Pre prints.org

Article Not peer-reviewed version

Graph Hyperembedding and Graph
SuperHyperembedding: Extensions via
HyperVector and SuperHyperVector
Spaces

Takaaki Fujita *
Posted Date: 25 December 2025
doi: 10.20944/preprints202512.2284 1

Keywords: hyperstructure; superhyperstructure; vector; HyperVector; SuperHyperVector

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/2023890
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 December 2025 d0i:10.20944/preprints202512.2284.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article

Graph Hyperembedding and Graph
SuperHyperembedding: Extensions via HyperVector
and SuperHyperVector Spaces

Takaaki Fujita

Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan; takaaki.fujita060@gmail.com

Abstract

Graph embedding assigns vectors to vertices (or to entire graphs) in a low-dimensional space so that
adjacency information and broader structural relationships are reflected in the resulting representations.
Hypervector spaces extend the classical vector-space setting by replacing ordinary scalar multiplication
with a set-valued scalar action, allowing each scalar—vector pair to produce a nonempty set of vectors
while maintaining familiar distributive and associative behavior in an appropriate sense. Building on
this idea, (m, n)-SuperhyperVector spaces further generalize the framework by admitting an m-ary
scalar superhyperoperation whose outputs belong to an n-level iterated nonempty powerset associated
with the underlying abelian group. In this paper, we introduce Graph Hyperembedding and Graph
SuperHyperembedding by using HyperVector and SuperHyperVector spaces, and we investigate
fundamental properties of these new embedding models.

Keywords: hyperstructure; superhyperstructure; vector; HyperVector; SuperHyperVector

1. Preliminaries

This section summarizes the terminology and notation used in the sequel. Unless explicitly stated
otherwise, every set and every structure discussed in this paper is assumed to be finite.

1.1. Classical Structures, Hyperstructures, and n-Superhyperstructures

We briefly recall three nested levels of abstraction: classical structures, hyperstructures, and n-
superhyperstructures. Informally, hyperstructures are obtained by applying the powerset construction
once to a base set [1-7], whereas n-superhyperstructures use the n' iterated powerset [8,9]. Related
concepts within the family of superhyperstructures include SuperHyperGraphs [10-12], chemical
hyperstructure [13,14], and SuperHyperAlgebra [15].

Definition 1.1 (Base Set). A base set S is the ground collection on which all subsequent (higher-order)
constructions are formed:

S = { x| xis an element of the domain}.

In particular, every object in P(S) and in P, (S) is ultimately built from elements of S.

Definition 1.2 (Powerset). [16] For a set S, the powerset P(S) is the collection of all subsets of S,
including @:
PS)={A|ACS}.

Definition 1.3 (n-th Powerset). [17] Let H be a nonempty set. The n-th powerset of H, denoted P, (H),
is defined recursively by

Pi(H)=P(H),  Pea(H)=PPe(H)) (k=>1).
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Likewise, the n-th nonempty powerset P;;(H) is given by
Pi(H) =P*(H),  Pii(H) =P*(P{(H)),
where P*(H) = P(H) \ {@} denotes the family of all nonempty subsets of H.

To set a precise basis for hyperstructures and superhyperstructures, we next record the core
definitions.

Definition 1.4 (Classical Structure). (cf. [17,18]) A classical structure consists of a nonempty set H
together with one or more classical operations satisfying specified axioms.
A classical operation is a map
#y: H" — H,

where m > 1 and H" is the m-fold Cartesian product of H. Standard examples are addition and
multiplication in groups, rings, and fields.

Definition 1.5 (Hyperoperation). (cf. [19,20]) Let S be a set. A hyperoperation on S is a map
0:5x 8 —=P(9),

so that the combination of two elements produces a subset of S rather than a single element.

Definition 1.6 (Hyperstructure). (cf. [4,17]) A hyperstructure is a structure obtained by working on the
powerset of a base set. Concretely, it is a pair

H = (P(S),°),

where S is a base set and o is an operation acting on elements of P(S). In this way, operations may be
applied to collections of elements, not only to individual elements.

Definition 1.7 (SuperHyperOperations). (cf. [17]) Let H be a nonempty set. Define the iterated
powersets by

PYH)=H,  P*YH)=PPH) K=>0).

A SuperHyperOperation of order (m, n) is an m-ary map
olmm) . H™ — PI(H),

where P! (H) denotes the n-th iterated powerset of H, with the convention that it may exclude or
include @, depending on the setting;:

e IfQisexcluded from the codomain, then o("™") is called a classical-type (1, n)-SuperHyperOperation.
e IfQisallowed in the codomain, then o("") is called a Neutrosophic (m, n)-SuperHyperOperation.

Thus, SuperHyperOperations extend hyperoperations by permitting higher-order (iterated powerset)
outputs.

An (m, n)-superhyperstructure extends the hyperstructure viewpoint by introducing an m-ary
operation on the hierarchical set P, (S), the n'" iterated powerset of a finite base set.

Definition 1.8 ((m, n)-Superhyperstructure). [17,21] Let S be a nonempty set and let P, (S) be its n'h
iterated powerset (Definition 1.3). Fix an integer m > 1. An (m, n)-superhyperstructure is a pair

SHun = (’PH(S), o(m,n)),

where

o) (Pu(8))™ — Pu(S)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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is an m-ary SuperHyperOperation of order (m,n). That s, for any X = (X1, ..., Xiu) € (Pn(S))™, the
value o("") (X) is a subset of P, (S) satisfying whatever axioms (e.g. associativity or distributivity) are
required in the intended application.

1.2. HyperVector Space

A vector space is a set V equipped with an addition 4 and a scalar multiplication by a field K, and
it satisfies the usual linearity axioms [22,23]. Classical generalizations include fuzzy vector spaces
[24,25] and neutrosophic vector spaces [26,27]. Vector spaces are known to have numerous real-world
applications and play a central role in fields such as machine learning.

A hypervector space extends the vector-space paradigm by replacing the single-valued scalar
multiplication with a set-valued scalar action (an external hyperoperation)

0:KxV — P*V),

so that each pair (2,x) € K x V is assigned a nonempty subset a o x C V, while distributive and
associative behaviors are retained (cf. [28,29]).

Definition 1.9 (Hypervector Space). (cf. [28,29]) Let K be a field and let (V, +) be an abelian group.
Write P*(V) for the family of all nonempty subsets of V. A hypervector space over K is a quadruple
(V,+,0,K) in which

0:KxV — P*(V)
is an external hyperoperation satisfying, for all 2,b € K and x,y € V, the axioms:
(H1) ao(x+y)C(aox)+ (aoy), (rightdistributivity)
H2) (a+b)oxC(aox)+ (box), (leftdistributivity)
(H3) ao(box) = (ab)ox, (associativity)
(H4)  ao(—x)=(-a)ox=—(acx),
H5) «xelox.
Here, for subsets A,B C V,

A+B={u+v|luecA veB},

and the expression a o (b o x) is interpreted as

ao(box)= | (aoy).

y€Ebox

1.3. (m, n)-SuperhyperVector Space

An (m,n)-SuperhyperVector Space extends the hypervector-space framework by allowing an
m-ary scalar SuperHyperOperation whose values lie in the n-th iterated (nonempty) powerset of the
underlying abelian group [30,31].

Definition 1.10 ((m, n)-SuperhyperVector Space). [30,31] Let K be a field, let (V, +) be an abelian
group, and fix integers m,n > 1. Let P,; (V') denote the family of all nonempty elements of the n-th
iterated powerset P, (V). An (m, n)-SuperhyperVector Space over K is a quadruple

(V, +, o™ K),
where
omm) KM 5 vV —s PE(V)
is an m-ary SuperHyperOperation such that, for all a = (ay,...,an), b = (by,...,by) € K™ and all

x,yeV,

(SV1) o™ (a,x+y) C
(SV2)  olmM(a+b,x) C ol (a,x) + ol (b,x),
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https://doi.org/10.20944/preprints202512.2284.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 December 2025 d0i:10.20944/preprints202512.2284.v1

40f16

(SV3)  olmm(a,omm) (b, x)) = ol (a.b,x),
(SV4) oMM (—a,x) = —olmM) (a,x),
(SV5) xeolmm((1,...,1),x).
Here,
a+b=(ay+by,...,am+bw), a-b=(a1by,...,ambn),

and for subsets A,B C V,
A+B={u+v|uecA veB}.

For reference, a comparison of Vector Space, HyperVector Space, and (m, n)-SuperHyperVector
Space is provided in Table 1.

Table 1. Concise comparison: Vector Space vs. HyperVector Space vs. (m, n)-SuperHyperVector Space.

Category Vector Space HyperVector Space (m, n)-SuperHyperVector
Space

Underlying addi- Abelian group (V,+) Abelian group (V, +) Abelian group (V,+)

tive structure

Scalars Field K Field K Field K (with m-tuples of
scalars)

Scalar action (type) KxV — V KxV —P*(V) K" xV = Pi(V)

Output per scalar- Single vector Nonempty subset of V Nonempty element of P, (V)

vector input (nested set, depth )

Distributivity (typ- Equalities Inclusions (set-valued) Inclusions (set-valued, m-

ical form) ary)

Associativity (typi- a(bx) = (ab)x ao(box) = (ab)ox olmn)(a,o(mn) (b, x)) =

cal form) olmn)(a.b,x)

Identity behavior 1-x =x xE€lox xeolmm((1,...,1),x)

Motivation Linear representation Multi-valued /uncertainty- Hierarchical —multi-valued

aware scalar action scalar action (iterated power-

set level)

1.4. Graph Embedding

Graph embedding represents vertices (or entire graphs) by vectors in a relatively low-dimensional
space, with the aim of retaining adjacency information and broader structural similarity. Such repre-
sentations enable efficient downstream tasks such as prediction and retrieval [32-35].

Definition 1.11 (Graph embedding in a vector space). [34,36,37] Let G = (V,E,w) be a (possibly
weighted) simple graph with vertex set V = {vy,...,v,}, edge set E C (‘2/), and weight function
w: E— Ryy. Fixan integer d > 1.

A d-dimensional graph embedding consists of a map

¢:V = RY equivalently a matrix ~ Z € R™ with Z;. = ¢(v;),

together with
s:VxV =R (achosen graph proximity/relation),

and
sim:R? x R? = R (a chosen similarity in the embedding space),

such that, for the vertex pairs of interest (u,v), the similarity score sim(¢(u), ¢(v)) provides an
approximation to s(u, v) (or at least preserves its ranking).

A standard way to express this requirement is to select ¢ by solving an optimization problem of
the form

oy <u,§eQL(S(”’”)’ sim(p(u), 9(v))) + AR(9),
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https://doi.org/10.20944/preprints202512.2284.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 December 2025 d0i:10.20944/preprints202512.2284.v1

50f 16

where () C V x V is the set of training/evaluation pairs, L is a loss function, R is a regularizer, and
A>0.

2. Results

This section presents the results.

2.1. Graph Hyperembedding
Graph Hyperembedding maps vertices to nonempty sets of hypervectors in a hypervector space,

preserving graph proximities via aggregated similarity.

Definition 2.1 (Aggregation operator). An aggregation operator is a map
Agg:P*(R) — R
satisfying the singleton normalization:

Agg({r}) =r  (VreR).

Typical examples include Agg(X) = max X, Agg(X) = min X, or Agg(X) = & i Y vex x for finite X.

X
Definition 2.2 (Induced similarity between nonempty subsets). Let (H, +, o, K) be a hypervector space

and let
sim: Hx H— R

be a prescribed similarity function on (hyper)vectors. Let Agg be an aggregation operator (Defini-
tion 2.1). For A, B € P*(H), define the induced similarity

SIM(A, B) = Agg( {sim(x,y) | x €A, y € B}).

Definition 2.3 (Graph hyperembedding in a hypervector space). Let G = (V, &, w) be a (possibly
weighted) simple graph with V = {v1,...,0,} and € C (). Fix a hypervector space (H, +,o,K). Fixa
graph proximity functions : V x V — R, a similarity sim : H x H — R, and an aggregation operator

Agg.
A graph hyperembedding of G into (H, +, o, K) is a set-valued map

®:V — P*(H),

together with the induced similarity SIM from Definition 2.2, such that SIM(®(u), ®(v)) approximates
(or preserves the ordering of) s(u,v) for relevant pairs (u,v).
As in ordinary graph embedding, one common specification is to define ® as a minimizer of

LTI (ugeﬂ L(s(u,v), SIM(dD(u),CD(v))) + AR(D),

where () CV x V, Lis aloss function, R is a regularizer, and A > 0.

Remark 2.4 (Deterministic (singleton) case). If ®(v) is a singleton for every v € V, i.e., ®(v) = {hy}
with h, € H, then
SIM(®(u), ®(v)) = Agg({sim(hy, hy)}) = sim(hy, hy)

by Definition 2.1. Thus the hyperembedding reduces to an ordinary point embedding into H.

Example 2.5 (A concrete graph hyperembedding with set-valued vertex representations). Let G =
(V,E) be the path on three vertices

V = {vy,v2,03}, E = {{v1,v2},{v2,v3}}.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(Target hypervector space.) Let K = R and let H = R? with the usual vector addition +. Define
an external hyperoperation o : K x H — P*(H) by

aox={ax} (a € R, x € R?).

Then (H, +, o, K) is a hypervector space.
(Proximity, similarity, and aggregation.) Define the graph proximity

S(,0) = 1, {u,v}€E,
e 0, {uv}¢&E,

and define a similarity on H by the negative squared Euclidean distance:
sim(x,y) = —}x — yl.
Choose the aggregation operator Agg : P*(R) — R as
Agg(X) = max X.
Hence the induced similarity for nonempty sets A, B C H is
SIM(A, B) = max{sim(x,y) | x € A, y € B}.
(Set-valued embedding.) Define ® : V — P*(H) by
®(v1) = {(0,0),(0.1,0)},  @(v2) = {(1,0),(1.1,0)}, P(v3) = {(2,0),(21,0)}.

This @ is a graph hyperembedding because adjacent vertices obtain higher induced similarity than the
non-adjacent pair, as shown by the explicit computations below.
(Verification by direct calculation.) For {v1,v,} € E, compute all four squared distances:

1(0,0) = (1,0)3 =1, [[(0,0) = (1.1,0)3 = 1.21,
1(0:1,0) = (1,0)|I5 = 081, [(0.1,0) — (1L,0) |3 = 1.
Thus the corresponding similarities are
-1, —1.21, -0.81, -1,

and therefore
SIM(®(v1), ®(v2)) = max{—1,—1.21,—-0.81, -1} = —0.81.

Similarly, for {v;,v3} € E we obtain
SIM(®(0v,), ®(v3)) = —0.81

(by the same distance pattern shifted by +1 in the first coordinate).
For the non-edge pair {v1,v3} ¢ E, compute:

10,0) = (2,0)[3 =4, (0,0) — (2.1,0)[I3 = 441,

1(0.1,0) — (2,0)||3 = 3.61, |(0.1,0) — (2.1,0)3 = 4,

so the similarities are
—4, —4.41, -3.61, —4,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.2284.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 December 2025 d0i:10.20944/preprints202512.2284.v1

7 of 16

and hence
SIM(®(v1), ®(v3)) = max{—4,—4.41,-3.61, —4} = —3.61.

Therefore,
SIM(®(v1), ®(02)) = SIM(d(02), ®(v3)) = —0.81 > —3.61 = SIM(®(0v1), D(v3)),
which matches the intended proximity ordering s(vq,v2) = s(vp,v3) =1 > 0 = s(vy, v3).

Theorem 2.6 (Graph hyperembedding generalizes graph embedding). Let (W, +, -, K) be a (classical)
vector space over a field K. Define a hyperoperation o : K x W — P*(W) by

aox = {a-x} (aeK xeW).

Then (W, +, o, K) is a hypervector space.

Moreover, let G = (V,E,w) be a graph, let ¢ : V — W be a (classical) graph embedding, and let
s:VxV = Randsim: W x W — R be the proximity and similarity used for ¢. Choose any aggregation
operator Agg. Define the singleton lift

OV PHW), D) ={¢0)}.

Then ® is a graph hyperembedding of G into (W, +, o, K) in the sense of Definition 2.3, and it reproduces the
same pairwise similarities:

SIM(®(u), ®(v)) = sim(¢(u), ¢(v)) (Yu,v € V).
In particular, Graph Hyperembedding is a genuine generalization of Graph Embedding.

Proof. Step 1 (Hypervector space axioms). We verify the axioms (H1)-(H5) of the Hypervector Space
definition for (W, +, o, K) with a o x = {a - x}. Recall that for subsets A,B C W,

A+B={u+v|uecA ve B}
(H1) Right distributivity:
ao(x+y)=Ha-(x+y)f={a-x+ay} Cla-xj+{a-y}=(aox)+(acy).
(H2) Left distributivity:
(a+b)ox={(a+b)-x}={a-x+b-x} C{a-x}+{b-x} =(aox)+ (box).
(H3) Associativity: First note b o x = {b - x}. Hence, using the standard interpretation

ao(box)= |J (aoy),

yEbox

we compute

ao(box)= |J {a-y}={a-(b-x)} ={(ab)-x} = (ab) o x.

ye{bx}

(H4) Compeatibility with additive inverses:

ao(—x)={a-(—x)} ={-(a-1)} = —({a-x}) = —(aow),

and similarly

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(H5) Unit condition:
lox={1-x} ={x},

sox € lox.
Therefore (W, +, o, K) is a hypervector space.
Step 2 (Reduction of similarities). Let ®(v) = {¢(v) }. By Definition 2.2,

SIM(®(u), ®(v)) = Agg({sim(x/y) |xefo(u)} ye {GD(U)}}) = Agg({sim(¢(u), ¢(0))}).

By the singleton normalization in Definition 2.1,

Agg({sim(¢(u), ¢(0))}) = sim(¢(u), ¢(v)).

Hence SIM(®(u), ®(v)) = sim(¢(u), ¢(v)) for all u, v, so O satisfies the same proximity-preservation
requirement as ¢. Thus ® is a graph hyperembedding, and Graph Hyperembedding generalizes
Graph Embedding. [

2.2. Graph SuperHyperembedding

Graph SuperHyperembedding maps graph vertices to n-th iterated nonempty powerset elements
in an (m,n)-SuperhyperVector Space, preserving proximities.

Definition 2.7 (Lifted Minkowski sum on P;(U)). Let (U, +) be an abelian group. Define binary
operations @ on P} (U) recursively as follows.

For k =0, set §g := + on U.

Fork > 0and X,Y € P, ;(U) = P*(P;(U)), define

X®r1Y = {x®ry | xeX, yeY}.
In particular, for k = 0 and nonempty subsets A, B C U,
A®1B={a+b|lac A be B},

which is the usual Minkowski sum.

Definition 2.8 (Singleton tower operator). Let U be a nonempty set. Define maps 1 : Py (U) — Py (U)
by
) =x  ga(x) = {x)} (k=0).

More generally, for X € 73]-*(11) and 1 > j, define 1;_,,(X) € Py;(U) by
s (X) =X, s (X) = {4 (X)) (E=)).
Thus 11,,(A) = {{--- {A} - - - } } (with n — 1 additional braces) for A € P;(U).

Lemma 2.9 (Compatibility of ¢, with lifted sum). Let (U, +) be an abelian group and define @y as in
Definition 2.7. Then foralln > 1and all u,v € U,

(1) By tn(v) = 1(u+0).

Proof. We prove by induction on #.
Base case n = 1:

n(u) ®10(v) = {ut @& {v} ={u+o} =nu+o).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Induction step: assume 1, (1) @y 1y (v) = 1y (u + v). Then using Definition 2.7,

b1 (1) @1 b1 (0) = {in (1)} Sugr {tn(0)} = { (1) S tn(0) }.

By the induction hypothesis, ¢, (1) @y, 1, (v) = 1,(u + v), hence

tn1(4) Gng1 tn1(0) = {tn(u +0)} = 11 (u +0).
a
Definition 2.10 (Aggregation operator). An aggregation operator is a map
Agg: P*(R) = R

satisfying
Agg({r})=r  (VreR).

Definition 2.11 (Recursive induced similarity on P, (U)). Let U be a nonempty set and fix a base
similarity
simg: U x U — R.

Fix an aggregation operator Agg (Definition 2.10). Define similarities SIMj : P;(U) x P/ (U) — R
recursively by
SIMO = Simo,

and fork > 0, for X,Y € P,fﬂ(ll),
SIMy41(X, Y) = Agg({SIM(x,y) | x € X, y € Y}).

Lemma 2.12 (Singleton-collapse of the recursive similarity). With SIMy, defined as in Definition 2.11, for
any k > 0and any X, Y € P (U),

SIM, 1 ({X}, {Y}) = SIM(X, Y).
Consequently, for n > 1 and any A, B € P;(U),
SIMy; (1151 (A), t15n(B)) = SIM1 (A, B).
Proof. First claim:
SIM 1 (1), {¥}) = Ags( {SIMi(x,y) | € (X, y € (¥}}) = Agg({SIML(X, Y)}) = SIMK(X. V),

using the singleton normalization Agg({r}) = r.
Second claim follows by iterating the first claim n — 1 times:

SIMy (1151 (A), 1150 (B)) = SIMy—1 (115 (n—1) (A), 15 (n—1)(B)) = - - - = SIM1 (4, B).

O

Definition 2.13 (Graph superhyperembedding in an (m, n)-SuperhyperVector Space). Let G =
(V, &, w) be a (possibly weighted) simple graph with V = {vy,..., o5} and £ C ()2}) Fix an (m, n)-
SuperhyperVector Space

(U, +, o0, K)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(in particular (U, +) is an abelian group), and fix a graph proximity function
s:VxV =R

Fix also a base similarity simg : U x U — R and an aggregation operator Agg. Let SIM,, be the induced
similarity on P, (U) from Definition 2.11.
A graph superhyperembedding of G into (U, +, olmmn), K) is a map

Y.V PHU)

such that SIM,, (¥ (u), ¥ (v)) approximates (or preserves the ordering of) s(u, v) for relevant pairs (1, v).
One common specification is to define ¥ as a minimizer of

. L ), SIM,, (¥ (u), ¥ AR(Y),
‘Y:VT%PH;‘(LI) (u,f;eo (S(u v) (¥(w) (U))) * (%)

where () CV x V, Lis aloss function, R a regularizer, and A > 0.

Example 2.14 (A level-n = 2 Graph SuperHyperembedding on a short path). Let G = (V, £) be the
path on three vertices
V= {vll U2, 03}/ &= {{vll 02}/ {’02/7)3}}‘

Define the proximity

wo-{y Lo

(Target (m, n)-SuperhyperVector Space.) Let K = R and let U = R? with the usual addition +.
Fix (m,n) = (2,2) and define

022 . K2 x U — Py (U), 0(2'2)((a1,a2),x) = {{(map)x}} = n((aa2)x).

This is the canonical singleton-tower lifting of ordinary scalar multiplication; hence the axioms (SV1)-
(SV5) follow from the usual vector-space identities exactly as in the singleton reduction arguments
used for hypervector spaces.

(Base similarity and aggregation.) Let

simo(x,y) = —[lx—yl3  (vyeu),

and choose the aggregation operator Agg(X) = max X. Let SIM; be the induced similarity on P (U)
constructed recursively (Definition 2.11).

(Definition of the superhyperembedding.) Define ¥ : V — P;(U) by the following nonempty
families of nonempty subsets:

Y(01) = {A1, A2}, ¥(v2) ={By, B},  ¥(v3) = {C1, Cr},

here Ar = {(0,0),(0.2,0)}, Ay ={(0,0.1),(0.2,0.1)},
,(12,0)}, By ={(1,0.1),(1.2,0.1)},
(32,00}, G ={(3,0.1),(32,01)}.
Thus each ¥(v;) is an element of P} (L) = P*(P*(U)).
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(Verification: edge pairs have larger induced similarity than the non-edge pair.) First compute
SIM; (A1, B1). We list the four squared distances:

10,0) = (1L,O)Z =1, [(0,0) - (1.2,0)3 = 1.4,

10.2,0) — (1,0)|[3 = 0.64, [|(0.2,0) — (1.2,0)[3 = 1.

Hence the four similarities simg are

-1, —1.44, —0.64, —1,
so (since Agg = max)

SIM; (A, By) = max{—1, —1.44, —0.64, —1} = —0.64.

By the same computation (shifted in the second coordinate),

SIM; (A,, By) = —0.64.
Therefore, using the level-2 recursion SIM,({A1, A2}, {B1, B2}) = max; j SIM; (A;, Bj), we obtain

SIM, (¥ (v1), ¥(v2)) = —0.64.

Next, for the edge {vp,v3} € &, compute SIM;(By,Cy). The closest pair is (1.2,0) € By and
(3,0) € Cy, giving

1(1.2,0) — (3,0)||3 = (1.8)2 =324 = SIM;(By,C;) > —3.24.

A direct enumeration of all four pairs in B; x C; shows the maximum similarity is indeed —3.24, so
SIM; (By,C1) = —3.24, and similarly SIM;(B;, C;) = —3.24. Hence

SIM; (¥ (v2),¥(v3)) = —3.24.
Finally, for the non-edge {v1,v3} ¢ &, the closest pair is (0.2,0) € A;j and (3,0) € Cy, giving
[(0.2,0) = (3,0)]53 = (28)> =784 = SIMy(¥(vq),¥(v3)) = —7.84.
Consequently,
min{SIM (¥ (v1), ¥ (v2)), SIMz (¥ (v2), ¥ (v3)) } = min{—0.64, —3.24} = —3.24 > —7.84 = SIM(¥(v1), ¥ (v3)),

which matches the intended proximity ordering 1 > 0 for edges versus the non-edge. Thus ¥ is a
concrete Graph SuperHyperembedding of G at level n = 2.

Example 2.15 (A level-n = 3 Graph SuperHyperembedding on a 4-cycle). Let G = (V, £) be the cycle
C4 with

V ={a,b,c,d}, & ={{a,b},{b,c},{c,d}, {d,a}}.
Define the proximity s by s(u,v) = 1 for {u,v} € € and s(u, v) = 0 otherwise.

(Target (m,n)-SuperhyperVector Space.) Let K = R, U = R? with usual addition, and fix
m,n) = (3,3). Define the canonical singleton-tower scalar SuperHyperOperation
g perfyperUp

B K x U = PU), oI ((a,8,7),x) = i3((aBy)x).
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(Base similarity and aggregation.) Let
simp(x,y) = —[x—yl3,  Agg(X) =maxX,

and let SIM;3 be the induced similarity on P; (U) obtained from Definition 2.11.
(Mode construction in P3 (U).) We first define nonempty subsets of U (level 1 objects):

Ay = {(0,0),(0,0.1)}, A, = {(0.1,0),(0.1,0.1)},
B; = {(1,0),(1,01)}, B ={(1.1,0),(1.1,0.1)},
G ={(1,1),(1,1.1)}, G ={(1.1,1),(1.1,1.1)},
D; ={(0,1),(0,1.1)}, D, ={(0.1,1),(0.1,1.1)}.
Next define level 2 objects (nonempty sets of the above subsets):
XV = (AL A2}, X7 = (A1),
x\V = (B, B}, X = {By},
xM = {C1, G}, x? = {Ci},
xV = (D, Dy}, XxP ={Dy}.
Finally, define the level 3 embedding ¥ : V — P; (U) by
¥(a) = {xV, X7}, v = {xV,x7}, v = {x" xP}, @) = {x),xP

Each ¥ (-) is a nonempty set of level-2 objects, hence an element of P; (U).

(Verification: an edge similarity dominates a diagonal similarity.) Consider first the edge {a,b} €
£. Compute the level-1 induced similarity SIM; (A5, B1). The closest pair is (0.1,0) € A and (1,0) €
Bli

(0.1,0) = (1,0)||53 = (0.9)> =081 = SIM;(Ay,B;) = —0.81.

One checks similarly that all other pairs among A; and B; yield similarities < —0.81, so

SIM, (X', xMy = SIM; (A;, B:) = —0.81.
2(Xa, X, 7) {12 e 1) i )

Because SIMj; is the max-aggregation over mode pairs,

S (¥0)¥0) = (P, ) = smaa () = <ot

In fact, the other mode combinations give values < —0.81, so
SIM3 (‘I’(a),‘I’(b)) = —0.81.

Now consider the diagonal non-edge {a,c} ¢ £. Compute SIM; (A, C1) using the closest pair
(0.1,0.1) € A and (1,1) e Cq:

(0.1,0.1) = (1,1)]3 = (0.9)% + (0.9)> = 0.81 +0.81 = 1.62 = SIM;(Ay,C;) = —1.62.
Enumerating the remaining pairs among A; and C; gives similarities < —1.62, hence

SIM, (x4, x(V) = —1.62.
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The other mode combinations yield values < —1.62 (for instance, SIMZ(ng), ng)) =SIM;(A41,Cp) =
—1.81), s0

SIMs (¥ (a),¥(c)) = max SIM, (X, x\") = —1.62.
pae{12}

Therefore,
SIM; (¥ (a), ¥ (b)) = —0.81 > —1.62 = SIM3(¥(a), ¥(c)),

which matches s(a,b) =1 > 0 = s(a, ¢). By the symmetric construction of the four corners, the same
edge-versus-diagonal ordering holds for {b,c}, {c,d}, {d, a} versus the non-edges {a,c}, {b,d}. Hence
Y is a concrete Graph SuperHyperembedding of Cy4 at level n = 3.

Theorem 2.16 (Graph SuperHyperembedding generalizes Graph Hyperembedding and Graph Embed-
ding). Let G = (V, &, w) bea graph, s : V x V — Ra proximity, simg : U x U — R a base similarity, and
Agg an aggqregation operator.

(I)  (Generalizes Graph Hyperembedding) Assume n > 1. Let & : V — Py (U) = P*(U) be a graph
hyperembedding in the sense of Definition 2.3 (with induced SIMy). Define

¥(0) = 1on(®(0) € P(U)  (veEV).
Then Y is a graph superhyperembedding (Definition 2.13), and for all u,v € V,
SIM,, (¥ (u), ¥ (v)) = SIM; (P (u), ®(v)).

(I)  (Generalizes Graph Embedding) Let (W, +, -, K) be a classical vector space. Fix simy : W x W —
R and Agg. Let ¢ : V — W be a classical graph embedding (Definition: Graph embedding in a vector space).
Define a lifted map

®(0) ={g()} € PI(W),  ¥(v) = 1n(P(0)) € Py(W).
Then Y is a graph superhyperembedding into P;; (W), and for all u,v € V,
SIM,, (¥ (1), ¥(v)) = simg(¢(u), ¢(v)).
In particular, Graph SuperHyperembedding strictly contains the usual Graph Embedding as the singleton case.
Proof. (I) Let n > 1 and define ¥ (v) = 11,,(®(v)). For any u,v € V, by Lemma 2.12,
SIM,, (¥ (1), ¥ (v)) = SIMy, (110 (P (1)), 1150 (P())) = SIMy (D(u), P(v)).
Therefore the proximity-preservation property for ¥ at level  is identical to that for ® at level 1. Hence
Y is a graph superhyperembedding.

(I) Let ¢ : V — W be a classical graph embedding and define ®(v) = {¢(v)} and ¥(v) =
11—, (®(v)). First compute SIM; on singletons:

SIM; ((u), ®(v)) = Agg({SIMo(x,y) lxe{o()} ye {CP(U)}}) = Agg({simo(p(u), ¢(v))}) = simo(¢(u), ¢(v))-
Next apply Lemma 2.12 to lift from level 1 to level n:

SIM,, (¥ (1), ¥ (v)) = SIMy (11 (P(11)), 1150 (P(0))) = SIMy (D (1), P(v)) = simg (@ (1), ¢(0)).

Thus the induced similarities in the superhyperembedding match the classical similarities of ¢, so ¥
preserves the same proximity information and is a graph superhyperembedding. O
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3. Conclusion

In this paper, we introduced two extensions of classical graph embedding by employing Hyper-
Vector and SuperHyperVector structures: namely, Graph Hyperembedding and Graph SuperHyper-
embedding. For reference, we summarize Graph embedding, Graph Hyperembedding, and Graph
SuperHyperembedding in a comparative Table 2.

Table 2. Concise comparison: Graph embedding vs. Graph Hyperembedding vs. Graph SuperHyperembedding.

Category Graph embedding Graph Hyperembedding  Graph SuperHyperembed-
ding
Target space R4 (U,+,0,K) (U, +, omn) K)
Embedding p:V—RA ®:V — PHU) YV — Pr(U)
map
Representation One vector Nonempty set in U Nested nonempty set in
P (U)
Similarity sim(-,-) on RY SIM; induced from simy on SIM;, induced recursively
u from simy on U
Objective sim(g(u), p(v)) =s(u,v) SIMp(D(u), D(v)) ~ SIM, (¥ (u), ¥ (v)) R~
s(u,v) s(u,v)
Reduction — D(v) = {xy} gives classical ¥(v) = 1,(xy) gives
embedding into U SIM,, = simg
Motivation Compact encoding Ambiguity-aware encoding Hierarchical
ambiguity /multi-scale
encoding

In future work, we aim to investigate extended frameworks based on Fuzzy Sets[38], Neutrosophic
Sets[39,40], Uncertain Sets[41,42], Plithogenic Sets[43,44], and related generalizations.
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