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Abstract: Volumetric models are a crucial tool for forest management. The study aimed to adjust the mixed
model by Schumacher and Hall for estimating commercial volume in a dense ombrophilous forest situated in
Ferreira Gomes, Amapa, Brazil. Cubage data from 100 sample trees of 5 species were used to adjust the
Schumacher and Hall model in fixed and mixed non-linear forms with the diameter class as a random effect.
In addition, the same model was also adjusted for each class to verify whether good equations will be generated
by stratifying by diameter class. After analysis, it was found that most of the equations by diameter class do
not present all significant parameters. On the other hand, the mixed models using class as a random effect
showed good results. Finally, it can be seen that mixed models are a much better alternative than stratification
by diameter class for volume estimation

Keywords: Cubage; equations; modeling

1. Introduction

The geometrically irregular shape of the tree trunk induces variability in estimates to calculate
volume, some in a destructive way and others not. The volume of trees is the variable of greatest
interest for commercial purposes.

To achieve parametric values with greater precision in the calculation of volume, the rigorous
cubing technique is usually used (MACHADO; FIGUEIREDO FILHO, 2006; SOUZA et al., 2017),
which consists of applying n sections on the stem to collect the diameter successively at fixed heights
(CAMPOS, 2014).

Considering that rigorous cubing is an expensive activity, non-destructive methods (such as
volume estimates) are applied, where conventionally form factor, form quotient, and volume
equations are used. These are developed through a regression model, in which the diameter at 1.30
m of the soil (D) and commercial height of the trees are used as independent variables (hm)
(MCTAGUE et al., 1989; MARTINS et al., 2016).

Due to the variability of the data, these equations may present a lower precision, if the data are
not collected properly, decreasing the reliability to subsidize the economic analyzes. In general,
regression models may present heterogeneity of variance, autocorrelation and absence of normality
in residues for native forests. Therefore, the data collection step is essential to be able to generate
equations with more reliability besides the models chosen for adjustment.

The use of volume equations stands out in the forestry sector because they have the advantage
of calculating solid volume, tree by tree, through statistical models, which are tested to present the
smallest possible errors. Among the various models in the literature to express the volume of wood
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as a function of diameter and height, the model proposed by Schumacher and Hall is one of the most
used in forestry sector, which popularity is mainly attributed to its accuracy and ease of adjustment,
resulting in estimates that are almost always unbiased (CAMPOS; LEITE, 2017).

The reliable estimates of the commercial volume equations enabled the determination, by
Brazilian legislation (IBAMA, IN n° 030/2002) (from the second year of exploration), of the calculation
of the geometric volume of standing trees. This calculation is conducted through tree volume
equations developed specifically for the areas submitted to the Sustainable Forest Management Plan
(BRASIL, 2003).

A volumetric equation is adjusted for a "mix" of tree species. However, the conformation of the
trunk can vary among tropical species due to different plant responses to extreme edaphoclimatic
factors. In this way, generating equations of populations can provide more accurate answers in
volumetric estimates when compared with form factor or equation for the "mix" of species.

Besides the traditional volume equation approaches, volumetric modeling can be approached
via mixed models. These models have been notable for their capacity to provide accurate estimates
of the volume in native forests. The high heterogeneity of forests, characterized by various species,
topography, density, site conditions, age, and other variables, is a challenge for traditional methods.
The use of mixed models can offer a more comprehensive and detailed comprehension of forest
structure, contributing significantly to the sustainable management of these ecosystems.

Given the legal requirement to develop equations for volume estimation in native forests,
combined with the complexity of estimating dendrometric variables with high heterogeneity, this
study hypothesizes that the Schumacher and Hall model will achieve greater accuracy with the
inclusion of random effects. The objective of the study is to adjust the mixed model by Schumacher
and Hall for estimating commercial volume in a dense ombrophilous forest situated in Ferreira
Gomes, Amapa, Brazil.

2. Materials and Methods

Study Area

The study was developed in the Amapa National Forest, a Sustainable Use Conservation Unit
created by the Brazilian Federal Decree n® 97,360 on April 10, 1989, located in the municipalities of
Pracutiba, Ferreira Gomes and Amapa, Amapa, Brazil, with an area of 459,867.17 hectares, according
to its Management Plan.

The Management Plan of the Amapa National Forest, approved by the Chico Mendes Institute
for Biodiversity Conservation (ICMBio) Decree n® 1 on October 10, 2014, defined the zoning stage,
highlighting the Sustainable Forest Management Zone which encompasses 268,549.59 hectares. In
2021, the company RRX Timber acquired two Forest Management Units within this zone through a
bidding process organized by the Brazilian Forest Service (SFB), with areas of 39,073 and 112,994
hectares, respectively.

Sampling

The study was conducted in the area of effective management of the Production Unit I, operated
by RRX Timber. The exploitation of commercial trees began in the dry season (July/2023). The trees
explored were tonka beans (Dipteryx odorata (Aubl.) Forsyth f.), angelim vermelho (Dinizia excelsa
Ducke), angelim pedra (Hymenolobium petraeum Ducke), ipé (Handroanthus albus (Cham.) Mattos)
e magaranduba (Manilkara elata (Allemao ex Miq.) Monach)

One hundred trees with diameters at 1.30 m above ground level (D) > 50 cm were randomly
selected for rigorous cubing across different diameter classes (Class 1: 50 <D < 60 cm; Class 2: 60 < D
<70 cm; Class 3: 70 < D < 80 cm; Class 4: 80 < D <90 cm; Class 5: 90 < D <100 cm; Class 6: 100 < D <
110 ecm; Class 7: 110 < D < 120 cm; Class 8: 120 < D < 130 cm; and Class 9: D > 130 cm). The rigorous
cubing process to obtain the commercial volume (vim) was performed according to the Smalian’s
formula with logs L =1 m.
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Data Analysis

Using the data on commercial volume, diameters at 1.30 m above ground level, and commercial
heights, it was initially adjusted the Schumacher and Hall (1933) fixed model in its nonlinear form.
According to Abreu et al. (2023), this was the best model for the study area, given by:

Vi = BoDIREZ + ¢
where: vmi = commercial volume in m3 Di = diameter at 1.30 m above ground level in m; hmi =
commercial height in meters; B0 to B2 = model parameters; € = random error.

The model adjustment was performed using the method of maximum likelihood through the R
package glm2 (R DEVELOPMENT CORE TEAM, 2014).

Subsequently, the model by Schumacher and Hall (1933) was adjusted considering the structure
of a nonlinear mixed model by including random intercepts and slope coefficients, considering the
diameter classes and subsequently the species as random effects, resulting in the following models:

Vmi = (Bo + @)D TPVRSE) 4 g
where: 30, f1 and (2 = fixed model parameters; a, =random intercept for the i-th diameter class or
species; by; to by; =random slope coefficients for the i-th diameter class or species.

The mixed nonlinear model is mathematically represented (MELLQO, 2014) as:

yi = f(x, ;) + ¢, € NQO,R;), where: y; is (n;x 1) vector of the dependent variable, f is the
nonlinear function, x; is (n;x s;) matrix of known covariates, ¢; is (s;x 1) vector of parameters,
consisting of only fixed-effect coefficients or the composition of fixed and random, ¢; is (n;x 1)
vector of errors, 0 is a null vector, R; is variance and positive covariance matrix for the errors.

The coefficients of the vector ¢; can be expressed as (LITTELL et al., 2006; PINHEIRO et al.,
2021): ¢; = A;B + B;b;,b; N(0,D), where: A; e B; are matrices for fixed and random effects,
respectively; B is (S;x 1) vector of coefficients with fixed effects, b; is (S,x 1) vector of random
parameters, in which they assume a multivariate normal distribution, with mean vector zero and the
variance and covariance matrix D.

The mixed model was adjusted using the method of maximum likelihood through the R package
nlme (R DEVELOPMENT CORE TEAM, 2014). For the fixed and mixed form model, the Akaike
Information Criterion (AIC), the correlation coefficient (7,,) between observed and estimated
volume, the root mean square error (RMSE%), bias, and graphical analysis of residuals were
employed (BINOTI et al., 2015).

The result of the inclusion of the random effect in the intercept and in the slopes was verified
using the likelihood ratio test (RESENDE et al., 2014), where the significance of the difference (D)
between the deviations [-2log(L)] for the models with and without the random effect was determined
by comparing the calculated value with the tabulated value using the x2 test at a 5% significance
level.

For comparison purposes, the Schumacher and Hall model was also adjusted for each diameter
class using the nonlinear least squares method, using the t-test on the parameters to verify whether
it is possible to generate satisfactory volume equations with a smaller number of samples.

3. Results

Considering the total number of sample trees used in the analyzes (100), the diameters at 1.30 m
above ground level (D) ranged from 0.53 to 1.37 m and the commercial heights (hm) from 6.27 to 35.96
m (Table 1). As for the volume (Vm), it ranged from 2.34 to 28.89 m?, with an average of 10.566 m?,
respecting the maximum harvest limit of 30 m%ha.

Table 1. Descriptive statistics of data for adjusting volume equations in the Amapa National Forest.

Total of samples

Variable N x s Minimum Q1 Median Q3 Maximum
D (m) 100 0,944 0,209 0,53 0,79 0,95 1,08 1,37
Hm (m) 100 18,968 5,607 6,27 1544 18,525 22,25 35,96

Vm (m?) 100 10,566 5,487 2,345 6,517 9,742 13,431 28,892
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Dipteryx odorata
Variable N x s Minimum Q1 Median Q3 Maximum
D (m) 5 0700 0,137 0,530 0,590 0,670 0,825 0,900
Hm (m) 5 19,218 6,151 11,400 13,305 19,200 25,140 26,560
Vm (m?3) 5 5976 3,646 3,496 3,688 4,637 8,934 12,350
Dinizia excelsa
Variable N X s Minimum Q1 Median Q3 Maximum
D (m) 63 1,014 0,194 0,530 0,890 1,050 1,130 1,370
Hm (m) 63 16,880 4,920 6,270 12,430 17,000 20,150 29,800
Vm (m?) 63 11,364 5,554 2,345 7403 10,688 15449 26,317
Handroanthus albus
Variable N x s Minimum Q1 Median Q3 Maximum
D (m) 16 0,871 0,209 0,53 0,79 0,95 1,08 1,37
Hm (m) 16 25,588 5,607 6,27 15,44 18,525 22,25 35,96
Vm (m?) 16 11,140 5,487 2,345 6,517 9,742 13,431 28,892
Manilkara huberi
Variable N x s Minimum Q1 Median Q3 Maximum
D (m) 12 0,814 0,091 0,690 0,743 0,795 0,900 0,960
Hm (m) 12 21,394 3,042 15,580 19,250 21,675 22,850 27,300
Vm (m?3) 12 8,393 2,190 5,100 6,579 8,225 10,478 11,304
Hymenolobium petraeum
Variable N X s Minimum Q1 Median Q3 Maximum
D (m) 4 0828 0,171 0,600 0,655 0,850 0,978 1,010
Hm (m) 4 17,813 1,800 16,680 16,760 17,035 19,643 20,500
Vm (m?) 4 7972 3971 4,081 4699 7173 12,044 13,459

Dipteryx odorata has an average diameter of 0.70 m, an average height of 19.21 m, and an
average volume of 5.97 m3. Dinizia excelsa has an average diameter of 1.01 m, an average height of
16.88 m, and an average volume of 11.36 m®. Handroanthus albus stands out with an average height
of 25.58 m, making it the tallest among the species analyzed, and an average volume of 11.14 m3.
Manilkara huberi has an average diameter of 0.81 m, an average height of 21.39 m, and an average
volume of 8.39 m®. Hymenolobium petraeum has an average diameter of 0.82 m, an average height
of 17.81 m, and an average volume of 7.97 m3.

These results provide a comprehensive view of the structural characteristics of the trees in the
studied forest sample, allowing a better understanding of the diversity and distribution of the tree
species.

These statistics can also be visualized in the box plot by diameter class (Figure 1), where the
natural trend of growth in diameter and volume per class is observed. However, this same behavior
is not evident in relation to height, considering that the commercial height (hm) may have different
dimensions depending on the quality of the stem.
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Figure 1. Box plot for dendrometric variables in the Amapa National Forest.

After adjusting the Schumacher and Hall model in the fixed form, it was found that it presented
a good adjustment, with all parameters being significant and satisfactory test statistic (AIC=407.0609,
RQME=1.77, r=94.54, bias=-0.03). Similar results were found by Chicorro et al. (2003), Scolforo et al.
(2008), Rufini et al. (2010), Stolarikova et al. (2014), Abreu et al. (2017) and Silva et al. (2024).

VUi = 1.04941D}79458 0.80946

In the mixed form, with the inclusion of the random effect, except for the bias, which indicates
that the mixed model overestimates slightly more than the fixed model, it stood out as the best option,
with all parameters significant (AIC= 400.4468, RQME= 1.49, r=96.19, bias=-0.04).

Ui = 14505368 20241437 p0.7059324

In the maximum likelihood ratio test, the random effect species was not significant, possibly due
to the imbalance in the data, with a larger number of individuals of Dinizia excelsa (63) compared to
only 4 of Hymenolobium petraeum. However, with the inclusion of the random effect of the diameter
class, the maximum likelihood ratio test was highly significant (p<0.005).

The equations that take into account the random patterns of the forest, such as the diameter
classes, were more accurate than a single fixed equation. These equations by class, after adding up
the fixed parameters with the random effects in each class, are detailed in Table 2.

Table 2. Mixed models by random effect in the Amapa National Forest.

Class | Equation
50 Vi = 1.461701D%009546 p 37025686

60 Vi = 1.470927D}997483 p0.6997888
70 Vi = 1.360165D7142372 07331614
80 Vi = 1.467769D?001569 p0.7007405
90 Vi = 1. 548898Di1'895547h9,£762939
100 | v,,; = 1.052051D2545103p0.8259994

110 | v,y = 1.533423D} 7158220809594
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In Figure 2, it is observed that the mixed model exhibits a residual distribution slightly more
centered around the x-axis on zero value compared to the fixed model, also observing a greater
proximity of the points to the 90° line formed by the observed volumes and those estimated by the

equations.
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Figure 2. Line at 90 degrees between observed and estimated volume and histogram of residuals for

fixed and mixed models in the Amapa National Forest.

In Table 3, the equations adjusted by nonlinear ordinary least squares in each diameter class can
be observed. It is possible to notice that, with the exception of the class 100 equation, none of the

others all significant parameters.

Table 3. Parameters of the equations adjusted by diameter class in the Amapa National Forest.

D classes n Bo B1 B2

50 4 1,773489353 "= 1,602817916"* 0,565126596 "¢
60 9 1,534694699 " 1,519672922 "¢ 0,61831325*

70 13 2,616639119 " 3,188227686 " 0,59672971*

80 17 1,135528111* 1,142376223 "¢ 0,740011957%*
90 15 0,976424564 "+ 1,103870316"* 0,810075526*
100 20 0,706766198* 4,308626104* 0,927571908*
110 9 1,933428887 "* 1,71763492 "¢ 0,612492127*
120 5 2,755973181 " -2,326905219 "+ 0,823749367%*
130 0,646560364 " 0,852725907 "¢ 1,029523986*

In Figure 3, the estimates of the Schumacher and Hall model in mixed form are presented. In
general, the model was able to predict the volume in all diameter classes.
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Figure 3. Observed and estimated values by the mixed model in the Amapa National Forest.

4. Discussion

Unbalanced data are a common challenge in forest studies, especially when using mixed models
to analyze variables such as diameter at 1.30 m above ground level, commercial height (hm) and
commercial volume (vm). The imbalance occurs when the number of observations is not uniform
between the different levels of a categorical variable, such as species or sample plots (FITZMAURICE
et al.,, 2011; GELMAN and HILL, 2006). In this study, a significant imbalance can be observed in the
samples collected for different species, which may influence the accuracy of the parameters estimates
and the statistical power of tests. This imbalance in studies of native forests is common, given that
this is a highly heterogeneous environment.

Furthermore, according to Brasil (2003), in sustainable forest management, it is only allowed to
cut down trees with a diameter above 50 cm and a maximum of 30 m3ha for commercial forest
management. Therefore, in some samples, not all species have individuals in these conditions, and it
is not permitted to cut down more trees to equal the number of individuals per species in the sample.

Imbalance can lead to heterogeneity in variance between groups, making it difficult to estimate
fixed and random effects parameters (WEST et al., 2014). To solve these effects, diameter class was
used as a random effect, as this variable reduces the imbalance in the sample, as suggested by
Monteiro et al. (2021).

The distribution and histogram of residuals (Figure 2) confirm the superiority of the equation
generated from the Schumacher and Hall model in mixed form, with a higher concentration of errors
close to error class 0 and a smaller amplitude on the x-axis. This behavior of the Schumacher and Hall
model was also observed in studies conducted by Monteiro et al. (2021) to estimate volume in
different forest typologies in the Amapa State Forest (FLOTA), using mixed models and diameter
classes as random effects.

The histograms of the percentage residuals for the fixed and mixed models display an adequate
distribution, remaining within a variation range of -10% to 10%. Although there are some outliers, as
observed in the fixed model where the residuals reach the limit of 10%, these discrepancies can be
considered insignificant. This is due to the fact that such outliers represent a small portion in relation
to the data set used for the adjustment and do not exert a significant influence on the model estimates
(Costa et al., 2012).

The dispersion and histogram of the residuals of the Schumacher and Hall model are more
concentrated near the error class 0, which demonstrates a greater capacity for accuracy in volume
estimation. This behavior was also observed in the results of the study conducted by Lima et al. (2020)
for comparison and selection of a generic model for volume estimation for the Amapa State Forest.
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It can be observed that the non-linear models adjusted by diameter class, by nonlinear ordinary
least squares, do not present all parameters as significant. However, nonlinear models do not have
the same interpretation as linear models; in nonlinear regression, in general, they are based on large
sample theory (BATE and WATES, 1988; HUET et al., 2004).

This theory suggests that, when samples are large, least squares and maximum likelihood
estimators in nonlinear regression models, with normal error terms, are almost normally distributed,
are nearly unbiased, and have variance very close to the minimum (GUJARATI and PORTER, 2011).
For example, class 50, which contains only 4 samples, is considerably far from providing a satisfactory
equation. Therefore, the use of mixed models in native forests is ideal, since obtaining enough
samples to represent the entire forest is an expensive task. In this way, mixed models can provide
satisfactory equations with a smaller number of samples.

5. Conclusions

Mixed models using class as a random effect showed satisfactory results. Specifically, the
Schumacher and Hall model in mixed form emerged as the most suitable choice for volume
estimation in the Amapa National Forest. This is due to its ability to capture variability between
diameter classes more efficiently, suggesting that the mixed approach is more robust and effective
for volume estimation in forests with uneven age structure. This finding indicates that the use of
mixed models has the potential to provide more accurate and reliable estimates, thus contributing to
more effective management and conservation of forest resources
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