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Abstract: In this paper, we present a new explicit formula for the sum of the chordal distance be-
tween the generalized singular values of Grassmann matrix pairs, based on Riemannian optimization
models. The new formulas involve small-size unitary matrices and real orthogonal matrices derived
from Riemannian optimization models. We then apply Newton’s method on Riemannian manifolds
to efficiently solve the variable matrices involved. The new explicit formulas provide significant
improvements over the existing theoretical and computational upper bounds.
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0. Introduction

The generalized singular value decomposition (GSVD) is useful in matrix computation problems
and practical applications, such as the general Gauss-Markov linear model, the Kronecker canonical
form of a general matrix pencil, generalized total least squares problem, gene data analysis and so on
[1-6,8-12]. In particular, GSVD and generalized singular values (GSVs) can provide a comparative
mathematical framework for two genome-scale expression data sets as seen in [1-4,22].

0.1. GSVD and Its Applications

More precisely, GSVD induces a linear transformation of two data sets from the two genes x arrays
spaces to two reduced and diagonalized “genelets” x “arraylets” spaces. A single microarray probes
the relative expression levels of p genes in a single sample. A series of g; arrays probes the genome-
scale expression levels in q; different samples, i.e., under g; different experimental conditions. Let
matrix A of size p-genes x gp-arrays, denote the full expression data, whose k-th row is the expression
of the k-th gene across the different samples that correspond to the different arrays. Let the matrix B of
size t-genes X gp-arrays, denote the relative expression levels of t genes under g, = q1 = g < max{p,t}
experimental conditions that correspond one to one to the q; conditions underlying A. GSVD induces
simultaneous linear transformation of two expression data sets A and B from two p-genes x g-arrays
and t-genes X g-arrays spaces to two reduced g-genelets x g-arraylets spaces.

Let A and B have the following GSVD: A = UZ R™!, B = VI3R~!. In these spaces the
data is represented by the diagonal non-negative matrices £4 and X and denote (k|X4|I) =
110k, (k|Zp|l) = €310 foralll < k, | < q, where §y = 1ifk = I and 6y = 0if k # I. By
(k|X 4 we denote the k-th row of the matrix X 4, which lists the expression of the k-th gene across the
different samples that correspond to the different arrays. By X 4|I) we denote the I-th column of the
matrix X 4, which lists the genome-scale expression measured by the I-th array. The antisymmetric an-
gular distance between the data sets [3], 6; = arctan(e; ; /e, ) — 77/4 indicates the relative significance
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of the I-th genelet, i.e., its significance in the first data set relative to that in the second in terms of the
ratio of the expression information captured by this genelet in the first data set to that in the second.
An angular distance of 0 indicates a genelet of equal significance in both data sets, with e ; = ;.

Alter et al. [1] made comparative analysis of gene mRNA expression data sets by transforming
those into GSVs and analyzed the degree of change for reduced and diagonalized “genelets” x
“arraylets” spaces in gene expression levels from samples under different experimental conditions. This
behavior is significant for guiding further experimental research. Motivated by practical applications
proximity and range size between GSVs, Xu et al. [22] considered the upper bound of sum of chordal
metric between generalized singular values of Grassmann matrix pairs and applied this result in
comparative analysis of gene mRNA expression data.

0.2. Riemannian Optimization

Optimization on Riemannian manifolds is called Riemannian optimization. Unconstrained
optimization methods on the Euclidean space, such as the steepest descent, the conjugate gradient,
and Newton’s methods are generalized to those on a Riemannian manifold. The term “optimization
on manifolds” is applied to algorithms that preserve manifold constraints during iterations. Generally
speaking, preserving constraints has advantages in many situations, for example, when the cost
functions are undefined or of little use outside the feasible region and when the algorithm is terminated
prior to convergence yet a feasible solution is required. Theories and methods for optimization on
manifolds date back to the 1970s, and algorithms for specific problems, e.g., various eigenvalue
problems, appeared even earlier. Most of the general-purpose algorithms, however, did not appear
until the 1990s [30]. While it is trivial to generate trial points in Rn along straight search lines, it is
not as easy to do so in the curved manifold. A natural choice is the geodesic, which is the analogof
straightline: it has the shortest length between two points in the manifold. For more details we may
refer reders to [29-32].

In this paper we provide explicit formula of sum of chordal metric between generalized singular
values of Grassmann matrix pairs with Riemannian optimization models, which absolutely improves
the existing upper bounds in [22] in theory. The new formula involves two small-size unitary variable
matrices from Riemannian optimization models. Then we use Newton methods on Riemannian
manifolds to solve the involved Riemannian optimization models for deducing these two variable
matrices solutions efficiently. The contributions of this paper are summarized as follows.

®  On theoretic aspect we provide a new explicit formula of sum of chordal metric between general-
ized singular values of Grassmann matrix pairs with Riemannian optimization models instead of
the existing upper bounds.

*  On algorithm aspect the new expression formula involves only two small-size unitary variable
matrices from Riemannian optimization models and Newton methods on Riemannian manifolds
are given, which reduces the required computational cost.

0.3. Notations

Throughout this paper, by R, C, R", C"*", U, and OR,, we denote the sets of real numbers,
complex numbers, real vectors of order n, m x n matrices with entries in C, and n X n unitary matrices
and real orthogonal matrices, respectively. The symbols | - | and Pe(-) stand for absolute value and
real part of a complex number, respectively. The symbols I, and Oy« represent the identity matrix of
order n and m X n zero matrix, respectively. For a square matrix A = (aij) e C™", by AT AH A-1
and tr(A) we denote the transpose, conjugate transpose, inverse, and trace of matrix A, respectively.
We use || - ||2 to denote the spectral norm of a matrix. The singular value set of A is denoted by c(A).
The complex number a + b1 (a,b € R) and the real number pair (4,b) can establish a one-to-one
correspondence with a point on the coordinate plane, so that the coordinate plane that establishes a
one-to-one correspondence with the whole complex number is called Gauss plane, which is denoted
by 9B(1,1). For given matrices A,B € C"*", A < (<)B means B — A is a positive (semi-)definite
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matrix. Asin [9,15-17], we also use the chordal metric on the Riemann sphere to measure the difference
between two GSVs. The pair («, ) can be regarded as a point in Gauss plane (1, 1). For two points
(a, B) # (0,0),(7,9) # (0,0) in Gauss plane B(1,1), their chordal distance is defined by

lad — B
Va2 + 182 ([v[? + 017)

to measure the difference between two points («, ) and (1, ). Next, we outline some definitions
related to GSVD. Readers may refer to [7,9,16] for these definitions.

p((e, B), (7,6)) =

1)

Definition 1. The matrix pair {A, B} with A, B € C"*" is said to be reqular if there exists { € C such that
det(A + {B) # 0. Denote by

G12={(a,p) #(0,0) : &, p € C}.
The pair (x, B) € G2 is called a generalized eigenvalue of a regular pair { A, B}, if det(BA — aB) = 0.

The set of generalized eigenvalues of the regular pair {A, B} is denoted by A(A, B).

Definition 2. Let A € C"*" and B € CP*". A matrix pair { A, B} is an (m, p, n)-Grassman matrix pair
(GMP) if rank (AT, BT)T = n.

For GSVD, it has several formulations in the literature. In this paper we adopt the following form
asin [9,16,19].

Definition 3. Let {A,B} be an (m,p,n)-GMP. Then there exist unitary matrices U € C™*™ V € CP*P, and a
nonsingular matrix R € C"*" such that

UHAR =% ,, VEBR = %5, 2)

A (@)
T4 = T = ( (p+r—n)xr )I (3)
( O(mrs)x(nrs)) Q

where Oy r—g)x (n—r—s) A1 Oy 1) are zero matrices, and

A = diag(ay, ..., ar+s), Q = diag(Br+1,---,Bn),

with

Vv

l=ay=-=ar >0,

0=p1=-=pr <Prs1

C 2 Opgs > Ayl = =0y =0,

'Sﬁr+s<,3r+s+l:"':,3n: ’

IN

and
2 2 _ .
a; +B7i=1, 1<i<n.

We note that by Definition 3, given another (m, p, n)-GMP {A, B}, there also exist unitary matrices
0 e Cm>xm Y7 ¢ CPxp, nonsingular R e C™", and nonnegative diagonal matrices X ; € C"*", X5 €
CP*" for the GSVD of {4, B}.

For GSVD of a real matrix pair {A, B} we adopt the following definition form as in [9,16,19].

Definition 4. Let A € R"™*", B € RP*" have rank (AT, BT) = n. Then there exist two orthogonal matrices
U e R™ ™M,V e RP*P and a nonsingular matrix R € R™*" such that

UTAR=%,, VT'BR=1xp, (4)
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A
z)=  zp = Qe ), ©
O(mfrfs)x(nfrfs) Q
where A = diag(ay, ..., arys) and QO = diag(By41,- .., Bn) with
l=a1= =0, >0412 " 245> Q541 =" =0, =0,
O:,Blz"':,gr<,8r+l S"'S,BrJrs<,3r+s+1:"':,3rz:1/

and o? + B2 =1for1 <i<n.

0.4. Overview of Existing Results about Chordal Metric Between GSV's of GMP

There have been a large amount of papers in various topics related to GSVD and its applications,
e.g., see [5,6,8-12,16-19,23]. One of interesting and important topics is about chordal metric between
GSVs of Grassmann matrix pairs (GMPs), which was first analyzed by Sun [16] in 1983. In [16], Sun
presented the Hoffman-Wielandt theorem for GSVs of GMPs and gave bounds on perturbations of
GSVs, which generalized several well-known results for the standard singular value problem. Since
then, Paige and Saunders [15] in 1981 gave a bound for GSV variations. Li [9] in 1993 presented several
perturbation bounds of GSVs and its associated subspace. Recently Xu et al. [22] considered sharp
upper bounds of the chordal metric between generalized singular values of Grassmann matrix pairs.
The following results provide perturbation bounds based on the chordal metric of GSVs.

Theorem 1 (The Hoffman-Wielandt type theorem for GSV of GMP[16]). Let {A, B} and {A, B} be two
(m, p,n)-GMPs, 7{A, B} = {(a;, Bi)}!_; and 0{A, B} = {(&;, B;)}!"_;. Then

TT(1— 0% ((ws B, (&, B1)) ) = 1— (Y, V), 6)

iPz((“z‘/ﬁi)/ (&, Bi) < n(l - m) 7)

where

~ 1
|det(YHY)|? }2

p((@i, Bi), (&, i) is given by (1) and d(Y,Y) = {1 ~ det (YY) det(YT)

Theorem 2 (Explicit expression and sharp upper bound[22]). Let {A, B} and {A, B} be two (m, p, n)-
GMPs, 7{A, B} = {(a;, Bi)}!_, and o{A, B} = {(&;, B;)}!_;. Then
n

(1= B, (@ Bi))) = _max_ (1—d*(Y,Yy))

i1 Y1€Unm,¥2€U,

=1-—d*(Y,Yy,), ®)

iPz((% Bi). (&, Bi)) < n (1 —, max_{/1—d(Y, Yw)) )

where
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Opxm 1I12 ! Op><m VVH !
and ¥1 € Uy, ¥, € Up; U, U, V,V are the unitary matrices in GSVD of {A, B} and {A, B} (refer to (2)-

(3)). The inequa{ity (9) is an equality if and only if p((x1, B1), (&1, B1)) = p((a2,B2), (A2, B2)) = -+ =
p((an, Bn), (&n, Bn))-

n -
In this paper we continue along this line and further consider explicit expression of ¥ p?((&;, 8;), (&, Bi))
i=1
instead of the existing upper bound in (9).
0.5. Organization
The rest of this paper is organized as follows. Section 1 is the preliminary. In Section 2, we

n .
present an explicit expression of }; p*((a;, B;), (&;, B;)) by Riemannian optimization models and the

i=
corresponding numerical methods. Finally, in Section 3 concluding remarks are drawn.

1. Preliminaries

In this section we propose some useful lemmas in order to deduce the main results.

Lemma 1. [21] Let Ay, ..., A € C™" with 01(A;) > 02(Aj) > -+ > 0u(Aj) > 0 the singular values
arranged in decreasing order and c € R, j =1, ..., m. We have the following extreme values:

max
U1,..‘,Um cU,

m n m
tr(chy =] [UiA)| =n ||+ Y[ [oi(A)).
j=1

i=1j=1
Let (A, B) and (A, B) be two (m, p,n) GMPs and

(ZHZ)2AH, m < n,m < p;
A(ZHZ)7V2, < mm < p;
(ZHZ)=V2BH, p <n,p <m;
B(ZHZ)™V2, n < p,p <m;

S, = (10)

and

M(®) = oHslis,pslis, v @ c U (11)

min{m,p,n}*
Let (A, B) and (A, B) be two (m, p, n) real matrix pairs defined in (4) and

(zT7)12AT, m < n,m < p;
AZTZ)" V2, n<m,m < p;
(2TZ)=12BT, p<m,p<m;
B(ZTZ) V2, n<p,p<m;

S = (12)
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and
M(®) = DTS] S, DS 81,V D € OR i - (13)
We set
o diag(1;, O(min{m,p,n}—i)x(min{m,p,n}—i))rm snm<p;n<mm=<p;
Qi = . i (14)
dlag(o(min{m,p,n}—i)X(min{m,p,n}—i)/Ii)/p <np<mn<pp<m

for1 <i <min{m,p,n}.

Lemma 2. [24] Let f(X) : C"*" — R be an analytical function of several complex variables on the domain
XXH < I,. Then f(X) attains its maximum modulus on the characteristic manifold {X € C" : XXH =

I,}.

Lemma 3. Let {A, B} and { A, B} be two (m, p,n)-GMPs and let c{ A, B} = {(a;,B;),i =1,2...,n} and
o{A,B} = {(&;,Bj),j=1,2...,n}. Then

n

) (afaf +p7pY) =2 max  tr(M(®)) — tr(S{'Sy +83'S5) +m, (15)
i=1

min{m,p,n}

where M(®) is given by (11).

o

A\ 5 e ~
Proof. Let Z = (B)' /= <~>, then ZHZ = R-HR-1 ZH7 — R-HR1 are nonsingular. Let

o]

Sl — (ZHz)fl/ZAH —_ (RiHRil)il/zRiHZguH,

S, = (ZHZ)—l/ZAH — (R_Hﬁ_l)_l/ZR_HZgIC[H (16)
53 _ (ZHz)fl/ZBH _ (RfHRfl)fl/ZRfHngH’
Sy = (ZHZ)"1/2BH = (R—HR—l)—l/ZR—HZgVH 17)
and
My (®) = $;0HSEHS,d5H, v & € U,y My(@) = SHOH S, 55 ®S,, vV @ € U, (18)
M;(®) = S3@"SH S, @55,V @ € Up; My (@) = ST @M 5,51 0S5,V @ € U,
We first prove

n
) (a7a7 + BI?) =2 max tr(My(®)) — tr(S{'Sy + 8}'S5) + 1. (19)
i=1 m

Using the GSVDs of {A, B} and {4, B} in Definition 3 we have

A=UZ4R, B=VZgR, A=UL;R, B=VE4R,
where U, U, V,V,%4,%5,% ; and £ are given by (2) and (3). Let M; (®) be given by (18). Then

max tr(M;(®)) = max tr(®7SHS,dSHS,)

®cU,, ®cU,,

= tr(@Ux ;xHu o ux , s HuM). 20
Dax r( AZ 4 AZ U (20)
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Next we consider two cases for different m and n. Case 1: if n < m, then we write

% P -
T4 = S D i), uter = (W Wi2) vecu,,
O(mfn)xn O(mfn)xn W1 Wa

where ﬁA,ﬁA, W1 € C"™" and W,, e Clm—n)x(m=n), Substituting into (20) we have

max tr(M;(®)) = max tr(EWn L0 WiHE,),
@eUn Wy WH<I,

where W1 Wﬁ < I, means that I, — Wy, Wﬁ is positive semi-definite. As we know, tr(ig Wi 2 Aig Wﬁ Y A)
as an analytical function of several complex variables on the domain Wy; WH < I, attains its maximum
modulus on the characteristic manifold {Wy; € C"*" : Wyy Wﬁ = I,,} (see [21]), therefore by Lemma 2

we have

max tr(My(®)) = max tr(EHwy S, W HS ),
PelUn Wy WH=I,

which together with Lemma 1 and (20) yields

max tr(M(®)) = iaizﬁc%. (21)

U, Uu N U, U
Let UHYU = (uﬂ 12), et = (Jl 12) V¥, ¥ e U, with Uy, 0y; € C™" and

Uy, Uy € Clm=m)x(m=n) then by Lemma 1 and (33) we have

tr(SHS; + 5sy)
= tr(ZaZf + 2,20,

n
=) (af +a}). (22)
Case 2: if m < n, then we write

Xp= (iA/Omx(n—m))/ L= (iil/omx(n—m))'

Then by (20) and Lemma 1 we have

®cUpy PeUp
CIJCDiA)i HiHeHUL ,£HUH 0

= max tr A
Uy 0 O(r1—m) x (n—m)

= tr(oUs 2H U o us 2 Hut
Inax tr(QU2 424 azaur)
" 2.2\~ 2.2

=) 07E; = ) 0fh; (23)
i=1 i=1

since w11 = - =@y = Byyy1 = = &, = 0 by the definition of GSVD. It follows from Lemma 1

and (33) that

tr(S{'S1 + S51Sy) = tr(US . =U + Uz ;=T
n
(a7 +a?) =Y (a? + 7). (24)
i=1

I
[\13

I
—
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By Definition 3 we have 7 = 1 —a?, B7 = 1 — @, and together with (20)-(24) we have
S 222 | pam - 252 2
Z(D‘z&z +:Bz 1) - Z(zaz&z - (“1 +5‘z)+1)
i=1 i=1
S 20 o2 2
= 2) aii;— ) (7 +&)+n (25)
i=1 i=1
= 2 max tr(M;(P)) —tr(57'S1 + S5'S2)
®cU,,
By Cases 1 and 2 we deduce (35) holds true. By the similar aforementioned methods we get
n
Z(xx%&lg + [312[312) = Zgé%x tr(Ma(P)) — tr(SfSl + 5552) +n. (26)
i=1 n
Note that in (41)
n
) (afaf + BY) —22/3 B Y (BB
i=1 i=1
and hence by the similar aforementioned methods we have
2.2 H H
2( 1&1 + AB ﬁz) =2 max tl‘(M3( )) - tl‘(51 S1+ SZ SZ) +n, (27)
i=1
n
Y (aZa? + B7B7) = 2 max tr(My(®P)) — tr(S{'S + SH'S,) +n. (28)

oeU,

—_

i=
In order to select the smallest dimensional variable unitary matrix by (35), (42)-(44) we have (31) holds.
This completes the proof. [

Lemma4. Let A = diag(Aq,...,An), A = diag(dy,...,0n) € R"*" be diagonal matrices with A, >
Aw > 0and 6y > -+ > 6, > 0. Then we have

v

™=

max tr(A®PTAD) =

Aibi,
PeOR,

1

Proof. It follows from (1) that
max tr(APTAD)
®cOR,

= max tr(AOHAD)
POR,,

< max tr(APTAD)
DUy,

n
=) \idi. (29)
i=1
Meanwhile,

Aid; = tr(AA) < tr(ADTAD 30
A tr(AA) e r( )- (30)

M:

Combing (29) and (30) yields

max tr(A CDTACD Z/\(S
PcOR,,

This completed the proof. [
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Lemma 5. Let A € R"™*", B € RP*" have rank (AT, BT) = n and the GSV («;, B;) of { A, B} be given in (4)
and (5). Then

=

2~2 232
00 +‘BIB =2 max
1( L ! Z) PcOR,

min{m,pn}

tr(M(®)) — tr(SIS; +818y) +n, (31)
where M (®) is given by (13).

- A e Y
Proof. Let Z = (2), /= (B)' then ZTZ = R"TR™1, 7277 = R-TR1 are nonsingular. Let

S = (ZTZ)—l/ZAT — (R_TR_l)_l/ZR_TZEUT,
Sp = (ZT2)"V2AT = (R-TR-Y)~1/2R-TxT (T (32)
Sy = (ZTZ)—l/ZBT _ (R—TR—l)—l/ZR—TZ]];VTI

Sy = (ZTZ)fl/ZBT — (RfTﬁfl)fl/ZﬁfTZ‘gVT

(33)
and
M (®) = §;®T5Is,d5T,v & € OR,,;; My (®) = STDTS,51 S,V ® € OR,, (34)
M3 (@) = S3P7S}S4PS],V @ € OR,; My(P) = S;PT5,5, PS5,V @ € OR,,.
We first prove
n
Y (afa? + BEBT) =2 max tr(My(®)) — tr(S[S1 + 81 8) +n. (35)
i=1 CORm
Then
tr(M; (®)) = tr(®dTsS,dSTs
o (M1 (P)) o (7S5 5,81 51)
= tr(dUL ;2T 0o uz .2 um), 36
e r(PUL X5 Az U (36)
which together with Lemma 1 and (20) yields
- 252
tr(My (@) = 37
max tr(M;(P)) gazaz (37)

Let U'YU = th - the , Tyl = thy - th , VY,¥ e OR,, with Uy, U;; € C™" and
Uz Ux Uy Uy
Uy, Uy € Cm=n)x(m=n) then by Lemma 1 and (33) we have

tI‘(S{IS1 + S?Sz) = tr(ZAZE + ZAZE),

(38)
1
Case 2: if m < n, then we write
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Then by (20) and Lemma 1 we have
tr(M = tr(@Uz ;xtue’uz 2 u’
JTax w(My(®)) = max tr(PUR;Y; AZpUY)
ol stuteoTus,slu’ 0
= max ftr ATA A=A
PcOR,, 0 O(nfm)x(n )
= tr(PUS 2T U Tus 2 u’
o283, T PUEA Axall’)
m n
= Z lezﬁclz = 2 a?ﬁalz (39)
i=1 i=1
since &y, 41 = -+ = &y = A1 = - - - = &, = 0 by the definition of GSVD. It follows from Lemma 1
and (33) that
tr(S§Sy + SYS,) = r(Un xhU” + Uz xT07),
m n
=Y (f+af) =) (aF +a). (40)
i=1 i=1
By Definition 3 we have ,32 =1- 0( ﬁz =1- zx and together with (20)-((24)) we have
- 232 - 2:2 2 4 =2
Y (afaf +BiB7) = Z(Z“iﬁ‘i—(“z‘+5‘i)+1)
i=1 i=1
n n
= 2Y afa? - Y (e +@})+n (41)
i=1 i=1
= 2 max tr(M;(P)) —tr(51°S1+ S3'S2)
DUy,
By Cases 1 and 2 we deduce (35) holds true. By the similar aforementioned methods we get
n
Z 2y BB =2 Jnax tr(Mp(®)) — tr(SHS; + SES,) +n. (42)
i=1 Ry
Note that in (41)
n n
Y (afa; + BiB7) =2} BipT — Z (B7 +B7) +
i=1 i=1 i=1
and hence by the similar aforementioned methods we have
n
Y (a2a? + B7B7) =2 max tr(Mz(®)) — tr(SHSy + S5'Sy) +n, (43)
- PcOR,
n
Z 2y BB =2 m(gx tr(My(®)) — tr(SHS; + S41S,) + n. (44)

i=1

In order to select the smallest dimensional variable unitary matrix by (35), (42)-(44) we have (31) holds.
This completes the proof. [

2. Explicit formula of 2 0%((«;, B:), (&;, B;)) with Riemannian optimization models
i=1

n
We first present a new explicit formula of Y. p?((a;, B;), (&, B;)) for complex grassman matrix
i=1
pair. Then we use the corresponding numerical methods to solve solutions of the involved Riemannian

optimization models.
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2.1. For complex grassman matrix pair

We present a new explicit formula of i 0% ((a;, Bi), (&;, B;)) for complex grassman matrix pair.
i=1

Lemma 6. Let M(®), Q;, Sy, Sy be given by (10), (11) and (14). Then

max  tr(M(®)) = tr(M(FF)),
q)e]Umin{m,p,n}

where ¥y, F2 € Upnin(,p,n) can be obtained from 11y, 1, by solving the trace function optimization models

max  |tr(TTHSHS TT,Q))|, (45)
I G]Umin{m,p,n}

max [tr(I1'S3'S,11,Qy))| (46)
HZ eH-Imin{m,p,n}

foreveryi=1,...,n, respectively.

Proof. We first prove the case for m < n,m < p and for others cases whenn < m,m < p; p <
n,p <m;and n < p, p < m the corresponding results can be proved similarly. By (10), (11) and (18)
S1,S2, M, Fy, F, are taken as S1, Sy, M1, F1, F;, where F; and F, can be obtained by solving

(I SH S, 11,Q;)], 47
Hlet[ljnax |7’( 191 °1 1Q1)| (47)

min{m,p,n}
max (113 S5'S211,Q;) |
I, eUn’\ir\{ m,pn}
for everyi =1,...,n, respectively. Let f; be the i-th column of unitary matrix F;. By Lemma 1 we have
fori=1

L max tr(TIHSHS T1,Qy)| = |tr(FIISHS F1Qq)| = £HSHS £ = Ay, (48)
1€

min{m,p,n}
Here f; has some solutions and is set to satisfy S{{ S1f; = Aqf;. Similarly, fori > 1

max  |tr(TT{'S{'$111,Q;)| = |tr(F'S{!S1FQ;)|
I 6Umin{m,p,n}

— Mt (49)

Here f; has some solutions and is set to satisfy S{{ 51f; = Aif;. Since Fj is unitary, then f{j fi = 0and
fffk =1,k # j;k,j =1,...,n. It follows that f}?S{{Slfj = Aifffj = 0and f}?S{{Slfk = )\kf}(qfk =
A,k #j;k,j=1,...,n. Then

FASHS F = Ay, (50)

where A1 = diag(A;). Similarly,
F1SYS, B! = Ay,

where Ay = diag(x;). By Lemma 1 and (47) we have fori =1

1, B (tr(TTHSHS T1,Qq)| = |tr(FESHS FiQy)| = A = max A (51)

min{m,p,n}
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For otheri = 2,...,n, we have

L max [tr(TTHSHS T1,Q;)| = |tr(FESHS FIQ))| = |tr(A1Q))| = Ay + - - + A (52)
1

min{m,p,n}

Then Ay = diag(A;), Ay = diag(x;) have descending sorts with A; > 0, x; > 0, otherwise, there will be
conflicts with (51) and (52). Then by Lemma 1 we have

tr(Mq (P = tr(PHSHS,pSHS
Max r(M; (P)) Dax (PSS, PSSy )
= max tr(PHE A FEOF A FT) = tr(AA). (53)
€Uy

It is easy to check that tr(M; (R,FF)) = tr(A,A1), which together with (53) implies Inax tr(M; (®)) =
€Um

tr(My (F2F[?)). For other cases for n < m,m < p; p < n,p < m;andn < p,p < m; the desired
corresponding results can be proved similarly. The proof is complete. [

Theorem 3. Let M(®), Q;, Sy, Sy be given by (10), (11) and (14). Let { A, B} and { A, B} be two (m, p, n)-
GMPs and 0{A, B} = {(w;, Bi),i =1,2...,n} and 0{A, B} = {(&;,Bj),j =1,2...,n}. Then

pz((“ir ,Bi)/ (‘iir Bl))

M-

1

1
tr(8Hs; +848y)) —2  max  tr(M(®)) — 2tr(Li (I
(De]Umin{m,p,n}

1.1 1
—L1)2L5 (Iminfm,pn} — L2)?)

Nl—

1 1.1
tV(S{{S] + Sgsz) - Zi’i’(M(FzF{{)) - Ztr(le (Imin{m,p,n} - L1)2L22 (Imin{m,p,n} - L2) )'

where
L, = FI'sfis|F;, L, = F{/s}Is,F,

and F1,Fy € Upinyn,p,ny can be obtained from 11y, I, by solving the trace function optimization models (45)
and (46).

Proof. We first prove the case when m < n,m < p and for others cases when n < m,m < p;
p <n,p<m;and n < p,p < m the corresponding results can be proved similarly. By (10), (11) and
(18) S1,S2, M, Fq, F, can be taken as S, Sy, My, F1, F,. Since F; and F, are solutions of (45) and (46) for
every i = 1,...,n, respectively, then S1'S; = A(AHA + BHB)"1AH = US,£HUH. Fori = 1 by (45)
and Lemma 1 we have

L mmax \tr(TIHA(AR A + BEB)1ARTL Q)| = |tr(FEA(AR A + BEB) TAHE Q)| = oy,
1€ min{m,p,n}

Fori = 2 we have

L max |tr(TH A(AR A 4 BHB)1APTL Q)| = |tr(FEA(AR A + BEB) AR Q))| = &g + ao.
1€ min{m,p,n}

Fori > 2, we have

| mmax (tr(THA(AH A + BEB) YARTTL Q)| = ay + - - - + ;.
1€

min{m,p,n}

Hence, we have L; = FlHS{Jlel =diag(a;), Ly = FZHSfSZFQ = diag(&;). It follows that


https://doi.org/10.20944/preprints202502.1991.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 February 2025 d0i:10.20944/preprints202502.1991.v1

13 0f 17

which together with (41) and Lemma 6 yields

n

Y 0 ((wi, Bi), (&, Bi)) = n — i(“?&? +Bip7) -2 il w;iBidipi,

i=1

1 1
= tr(SHS, + SESy) — 2 max tr(My(®)) — 2tr(L2 (Iy — Ly) 2 L2 (I — L)),

®cU,,

— H Heo \ _ Hyy Yoo r ki 1k
= tr(S1S1 +55'Sy) — 2tr(My (R F")) — 2tr(LE (Im — L1)2 L3 (I; — L2)?).

—

For the cases whenn < m,m < p; p < n,p < m;and n < p,p < m; by the similar aforementioned
methods the desired results can be proved. [

Remark 1. From Theorem 3 we see that the formula of )E 0% ((a;, Bi), (&, B;)) in (3) only refers to two small
i=1

size unitary matrices F1 € U pny, F2 € Uninfm,p,ny, Which may require less computational cost for
computing the explicit expression in Theorem 3.

When using Theorem 3 we first determine S1, Sy by comparing m, p, n. Then by using (45) and (46) 1, Fy can
be computed.

2.2. Solving Riemannian optimization models in (45) and (46) for complex grassman matrix pair

We will use Newton methods on Riemannian manifolds to solve Riemannian optimization models
in (45) and (46) of Theorem 3.

max  |tr(I1;SHST1HQ;)), (54)
I1,€U

min{m,p,n}

forn <m,n <pandm <n,m < pand

max  |tr(I,SHSTTHQ;)|, (55)
I elUmin{m,p,n}

forp < mp <mandn < p,p < m. Solving [, ciRax |tr(I1;S41S,ITHQ;) | can be similarly
1€ min{m,p,n}
discussed. For simplicity, we assume that n < m and n < p for (54) and n < p,p < m for (55)

and other cases for different relationships between m, 11, p can be similarly discussed. To compute (54)
and (55), we consider the following matrix optimization problems:

1
max  fi(Pq) := Etr(cb{{QichC)

(56)
s.t. @1 S Un
and ,
—— Ho.
max fo(Py) = 2tr(<1>2 Q;d,D) (57)
s.t. ©2 S Un
for 1 <i < n. We only need to focus on the following matrix optimization problems:
max f1(P11) := 1t1‘(<I>HC<I> )
1(®n) =5 11‘ 11 (58)
st. ®Pqq € St(n, i) := {®y; € C | DDy =L},
max fo(Pyp) = 1’cr((IDHDd> )
2(Pn2) =5 2nP2 (59)

s.t. Py € St(n,n—i+1),
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where C = (AMA + BHB)"V/2AHA(AHA + BHB)"1/2, D = (AHA 4 BHB)"1/2BHB(AHA +
BH B)’l/ 2 Py is the first i columns of CD{{ and ®, is the last n — i + 1 columns of d>£{ . In the following,
we focus on the solution of the matrix optimization problem (58) and the matrix optimization problem
(59) can be solved in a similar way.

We note that f1($11Q) = f1(P11) for all 11 € St(n,i) and Q € U;. Let the complex Grassmann
manifold Grass(#, 1) be the set of all i-dimensional complex subspace of C". If [X] means the subspace
spanned by the columns of X € St(n,i), then we have [X] € Grass(n,i). In particular, for any X €
St(n, i), the natural projection [X] € Grass(n, i) corresponds the equivalent class {XQ € St(n,i) | Q €
Ui} of St(n,i). Thus, instead of problem (58), we consider the following optimization problem:

max  fi([®u]) == fi(Pn)
st.  [®11] € Grass(n,i).

(60)
Next, we present Newton’s method for solving the optimization problem (60). Let &1 € St(n,i). The
tangent space of St(n, i) at @11 is given by [29]
Te, St(n,i) = {Z € C™ | Z = &11Q + (&11) K, QOF = —0,Q € C¥, K € C" ¥},

which can be endowed with the inner product
1 , .
(Z4,25) = Rtr(ZH (1 - Ec1>11ci[>11)H)Zl)], Z1,Zy € T, St(n,i), @11 € St(m,i).

Here, (®11) | means that span((®11) | ) is the orthogonal complement of span(®11), where span(®11)
denotes a linear space spanned by the column vectors of ®1;. We note that the tangent space of
Grass(n,i) at [®11] is given by [29]

Tig,, Grass(n,i) = {Z € C" | Z = (1) K, K € C" "} C Ty, St(n, i).
Hence, we can define a Riemannian metric on Grass(n, i) by
(Z1,Z2) = R[tr(Z3'Z1)],  Z1,Zs € Ti,,|Grass(n, i), P11 € St(n,i)
with the induced norm || - ||. Then the orthogonal projection onto T|g,,|Grass(m, i) is given by
Pop,Z = (I - ®; @)z, vZ e ™.
We define the local cost function g : Tig,,|Grass(n,i) — R by
8(2) = fi([®n +2]).

It is easy to check that, for any Z € Ty, |Grass(n, i),

8(2) = fil®n)+%r(ZDg,)
1
+§VeC(Z)H (Hq;n — (@} Doy, )" @ In)vec(Z),

where Dg,, = C®1; and He,, = I; ® C are the derivative and Hessian of f; at ®1;, respectively.
Based on the above analysis, Newton’s method for solving the optimization problem (60) can be
described as follows [29].

Algorithm 4. Step 0. Choose @9, € St(n,i), p,n7 € (0,1), 0 € (0,1/2] and let k := 1.
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Step 1. Apply the conjugate gradient (CG) method to solving
k _ 7kigpk \H —
Pq,zh(CZ - Z5(®y) Dcpllf1> = _Pq1>’1<1D<I>’1<1
k .

for Z* € T[qD;{l]Grass(n,z) such that

||P<p’1<1 (Czk - Zk(q)]fl)HDqﬂh) + Pcp’{IDcplh | < 77k||Pq>’1<1Dq>1{1 | (61)
and

(P, D%,Zk) < -z, 75y, (62)

where 1, = min{y, ||P<I);1c1 D(D;1<1 |}. If (61) and (62) are not attainable, then let

Zk= P D .
ok Fok)

Step 2. Let Iy > 0 be the smallest integer m such that
A(r(@f; + B'Z5) < fi(@F) + 0p! (P Dy, Z)

Set
ZM = (k) + pZb).

Step 3. Replace k by k + 1 and go to Step 1.

In Step 2 of Algorithm 4, 77 : C"* — Grass(n,i) is the projection onto Grass(n, i), which is
defined as follows: Let X € C"*! be full column rank. Then

n(X) =

argmin || X — Y|Z] :
YeSt(n,i)

As noted in [29], if the SVD of X is given by X = UZV!, then 7(X) = U], ;VH. If the QR decomposi-
tion of X is X = QR, then 71(X) = Q.

n .
Remark 2. (i) An explicit expression of Y p?((a;, 8;), (&;, B;)) is given in Theorem 3. As a comparison,
i=1

Theorem 2 only provides an upper bound. Obviously, Theorem 3 improves the existing results in
[22] in theory, see Example below. We adopt trace function optimization formula with orthogonal

n ~
constraints in Theorem 3 to evaluate the explicit expression of Y p?((&;, B;), (&;, B;)), which costs
i=1

less complexity. While Theorem 3.2 in [22] needs unitary matrices U, V, U,V of the GSVDs of two
matrix pairs {A, B} and {A, B}. It is known that computing GSVDs may cost much higher amount of
calculations than computing small-size unitary matrice. Hence, on algorithm aspect Theorem 3 also
improves Theorem 3.2 in [22].

(ii) The equality in Theorem 3 refers to matrix optimization with orthogonal constraints. Based on
matrix optimization formula with orthogonal constraints we use classical Golub-Kahan bidiagonaliza-
tion method to solve it efficiently. The proposed algorithms by trace function optimization under two
variables are efficient for computing for A A + BH B being not ill-posed. For A" A + BHB = W being
ill-posed, by matrix decompositions (eg., Schur decomposition or QR decomposition) we compute
Wy, Wp with W = W; W,, where Wy, W, have small condition numbers. We calculate W, 1 Wy land
then compute multiplications for W1 = W, 1Wf 1, see [27,28]. In general we first compute the inverse
of the matrix with small condition numbers and then multiply these two inverse matrices, which can
well get the inverse of the original matrix with large condition numbers. The proposed algorithms by
trace function optimization under two variables are efficient for computing for condition numbers of
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AH A + BHB being large, see Table 1. In practical applications, obviously, by the new explicit expression

n ~
formula getting exact values of Y p?((&;, B;), (&;, B;)) are more precise than its upper bound.
i=1

Example. To test the comparison of the explicit formula in Theorem 3, and the upper bound of
n " - o~

Y. 0*((a;, Bi), (&;, B;)) in [22], we randomly generate grassman matrix pencils { A, B} and {4, B} by
i=1

MATLAB command randn (m,n)+i*randn(m,n) for A, A and randn (p,n)+i*randn(p,n) for B, B with
different random m, n, p. We first assess condition numbers of A7 A + BH B by using two-norm and
denoted by x;(-). By simple computations we present the table 1.

Table 1. Comparisons of exact values, explicit formula by Alg. 4 and the upper bound with different (m, p, n)

(m,p,n) ko (+) Exact values  formula by Alg. 4 Upper Bound
(80,40,60) 30.2 27.24709031 27.24698583 41.3510
(200,500,450) 218.6 189.26904380 189.26910247 380.4629
(900,800,700) 359.4  458.42617335 458.42618210 573.0744
(60,120,140) 600.3  103.56173621 103.56172847 126.0846
(100,200,150) 400.6 79.35162440 79.35157629 118.5329
(250,500,450) O(10%)  268.49009138 268.49008938 376.4290
(800,600,500)  O(10%)  409.05215925 409.05215570 454.7393
(2000,1900,1800) O(10%) 1516.38636811  1516.38632996 1704.1106
(500,600,800) 0(10°)  379.23164800 379.23164655 634.2572

Here ‘Explicit expression” denotes the equality in Theorem 3, “Upper Bound” denotes the upper
bound in [22]. This table obviously shows the equality in Theorem 3 is almost equal to exact value of

i 0*((a;, Bi), (&, B;)) and may be much sharper than the upper bounds in [22]. This again verifies
i=1
lRemark (@).

3. Concluding Remarks

In this paper we give explicit expressions of sum of chordal metric between generalized singular
values of Grassmann matrix pairs, which absolutely improves the existing upper bounds in [22]. For
the new expression formula only two small-size singular value decompositions are required in the
algorithm which dominates the computational cost. As a byproduct, we also present an interval
estimate without using the singular values.
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