG = 1.6 m; hp = 0.795 m 

φ [deg] 0 5 10 15 20 25 30 = ϕ1 

xT 

10ି3· m 

0 379.17 737 1053.74 1312.36 1498.29 1590 

xT· cos ൫ϕ൯ 0 377.73 725.80 1017.83 1233.22 1357.91 1376.98 

yT 457.59 474.08 520.98 590.87 671.94 748.33 795 
yT· sin ൫ϕ൯ 0 41.32 90.47 152.93 229.82 316.26 397.50 

hG· sin൫ϕ൯ 0 139.45 277.84 414.11 547.23 676.19 800 

sa1 0 279.60 538.43 756.65 915.80 997.98 974.48 

S1 
10ି4· m2 

9927.83 7735.65 5627.75 3689.87 2013.25 708.50 974.48 

S2 9927.83 12120.00 14227.91 16165.78 17842.40 19147.15 19855.65 

S 19855.65 

V1 

10ି6· m3 

3971130.
19 

3094260.
27 

2251098.
18 

1475948.
36 

805300.6
6 

283401.9
1 

0 

V2 
3971130.

19 
4848000.

11 
5691162.

21 
6466312.

03 
7136959.

72 
7658858.

48 
7942260.

39 

V 7942260.39 
b = 3.18 m; D = 1.59 m; hG = 2.0 m 

hG· sin൫ϕ൯ 10ି3· m 

0 174.31 347.30 517.64 684.04 845.24 1000 

sa1 0 244.73 468.97 653.12 778.99 828.93 774.48 
b = 3.18 m; D = 1.59 m; hG = 2.5 m 
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hG· sin൫ϕ൯ 10ି3· m 

0 217.89 434.12 647.05 855.05 1056.55 1250 

sa1 0 201.16 382.15 523.72 607.98 617.62 524.48 
1 see Figure 6. 

Figure 6 presents the size of the stability arm sୟ୬ୢ [m]  (12) when the floating turntable is 
deflected out of equilibrium, with the floats’ immersion depth (in the steady state ϕ = 0 deg) of the 
floating body h୮ = 795 mm. 

 
Figure 6. Stability arm size sୟ୬ୢ[m]  at deflection ϕ [deg]  of the floating turn from equilibrium, at h୮ =795 mm. 

2nd phase begins by submerging the right cylindrical float below the surface ϕ = ϕଵ = 30 deg 
(13) and ends with the loss of buoyancy of the floating body ϕ୩ [deg] (13). ϕଵ = asin ൬Db൰  [deg]; ϕ୩ = atan ൬ b2 · hୋ  −  D൰  [deg] (13)

The coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m]  of the buoyancy force F୆ [N]  of the 
floating body during the second phase of the deflection ϕଵ ≤ ϕ ≤ ϕ୩, at the float immersion depth 
(in the equilibrium state ϕ = 0 deg) of the floating body h୮ = 795 mm, are given in Table 2. 

Table 2. Coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m] of the buoyant force F୆ [N] of the floating body 
during phase 2 of the deflection ϕଵ ≤ ϕ ≤ ϕ୩ [deg] at the immersion depth of h୮ = 795 mm. 

b = 3.18 m; D = 1.59 m; hG = 1.6 m; hp = 0.795 m 

φ [deg] 35 40 45 50 55 60 65 
63.15 = ϕk 

xT 

10ି3· m 

1590 
xT· cos ൫ϕ൯ 1302.45 1218.01 1124.30 1022.03 911.99 795.00 671.96 718.13 

yT 795 
yT· sin൫ϕ൯ 455.99 511.15 562.15 609.01 651.23 688.49 720.51 709.29 

hG· sin൫ϕ൯ 917.72 1028.46 1131.37 1225.67 1310.64 1385.64 1450.09 1427.51 

sa1 840.72 700.57 555.08 405.37 252.57 97.85 –57.61 0 
S2  19855.65 
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V 
10ି6· m3 

7942260.39 

b = 3.18 m; D = 1.59 m; hG = 2.0 m 

φ [deg] 35 40 45 50 55 
52.84 =
ϕk 

 

hG· sin൫ϕ൯ 10ି3· m 
1147.15 1285.58 1414.21 1532.09 1683.30 1593.9  

sa2 611.29 443.45 272.24 98.95 –75.09 0  
b = 3.18 m; D = 1.59 m; hG = 2.5 m 

φ [deg] 35 40 45 
43.00 = ϕk 

 

hG· sin൫ϕ൯ 10ି3· m 
1433.94 1606.97 1767.77 1705.00  

sa3 324.50 112.06 –81.32 0  sୟ = 0 m for ϕ୩ [deg] = 1 63.15; 2 52.84; 3 43.00, see Figure 6. 

Figure 7 presents the deflection of the floating body during phase 2. The left float of the circular 
cross-section Sଵ [mଶ] is completely above the water surface and the right float of the floating body of 
the cross-section Sଶ = S [mଶ] (2) is completely submerged below the water surface. 

 

Figure 7. 2d phase of floating body deflection from the equilibrium state ϕଵ ≤ ϕ ≤ ϕ୩ [deg]. 
2.2. Longitudinal Tilt of the Float Body When the Floats Are Submerged ℎ௣ < ஽ଶ  [𝑚] 

The total gravity G୊୆ [N] acting on the floating body is assumed. The weight G୊୆ [N] acts at the 
centre of gravity T, which is h୘ [m] away from the bottom plane of the floating body, see Figure 2. 
In the equilibrium position (ϕ = 0 deg), the horizontal axes of the floats of circular cross-section are 
parallel to the water surface. The buoyant force F୆ [N] must be in balance with the gravity G୊୆ [N] 
(1). 

Displacement of the floating body from the equilibrium state during phase 1, when the floats h୮ < ୈଶ  [m] and h୮ > ୈଶ  [m] are submerged, is stated in Figure 8. 

 
Figure 8. Displacement of the floating body from the equilibrium state during phase 1, when the floats (a) h୮ <ୈଶ  [m], (b) h୮ > ୈଶ  [m] are submerged. 
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The 1st phase starts in the equilibrium position ϕ = ϕ଴ = 0 deg, see Figure 2, and ends with the 
left float of circular cross section emerging above the water surface ϕ = ϕଵ = 18.94 deg  (16), see 
Figure 9a. 

 
Figure 9. Total immersion of the (a) left float ϕ = ϕଵ[deg], (b) right float ϕ = ϕଶ[deg] of the floating body at h୮ < ୈଶ  [m]. 

xଶ = D2 · sinሺϕଵሻ [m]; xଷ = D2 · cosሺϕଵሻ [m]; xସ = D2 − h୮ [m] (14)

xହ = D2 − ൬D2 − xଷ൰ − xସ = D2 · [cosሺϕଵሻ − 1] + h୮ [m] (15)

tanሺϕଵሻ = xହb2  −  xଶ ⇒ ϕଵ = atanቐD2 · [cosሺϕଵሻ  −  1]  + h୮b2 −  D2 · sinሺϕଵሻ ቑ  [deg] (16)

The magnitude of the angle ϕଵ = 18.94 deg can be determined in the Mathcad programming 
environment (version 14.0.0.163) [32] by the “Given−Find” instruction, or analytically from the 
quadratic Equation (17) derived from relation (16), see (18). Aଵ · [cos (ϕଵ)]ଶ + Bଵ · cos(ϕଵ) + Cଵ = 0, (17)

where Aଵ = ቀୠଶቁଶ + ቀh୮ − ୈଶቁଶ  [mଶ]; Bଵ = D · ቀh୮ − ୈଶቁ  [mଶ];  Cଵ = ୈమିୠమସ  [mଶ]. 
ϕଵ = acos൭−Bଵ + ඥBଵଶ  −  4 · Aଵ · Cଵ2 · Aଵ ൱ [deg] (18)

The coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m]  of the buoyant force F୆ [N]  of the 
floating body during the first phase of the deflection 0 ≤ ϕ ≤ ϕଵ [deg] , where ϕଵ [deg]  can be 
determined according to (16), (18), at the float immersion depth (in the equilibrium state ϕ = 0 deg) 
of the floating body h୮ = 500 mm, are given in Table 3. 

Table 3. Coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m] of the buoyant force F୆ [N] of the floating body 
during phase 1 of the deflection 0 ≤ ϕ ≤ ϕଵ at the immersion depth of h୮ = 500 mm. 

b = 3.18 m; D = 1.59 m; hG = 1.6 m; hp = 0.5 m 

ϕ [deg] 0 5 10 15 20 
18.94 =
ϕ1

2 

xT 

10ି3· m 

0 635.32 1171.33 1534.46 1658.01 1659.32 
xT· cos ൫ϕ൯ 0 632.90 1153.53 1482.17 1558.02 1569.48 

yT 293.39 324.57 407.68 515.62 608.15 593.00 
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yT· sin൫ϕ൯ 0 28.29 70.79 133.45 208.00 192.47 

hG· sin൫ϕ൯ 0 139.45 277.84 414.11 547.23 519.32 

sa1 0 521.74 946.49 1201.52 1218.79 1242.63 
S1 

10ି4· m2 

5347.31 3407.81 1753.74 510.21 0 0 
S2 5347.31 7474.35 9698.60 11931.82 14085.96 13640.31 
S 10694.61 10882.17 11452.34 12442.02   

V1 
10ି6· m3 

2138922.78 1363125.54 701497.43 204081.82 0 0 
V2 2138922.78 2989741.69 3879438.75 4772727.82 5634383.67 5456122.06 
V 4277845.56 4352867.23 4580936.18 4976809.64 5634383.67 5456122.06 

b = 3.18 m; D = 1.59 m; hG = 2.0 m; hp = 0.5 m 

ϕ [deg] 0 5 10 15 20 
18.94 =
ϕ1

2 

hG· sin൫ϕ൯ 10ି3· m 
0 174.31 347.3 517.64 684.04 649.16 

sa1 0 486.88 877.03 1097.99 1081.98 1112.80 
b = 3.18 m; D = 1.59 m; hG = 2.5 m; hp = 0.5 m 

ϕ [deg] 0 5 10 15 20 
18.94 =
ϕ1

2 

hG· sin൫ϕ൯ 10ି3· m 
0 217.89 434.12 647.05 855.05 811.44 

sa1 0 443.30 790.21 968.58 910.97 950.51 
1 see Figure 10; 2 see Table 3. 

Figure 10 presents the size of the stability arm sୟ [m]  (12) when the floating turntable is 
deflected out of equilibrium, with the floats’ immersion depth (in the steady state ϕ = 0 deg) of the 
floating body h୮ = 500 mm. 

 

Figure 10. Stability arm size sୟ [m] at deflection ϕ [deg] of the floating turn from equilibrium, at h୮ =500 mm. 

The 2nd phase begins with by bringing the left cylindrical float above the surface ϕଵ = 18.94 deg 
(see Figure 10) and ends with after the right cylindrical float below the water surface ϕ = ϕଶ [deg] 
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(19) (ϕଶ = 39.96 deg), see Figure 9b, assuming that the length distances xଶ [m], xଷ [m] a xସ [m] are 
determined by (14). 

tan(ϕଶ) = xଷb2  −  xସtan(ϕଶ)  −  xଶ ⇒ ϕଶ = atan⎩⎪⎨
⎪⎧ D2 · cos(ϕଶ)b2   −  D2  −  h୮tan(ϕଶ)  −  D2 · sin(ϕଶ)⎭⎪⎬

⎪⎫  [deg] (19)

The magnitude of the angle ϕଶ = 39.96 deg  was solved in the Mathcad programming 
environment (version 14.0.0.163) [32] with the instruction “Given−Find”, or analytically from the 
quadratic Equation (20) derived from relation (19), see (21). Aଶ · [cos (ϕଶ)]ଶ + Bଶ · cos(ϕଶ) + Cଶ = 0, (20)

where Aଶ · [cos (ϕଶ)]ଶ + Bଶ · cos(ϕଶ) + Cଶ = 0. 

ϕଶ = acos൭−Bଶ + ඥBଶଶ  −  4 · Aଶ · Cଵ2 · Aଶ ൱ [deg] (21)

The coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m]  of the buoyancy force F୆ [N]  of the 
floating body during the second phase of the deflection ϕଵ ≤ ϕ ≤ ϕଶ [deg] , the magnitude of the 
angle ϕଶ [deg] see (19), (21), at the float immersion depth (in the equilibrium state ϕ = 0 deg) of the 
floating body h୮ = 500 mm, are given in Table 4. 

Table 4. Coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m] of the buoyancy force F୆ [N] of the floating body 
during the 2nd phase of deflection ϕଵ ≤ ϕ ≤ ϕଶ [deg] at the immersion depth h୮ = 500 mm. 

b = 3.18 m; D = 1.59 m; hG = 1.6 m; hp = 0.5 m 

ϕ [deg] 25 30 35 40 39.96 = ϕ2
 1 

xT 

10ି3 · m 

1646.19 1627.30 1605.60 1590 1590 
xT · cos ൫ϕ൯ 1491.95 1409.28 1315.23 1218.01 1218.72 

yT 674.51 730.40 772.72 795 795 
yT · sin൫ϕ൯ 285.06 365.20 443.21 511.02 510.59 
hG · sin൫ϕ൯ 676.19 800.00 917.72 1028.46 1027.60 

sa2 1100.83 974.48 840.72 700.57 701.71 
S1 

10ି3 · m2 
0 

S2 16071.35 17792.48 19133.29 19855.65 19855.65 
V1 

10ି6 · m3 
0 

V2 = V 6428540.83 7116990.81 7653314.24 7942260.39 7942260.39 
b = 3.18 m; D = 1.59 m; hG = 2.0 m; hp = 0.5 m 

ϕ [deg] 25 30 35 40 39.96 = ϕ2
 1 

hG · sin൫ϕ൯ 
10ି3 · m 

845.24 1000 1147.15 1285.58 1284.51 
sa2 931.78 774.48 611.29 443.45 444.81 

b = 3.18 m; D = 1.59 m; hG = 2.5 m; hp = 0.5 m 
ϕ [deg] 25 30 35 40 39.96 = ϕ2

 1 
hG · sin൫ϕ൯ 

10ି3 · m 
1056.55 1250.00 1433.94 1606.97  

sa2 720.47 524.48 324.50 122.06 123.68 
1 see (18); 2 see Figure 10. 
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The 3rd phase begins in the right cylindrical float below the water surface ϕ = ϕଶ = 39.96 deg 
(19), (21), see Figure 12b, and ends with the loss of buoyancy of the floating body ϕ୩ [deg], see Table 
7. 

The coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m]  of the buoyancy force F୆ [N]  of the 
floating body during the 3rd phase of the deflection ϕଶ ≤ ϕ ≤ ϕ୩ [deg], at the float immersion depth 
(in the equilibrium state ϕ = 0 deg) of the floating body h୮ = 500 mm, are given in Table 5. 

Table 5. Coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m] of the buoyancy force F୆ [N] of the floating body 
during the 3rd phase. 

b = 3.18 m; D = 1.59 m; hG = 1.6 m; hp = 0.5 m 

ϕ [deg] 45 50 55 60 65 63.15 = ϕk
1 

xT 

10ି3 · m 

1590 
xT · cos ൫ϕ൯ 1124.30 1022.03 911.99 795.00 671.96 718.13 

yT 795 
yT · sin൫ϕ൯ 562.15 609.01 651.23 688.49 720.51 709.29 
hG · sin൫ϕ൯ 1131.37 1225.67 1310.64 1385.64 1450.09 1427.51 

sa1 555.08 405.37 252.57 97.85 −57.61 0 
S1 

10ି3 · m2 
0 

S2 19855.65 
V1 

10ି6 · m3 
0 

V2 = V 7942260.39 
b = 3.18 m, D = 1.59 m, hG = 2.0 m, hp = 0.5 m 

ϕ [deg] 45 50 55 52.84 = ϕk
1  

hG · sin൫ϕ൯ 
10ି3 · m 

1414.21 1532.09 1638.30 1593.90  
sa1 272.24 98.95 −75.09 0  

b = 3.18 m; D = 1.59 m; hG = 2.5 m; hp = 0.5 m 
ϕ [deg] 45 43.00 = ϕk

1  
hG · sin൫ϕ൯ 

10ି3 · m 
1767.77 1705.00  

sa1 −81.32 0  
1 see Figure 10. 

2.3. Longitudinal Tilt of the Float Body When the Floats Are Submerged ℎ௣ > ஽ଶ  [𝑚] 
The 1st phase starts in the equilibrium position ϕ = ϕ଴ = 0 deg, see Figure 2, and ends with the 

right float of the float body submerged below the water surface ϕ = ϕଵ = 18.94 deg (16), (18), see 
Figure 16a and Table 11. x଺ = h୮ − D2  [m]; 

x଻ = D2 − ൬D2 − xଷ൰ − x଺ = D2 · [1 + cos(ϕଵ)] − h୮ [m]; x଼ = x଺tan(ϕଶ) [m] (22)

where the distance xଷ[m] is stated in (14). 

tan(ϕଵ) = x଻b2 −  xଶ ⇒ ϕଵ = atanቐD2 · [1 + cos(ϕଵ)] −  h୮b2 −  D2 · sin(ϕଵ) ቑ  [deg] (23)
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The magnitude of the angle ϕଵ = 18.94 deg  (23) was solved in the Mathcad programming 
environment (version 14.0.0.163) [32] by the “Given−Find” instruction, or analytically from the 
quadratic Equation (24) derived from relation (23), see (25). Aଷ · [cos (ϕଵ)]ଶ + Bଷ · cos(ϕଵ) + Cଷ = 0 (24)

where Aଷ = Aଶ [mଶ]; Bଷ = Bଶ [mଶ]; Cଷ = Cଵ [mଶ]. 

ϕଵ = acos൭−Bଶ + ඥBଶଶ  −  4 · Aଶ · Cଵ2 · Aଶ ൱ [deg] (25)

The coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m] of the buoyant F୆ [N] force during the 
first phase of the deflection 0 ≤ ϕ ≤ ϕଵ [deg], analytically calculated according to (18) at the float 
immersion depth (in the equilibrium ϕ = 0 deg) of the floating h୮ = 1090 mm body, are given in 
Table 6. 

Table 6. Coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m] of the buoyancy force F୆ [N] of the floating body 
during phase 1 of the deflection 0 ≤ ϕ ≤ ϕଵ at immersion depth h୮ = 1090 mm. 

b = 3.18 m; D = 1.59 m; hG = 1.6 m; hp = 1.09 m 

ϕ [deg] 0 5 10 15 20 
18.94 =
ϕ1

2 

xT 

10ି3· m 

0 239.82 474.70 700.12 911.39 868.56 
xT· cos ൫ϕ൯ 0 238.91 467.49 676.26 856.43 821.54 

yT 610.12 617.42 638.03 667.53 692.29 689.34 
yT· sin൫ϕ൯ 0 53.81 110.79 172.77 236.78 223.74 

hG· sin൫ϕ൯ 0 139.45 277.84 414.11 547.23 519.32 

sa1 0 153.27 300.44 434.92 545.97 525.96 
S1 10ି3· m2 

14508.34 12381.30 10157.05 7923.83 5769.69 6211.11 
S2 14508.34 16447.84 18101.91 19345.45 19855.65 19855.65 
V1 

10ି6· m3 

5803337.61 4952518.69 4062821.64 3169532.57 2307876.72 2484443.55 
V2 5803337.61 6579134.85 7240762.95 7738178.57 7942260.39 7942260.39 

V 
11606675.2

2 
11531653.5

5 
11303584.5

9 
10907711.1

4 
10250137.1

1 
10426703.9

4 
b = 3.18 m; D = 1.59 m; hG = 2.0 m; hp = 1.09 m 

ϕ [deg] 0 5 10 15 20 
18.94 =
ϕ1

2 

hG· sin൫ϕ൯ 10ି3· m 
0 174.31 347.3 517.64 684.04 649.16 

sa1 0 118.41 230.98 331.40 409.16 396.12 
b = 3.18 m; D = 1.59 m; hG = 2.5 m; hp = 1.09 m 

ϕ [deg] 0 5 10 15 20 
18.94 =
ϕ1

2 

hG· sin൫ϕ൯ 10ି3· m 
0 217.89 434.12 647.05 855.05 811.44 

sa1 0 74.83 144.16 201.99 238.15 233.84 
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1 see Figure 12, 2 see Figure 11a. 

 

Figure 11. Total draft of the (a) left float ϕ = ϕଵ[deg], (b) right float ϕ = ϕଶ [deg] of the floating body at h୮ >ୈଶ  [m]. 
Figure 12 presents the size of the stability arm sୟ [m]  (12) when the floating turntable is 

deflected from its equilibrium state, with the floats’ immersion depth (in the steady state ϕ = 0 deg) 
of the floating body h୮ = 1090 mm. 

 

Figure 12. Stability arm size sୟ [m]  at deflection ϕ [deg]  of the floating turn from equilibrium, at h୮ =1090 mm. 

The 2nd phase begins by plunging the right float of the float body below the water surface ϕଵ =18.94 deg (23), see Figure 11a and ends with the right float of the float body rising above the water 
surface ϕଶ = 39.96 deg (26), () see Figure 11b and Table 7. 

sin(ϕଶ) = D2b2  −  x଼ ⇒ ϕଶ = asin⎝⎜
⎛ D2b2 −  h୮ −  D2tan(ϕଶ)⎠⎟

⎞  [deg] (26)

where the distance x଼[m] is stated in (22). 
The magnitude of the angle ϕଶ = 39.96 deg (26) was solved in the Mathcad programming 

environment (version 14.0.0.163) [32] by the “Given−Find” instruction, or analytically from the 
quadratic Equation (27) derived from relation (26), see (28). Aସ · [cos (ϕଶ)]ଶ + Bସ · cos(ϕଶ) + Cସ = 0 (27)

where Aସ = Aଵ [mଶ]; Bସ = Bଵ [mଶ]; Cସ = Cଵ [mଶ]. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 23 April 2026 doi:10.20944/preprints202604.1700.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202604.1700.v1
http://creativecommons.org/licenses/by/4.0/


 15 of 36 

 

ϕଶ = acos൭−Bଵ + ඥBଵଶ  −  4 · Aଵ · Cଵ2 · Aଵ ൱ [deg] (28)

The coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m]  of the buoyancy force F୆ [N]  of the 
floating body during the second phase of the deflection ϕଵ ≤ ϕ ≤ ϕଶ [deg], at the float immersion 
depth (in the equilibrium state ϕ = 0 deg) of the floating body h୮ = 1090 mm, are given in Table 7. 

Table 7. Coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m] of the buoyancy force F୆ [N] of the floating body 
during the 2nd phase of deflection ϕଵ ≤ ϕ ≤ ϕଶ [deg] at immersion depth h୮ = 1090 mm. 

b = 3.18 m; D = 1.59 m; hG = 1.6 m; hp = 1.09 m 

ϕ [deg] 25 30 35 40 39.96 = ϕ2
1 

xT 

10ି3 · m 

1119.14 1320.95 1492.88 1590 1590 
xT · cos ൫ϕ൯ 1014.29 1143.98 1222.90 1218.01 1218.72 

yT 713.09 742.56 774.28 795 795 
yT · sin൫ϕ൯ 301.36 371.28 444.11 511.02 510.59 
hG · sin൫ϕ൯ 676.19 800.00 917.72 1028.46 1027.60 

sa1 639.46 715.26 749.28 700.57 701.71 
S1 

10ି3 · m2 
3784.30 2063.17 722.37 0 0 

S2 19855.65 
V1 

10ି6 · m3 

1513719.56 825269.57 288946.15 0 0 
V2 7942260.39 
V 9455979.95 7942260.39 8231206.54 7942260.39 7942260.39 

b = 3.18 m; D = 1.59 m; hG = 2.0 m; hp = 1.09 m 
ϕ [deg] 25 30 35 40 39.96 = ϕ2

1 

hG · sin൫ϕ൯ 
10ି3 · m 

845.24 1000 1147.15 1285.58 1284.51 
sa1 470.41 515.26 519.82 444.45 444.81 

b = 3.18 m; D = 1.59 m; hG = 2.5 m; hp = 1.09 m 
ϕ [deg] 25 30 35 40 39.96 = ϕ2

1 

hG · sin൫ϕ൯ 
10ି3 · m 

1056.55 1250.00 1433.94 1606.97 1605.63 
sa1 259.10 265.26 233.06 122.06 123.68 

1 see Figure 12, 2 see Figure 11b. 

The 3rd phase begins with the left cylindrical float rising above the water surface ϕଶ = 39.96 deg 
(26), see Figure 11b, ending with the loss of buoyancy of the floating body ϕ୩ [deg], see Table 8. 

The coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m]  of the buoyancy force F୆ [N]  of the 
floating body during the 3rd phase of the deflection ϕଶ ≤ ϕ ≤ ϕ୩ [deg], at the float immersion dept 
(in the equilibrium state ϕ = 0 deg) of the floating body h୮ = 1090 mm, are given in Table 8. 

Table 8. Coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m] of the buoyancy force F୆ [N] of the floating body 
during the 3rd phase of deflection ϕଶ ≤ ϕ ≤ ϕ୩ [deg] at immersion depth h୮ = 1090 mm. 

 b = 3.18 m; D = 1.59 m; hG = 1.6 m; hp = 1.09 m 

ϕ [deg] 45 50 55 60 65 63.15 = ϕk
1 

xT 

10ି3 · m 

1590 

xT · cos ൫ϕ൯ 1124.30 1022.03 911.99 795.00 671.96 718.13 
yT 795 

yT · sin൫ϕ൯ 562.15 609.01 651.23 688.49 720.51 709.29 
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hG · sin൫ϕ൯ 1131.37 1225.67 1310.64 1385.64 1450.09 14.27.51 

sa1 555.08 405.37 252.57 97.85 –57.61 0 

S1 
10ି3 · m2 

0 

S2 19855.65 

V1 
10ି6 · m3 

0 

V2 = V 7942260.39 
b = 3.18 m; D = 1.59 m; hG = 2.0 m; hp = 1.09 m 

ϕ [deg] 45 50 55 52.84 = ϕk
1  

hG · sin൫ϕ൯ 
10ି3 · m 

1414.21 1532.09 1638.3 1593.90  

sa1 272.24 98.95 –75.09 0  
b = 3.18 m; D = 1.59 m; hG = 2.5 m; hp = 0.5 m 

ϕ [deg] 45 43.00 = ϕk
1  

hG · sin൫ϕ൯ 
10ି3 · m 

1767.77 1705.00  

sa1 –81.32 0  
1 see Figure 12. 

2.4. Analytical Calculation of the Longitudinal Stability of a Floating Turntable with Cylindrical Floats 

In the equilibrium state of the floating body, when the immersion of both floats of the floating 
body reaches the height h୮ =  ୈଶ  [m], the area of the immersed surface of the left float Sଵ [mଶ] (for α = π = 180 deg) can be expressed according to Figure 3 by relation (8). 

The total S [mଶ](2) immersion area of the two floats in the equilibrium state (ϕ = 0 deg) of the 
floating body corresponds to the sum of the immersion areas Sଵ [mଶ] (8) and Sଶ [mଶ] (8) of the two 
cylindrical floats. 

When calculating the stability and buoyancy of a floating body consisting of floats of circular 
cross-section by numerical solution according to the calculation program created in the Mathcad 
environment (version 14.0.0.163) [32], it is necessary to decompose the solution into two basic 
directions. These two directions result from the defined limiting angle ϕଵ [deg] (13), which is defined 
as the tangent angle to the contours of the floats with respect to the horizontal plane, see Figure 3b. 

The general angle ϕ [deg] of inclination of a floating body can take (with respect to the angle ϕଵ [deg]) two values, described by the following states: 
The 1st condition occurs when the tilt angle of the floating body ϕ [deg] is less than the angle ϕଵ [deg] and at the same time greater than 0 deg, see (29). A general illustration of this state of float 

body tilt is given in Figure 4a. 0 < ϕ ≤ ϕଵ[deg] or 0 < ϕ ≤ asin ൬Db൰  [deg] (29)

The 2nd condition occurs when the tilt angle is of the floating body ϕ [deg] is greater than the 
angle ϕଵ [deg] and at the same time less than ஠ଶ = 90 deg, see (30), see Figure 7. ϕଵ ≤ ϕ < 90 deg or asin ൬Db൰ ≤ ϕ < π2 [deg] (30)

Now both conditions (29) and (30) will be defined in more detail. 
The condition for which the range of float angle is valid ϕ [deg] (29). A general illustration of 

this floating body roll condition is given in Figure 13a. 
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. 

Figure 13. Deflection of the floating turntable by an angle ϕ [deg] (a) defined by the relation (32), (b) definition 
of the intersection distance dଶ(ϕ)[m] from the origin of the coordinate system. 

The distance of the intersection dଶ(ϕ) (this point is defined as the intersection of the tangent 
line with the vertical axis of symmetry of the floating body, drawn at an angle ϕ [deg] to the bottom 
of the right float) from the origin of the coordinate system, see Figure 13a, can be expressed by 
Equation (31). dଶ(ϕ) = −yଵ − yଶ = −b2 · tan(ϕ) − D2 · cos(ϕ) [m] (31)

where yଵ [m] is the length of the segment on the y-axis expressed by relation (32) using Figure 13a; yଶ [m] is the length of the segment on the y-axis expressed by relation (33) using Figure 13a. tan(ϕ) = yଵb/2 ⇒ yଵ = b2 · tan(ϕ) [m] (32)

cos(ϕ) = D/2yଶ ⇒ yଶ = D/2cos (ϕ) [m] (33)

The intersection distance hଵ(ϕ) (this point is defined as the intersection of the tangent of the left 
float of the floating body with the vertical axis, see Figure 13a, can be expressed by Equation (34). hଶ(ϕ) = dଶ(ϕ) + 2 · yଶ = −b2 · tan(ϕ) + D2 · cos(ϕ) [m] (34)

The distance of the intersection dଵ(ϕ) (this point is defined as the intersection of the tangent 
line with the vertical axis of the floating body, drawn at an angle ϕ [deg] to the bottom of the left 
float) from the origin of the coordinate system, see Figure 13a; can be expressed by Equation (35). dଵ(ϕ) = −hଶ(ϕ) = b2 · tan(ϕ) − D2 · cos(ϕ) [m] (35)

The distance of the intersection hଵ(ϕ); (this point is defined as the intersection of the tangent 
line with the vertical axis of symmetry of the floating body, drawn at an angle ϕ [deg] to the top of 
the left float) from the origin of the coordinate system, see Figure 13a; can be expressed by Equation 
(36). hଵ(ϕ) = −dଶ(ϕ) = ୠଶ · tan(ϕ) + ୈଶ·ୡ୭ୱ(ம) [m]  (36)

At an angle ϕ [deg] of inclination of the floating body, within the range defined by relation (29), 
the individual points (see Figure 13b) take on the following absolute magnitudes (37). dଶ(ϕ)[m] < hଶ(ϕ)[m] ≤ dଵ(ϕ)[m] < hଵ(ϕ)[m] (37)
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The state of deflection of the floating body from the equilibrium position defined by assumption 
(29) must again be further decomposed into two states, described by the cases h୮ = ୈଶ  [m],h୮ < ୈଶ  [m] 
and h୮ > ୈଶ  [m]. 

ad 1a) The state of inclination of a floating body consisting of two cylindrical floats for which the 
angle ϕ [deg]  of heeling is described by the relation (29) and the case where the position of the 
surface does not exceed the centre of the right float when the float is tilted, see Figure 14a. 

 
Figure 14. Right float of a floating body out of equilibrium, water level (a) does not exceed the centre C2 of the 
float, (b) exceeds the centre C2 of the float. 

The point tଶ∗   (the intersection of the water surface with the vertical axis of symmetry of the 
floating body, when the floating body is deflected from the equilibrium position) lies in the interval tଶ∗ ∈ ሼdଶ(ϕ); hଶ(ϕ)ሽ. 

The height vଶ [m] of the submerged part of the right float (height of the circular section) of the 
floating body can be expressed according to Figure 14a by relation (38). cos(ϕ) = ୴మ୲మ∗ିୢమ(ம) ⇒ vଶ = [tଶ∗ − dଶ(ϕ)] · cos(ϕ) [m]  (38)

The surface area Sଶ(tଶ∗) [mଶ] of the submerged part of the right cylindrical float can be expressed 
based on Figure 14a by relation (39). 

Sଶ(tଶ∗) = න ⎝⎜
⎛න dxඨቀୈଶቁమି ୷మ

ିඨቀୈଶቁమି ୷మ ⎠⎟
⎞ · dy [mଶ]ିୈଶ  ା ୴మିୈଶ  (39)

The position of the centre of gravity Tଶ(tଶ∗) [m] of the submerged part of the right cylindrical 
float can be expressed by relation (40) based on Figure 14a. 

Tଶ(tଶ∗) =
⎩⎪⎪
⎪⎨
⎪⎪⎪
⎧

0;
׬ ⎝⎜

׬⎛ y. dxඨቀୈଶቁమି ୷మ
ିඨቀୈଶቁమି ୷మ ⎠⎟

⎞ · dyିୈଶ  ା [୲మ∗ିୢమ(ம)]·ୡ୭ୱ(ம)ିୈଶ Sଶ(tଶ∗)
⎭⎪⎪
⎪⎬
⎪⎪⎪
⎫

= ሼ0; yଶ(tଶ∗)ሽ [m; m] (40)

Position of the centre of gravity Tଶ(ϕ) [m]  of the submerged part of the right float of a 
cylindrical floating body can be expressed, in the case where the plane of the water surface exceeds 
the centre of the float, based on Figure 14b, by the relation (41). 

The centre of gravity Tଶ(ϕ) [m]  of the immersed area Sଶ [mଶ]  of the right float is on a line 
perpendicular to a line whose origin passes through a point tଶ and is inclined at an angle ϕ [deg], at 
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a distance b/2 [m] from the centre Cଶ of the float. The coordinates of the position of the centre of 
gravity Tଶ [m] of the immersed area Sଶ [mଶ] of the right float can be expressed according to relation 
(41). ሼx୘ଶ; y୘ଶሽ = ൜b2 ; 0ൠ + k · ሼ−tan(ϕ); 1ሽඥ1 + [tan(ϕ)]ଶ  [m; m] (41)

where k [m] is the distance of the centre of gravity of the plunging surface of the right float from its 
centre, according to Figure 15c and relation (44) takes the size of yଶ; ሼି୲ୟ୬(ம);ଵሽඥଵା[୲ୟ୬(ம)]మ is the size of the unit 

vector in the direction of the axis y∗ see Figure 14c and see Figure 15. 

 
Figure 15. Left float of a floating body out of equilibrium, water level (a) over the centre Cଵ of the left float; (b) 
exceeds the centre Cଵ of the left float; (c) representation of the vectors. 

Figure 15c shows the unit vector u = ሼ1;  tan(ϕ)ሽ. From the mathematical analysis, the scalar 
product of two vector u = (uଵ, uଶ)  and vector v = (vଵ, vଶ)  can be described by relation (42), the 
result of the scalar product is a number. If the scalar product of two vectors is zero, these vectors are 
perpendicular to each other. u · v = uଵ · vଵ + uଶ · vଶ (42)

If according to Figure 15c the vector “v” is to be perpendicular to the vector “u” its coordinates 
must be v = ሼ−tan(ϕ); 1ሽ  because then the condition that the scalar product of the two vectors is 
equal to zero is satisfied, see relation (43), and they are perpendicular to each other. u · v = uଵ · vଵ + uଶ · vଶ = 1 · [−tan(ϕ)] + tan(ϕ) · 1 (43)

Tଶ(tଶ∗) = ൜b2 ; 0ൠ + yଶ(tଶ∗) · (−tan(ϕ); 1)ඥ1 + [tan(ϕ)]ଶ = 

= ൜ୠଶ − ୲ୟ୬(ம)ඥଵା[୲ୟ୬(ம)]మ · yଶ(tଶ∗); ଵඥଵା[୲ୟ୬(ம)]మ · yଶ(tଶ∗)ൠ  [m; m]  

(44)

The heeling condition of a floating body consisting of two cylindrical floats for which the angle ϕ [deg] of heel is described by relation (29) and the surface plane exceeds the centre of the left float 
when the floating body is heeled, see Figure 15a. The point tଵ∗  (the intersection of the water surface 
with the vertical axis of symmetry of the floating turntable, when the turntable is deflected from the 
equilibrium position) lies in the interval tଵ∗ ∈ ሼdଵ(ϕ); hଵ(ϕ)ሽ. 

According to Figure 15a the height vଵ [m] of the submerged part of the left float (height of the 
circular section) can be determined by the relation (45). cos(ϕ) = vଵ(ϕ)tଵ∗ − dଵ(ϕ) ⇒ vଵ(ϕ) = [tଵ∗ − dଵ(ϕ)] · cos(ϕ) [m] (45)
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The surface area Sଵ(tଵ∗)[mଶ] of the submerged part of the left cylindrical float can be expressed 
by the relation (46) based on Figure 15a. 

Sଵ(tଵ∗) = න ⎝⎜
⎛න dxඨቀୈଶቁమି ୷మ

ିඨቀୈଶቁమି ୷మ ⎠⎟
⎞ · dy =ିୈଶ  ା୴భ(ம) 

ିୈଶ  

= න ⎝⎜
⎛න dxඨቀୈଶቁమି ୷మ

ିඨቀୈଶቁమି ୷మ ⎠⎟
⎞ · dy [mଶ]ିୈଶ  ା [୲భ∗ିୢభ(ம)]·ୡ୭ୱ(ம)

ିୈଶ  

(46)

The position of the centre of gravity Tଵ(tଵ∗) [m] of the submerged part of the left float of the 
cylindrical floating body can be expressed by the relation (47) based on see Figure 15a. 

Tଵ(tଵ∗) =
⎩⎪⎪
⎪⎨
⎪⎪⎪
⎧

0;
׬ ⎝⎜

׬⎛ y. dxඨቀୈଶቁమି ୷మ
ିඨቀୈଶቁమି ୷మ ⎠⎟

⎞ · dyିୈଶ  ା [୲భ∗ିୢభ(ம)]·ୡ୭ୱ(ம)ିୈଶ Sଵ(tଵ∗)
⎭⎪⎪
⎪⎬
⎪⎪⎪
⎫

= ሼ0; yଵ(tଵ∗)ሽ [m; m] (47)

Position of the centre of gravity Tଵ(ϕ) [m] of the submerged part of the left cylindrical float of 
the float body can be expressed, in the case where the plane of the water surface exceeds the centre 
of the float, by Figure 15b, by the relation (48) a (49). ሼx୘ଵ; y୘ଵሽ = ൜−b2 ; 0ൠ + k · ሼ−tan(ϕ); 1ሽඥ1 + [tan(ϕ)]ଶ  [m; m] (48)

Tଵ(tଵ∗) = ൜− b2 ; 0ൠ + yଵ(tଵ∗) · ሼ−tan(ϕ); 1ሽඥ1 + [tan(ϕ)]ଶ = 

= ቊ− b2 − tan(ϕ)ඥ1 + [tan(ϕ)]ଶ · yଵ(tଵ∗); 1ඥ1 + [tan(ϕ)]ଶ · yଵ(tଵ∗)ቋ  [m; m] (49)

In case h୮ = ୈଶ  [m] when the right float is not completely submerged below the water surface 
and the left float is not above the water surface, i.e., ϕ < ϕଵ [deg], the immersion depth of the right 
float can be vଶ(ϕ) [m] and the left float vଵ(ϕ) [m] can be expressed according to the relation (50). vଵ(ϕ) = D2 − b2 · sin(ϕ) [m]; vଶ(ϕ) = D2 + b2 · sin(ϕ) [m] (50)

The content of the submerged area Sଶ(tଶ∗) [mଶ] of the right cylindrical float, and the content of 
the submerged area Sଵ(tଶ∗) [mଶ]  of the left float, see Figure 13a, can be expressed for ϕ ≤ ϕଵ =30 deg(13), by relation (39). 

The position of the centre of gravity Tଵ(tଵ∗) [m] of the immersed surface Sଵ(tଶ∗) [mଶ] of the left 
float of the floating body can be expressed by relation (49). The position of the centre of gravity Tଶ(tଶ∗) [m] of the immersed surface Sଶ(tଶ∗) [mଶ] of the right float of the floating body, see Figure 13a, 
can be expressed by relation (44). 

The coordinates of the centre of gravity ሼx୘ଵଶ, y୘ሽ [m, m] of the floating body buoyancy force 
during the first phase of the deflection 0 ≤ ϕ ≤ ϕଵ  at the float immersion depth h୮ = 795 mm , 
expressed according to relations (44) and (49), are given in Table 9. 
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Table 9. Coordinates of the centre of gravity ሼx୘ଵଶ, y୘ሽ [m, m] of the buoyancy force of the floating body during 
phase 1 of the deflection, at the depth of immersion h୮ = 795 mm. 

b = 3.18 m; D = 1.59 m; hp = 0.795 m 

ϕ [deg] 0 5 10 15 20 25 30 = ϕ1 

xT1 (49) 

10ି3· m 

−1590 −1553.97 −1504.77 −1442.83 −1369.13 −1285.07 −1192.5 
xT2 (44) 1590 1613 1623.71 1623.59 1614.92 1601.28 1590 

xT121 0 379.17 737 1053.74 1312.36 1498.29 1590 
yT1 (49) −337.41 −411.87 −483.39 −549.23 −606.84 −653.92 688.49 
yT2 (44) −337.41 −262.88 −191.2 −125.36 −68.47 −24.2 0 

yT12
1 −337.41 −320.92 −274.02 −204.13 −123.06 −46.67 0 

yT = hp −
yT12

1 
457.59 

474.08 520.98 590.87 671.94 748.33 795 

S1(t1
∗) (46) 

10ି4· m2 

9927.83 7735.65 5627.75 3689.87 2013.25 708.50 0 
S2(t2

∗) (39) 9927.83 12120.00 14227.91 16165.78 17842.40 19147.15 19855.65 
S = S1(t1

∗) +
S2(t2

∗)  (2) 
19855.65 

1 see Table 1 and Appendix to the article No. 5 (Chapter I). 

The coordinates of the center of gravity ሼx୘, y୘ሽ [m, m] of buoyant force F୆ [N] of the floating 
body during the deflection 0 ≤ ϕ ≤ ϕଶ [deg] at different immersion depths h୮[m] are presented in 
Figure 16. 

 

Figure 16. Coordinates of the centre of gravity ሼx୘, y୘ሽ [m, m]  buoyancy forces of the floating body during 
deflection 0 ≤ ϕ ≤ ϕଶ at immersion depth h୮ [m]. 

In case h୮ < ୈଶ  [m]  when the port float is not completely above the water surface, i.e., ϕ <ϕଵ [deg], the immersion depth of the right float can be vଶ(ϕ) [m] and the left float vଵ(ϕ) [m] can be 
expressed according to the relation (51). vଵ(ϕ) = [tଶ∗ − dଵ(ϕ)] · cos(ϕ) [m]; vଶ(ϕ) = [tଶ∗ − dଶ(ϕ)] · cos(ϕ) [m]. (51)

for tଶ∗ = h୮ − ୈଶ  [m]. 
The area content of the submerged surface Sଶ(tଶ∗) [mଶ], see Figure 14a, of the right cylindrical 

float can be expressed for ϕ ≤ ϕଵ = 18.94 deg  (16), (18) by relation (39). The submerged area Sଵ(tଶ∗) [mଶ], see Figure 15b, of the left cylindrical float can be expressed for ϕ ≤ ϕଵ = 18.94 deg (16) 
by relation (46). 
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The position of the centre of gravity Tଵ(tଵ∗) [m] of the immersed surface Sଵ(tଶ∗) [mଶ] of the left 
float of the floating body can be expressed by Equation (47). The position of the centre of gravity Tଶ(tଶ∗) [m] of the immersed surface Sଶ(tଶ∗) [mଶ] of the right float of a floating body can be expressed 
by Equation (40). 

The coordinates of the centre of gravity ሼx୘ଵଶ, y୘ሽ [m, m] of the buoyancy force of the floating 
body during the first phase of the deflection 0 ≤ ϕ ≤ ϕଵ at the float immersion depth h୮ = 500 mm, 
expressed according to relations (44) and (49), are given in Table 10. 

Table 10. Coordinates of the centre of gravity ሼx୘ଵଶ, y୘ሽ [m, m] of the buoyancy force of the floating body during 
phase 1 of the deflection, at the depth of immersion h୮ = 500 mm. 

b = 3.18 m; D = 1.59 m; hp = 0.5 m 

ϕ [deg] 0 5 10 15 18.94 = ϕ1 

xT1(49) 

10ି3 · m 

−1590 −1539.38 −1475.53 –1399.48 –1659.32 

xT2 (44) 1590 1626.85 1649.95 1659.92 1590 

xT12 1 0 635.32 1171.33 1534.46 1590 
yT1 (49) –501.61 –578.53 –649.18 –711.02 0 
yT2 (44) –501.61 –421.15 –339.97 –260.93 0 

yT12
 –501.61 –470.43 –387.32 –279.39 –295 

yT = (D/2) − yT12
 1 293.39 324.57 407.68 515.61 500 

S1(t1
∗) (46) 

10ି4 · m2 

5347.31 3407.82 1753.75 510.21 0 

S2(t2
∗) (39) 5347.31 7474.36 9698.60 11931.82 10694.62 

S = S1(t1
∗) + S2(t2

∗) 10694.62 10882.18 11452.35 12442.03 10694.62 
1 see Table 3 and Appendix to the article No. 5 (Chapter II(a)). 

In case h୮ < ୈଶ  [m]  when the port float is completely above the water surface, i.e., ϕଵ ≤ϕ ≤ ϕଶ [deg] , the immersion depth of the right float can be vଶ(ϕ) [m]  can be expressed by the 
relation (51). 

The area content of the submerged surface Sଶ(tଶ∗) [mଶ], see Figure 14a, of a right cylindrical float 
can be expressed for ϕଵ ≤ ϕ ≤ ϕଶ [deg](21) by relation (39). 

The position of the centre of gravity Tଶ(tଶ∗) [m] of the immersed surface Sଶ(tଶ∗) [mଶ] of the right 
float of a floating body can be expressed by Equation (40). 

The coordinates of the centre of gravity ሼx୘ଵଶ, y୘ሽ [m, m] of the floating body buoyancy force 
during the second phase of the deflection ϕଵ ≤ ϕ ≤ ϕଶ at the float immersion depth h୮ = 500 mm, 
expressed according to relations (44) and (49), are given in Table 11. 

Table 11. Coordinates of the centre of gravity ሼx୘ଵଶ, y୘ሽ [m, m] of the buoyancy force of the floating body during 
phase 2 of the deflection, at the depth of immersion h୮ = 500 mm. 

b = 3.18 m; D = 1.59 m; hp = 0.5 m 

ϕ [deg] 20 25 30 35 39.96 = ϕ2 

xT1 

10ି3 · m 

0 

xT2 (44) = xT12 1658.01 1646.19 1627.30 1605.60 1590 
yT1 0 

yT2(44) = yT12 –186.85 –120.49 –64.60 –22.28 0 
yT = hp − yT12

 608.15 1 674.51 2 730.40 2 772.72 2 795 2 

S1 
10ି4 · m2 

0 

S = S2(t2
∗) (39) 14085.97 16071.36 17792.49 19133.3 19855.37 
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1 see Table 3; 2 see Table 4 and Appendix to the article No. 5 (Chapter II(b)). 

For the case h୮ > ୈଶ  [m] , where the right float is not completely submerged below the water 
surface, i.e., ϕ ≤ ϕଵ [deg], the submergence depth of both the right float vଶ(ϕ) [m] and the left float vଵ(ϕ) [m] can be expressed by relation (51). 

The area content of the submerged surface Sଶ(tଶ∗) [mଶ], see Figure 14a, of a right cylindrical float 
can be expressed for ϕ ≤ ϕଵ = 18.94 deg (25) by relation (39). The submerged area Sଵ(tଶ∗) [mଶ], see 
Figure 15b, of the left cylindrical float can be expressed for ϕ ≤ ϕଵ = 18.94 deg (25) by relation (46). 

The position of the centre of gravity Tଵ(tଵ∗) [m] of the immersed surface Sଵ(tଶ∗) [mଶ] of the left 
float of the floating body can be expressed by Equation (47). The position of the centre of gravity Tଶ(tଶ∗) [m] of the immersed surface Sଶ(tଶ∗) [mଶ] of the right float of a floating body can be expressed 
by Equation (40). 

The coordinates of the centre of gravity ሼx୘ଵଶ, y୘ሽ [m, m] of the buoyant body buoyancy force 
during the first phase of the deflection 0 ≤ ϕ ≤ ϕଵ  at the float immersion depth h୮ = 1090 mm , 
expressed according to relations (44) and (49), are given in Table 12. 

Table 12. Coordinates of the centre of gravity ሼx୘ଵଶ, y୘ሽ [m, m] of the buoyancy force of the floating body during 
phase 1 of the deflection, at the depth of immersion h୮ = 1090 mm. 

b = 3.18 m; D = 1.59 m; hp = 1.09 m 

ϕ [deg] 0 5 10 15 18.94 = ϕ1 

xT1 (49) 

10ି3 · m 

−1590 −1567.76 −1532.76 –1484.72 –1437.87 

xT2 (44) 1590 1600.49 1601.09 1595.02 1590 

xT1 0 239.82 474.70 700.12 868.15 
yT1 (49) –184.88 –254.54 –324.62 –392.91 –443.32 
yT2 (44) –184.88 –119.87 –62.89 –18.75 0 

yT12 –184.88 –177.58 –156.97 –127.47 –105.69 

yT = D
2
− yT12

1 610.12 617.42 638.03 667.53 689.31 

S1(t1
∗) (46) 

10ି4 · m2 

14508.35 12381.3 10157.06 7923.84 6215.35 

S2(t2
∗) (39) 14508.35 16447.84 18101.92 19345.46 19855.67 

S = S1(t1
∗) + S2(t2

∗) 29016.7 28829.15 28258.97 27269.30 26071.02 
1 see Table 6 and Appendix to the article No. 5 (Chapter III(a)). 

In case h୮ > ୈଶ  [m] when the right float is completely submerged under the water surface, i.e., ϕଵ ≤ ϕ ≤ ϕଶ [deg], the immersion depth of the left float can be vଵ(ϕ) [m] can be expressed by the 
relation (51). 

The area content of the submerged surface Sଵ(tଶ∗) [mଶ], see Figure 14a, of the left cylindrical float 
can be expressed for ϕଵ ≤ ϕ ≤ ϕଶ [deg] (21) by relation (46). 

The position of the centre of gravity Tଵ(tଵ∗) [m] of the immersed surface Sଵ(tଵ∗) [mଶ] of the left 
float of the floating body can be expressed by Equation (49). 

The coordinates of the centre of gravity ሼx୘ଵଶ, y୘ሽ [m, m] of the buoyant body buoyancy force 
during the second phase of the deflection ϕଵ ≤ ϕ ≤ ϕଶ at the float immersion depth h୮ = 1090 mm, 
expressed according to relations (44) and (49), are given in Table 13. 
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Table 13. Coordinates of the centre of gravity ሼx୘ଵଶ, y୘ሽ [m, m] of the buoyancy force of the floating body during 
phase 2 of the deflection, at the depth of immersion h୮ = 1090 mm. 

b = 3.18 m; D = 1.59 m; hp = 1.09 m 

ϕ [deg] 20 25 30 35 39.96 = ϕ2 

xT2 (44) 

10ି3 · m 

1590 

xT1 (49) –1423.97 –1351.39 –1268.37 –1176.71 –1079.44 

xT12 911.39 1 1119.14 2 1320.95 2 1492.88 2 1590 2 
yT1 (49) –456.17 –511.7 –557.09 –590.24 –609.39 
yT2 (44) 0 

yT12 –456.17 –511.7 –557.09 –590.24 –609.39 

yT = D
2 − yT12

 692.29 1 713.09 2 742.56 2 774.28 2 795 2 

S1(t1
∗) (46) 

10ି4 · m2 

5769.7 3784.30 2063.18 722.37 0 

S2(t2
∗)  = S0 (52) 19855.67 

S = S1(t1
∗) + S2(t2

∗) (39) 25625.36 23639.97 21918.84 20578.04 19855.67 
1 see Table 6; 2 see Table 7 and Appendix to the article No. 5 (Chapter III(b)). 

The immersion area S଴ [mଶ]  of the entire right float of the floating body can be expressed 
according to (52). 

S଴ = න ⎝⎜
⎛න dxඨቀୈଶቁమି ୷మ

ିඨቀୈଶቁమି ୷మ ⎠⎟
⎞ · dy [mଶ]ୈଶ  

ିୈଶ  (52)

The 2nd phase begins with the moment of total emergence of the left right float (ϕ = ϕଵ [deg]), 
and the right float, the floating body, and ends with loss of stability (ϕ = ϕ୩ [deg]). 

Since, from the tilt angle ϕଵ = asin ቀୈୠቁ  [deg] of the floating body, at the immersion depth h୮ =ୈଶ  [m] the right float of the floating body is completely immersed Sଶ = S଴ [mଶ] (Figure 7) and the 
surfaced area of the left float Sଵ [mଶ]  acquires (with respect to the initial immersion depth h୮ =ୈଶ  [m] ) an area Sଵ = S଴ [mଶ]  (Figure 7 as the floating body is further tilted (ϕ > ϕଵ [deg]) . The 
position of the centre of gravity ሼx୘ଶ; y୘ଶሽ [m; m] of the immersed surface Sଶ [mଶ] of the right float 
of the floating body can be expressed according to Table 2. 

Starting from the angle of inclination ϕଶ [deg] (21) of the floating body, the right float of the 
floating body is fully submerged Sଶ = S଴ [mଶ] (52) at the immersion depth h୮ < ୈଶ  [m]. The position 
of the centre of gravity ሼx୘ଶ; y୘ଶሽ [m; m]  of the immersed surface Sଶ [mଶ]  of the right float of the 
floating body can be expressed according to Table 5. 

From the angle of inclination ϕଶ [deg] (28) of the floating body, the right float of the floating 
body is fully submerged Sଶ = S଴ [mଶ] (52) at the depth of immersion h୮ > ୈଶ  [m]. The position of the 
centre of gravity ሼx୘ଶ; y୘ଶሽ [m; m] of the immersed surface Sଶ [mଶ] of the right float of the floating 
body can be expressed according to Table 8. 

3. Results 

Verification of the buoyancy of the floating body in laboratory conditions was carried out on a 
test machine, whose 3D model created in the SolidWorks software environment (version Premium 
2012×64, edition SP5.0) [33] is presented in Figure 17. The testing machine consists of a watertight 
tank 1 and a floating body 2 (which consists of two floats made of PLEXI pipe of 80/72 mm 
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outer/internal diameter [34], length 200 mm and two connecting parts 4), which is mechanically 
attached to two force transducers 3, type MCF-100 N [35]. 

 
Figure 17. 3D model of a laboratory device to determine the buoyancy of a floating body. 1 – tank, 2 – floating 
body, 3 –- force transducer, 4 – float connecting part, 5 – axis, 6 – connecting assembly of axis with force 
transducer, 7 – PLEXI plate, 8 – connecting element. 

According to Archimedes’ law, the volume V [mଷ] of the floating body of the testing machine 
of mass m୊୆ [kg] is immersed below the water surface. The floating body is buoyed by a force equal 
to the gravity of a fluid of the same volume as the submerged part of the floating body V [mଷ]. 

In the equilibrium state of the floating body of the test machine (angle ϕ = 0 deg) of mass m୊୆ =0.746 kg , the frontal surfaces of both floats (diameter D [m]  and length of one float and [m] , see 
Figure 2) of the floating body are submerged below the water surface by the size S [mଶ]. If the floating 
body is designed so that its centre of gravity lies on the vertical axis of the axis of symmetry of the 
floating body, see Figure 18, then the horizontal axes of both floats of circular cross-section are parallel 
to the water surface. 

 
Figure 18. Basic dimensions of the testing machine. 1 – tank, 2 – floating body, 3 – force transducer [35], 4 – float 
connecting part, 5 – axis, 6 – connecting assembly of axis with force transducer, 7 – PLEXI plate, 8 – connecting 
element. 

The total immersion area of a floating body S [mଶ] (53) is given by the sum of the immersion 
areas of the two floats S = Sଵ + Sଶ [mଶ] . Assuming that Sଵ = Sଶ [mଶ]  may be (with known value Sଵ [mଶ] and the diameter of the float D [m]) calculated in the Mathcad software environment (version 
14.0.0.163) [32] by the instruction “Given−Find” the central angle  α [deg]  of the immersed area 
(circular segment) of one float from relation (54) and the depth h୮(୫) [m] of the immersion of the 
float (height of the circular segment) from relation (55). ρ · V = ρ · S · a = m୊୆ ⇒ S = m୊୆ρ · a = 0.7461000 · 0.2 = 37.3 · 10ିସ mଶ (53)

Sଵ ൬= S2൰ = 12 · ൬D2൰ଶ · [α − sin(α)] [mଶ] ⇒ α = 156.46 deg (54)
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Sଵ = ൬D2൰ଶ · acosቌD2  −  h୮(୫)D2 ቍ − ൬D2 − h୮(୫)൰ · ඨ2 · h୮(୫) · D2 − h୮(୫)ଶ  [mଶ] ⇒ h୮(୫)= 31.84 mm 

(55)

A buoyancy force F୆(୫) [N] (56) is exerted on the floating body of the test machine, consisting of 
cylindrical floats of diameter D = 80 mm and length a = 200 mm, at the immersion depth h୮(୫) =31.84 mm, see Figure 19a,b. 

 

Figure 19. (a) plunging h୮(୫)[m] of the floating body by its own mass m୊୆[kg], (b) buoyancy force F୆(୫) [N] of 
a floating body by its own mass m୊୆[kg]. 

F୆(୫) = ρ · S · a · g = 1000 · 37.3 · 10ିସ · 20 · 10ିଷ · g = 7.32 N  (56)

A load sensor cable equipped with a D-Sub plug 4 was plugged into the socket of the measuring 
module BR4–D 4 [36] of the strain gauge apparatus DS NET during the laboratory measurements, see 
Figure 20. A PC 8 (ASUS K72JR–TY131 laptop) was connected to the DS NET strain gauge 6 using a 
network cable with RJ–45 connectors 7 at both ends. 

 

Figure 20. Measurement chain using DS NET to sense tensile forces F୆୧,୨൫୦౦൯ம [N]. 1 – tank, 2 – floating body, 3 – 

force sensor [35], 4 – D–Sub plug, 5 – measuring module. 

With a known magnitude h୮ [m] of the floats of the floating body at the equilibrium state (ϕ =0 deg) below the water surface, the floating body was deflected in the longitudinal direction by a 
known magnitude of angle ϕ [deg] through PLEXI plate 7. When the floating body was deflected 
out of its equilibrium state, the magnitudes of the buoyancy forces were detected by force transducers 
3, see Figure 20, F୆୧,୨൫୦౦൯ம [N]  (where “i”  is the force transducer number, “j”  is the measurement 
number). 

The results of the experimental measurements of the buoyancy force F୆୧,୨൫୦౦൯ம [N] at the depth 
of immersion of the floating body of the testing machine h୮ = 20 mm below the water surface and 
the known value of the longitudinal deflection of the floating body from the equilibrium state ϕ [deg] 
are shown in Table 14. 
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Table 14. Buoyancy force F୆୧,୨(ଶ଴)ம [N]  at the depth of submergence of the floating body h୮ = 20 mm  and 
longitudinal deflection of the floating body from the equilibrium state ϕ [deg]. 

hp [10ି3m] ϕ [deg] 0 10 20 30 40 50 60 

20 FB1,j(20)ϕ[N] j  

1 1.90 1 2.21 2 3.14 2 3.65 2 4.54 2 4.91 2 4.92 2 

2 3 1.91 2.20 3.12 3.66 4.56 4.92 4.93 

3 4 1.91 2.21 3.15 3.67 4.54 4.93 4.92 
FB1(20)ϕ [N] 1.91 2.21 3.14 3.66 4.55 4.92 4.92 
κ1(5%,3)ϕ [N] ± 0.02 ± 0.02 ± 0.04 ± 0.03 ± 0.03 ± 0.03 ± 0.02 

hp [10ି3m] ϕ [deg] 0 10 20 30 40 50 60 

20 FB2,j(20)ϕ[N] j  

1 1.90 1 2.19 2 3.13 2 3.66 2 4.55 2 4.93 2 4.93 2 

2 3 1.93 2.20 3.16 3.65 4.54 4.93 4.92 

3 4 1.93 2.20 3.14 3.64 4.55 4.92 4.93 
FB2(20)ϕ [N] 1.92 2.20 3.14 3.65 4.55 4.93 4.93 
κ2(5%,3)ϕ [N] ± 0.05 ± 0.02 ± 0.04 ± 0.03 ± 0.02 ± 0.02 ± 0.02 

hp = 20 mm ϕ [deg] 0 10 20 30 40 50 60 
FB(20)ϕ = FB1(20)ϕ + FB2(20)ϕ [N] 3.83 4.41 6.28 7.31 9.10 9.85 9.85 

1 see Figure 21a; 2 see Figure 21b; 3 see Figure 22a; 4 see Figure 22b. 

Figure 21a shows the measured values of buoyancy forces F୆୨൫୦౦൯଴ [N] , by force sensors MCF-
100 N, with floats of circular cross-section not submerged below the water surface and at float 
submergence depth h୮ = 20 mm floats, at the angle of deflection  = 0 deg. 

 
Figure 21. Measured buoyancy force waveform (a) F୆୨൫୦౦൯଴ [N] of the non-immersed and immersed h୮ = 20 mm 

floating body, (b) F୆୧,ଵ(ଶ଴)ம [N]  when submerged h୮ = 20 mm  and deflection  = 0 ÷ 60 deg  of the floating 
body from the equilibrium position. 

Figure 21b shows the measured values of buoyancy forces F୆୧,ଵ(ଶ଴)ம [N] by force sensors MCF–
100 N, at a immersion depth of h୮ = 20 mm  of the floats below the water surface, with gradual 
deflection  = 0 ÷ 60 deg of the floating body of the testing machine. 

Figure 22 shows the measured values of buoyancy forces F୆୧,୨(ଶ଴)ம [N] by force sensors MCF–
100 N, at the immersion depth h୮ = 20 mm  of the floats below the water surface, with gradual 
deflection  = 0 ÷ 60 deg of the floating body of the testing machine. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 23 April 2026 doi:10.20944/preprints202604.1700.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202604.1700.v1
http://creativecommons.org/licenses/by/4.0/


 28 of 36 

 

 

Figure 22. Measured buoyancy force during deflection  = 0 ÷ 60 deg of the floating body from the equilibrium 
position (a) F୆୧,ଶ(ଶ଴)ம [N], (b) F୆୧,ଷ(ଶ଴)ம [N]. 

From three times (n = 3 ) repeated measurements under the same technical conditions, the 
arithmetic mean F୆୧൫୦౦൯ம [N] and the marginal error κ୧(ஒ,୬)ம [N] (57) were calculated according to 
Student’s distribution [38]. κ୧(ஒ,୬)ம =  tஒ,୬ · s̅ [N] (57)

where tஒ,୬ [−] is the Student’s coefficient (for the chosen risk  = 5% and the number of measured 
values n = 3  can be determined according to [38] tஒ,୬ =  tହ%,ଷ = 4.3 ); s̅ [N]  is the standard 
deviation of the arithmetic mean (58). 

s̅ ≈ 54 · ∑ ቚF୆୧,୨൫୦౦൯ம − F୆୧൫୦౦൯மቚଷ୨ୀଵ n · √n − 1  [N] (58)

From the measured mean value of the buoyancy force F୆൫୦౦൯ம [N] according to the relation (59) 
to express the total immersed area of the floats S൫୦౦൯ம [mଶ] of the floating body of the testing machine 
at the immersion depth h୮ [m]  and deflection angle ϕ [deg]  of the floating body from the 
equilibrium state. S൫୦౦൯ம = F୆൫୦౦൯மρ · a · g  [mଶ] (59)

Table 15 shows the total immersed area of the floats S൫୦౦൯ம [mଶ]  of the floating body of the 
testing machine at the immersion depth h୮ = 20 mm and deflection angle ϕ [deg] of the floating 
body from the equilibrium state. 

Table 15. Submerged area of floats S(ଶ଴)ம [mଶ] of the floating body of the testing machine at the immersion 
depth h୮ = 20 mm and deflection angle ϕ [deg]. 

ϕ [deg] 0 10 20 30 40 50 60 
FB(20)ϕ [N] 1 3.83 4.41 6.28 7.31 9.10 9.85 9.85 

S(20)ϕ  ቂ10ି6 · m
2ቃ 1952.76 2248.47 3201.91 3727.06 4639.71 5022.10 5022.10 

1 see Table 14. 

The results of the experimental measurements of the buoyancy force F୆୧,୨൫୦౦൯ம [N] at the depth 
of immersion of the floating body of the testing machine h୮ = 40 mm below the water surface and 
the known value of the longitudinal deflection of the floating body from the equilibrium state ϕ [deg] 
are shown in Table 16. 
  

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 23 April 2026 doi:10.20944/preprints202604.1700.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202604.1700.v1
http://creativecommons.org/licenses/by/4.0/


 29 of 36 

 

Table 16. Submerged area of floats S(ଶ଴)ம [mଶ] of the floating body of the testing machine at the immersion 
depth h୮ = 40 mm and deflection angle ϕ [deg]. 

hp [10ି3m] ϕ [deg] 0 ÷ 60 

40 FB1,j(40)ϕ[N] j  

1 4.9 1 

2 4.8 

3 4.9 
FB1(40)ϕ [N] 4.9 
κ1(5%,3)ϕ [N] ± 0.2 

hp [10ି3m] ϕ [deg] 0 ÷ 60 

40 FB,2j(40)ϕ[N] j  

1 4.7 1 

2 4.7 

3 4.8 
FB2(40)ϕ [N] 4.7 
κ2(5%,3)ϕ [N] ± 0.1 

hp = 40 mm ϕ [deg] 0 ÷ 60 
FB(40)ϕ = FB1(40)ϕ + FB2(40)ϕ [N] 9.6 

S(40)ϕ  ቂ10ି6 · m
2ቃ 4894.64 

1 see Figure 23b. 

Figure 23b shows the measured values of buoyancy forces F୆୧,ଵ(ସ଴)ம [N] by force sensors MCF–
100 N, at a immersion depth of h୮ = 40 mm  of the floats below the water surface, with gradual 
deflection  = 0 ÷ 60 deg of the floating body of the testing machine. 

 

Figure 23. (a) realization of the testing machine, (b) measurement of the buoyancy force during deflection  =0 ÷ 60 deg of the floating body from the equilibrium position F୆୧,ଶ(ସ଴)ம [N]. 
The results of the experimental measurements of the buoyancy force F୆୧,୨൫୦౦൯ம [N] at the depth 

of immersion of the floating body of the testing machine h୮ = 60 mm below the water surface and 
the known value of the longitudinal deflection of the floating body from the equilibrium state ϕ [deg] 
are shown in Table 17. 
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Table 17. Submerged area of floats S(ଶ଴)ம [mଶ] of the floating body of the testing machine at the immersion 
depth h୮ = 60 mm and deflection angle ϕ [deg]. 

hp [10ି3m] ϕ [deg] 0 10 20 30 40 50 60 

60 FB1,j(60)ϕ[N] j  

1 7.86 1 7.61 2 6.72 2 5.62 2 4.81 2 4.79 2 4.79 2 

2 3 7.92 7.59 6.75 5.70 4.94 4.74 4.71 

3 4 7.89 7.64 6.72 5.63 4.97 4.77 4.75 
FB1(60)ϕ [N] 7.89 7.61 6.73 5.65 4.91 4.77 4.75 
κ1(5%,3)ϕ [N] ± 0.02 ± 0.07 ± 0.05 ± 0.13 ± 0.09 ± 0.07 ± 0.10 

hp [10ି3m] ϕ [deg] 0 10 20 30 40 50 60 

60 FB,2j(60)ϕ[N] j  

1 7.91 1 7.65 2 6.70 2 5.66 2 4.89 2 4.77 2 4.81 2 

2 3 7.86 7.61 6.74 5.69 4.93 4.80 4.74 

3 4 7.88 7.62 6.71 6.01 4.95 4.79 4.78 
FB2(60)ϕ [N] 7.88 7.63 6.72 5.79 4.92 4.79 4.78 
κ2(5%,3)ϕ [N] ± 0.02 ± 0.06 ± 0.06 ± 0.57 ± 0.03 ± 0.02 ± 0.04 

hp = 60 mm ϕ [deg] 0 10 20 30 40 50 60 
FB(60)ϕ = FB1(60)ϕ + FB2(60)ϕ [N] 15.77 15.24 13.45 11.44 9.83 9.56 9.53 

1 see Figure 24a; 2 see Figure 24b; 3 see Figure 25a; 4 see Figure 25b. 

Figure 24a shows the measured values of buoyancy forces F୆୨,ଵ(଺଴)ம [N] , by force sensors MCF-
100 N, with floats of circular cross-section not submerged below the water surface and at float 
submergence depth h୮ = 60 mm floats, at the angle of deflection  = 0 deg. 

 
Figure 24. Measured buoyancy force waveform (a) F୆୨൫୦౦൯଴ [N] of the non-immersed and immersed h୮ = 60 mm 

floating body, (b) F୆୧,ଵ(଺଴)ம [N]  when submerged h୮ = 60 mm  and deflection  = 0 ÷ 60 deg  of the floating 
body from the equilibrium position. 

Figure 24b shows the measured values of buoyancy forces F୆୧,ଵ(଺଴)ம [N] by force sensors MCF–
100 N, at a immersion depth of h୮ = 60 mm  of the floats below the water surface, with gradual 
deflection  = 0 ÷ 60 deg of the floating body of the testing machine. 

Figure 25 shows the measured values of buoyancy forces F୆୧,୨(଺଴)ம [N] by force sensors MCF–
100 N, at a immersion depth of h୮ = 60 mm  of the floats below the water surface, with gradual 
deflection  = 0 ÷ 60 deg of the floating body of the testing machine. 
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Figure 25. Measured buoyancy force during deflection  = 0 ÷ 60 deg of the floating body from the equilibrium 
position (a) F୆୧,ଶ(଺଴)ம [N], (b) F୆୧,ଷ(଺଴)ம [N]. 

Table 18 shows the total immersed area of the floats S൫୦౦൯ம [mଶ]  of the floating body of the 
testing machine at the immersion depth h୮ = 60 mm and deflection angle ϕ [deg] of the floating 
body from the equilibrium state. 

Table 18. Submerged area of floats S(଺଴)ம [mଶ] of the floating body of the testing machine at the immersion 
depth h୮ = 60 mm and deflection angle ϕ [deg]. 

ϕ [deg] 0 10 20 30 40 50 60 
FB(60)ϕ [N] 1 15.77 15.24 13.45 11.44 9.83 9.56 9.53 

S(60)ϕ  ቂ10ି6 · m
2ቃ 8040.46 7770.24 6857.59 5832.78 5011.91 4874.24 4858.95 

1 see Table 18. 

4. Discussion 

The issue of longitudinal and transverse stability of floating belt conveyors using floating bodies 
with floats of circular cross-section [28,39] has not been comprehensively and systematically analysed 
so far, which is evidenced by the lack of relevant scientific articles and publications in this area. 

In the presented paper, two methodological approaches are described to determine the position 
of the centre of gravity of the displacement of a floating body during its longitudinal deflection from 
the equilibrium state. 

The first method (see Sections 2.1–2.3) is based on the graphical and numerical determination of 
the centre of gravity of the displacement of the floating body, which is complemented by the use of 
3D modelling tools (e.g., SolidWorks [33] or Inventor). The computationally demanding and time-
consuming analytical procedure for determining the position of the centre of gravity of the 
displacement when the body is deflected from its equilibrium position can be effectively replaced by 
determining the centre of gravity based on a volume model created in a CAD system environment. 

The results obtained for the coordinates of the centre of gravity of the displacement ሼx୘; y୘ሽ [m; m] (i.e., the centre of buoyancy force F୆[ N]) at each stage of the deflection of the floating 
body from the equilibrium state by a known magnitude of angle ϕ [deg], at three immersion depths h୮ [m] (0.795; 0.5; 1.09) are given in Tables 1–8. 

Maximum stability arm value sୟ୬ୢ = 997.98 − 10ିଷ m  is achieved for cylindrical floats of 
diameter D = 1.59 m  whose submergence below the water surface reaches exactly half the float 
diameter, i.e., hୋ = ୈଶ = 0.795 m, at an angle of heel ϕ = 25 deg (see Table 1). 

Maximum stability arm value sୟ୬ୢ = 1.24 m is achieved for cylindrical floats of diameter D =1.59 m whose submergence below the water surface does not exceed half the diameter, e.g., hୋ <ୈଶ = 0.5 m, at an angle of heel ϕ ≈ 19 deg (see Table 3). 
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Maximum stability arm size sୟ୬ୢ = 701.01 − 10ିଷ m  is achieved for cylindrical floats of 
diameter D = 1.59 m whose submergence below the water surface exceeds half the diameter, e.g., hୋ > ୈଶ = 1.09 m, at an angle of heel ϕ ≈ 40 deg (see Table 7). 

The second method (see Section 2.4) is based on the analytical determination of the coordinates 
of the centre of gravity of the displacement of the floating body. The coordinates of the centre of 
gravity of the displacement are identical to the values of ሼx୘, y୘ሽ [m, m] determined by the “first 
method”. 

Table 9 presents the coordinates of the centre of gravity ሼx୘ଵଶ, yଵଶሽ [m, m] of the buoyancy force 
of the floating body during phase 1 of the deflection, at the depth of immersion h୮ = 795 mm. 

Table 10 presents the coordinates of the centre of gravity ሼx୘ଵଶ, yଵଶሽ [m, m] of the buoyancy force 
of the floating body during phase 1 of the deflectiion, and Table 11 presents the coordinates of the 
centre of gravity ሼx୘ଵଶ, yଵଶሽ [m, m] of the buoyancy force of the floating body during the 2nd phase 
of the deflection, at the depth of immersion h୮ = 500 mm. 

Table 12 presents the coordinates of the centre of gravity ሼx୘ଵଶ, yଵଶሽ [m, m] of the buoyancy force 
of the floating body during phase 1 of the deflection, and Table 13 presents the coordinates of the 
centre of gravity ሼx୘ଵଶ, yଵଶሽ [m, m] of the buoyancy force of the floating body during the 2nd phase 
of the yaw, at the depth of immersion h୮ = 1090 mm. 

The aim of the experimental tests carried out on laboratory equipment (see Figure 23a) was to 
determine the actual buoyancy force values based on direct measurements using force transducers 
[35], depending on the angle of ϕ [deg] inclination and at different levels of immersion h୮ [m] of the 
floating body below the liquid surface [1]. 

Experimental measurements verified the correctness of the analytical determination of the 
position of the centre of gravity of the displacement of the floating body during its longitudinal 
deflection from the equilibrium position. 

Based on Figures 21b and 22 the conclusion can be formulated that when the floating body is 
submerged below the surface by a value exceeding half of the float diameter (circular cross-section), 
the magnitude of the buoyancy force decreases with increasing angle of inclination. 

When the floating body is immersed to a depth of half the diameter of the cylindrical floats, the 
buoyancy force remains constant, see Figure 23b. When a floating body is more or less submerged, 
the amount of buoyancy force changes with increasing angle of inclination, either decreasing or 
increasing depending on the specific submergence conditions. 

Based on Figures 24b and 25, it can be concluded that when the floating body is submerged 
below the surface by a value not exceeding half of the float diameter (circular cross-section), the 
magnitude of the buoyancy force increases with increasing angle of inclination. 

Future research directions in the area of floating conveyor belt buoyancy should also focus on a 
detailed analysis of the stability loss mechanisms in relation to the transverse stability of the floating 
body [40]. The key topic is to deepen the understanding of critical states, in which the transition from 
steady state to unsteady behaviour occurs due to changes in buoyancy distribution and metacentre 
shift during transverse deflection of the floating body [41]. 

Furthermore, it is appropriate to extend the research by experimental and numerical modelling 
of the dynamic response of floating conveyors to external loads, including the effects of waves, 
uneven loading and changes in embedment. Attention should also be paid to the influence of the 
geometrical parameters of the floats and their arrangement on the so-called “metacentric height” 
[2,28] and the overall lateral stability of the system. 

Optimization of the structural design to increase the stability margin is also a promising area, 
especially through modifications of the shape of the floats, their mutual configuration and the weight 
distribution of the conveyor [21,25]. At the same time, the development of advanced computational 
methods can be recommended [7,18,19,22], which allow reliable prediction of stability limit states in 
real operating conditions. 
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5. Conclusions 

Floating belt conveyor routes, consisting of serially arranged belt conveyors, the end parts of 
which are mechanically fixed to floating bodies, are used for the continuous transport of extracted 
granular materials from the water environment. The paper focuses on the analytical determination 
of the position of the centre of gravity of the buoyancy force, the coordinates of which change 
depending on the longitudinal deflection of the floating body from the equilibrium position, while 
this body performs the function of the supporting element of individual conveyor belts. 

The analysis of the individual phases of the deflection of the floating body, consisting of a pair 
of cylindrical floats with a circular cross-section, showed that the complete immersion of one of the 
floats occurs at a higher angle of inclination in the case when the floats are immersed in the initial 
equilibrium position to just half of their diameter. 

The experimental verification was carried out on a laboratory machine, where the magnitude of 
the buoyancy force was measured using strain gauges during the gradual deflection of the floating 
body from the equilibrium position for three defined levels of immersion. The floating body used in 
the experiment consisted of a pair of cylindrical floats with a circular cross-section with a diameter 
of 80 mm. 

The result of the work is a systematic methodological procedure for determining the position of 
the centre of gravity of the displacement (centre of buoyancy) when the floating body deviates from 
the equilibrium position, together with a methodology for calculating the stability arm as a key 
parameter for assessing the buoyancy and lateral stability of the structure. 

Based on laboratory measurements, the behaviour of the buoyancy force as a function of the 
immersion depth was further quantified. It was found that the buoyancy force remains constant 
during deflection only at a immersion corresponding to half the float diameter. At lower immersion, 
the buoyancy force increases with increasing angle of bank, while at higher drafts, its magnitude 
decreases with increasing bank. 
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