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Abstract: In this paper, we present a new explicit formula for the sum of the chordal distance be-
tween the generalized singular values of Grassmann matrix pairs, based on Riemannian optimization
models. The new formulas involve small-size unitary matrices and real orthogonal matrices derived
from Riemannian optimization models. We then apply Newton’s method on Riemannian manifolds
to efficiently solve the variable matrices involved. The new explicit formulas provide significant
improvements over the existing theoretical and computational upper bounds.
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0. Introduction
The generalized singular value decomposition (GSVD) is useful in matrix computation problems

and practical applications, such as the general Gauss-Markov linear model, the Kronecker canonical
form of a general matrix pencil, generalized total least squares problem, gene data analysis and so on
[1–6,8–12]. In particular, GSVD and generalized singular values (GSVs) can provide a comparative
mathematical framework for two genome-scale expression data sets as seen in [1–4,22].

0.1. GSVD and Its Applications

More precisely, GSVD induces a linear transformation of two data sets from the two genes × arrays
spaces to two reduced and diagonalized “genelets” × “arraylets” spaces. A single microarray probes
the relative expression levels of p genes in a single sample. A series of q1 arrays probes the genome-
scale expression levels in q1 different samples, i.e., under q1 different experimental conditions. Let
matrix A of size p-genes × q1-arrays, denote the full expression data, whose k-th row is the expression
of the k-th gene across the different samples that correspond to the different arrays. Let the matrix B of
size t-genes × q2-arrays, denote the relative expression levels of t genes under q2 = q1 = q < max{p, t}
experimental conditions that correspond one to one to the q1 conditions underlying A. GSVD induces
simultaneous linear transformation of two expression data sets A and B from two p-genes × q-arrays
and t-genes × q-arrays spaces to two reduced q-genelets × q-arraylets spaces.

Let A and B have the following GSVD: A = UΣAR−1, B = VΣBR−1. In these spaces the
data is represented by the diagonal non-negative matrices ΣA and ΣB and denote ⟨k|ΣA|l⟩ =

ε1,lδkl , ⟨k|ΣB|l⟩ = ε2,lδkl for all 1 ≤ k, l ≤ q, where δkl = 1 if k = l and δkl = 0 if k ̸= l. By
⟨k|ΣA we denote the k-th row of the matrix ΣA, which lists the expression of the k-th gene across the
different samples that correspond to the different arrays. By ΣA|l⟩ we denote the l-th column of the
matrix ΣA, which lists the genome-scale expression measured by the l-th array. The antisymmetric an-
gular distance between the data sets [3], θl = arctan(ε1,l/ε2,l)− π/4 indicates the relative significance
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of the l-th genelet, i.e., its significance in the first data set relative to that in the second in terms of the
ratio of the expression information captured by this genelet in the first data set to that in the second.
An angular distance of 0 indicates a genelet of equal significance in both data sets, with ε1,l = ε2,l .

Alter et al. [1] made comparative analysis of gene mRNA expression data sets by transforming
those into GSVs and analyzed the degree of change for reduced and diagonalized “genelets” ×
“arraylets” spaces in gene expression levels from samples under different experimental conditions. This
behavior is significant for guiding further experimental research. Motivated by practical applications
proximity and range size between GSVs, Xu et al. [22] considered the upper bound of sum of chordal
metric between generalized singular values of Grassmann matrix pairs and applied this result in
comparative analysis of gene mRNA expression data.

0.2. Riemannian Optimization

Optimization on Riemannian manifolds is called Riemannian optimization. Unconstrained
optimization methods on the Euclidean space, such as the steepest descent, the conjugate gradient,
and Newton’s methods are generalized to those on a Riemannian manifold. The term “optimization
on manifolds” is applied to algorithms that preserve manifold constraints during iterations. Generally
speaking, preserving constraints has advantages in many situations, for example, when the cost
functions are undefined or of little use outside the feasible region and when the algorithm is terminated
prior to convergence yet a feasible solution is required. Theories and methods for optimization on
manifolds date back to the 1970s, and algorithms for specific problems, e.g., various eigenvalue
problems, appeared even earlier. Most of the general-purpose algorithms, however, did not appear
until the 1990s [30]. While it is trivial to generate trial points in Rn along straight search lines, it is
not as easy to do so in the curved manifold. A natural choice is the geodesic, which is the analogof
straightline: it has the shortest length between two points in the manifold. For more details we may
refer reders to [29–32].

In this paper we provide explicit formula of sum of chordal metric between generalized singular
values of Grassmann matrix pairs with Riemannian optimization models, which absolutely improves
the existing upper bounds in [22] in theory. The new formula involves two small-size unitary variable
matrices from Riemannian optimization models. Then we use Newton methods on Riemannian
manifolds to solve the involved Riemannian optimization models for deducing these two variable
matrices solutions efficiently. The contributions of this paper are summarized as follows.

• On theoretic aspect we provide a new explicit formula of sum of chordal metric between general-
ized singular values of Grassmann matrix pairs with Riemannian optimization models instead of
the existing upper bounds.

• On algorithm aspect the new expression formula involves only two small-size unitary variable
matrices from Riemannian optimization models and Newton methods on Riemannian manifolds
are given, which reduces the required computational cost.

0.3. Notations

Throughout this paper, by R, C, Rn, Cm×n,Un and ORn we denote the sets of real numbers,
complex numbers, real vectors of order n, m × n matrices with entries in C, and n × n unitary matrices
and real orthogonal matrices, respectively. The symbols | · | and Re(·) stand for absolute value and
real part of a complex number, respectively. The symbols In and Om×n represent the identity matrix of
order n and m × n zero matrix, respectively. For a square matrix A = (aij) ∈ Cn×n, by AT , AH , A−1,
and tr(A) we denote the transpose, conjugate transpose, inverse, and trace of matrix A, respectively.
We use ∥ · ∥2 to denote the spectral norm of a matrix. The singular value set of A is denoted by σ(A).
The complex number a + bı (a, b ∈ R) and the real number pair (a, b) can establish a one-to-one
correspondence with a point on the coordinate plane, so that the coordinate plane that establishes a
one-to-one correspondence with the whole complex number is called Gauss plane, which is denoted
by P(1, 1). For given matrices A, B ∈ Cn×n, A < (≤)B means B − A is a positive (semi-)definite
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matrix. As in [9,15–17], we also use the chordal metric on the Riemann sphere to measure the difference
between two GSVs. The pair (α, β) can be regarded as a point in Gauss plane P(1, 1). For two points
(α, β) ̸= (0, 0), (γ, δ) ̸= (0, 0) in Gauss plane P(1, 1), their chordal distance is defined by

ρ((α, β), (γ, δ)) =
|αδ − βγ|√

(|α|2 + |β|2)(|γ|2 + |δ|2)
(1)

to measure the difference between two points (α, β) and (γ, δ). Next, we outline some definitions
related to GSVD. Readers may refer to [7,9,16] for these definitions.

Definition 1. The matrix pair {A, B} with A, B ∈ Cn×n is said to be regular if there exists ζ ∈ C such that
det(A + ζB) ̸= 0. Denote by

G1,2 = {(α, β) ̸= (0, 0) : α, β ∈ C}.

The pair (α, β) ∈ G1,2 is called a generalized eigenvalue of a regular pair {A, B}, if det(βA − αB) = 0.

The set of generalized eigenvalues of the regular pair {A, B} is denoted by λ(A, B).

Definition 2. Let A ∈ Cm×n and B ∈ Cp×n. A matrix pair {A, B} is an (m, p, n)-Grassman matrix pair
(GMP) if rank (AT , BT)T = n.

For GSVD, it has several formulations in the literature. In this paper we adopt the following form
as in [9,16,19].

Definition 3. Let {A,B} be an (m,p,n)-GMP. Then there exist unitary matrices U ∈ Cm×m, V ∈ Cp×p, and a
nonsingular matrix R ∈ Cn×n such that

UH AR = ΣA, VH BR = ΣB, (2)

ΣA =

(
Λ

O(m−r−s)×(n−r−s)

)
, ΣB =

(
O(p+r−n)×r

Ω

)
, (3)

where O(m−r−s)×(n−r−s) and O(p+r−n)×r are zero matrices, and

Λ = diag(α1, . . . , αr+s), Ω = diag(βr+1, . . . , βn),

with
1 = α1 = · · · = αr > αr+1 ≥ · · · ≥ αr+s > αr+s+1 = · · · = αn = 0,

0 = β1 = · · · = βr < βr+1 ≤ · · · ≤ βr+s < βr+s+1 = · · · = βn = 1,

and
α2

i + β2
i = 1, 1 ≤ i ≤ n.

We note that by Definition 3, given another (m, p, n)-GMP {Ã, B̃}, there also exist unitary matrices
Ũ ∈ Cm×m, Ṽ ∈ Cp×p, nonsingular R̃ ∈ Cn×n, and nonnegative diagonal matrices ΣÃ ∈ Cm×n, ΣB̃ ∈
Cp×n for the GSVD of {Ã, B̃}.

For GSVD of a real matrix pair {A, B} we adopt the following definition form as in [9,16,19].

Definition 4. Let A ∈ Rm×n, B ∈ Rp×n have rank (AT , BT) = n. Then there exist two orthogonal matrices
U ∈ Rm×m, V ∈ Rp×p and a nonsingular matrix R ∈ Rn×n such that

UT AR = ΣA, VT BR = ΣB, (4)
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ΣA =

(
Λ

O(m−r−s)×(n−r−s)

)
, ΣB =

(
O(p+r−n)×r

Ω

)
, (5)

where Λ = diag(α1, . . . , αr+s) and Ω = diag(βr+1, . . . , βn) with

1 = α1 = · · · = αr > αr+1 ≥ · · · ≥ αr+s > αr+s+1 = · · · = αn = 0,

0 = β1 = · · · = βr < βr+1 ≤ · · · ≤ βr+s < βr+s+1 = · · · = βn = 1,

and α2
i + β2

i = 1 for 1 ≤ i ≤ n.

0.4. Overview of Existing Results about Chordal Metric Between GSVs of GMP

There have been a large amount of papers in various topics related to GSVD and its applications,
e.g., see [5,6,8–12,16–19,23]. One of interesting and important topics is about chordal metric between
GSVs of Grassmann matrix pairs (GMPs), which was first analyzed by Sun [16] in 1983. In [16], Sun
presented the Hoffman-Wielandt theorem for GSVs of GMPs and gave bounds on perturbations of
GSVs, which generalized several well-known results for the standard singular value problem. Since
then, Paige and Saunders [15] in 1981 gave a bound for GSV variations. Li [9] in 1993 presented several
perturbation bounds of GSVs and its associated subspace. Recently Xu et al. [22] considered sharp
upper bounds of the chordal metric between generalized singular values of Grassmann matrix pairs.
The following results provide perturbation bounds based on the chordal metric of GSVs.

Theorem 1 (The Hoffman-Wielandt type theorem for GSV of GMP[16]). Let {A, B} and {Ã, B̃} be two
(m, p, n)-GMPs, σ{A, B} = {(αi, βi)}n

i=1 and σ{Ã, B̃} = {(α̃i, β̃i)}n
i=1. Then

n

∏
i=1

(
1 − ρ2((αi, βi), (α̃i, β̃i))

)
≥ 1 − d2(Y, Ỹ), (6)

n

∑
i=1

ρ2((αi, βi), (α̃i, β̃i)) ≤ n
(

1 − n
√

1 − d2(Y, Ỹ)
)

, (7)

where

Y =

(
A
B

)
, Ỹ =

(
Ã
B̃

)
,

ρ((αi, βi), (α̃i, β̃i)) is given by (1) and d(Y, Ỹ) =
{

1 − |det(YHỸ)|2

det(YHY)det(ỸHỸ)

} 1
2

.

Theorem 2 (Explicit expression and sharp upper bound[22]). Let {A, B} and {Ã, B̃} be two (m, p, n)-
GMPs, σ{A, B} = {(αi, βi)}n

i=1 and σ{Ã, B̃} = {(α̃i, β̃i)}n
i=1. Then

n

∏
i=1

(
1 − ρ2((αi, βi), (α̃i, β̃i))

)
≡ max

Ψ1∈Um ,Ψ2∈Up
(1 − d2(Y, ỸΨ))

= 1 − d2(Y, ỸΨ0), (8)

n

∑
i=1

ρ2((αi, βi), (α̃i, β̃i)) ≤ n

(
1 − max

Ψ1∈Um ,Ψ2∈Up

n
√

1 − d2(Y, ỸΨ)

)
(9)

= n
(

1 − n
√

1 − d2(Y, ỸΨ0)

)
,

where

Y =

(
A
B

)
, Ỹ =

(
Ã
B̃

)
, ỸΨ = ΨỸ, ỸΨ0 = Ψ0Ỹ,
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Ψ =

(
Ψ1 Om×p

Op×m Ψ2

)
, Ψ0 =

(
UŨH Om×p

Op×m VṼH

)
,

and Ψ1 ∈ Um, Ψ2 ∈ Up; U, Ũ, V, Ṽ are the unitary matrices in GSVD of {A, B} and {Ã, B̃} (refer to (2)-
(3)). The inequality (9) is an equality if and only if ρ((α1, β1), (α̃1, β̃1)) = ρ((α2, β2), (α̃2, β̃2)) = · · · =
ρ((αn, βn), (α̃n, β̃n)).

In this paper we continue along this line and further consider explicit expression of
n
∑

i=1
ρ2((αi, βi), (α̃i, β̃i))

instead of the existing upper bound in (9).

0.5. Organization

The rest of this paper is organized as follows. Section 1 is the preliminary. In Section 2, we

present an explicit expression of
n
∑

i=1
ρ2((αi, βi), (α̃i, β̃i)) by Riemannian optimization models and the

corresponding numerical methods. Finally, in Section 3 concluding remarks are drawn.

1. Preliminaries
In this section we propose some useful lemmas in order to deduce the main results.

Lemma 1. [21] Let A1, . . . , Am ∈ Cn×n with σ1(Aj) ≥ σ2(Aj) ≥ · · · ≥ σn(Aj) ≥ 0 the singular values
arranged in decreasing order and c ∈ R, j = 1, . . . , m. We have the following extreme values:

max
U1,...,Um∈Un

∣∣∣tr(cIn ±
m

∏
j=1

Uj Aj)
∣∣∣ = n | c | +

n

∑
i=1

m

∏
j=1

σi(Aj).

Let (A, B) and (Ã, B̃) be two (m, p, n) GMPs and

S1 =


(ZHZ)−1/2 AH , m ≤ n, m ≤ p;
A(ZHZ)−1/2, n ≤ m, m ≤ p;
(ZHZ)−1/2BH , p ≤ n, p ≤ m;
B(ZHZ)−1/2, n ≤ p, p ≤ m;

(10)

S2 =


(Z̃H Z̃)−1/2 ÃH , m ≤ n, m ≤ p;
Ã(Z̃H Z̃)−1/2, n ≤ m, m ≤ p;
(Z̃H Z̃)−1/2B̃H , p ≤ n, p ≤ m;
B̃(Z̃H Z̃)−1/2, n ≤ p, p ≤ m

and

M(Φ) = ΦHSH
2 S2ΦSH

1 S1, ∀ Φ ∈ Umin{m,p,n}. (11)

Let (A, B) and (Ã, B̃) be two (m, p, n) real matrix pairs defined in (4) and

S1 =


(ZTZ)−1/2 AT , m ≤ n, m ≤ p;
A(ZTZ)−1/2, n ≤ m, m ≤ p;
(ZTZ)−1/2BT , p ≤ n, p ≤ m;
B(ZTZ)−1/2, n ≤ p, p ≤ m;

(12)

S2 =


(Z̃T Z̃)−1/2 ÃT , m ≤ n, m ≤ p;
Ã(Z̃T Z̃)−1/2, n ≤ m, m ≤ p;
(Z̃T Z̃)−1/2B̃T , p ≤ n, p ≤ m;
B̃(Z̃T Z̃)−1/2, n ≤ p, p ≤ m
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and

M(Φ) = ΦTST
2 S2ΦST

1 S1, ∀ Φ ∈ ORmin{m,p,n}. (13)

We set

Qi =

{
diag(Ii, O(min{m,p,n}−i)×(min{m,p,n}−i)), m ≤ n, m ≤ p; n ≤ m, m ≤ p;
diag(O(min{m,p,n}−i)×(min{m,p,n}−i), Ii), p ≤ n, p ≤ m; n ≤ p, p ≤ m

(14)

for 1 ≤ i ≤ min{m, p, n}.

Lemma 2. [24] Let f (X) : Cn×n → R be an analytical function of several complex variables on the domain
XXH ≤ In. Then f (X) attains its maximum modulus on the characteristic manifold {X ∈ Cn×n : XXH =

In}.

Lemma 3. Let {A, B} and {Ã, B̃} be two (m, p, n)-GMPs and let σ{A, B} = {(αi, βi), i = 1, 2 . . . , n} and
σ{Ã, B̃} = {(α̃j, β̃ j), j = 1, 2 . . . , n}. Then

n

∑
i=1

(α2
i α̃2

i + β2
i β̃2

i ) = 2 max
Φ∈Umin{m,p,n}

tr(M(Φ))− tr(SH
1 S1 + SH

2 S2) + n, (15)

where M(Φ) is given by (11).

Proof. Let Z =

(
A
B

)
, Z̃ =

(
Ã
B̃

)
, then ZHZ = R−H R−1, Z̃H Z̃ = R̃−H R̃−1 are nonsingular. Let

S1 = (ZHZ)−1/2 AH = (R−H R−1)−1/2R−HΣH
AUH ,

S2 = (Z̃H Z̃)−1/2 ÃH = (R̃−H R̃−1)−1/2R̃−HΣH
ÃŨH (16)

S3 = (ZHZ)−1/2BH = (R−H R−1)−1/2R−HΣH
B VH ,

S4 = (Z̃H Z̃)−1/2B̃H = (R̃−H R̃−1)−1/2R̃−HΣH
B̃ ṼH (17)

and

M1(Φ) = S1ΦHSH
2 S2ΦSH

1 , ∀ Φ ∈ Um; M2(Φ) = SH
1 ΦHS2SH

2 ΦS1, ∀ Φ ∈ Un (18)

M3(Φ) = S3ΦHSH
4 S4ΦSH

3 , ∀ Φ ∈ Up; M4(Φ) = SH
3 ΦHS4SH

4 ΦS3, ∀ Φ ∈ Un.

We first prove
n

∑
i=1

(α2
i α̃2

i + β2
i β̃2

i ) = 2 max
Φ∈Um

tr(M1(Φ))− tr(SH
1 S1 + SH

2 S2) + n. (19)

Using the GSVDs of {A, B} and {Ã, B̃} in Definition 3 we have

A = UΣAR, B = VΣBR, Ã = ŨΣÃR̃, B̃ = ṼΣB̃R̃,

where U, Ũ, V, Ṽ, ΣA, ΣB, ΣÃ and ΣB̃ are given by (2) and (3). Let M1(Φ) be given by (18). Then

max
Φ∈Um

tr(M1(Φ)) = max
Φ∈Um

tr(ΦHSH
2 S2ΦSH

1 S1)

= max
Φ∈Um

tr(ΦŨΣÃΣH
ÃŨHΦHUΣAΣH

AUH). (20)
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Next we consider two cases for different m and n. Case 1: if n ≤ m, then we write

ΣA =

(
Σ̂A

O(m−n)×n

)
, ΣÃ =

(
Σ̂Ã

O(m−n)×n

)
, UHΦŨ =

(
W11 W12

W21 W22

)
, ∀ Φ ∈ Um,

where Σ̂A, Σ̂Ã, W11 ∈ Cn×n and W22 ∈ C(m−n)×(m−n). Substituting into (20) we have

max
Φ∈Um

tr(M1(Φ)) = max
W11WH

11≤In

tr(Σ̂H
AW11Σ̂ÃΣ̂H

ÃWH
11Σ̂A),

where W11WH
11 ≤ In means that In −W11WH

11 is positive semi-definite. As we know, tr(Σ̂H
AW11Σ̂ÃΣ̂H

ÃWH
11Σ̂A)

as an analytical function of several complex variables on the domain W11WH
11 ≤ In attains its maximum

modulus on the characteristic manifold {W11 ∈ Cn×n : W11WH
11 = In} (see [21]), therefore by Lemma 2

we have
max
Φ∈Um

tr(M1(Φ)) = max
W11WH

11=In

tr(Σ̂H
AW11Σ̂ÃΣ̂H

ÃWH
11Σ̂A),

which together with Lemma 1 and (20) yields

max
Φ∈Um

tr(M1(Φ)) =
n

∑
i=1

α2
i α̃2

i . (21)

Let UHΨU =

(
U11 U12

U21 U22

)
, ŨHΨ̃Ũ =

(
Ũ11 Ũ12

Ũ21 Ũ22

)
, ∀ Ψ, Ψ̃ ∈ Um with U11, Ũ11 ∈ Cn×n and

U22, Ũ22 ∈ C(m−n)×(m−n), then by Lemma 1 and (33) we have

tr(SH
1 S1 + SH

2 S2)

= tr(ΣAΣH
A + ΣÃΣH

Ã ),

=
n

∑
i=1

(α2
i + α̃2

i ). (22)

Case 2: if m ≤ n, then we write

ΣA = (Σ̂A, Om×(n−m)), ΣÃ = (Σ̂Ã, Om×(n−m)).

Then by (20) and Lemma 1 we have

max
Φ∈Um

tr(M1(Φ)) = max
Φ∈Um

tr(ΦŨΣÃΣH
ÃŨHΦHUΣAΣH

AUH)

= max
Φ∈Um

tr

(
ΦŨΣ̂ÃΣ̂H

ÃŨHΦHUΣ̂AΣ̂H
AUH 0

0 0(n−m)×(n−m)

)
= max

Φ∈Um
tr(ΦŨΣ̂ÃΣ̂H

ÃŨHΦHUΣ̂AΣ̂H
AUH)

=
m

∑
i=1

α2
i α̃2

i =
n

∑
i=1

α2
i α̃2

i (23)

since αm+1 = · · · = αn = α̃m+1 = · · · = α̃n = 0 by the definition of GSVD. It follows from Lemma 1
and (33) that

tr(SH
1 S1 + SH

2 S2) = tr(UΣAΣH
AUH + ŨΣÃΣH

ÃŨH),

=
m

∑
i=1

(α2
i + α̃2

i ) =
n

∑
i=1

(α2
i + α̃2

i ). (24)
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By Definition 3 we have β2
i = 1 − α2

i , β̃2
i = 1 − α̃2

i , and together with (20)-(24) we have

n

∑
i=1

(α2
i α̃2

i + β2
i β̃2

i ) =
n

∑
i=1

(
2α2

i α̃2
i − (α2

i + α̃2
i ) + 1

)
= 2

n

∑
i=1

α2
i α̃2

i −
n

∑
i=1

(α2
i + α̃2

i ) + n (25)

= 2 max
Φ∈Um

tr(M1(Φ))− tr(SH
1 S1 + SH

2 S2) + n.

By Cases 1 and 2 we deduce (35) holds true. By the similar aforementioned methods we get

n

∑
i=1

(α2
i α̃2

i + β2
i β̃2

i ) = 2 max
Φ∈Un

tr(M2(Φ))− tr(SH
1 S1 + SH

2 S2) + n. (26)

Note that in (41)
n

∑
i=1

(α2
i α̃2

i + β2
i β̃2

i ) = 2
n

∑
i=1

β2
i β̃2

i −
n

∑
i=1

(β2
i + β̃2

i ) + n,

and hence by the similar aforementioned methods we have

n

∑
i=1

(α2
i α̃2

i + β2
i β̃2

i ) = 2 max
Φ∈Up

tr(M3(Φ))− tr(SH
1 S1 + SH

2 S2) + n, (27)

n

∑
i=1

(α2
i α̃2

i + β2
i β̃2

i ) = 2 max
Φ∈Un

tr(M4(Φ))− tr(SH
1 S1 + SH

2 S2) + n. (28)

In order to select the smallest dimensional variable unitary matrix by (35), (42)-(44) we have (31) holds.
This completes the proof.

Lemma 4. Let Λ = diag(λ1, . . . , λn), ∆ = diag(δ1, . . . , δn) ∈ Rn×n be diagonal matrices with λ1 ≥ · · · ≥
λn ≥ 0 and δ1 ≥ · · · ≥ δn ≥ 0. Then we have

max
Φ∈ORn

tr(ΛΦT∆Φ) =
n

∑
i=1

λiδi,

Proof. It follows from (1) that

max
Φ∈ORn

tr(ΛΦT∆Φ)

= max
Φ∈ORn

tr(ΛΦH∆Φ)

≤ max
Φ∈Un

tr(ΛΦH∆Φ)

=
n

∑
i=1

λiδi. (29)

Meanwhile,

n

∑
i=1

λiδi = tr(Λ∆) ≤ max
Φ∈ORn

tr(ΛΦT∆Φ). (30)

Combing (29) and (30) yields

max
Φ∈ORn

tr(ΛΦT∆Φ) =
n

∑
i=1

λiδi.

This completed the proof.
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Lemma 5. Let A ∈ Rm×n, B ∈ Rp×n have rank (AT , BT) = n and the GSV (αi, βi) of {A, B} be given in (4)
and (5). Then

n

∑
i=1

(α2
i α̃2

i + β2
i β̃2

i ) = 2 max
Φ∈ORmin{m,p,n}

tr(M(Φ))− tr(ST
1 S1 + ST

2 S2) + n, (31)

where M(Φ) is given by (13).

Proof. Let Z =

(
A
B

)
, Z̃ =

(
Ã
B̃

)
, then ZTZ = R−T R−1, Z̃T Z̃ = R̃−T R̃−1 are nonsingular. Let

S1 = (ZTZ)−1/2 AT = (R−T R−1)−1/2R−TΣT
AUT ,

S2 = (Z̃T Z̃)−1/2 ÃT = (R̃−T R̃−1)−1/2R̃−TΣT
ÃŨT (32)

S3 = (ZTZ)−1/2BT = (R−T R−1)−1/2R−TΣT
BVT ,

S4 = (Z̃T Z̃)−1/2B̃T = (R̃−T R̃−1)−1/2R̃−TΣT
B̃ṼT (33)

and

M1(Φ) = S1ΦTST
2 S2ΦST

1 , ∀ Φ ∈ ORm; M2(Φ) = ST
1 ΦTS2ST

2 ΦS1, ∀ Φ ∈ ORn (34)

M3(Φ) = S3ΦTST
4 S4ΦST

3 , ∀ Φ ∈ ORp; M4(Φ) = ST
3 ΦTS4ST

4 ΦS3, ∀ Φ ∈ ORn.

We first prove
n

∑
i=1

(α2
i α̃2

i + β2
i β̃2

i ) = 2 max
Φ∈ORm

tr(M1(Φ))− tr(ST
1 S1 + ST

2 S2) + n. (35)

Then

max
Φ∈ORm

tr(M1(Φ)) = max
Φ∈ORm

tr(ΦTSH
2 S2ΦST

1 S1)

= max
Φ∈ORm

tr(ΦŨΣÃΣT
ÃŨTΦHUΣAΣH

A UT), (36)

which together with Lemma 1 and (20) yields

max
Φ∈Um

tr(M1(Φ)) =
n

∑
i=1

α2
i α̃2

i . (37)

Let UTΨU =

(
U11 U12

U21 U22

)
, ŨTΨ̃Ũ =

(
Ũ11 Ũ12

Ũ21 Ũ22

)
, ∀ Ψ, Ψ̃ ∈ ORm with U11, Ũ11 ∈ Cn×n and

U22, Ũ22 ∈ C(m−n)×(m−n), then by Lemma 1 and (33) we have

tr(SH
1 S1 + SH

2 S2) = tr(ΣAΣH
A + ΣÃΣH

Ã ),

=
n

∑
i=1

(α2
i + α̃2

i ). (38)

Case 2: if m ≤ n, then we write

ΣA = (Σ̂A, Om×(n−m)), ΣÃ = (Σ̂Ã, Om×(n−m)).
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Then by (20) and Lemma 1 we have

max
Φ∈ORm

tr(M1(Φ)) = max
Φ∈ORm

tr(ΦŨΣÃΣT
ÃŨTΦTUΣAΣT

AUT)

= max
Φ∈ORm

tr

(
ΦŨΣ̂ÃΣ̂T

ÃŨTΦTUΣ̂AΣ̂T
AUT 0

0 0(n−m)×(n−m)

)
= max

Φ∈ORm
tr(ΦŨΣ̂ÃΣ̂T

ÃŨTΦTUΣ̂AΣ̂T
AUT)

=
m

∑
i=1

α2
i α̃2

i =
n

∑
i=1

α2
i α̃2

i (39)

since αm+1 = · · · = αn = α̃m+1 = · · · = α̃n = 0 by the definition of GSVD. It follows from Lemma 1
and (33) that

tr(SH
1 S1 + SH

2 S2) = tr(UΣAΣT
AUT + ŨΣÃΣT

ÃŨT),

=
m

∑
i=1

(α2
i + α̃2

i ) =
n

∑
i=1

(α2
i + α̃2

i ). (40)

By Definition 3 we have β2
i = 1 − α2

i , β̃2
i = 1 − α̃2

i , and together with (20)-((24)) we have

n

∑
i=1

(α2
i α̃2

i + β2
i β̃2

i ) =
n

∑
i=1

(
2α2

i α̃2
i − (α2

i + α̃2
i ) + 1

)
= 2

n

∑
i=1

α2
i α̃2

i −
n

∑
i=1

(α2
i + α̃2

i ) + n (41)

= 2 max
Φ∈Um

tr(M1(Φ))− tr(SH
1 S1 + SH

2 S2) + n.

By Cases 1 and 2 we deduce (35) holds true. By the similar aforementioned methods we get

n

∑
i=1

(α2
i α̃2

i + β2
i β̃2

i ) = 2 max
Φ∈ORn

tr(M2(Φ))− tr(SH
1 S1 + SH

2 S2) + n. (42)

Note that in (41)
n

∑
i=1

(α2
i α̃2

i + β2
i β̃2

i ) = 2
n

∑
i=1

β2
i β̃2

i −
n

∑
i=1

(β2
i + β̃2

i ) + n,

and hence by the similar aforementioned methods we have

n

∑
i=1

(α2
i α̃2

i + β2
i β̃2

i ) = 2 max
Φ∈ORp

tr(M3(Φ))− tr(SH
1 S1 + SH

2 S2) + n, (43)

n

∑
i=1

(α2
i α̃2

i + β2
i β̃2

i ) = 2 max
Φ∈ORn

tr(M4(Φ))− tr(SH
1 S1 + SH

2 S2) + n. (44)

In order to select the smallest dimensional variable unitary matrix by (35), (42)-(44) we have (31) holds.
This completes the proof.

2. Explicit formula of
n
∑

i=1
ρ2((αi, βi), (α̃i, β̃i)) with Riemannian optimization models

We first present a new explicit formula of
n
∑

i=1
ρ2((αi, βi), (α̃i, β̃i)) for complex grassman matrix

pair. Then we use the corresponding numerical methods to solve solutions of the involved Riemannian
optimization models.
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2.1. For complex grassman matrix pair

We present a new explicit formula of
n
∑

i=1
ρ2((αi, βi), (α̃i, β̃i)) for complex grassman matrix pair.

Lemma 6. Let M(Φ), Qi, S1, S2 be given by (10), (11) and (14). Then

max
Φ∈Umin{m,p,n}

tr(M(Φ)) = tr(M(F2FH
1 )),

where F1, F2 ∈ Umin{m,p,n} can be obtained from Π1, Π2 by solving the trace function optimization models

max
Π1∈Umin{m,p,n}

|tr(ΠH
1 SH

1 S1Π1Qi)|, (45)

max
Π2∈Umin{m,p,n}

|tr(ΠH
2 SH

2 S2Π2Qi)| (46)

for every i = 1, . . . , n, respectively.

Proof. We first prove the case for m ≤ n, m ≤ p and for others cases when n ≤ m, m ≤ p; p ≤
n, p ≤ m; and n ≤ p, p ≤ m the corresponding results can be proved similarly. By (10), (11) and (18)
S1, S2, M, F1, F2 are taken as S1, S2, M1, F1, F2, where F1 and F2 can be obtained by solving

max
Π1∈Umin{m,p,n}

|tr(ΠH
1 SH

1 S1Π1Qi)|, (47)

max
Π2∈Umin{m,p,n}

|tr(ΠH
2 SH

2 S2Π2Qi)|

for every i = 1, . . . , n, respectively. Let fi be the i-th column of unitary matrix F1. By Lemma 1 we have
for i = 1

max
Π1∈Umin{m,p,n}

|tr(ΠH
1 SH

1 S1Π1Q1)| = |tr(FH
1 SH

1 S1F1Q1)| = fH
1 SH

1 S1f1 = λ1. (48)

Here f1 has some solutions and is set to satisfy SH
1 S1f1 = λ1f1. Similarly, for i > 1

max
Π1∈Umin{m,p,n}

|tr(ΠH
1 SH

1 S1Π1Qi)| = |tr(FH
1 SH

1 S1F1Qi)|

= fH
1 SH

1 S1f1 + · · ·+ fH
i SH

1 S1fi

= λ1 + · · ·+ λi. (49)

Here fi has some solutions and is set to satisfy SH
1 S1fi = λifi. Since F1 is unitary, then fH

k fj = 0 and
fH

k fk = 1, k ̸= j; k, j = 1, . . . , n. It follows that fH
k SH

1 S1fj = λifH
k fj = 0 and fH

k SH
1 S1fk = λkfH

k fk =

λk, k ̸= j; k, j = 1, . . . , n. Then

FH
1 SH

1 S1F1 = Λ1, (50)

where Λ1 = diag(λi). Similarly,
FH

2 SH
2 S2FH

2 = Λ2,

where Λ2 = diag(χi). By Lemma 1 and (47) we have for i = 1

max
Π1∈Umin{m,p,n}

|tr(ΠH
1 SH

1 S1Π1Q1)| = |tr(FH
1 SH

1 S1F1Q1)| = λ1 = max
1≤i≤n

λi. (51)
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For other i = 2, . . . , n, we have

max
Π1∈Umin{m,p,n}

|tr(ΠH
1 SH

1 S1Π1Qi)| = |tr(FH
1 SH

1 S1F1Qi)| = |tr(Λ1Qi)| = λ1 + · · ·+ λi. (52)

Then Λ1 = diag(λi), Λ2 = diag(χi) have descending sorts with λi ≥ 0, χi ≥ 0, otherwise, there will be
conflicts with (51) and (52). Then by Lemma 1 we have

max
Φ∈Um

tr(M1(Φ)) = max
Φ∈Um

tr(ΦHSH
2 S2ΦSH

1 S1)

= max
Φ∈Um

tr(ΦH F2Λ2FH
2 ΦF1Λ1FH

1 ) = tr(Λ2Λ1). (53)

It is easy to check that tr(M1(F2FH
1 )) = tr(Λ2Λ1), which together with (53) implies max

Φ∈Um
tr(M1(Φ)) =

tr(M1(F2FH
1 )). For other cases for n ≤ m, m ≤ p; p ≤ n, p ≤ m; and n ≤ p, p ≤ m; the desired

corresponding results can be proved similarly. The proof is complete.

Theorem 3. Let M(Φ), Qi, S1, S2 be given by (10), (11) and (14). Let {A, B} and {Ã, B̃} be two (m, p, n)-
GMPs and σ{A, B} = {(αi, βi), i = 1, 2 . . . , n} and σ{Ã, B̃} = {(α̃j, β̃ j), j = 1, 2 . . . , n}. Then

n

∑
i=1

ρ2((αi, βi), (α̃i, β̃i))

= tr(SH
1 S1 + SH

2 S2)− 2 max
Φ∈Umin{m,p,n}

tr(M(Φ))− 2tr(L
1
2
1 (Imin{m,p,n} − L1)

1
2 L

1
2
2 (Imin{m,p,n} − L2)

1
2 )

= tr(SH
1 S1 + SH

2 S2)− 2tr(M(F2FH
1 ))− 2tr(L

1
2
1 (Imin{m,p,n} − L1)

1
2 L

1
2
2 (Imin{m,p,n} − L2)

1
2 ),

where
L1 = FH

1 SH
1 S1F1, L2 = FH

2 SH
2 S2F2

and F1, F2 ∈ Umin{m,p,n} can be obtained from Π1, Π2 by solving the trace function optimization models (45)
and (46).

Proof. We first prove the case when m ≤ n, m ≤ p and for others cases when n ≤ m, m ≤ p;
p ≤ n, p ≤ m; and n ≤ p, p ≤ m the corresponding results can be proved similarly. By (10), (11) and
(18) S1, S2, M, F1, F2 can be taken as S1, S2, M1, F1, F2. Since F1 and F2 are solutions of (45) and (46) for
every i = 1, . . . , n, respectively, then SH

1 S1 = A(AH A + BH B)−1 AH = UΣAΣH
AUH . For i = 1 by (45)

and Lemma 1 we have

max
Π1∈Umin{m,p,n}

|tr(ΠH
1 A(AH A + BH B)−1 AHΠ1Q1)| = |tr(FH

1 A(AH A + BH B)−1 AH F1Q1)| = α1,

For i = 2 we have

max
Π1∈Umin{m,p,n}

|tr(ΠH
1 A(AH A + BH B)−1 AHΠ1Qi)| = |tr(FH

1 A(AH A + BH B)−1 AH F1Q2)| = α1 + α2.

For i > 2, we have

max
Π1∈Umin{m,p,n}

|tr(ΠH
1 A(AH A + BH B)−1 AHΠ1Qi)| = α1 + · · ·+ αi.

Hence, we have L1 = FH
1 SH

1 S1F1 = diag(αi), L2 = FH
2 SH

2 S2F2 = diag(α̃i). It follows that

n

∑
i=1

αiβiα̃i β̃i = tr(L
1
2
1 (Im − L1)

1
2 L

1
2
2 (Im − L2)

1
2 ),
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which together with (41) and Lemma 6 yields

n

∑
i=1

ρ2((αi, βi), (α̃i, β̃i)) = n −
n

∑
i=1

(α2
i α̃2

i + β2
i β̃2

i )− 2
n

∑
i=1

αiβiα̃i β̃i,

= tr(SH
1 S1 + SH

2 S2)− 2 max
Φ∈Um

tr(M1(Φ))− 2tr(L
1
2
1 (Im − L1)

1
2 L

1
2
2 (Im − L2)

1
2 ),

= tr(SH
1 S1 + SH

2 S2)− 2tr(M1(F2FH
1 ))− 2tr(L

1
2
1 (Im − L1)

1
2 L

1
2
2 (Im − L2)

1
2 ).

For the cases when n ≤ m, m ≤ p; p ≤ n, p ≤ m; and n ≤ p, p ≤ m; by the similar aforementioned
methods the desired results can be proved.

Remark 1. From Theorem 3 we see that the formula of
n
∑

i=1
ρ2((αi, βi), (α̃i, β̃i)) in (3) only refers to two small

size unitary matrices F1 ∈ Umin{m,p,n}, F2 ∈ Umin{m,p,n}, which may require less computational cost for
computing the explicit expression in Theorem 3.

When using Theorem 3 we first determine S1, S2 by comparing m, p, n. Then by using (45) and (46) F1, F2 can
be computed.

2.2. Solving Riemannian optimization models in (45) and (46) for complex grassman matrix pair

We will use Newton methods on Riemannian manifolds to solve Riemannian optimization models
in (45) and (46) of Theorem 3.

max
Π1∈Umin{m,p,n}

|tr(Π1SH
1 S1ΠH

1 Qi)|, (54)

for n ≤ m, n ≤ p and m ≤ n, m ≤ p and

max
Π2∈Umin{m,p,n}

|tr(Π2SH
1 S1ΠH

2 Qi)|, (55)

for p ≤ n, p ≤ m and n ≤ p, p ≤ m. Solving max
Π1∈Umin{m,p,n}

|tr(Π1SH
2 S2ΠH

1 Qi)| can be similarly

discussed. For simplicity, we assume that n ≤ m and n ≤ p for (54) and n ≤ p, p ≤ m for (55)
and other cases for different relationships between m, n, p can be similarly discussed. To compute (54)
and (55), we consider the following matrix optimization problems:

max f1(Φ1) :=
1
2

tr(ΦH
1 QiΦ1C)

s.t. Φ1 ∈ Un

(56)

and
max f2(Φ2) :=

1
2

tr(ΦH
2 QiΦ2D)

s.t. Φ2 ∈ Un

(57)

for 1 ≤ i ≤ n. We only need to focus on the following matrix optimization problems:

max f1(Φ11) :=
1
2

tr(ΦH
11CΦ11)

s.t. Φ11 ∈ St(n, i) := {Φ11 ∈ Cn×i | ΦH
11Φ11 = Ii},

(58)

max f2(Φ22) :=
1
2

tr(ΦH
22DΦ22)

s.t. Φ22 ∈ St(n, n − i + 1),
(59)
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where C = (AH A + BH B)−1/2 AH A(AH A + BH B)−1/2, D = (AH A + BH B)−1/2BH B(AH A +

BH B)−1/2, Φ11 is the first i columns of ΦH
1 and Φ22 is the last n − i + 1 columns of ΦH

2 . In the following,
we focus on the solution of the matrix optimization problem (58) and the matrix optimization problem
(59) can be solved in a similar way.

We note that f1(Φ11Q) = f1(Φ11) for all Φ11 ∈ St(n, i) and Q ∈ Ui. Let the complex Grassmann
manifold Grass(n, i) be the set of all i-dimensional complex subspace of Cn. If [X] means the subspace
spanned by the columns of X ∈ St(n, i), then we have [X] ∈ Grass(n, i). In particular, for any X ∈
St(n, i), the natural projection [X] ∈ Grass(n, i) corresponds the equivalent class {XQ ∈ St(n, i) | Q ∈
Ui} of St(n, i). Thus, instead of problem (58), we consider the following optimization problem:

max f̃1([Φ11]) := f1(Φ11)

s.t. [Φ11] ∈ Grass(n, i).
(60)

Next, we present Newton’s method for solving the optimization problem (60). Let Φ11 ∈ St(n, i). The
tangent space of St(n, i) at Φ11 is given by [29]

TΦ11 St(n, i) = {Z ∈ Cn×i | Z = Φ11Ω + (Φ11)⊥K, ΩH = −Ω, Ω ∈ Ci,i, K ∈ Cn−i,i},

which can be endowed with the inner product

⟨Z1, Z2⟩ = R[tr(ZH
2 (I − 1

2
Φ11Φ11)

H)Z1)], Z1, Z2 ∈ TΦ11 St(n, i), Φ11 ∈ St(m, i).

Here, (Φ11)⊥ means that span((Φ11)⊥) is the orthogonal complement of span(Φ11), where span(Φ11)

denotes a linear space spanned by the column vectors of Φ11. We note that the tangent space of
Grass(n, i) at [Φ11] is given by [29]

T[Φ11]
Grass(n, i) = {Z ∈ Cn×i | Z = (Φ11)⊥K, K ∈ Cn−i,i} ⊂ TΦ11 St(n, i).

Hence, we can define a Riemannian metric on Grass(n, i) by

⟨Z1, Z2⟩ = R[tr(ZH
2 Z1)], Z1, Z2 ∈ T[Φ11]

Grass(n, i), Φ11 ∈ St(n, i)

with the induced norm ∥ · ∥. Then the orthogonal projection onto T[Φ11]
Grass(m, i) is given by

PΦ11 Z = (I − Φ11ΦH
11)Z, ∀Z ∈ Cn×i.

We define the local cost function g : T[Φ11]
Grass(n, i) → R by

g(Z) = f̃1([Φ11 + Z]).

It is easy to check that, for any Z ∈ T[Φ11]
Grass(n, i),

g(Z) = f1(Φ11) +Rtr(ZH DΦ11)

+
1
2

vec(Z)H
(

HΦ11 − (ΦH
11DΦ11)

T ⊗ In

)
vec(Z),

where DΦ11 = CΦ11 and HΦ11 = Ii ⊗ C are the derivative and Hessian of f1 at Φ11, respectively.
Based on the above analysis, Newton’s method for solving the optimization problem (60) can be

described as follows [29].

Algorithm 4. Step 0. Choose Φ0
11 ∈ St(n, i), ρ, η ∈ (0, 1), σ ∈ (0, 1/2] and let k := 1.
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Step 1. Apply the conjugate gradient (CG) method to solving

PΦk
11
(CZk − Zk(Φk

11)
H DΦk

11
) = −PΦk

11
DΦk

11

for Zk ∈ T[Φk
11]

Grass(n, i) such that

∥PΦk
11
(CZk − Zk(Φk

11)
H DΦk

11
) + PΦk

11
DΦk

11
∥ ≤ ηk∥PΦk

11
DΦk

11
∥ (61)

and
⟨PΦk

11
DΦk

11
, Zk⟩ ≤ −ηk⟨Zk, Zk⟩, (62)

where ηk = min{η, ∥PΦk
11

DΦk
11
∥}. If (61) and (62) are not attainable, then let

Zk = −PΦk
11

DΦk
11

.

Step 2. Let lk > 0 be the smallest integer m such that

f1(π(Φk
11 + βlZk)) ≤ f1(Φk

11) + σρl⟨PΦk
11

DΦk
11

, Zk⟩

Set
Zk+1 = π(Φk

11 + βlZk).

Step 3. Replace k by k + 1 and go to Step 1.

In Step 2 of Algorithm 4, π : Cm×i → Grass(n, i) is the projection onto Grass(n, i), which is
defined as follows: Let X ∈ Cn×i be full column rank. Then

π(X) =

[
argmin
Y∈St(n,i)

∥X − Y∥2

]
.

As noted in [29], if the SVD of X is given by X = UΣVH , then π(X) = UIn,iVH . If the QR decomposi-
tion of X is X = QR, then π(X) = Qn,i.

Remark 2. (i) An explicit expression of
n
∑

i=1
ρ2((αi, βi), (α̃i, β̃i)) is given in Theorem 3. As a comparison,

Theorem 2 only provides an upper bound. Obviously, Theorem 3 improves the existing results in
[22] in theory, see Example below. We adopt trace function optimization formula with orthogonal

constraints in Theorem 3 to evaluate the explicit expression of
n
∑

i=1
ρ2((αi, βi), (α̃i, β̃i)), which costs

less complexity. While Theorem 3.2 in [22] needs unitary matrices U, V, Ũ, Ṽ of the GSVDs of two
matrix pairs {A, B} and {Ã, B̃}. It is known that computing GSVDs may cost much higher amount of
calculations than computing small-size unitary matrice. Hence, on algorithm aspect Theorem 3 also
improves Theorem 3.2 in [22].

(ii) The equality in Theorem 3 refers to matrix optimization with orthogonal constraints. Based on
matrix optimization formula with orthogonal constraints we use classical Golub-Kahan bidiagonaliza-
tion method to solve it efficiently. The proposed algorithms by trace function optimization under two
variables are efficient for computing for AH A + BH B being not ill-posed. For AH A + BH B = W being
ill-posed, by matrix decompositions (eg., Schur decomposition or QR decomposition) we compute
W1, W2 with W = W1W2, where W1, W2 have small condition numbers. We calculate W−1

1 , W−1
2 and

then compute multiplications for W−1 = W−1
2 W−1

1 , see [27,28]. In general we first compute the inverse
of the matrix with small condition numbers and then multiply these two inverse matrices, which can
well get the inverse of the original matrix with large condition numbers. The proposed algorithms by
trace function optimization under two variables are efficient for computing for condition numbers of
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AH A+ BH B being large, see Table 1. In practical applications, obviously, by the new explicit expression

formula getting exact values of
n
∑

i=1
ρ2((αi, βi), (α̃i, β̃i)) are more precise than its upper bound.

Example. To test the comparison of the explicit formula in Theorem 3, and the upper bound of
n
∑

i=1
ρ2((αi, βi), (α̃i, β̃i)) in [22], we randomly generate grassman matrix pencils {A, B} and {Ã, B̃} by

MATLAB command randn(m,n)+i*randn(m,n) for A, Ã and randn(p,n)+i*randn(p,n) for B, B̃ with
different random m, n, p. We first assess condition numbers of AH A + BH B by using two-norm and
denoted by κ2(·). By simple computations we present the table 1.

Table 1. Comparisons of exact values, explicit formula by Alg. 4 and the upper bound with different (m, p, n)

(m, p, n) κ2(·) Exact values formula by Alg. 4 Upper Bound
(80,40,60) 30.2 27.24709031 27.24698583 41.3510

(200,500,450) 218.6 189.26904380 189.26910247 380.4629
(900,800,700) 359.4 458.42617335 458.42618210 573.0744
(60,120,140) 600.3 103.56173621 103.56172847 126.0846

(100,200,150) 400.6 79.35162440 79.35157629 118.5329
(250,500,450) O(103) 268.49009138 268.49008938 376.4290
(800,600,500) O(103) 409.05215925 409.05215570 454.7393

(2000,1900,1800) O(104) 1516.38636811 1516.38632996 1704.1106
(500,600,800) O(105) 379.23164800 379.23164655 634.2572

Here ‘Explicit expression’ denotes the equality in Theorem 3, ‘Upper Bound’ denotes the upper
bound in [22]. This table obviously shows the equality in Theorem 3 is almost equal to exact value of

n
∑

i=1
ρ2((αi, βi), (α̃i, β̃i)) and may be much sharper than the upper bounds in [22]. This again verifies

Remark (i).

3. Concluding Remarks
In this paper we give explicit expressions of sum of chordal metric between generalized singular

values of Grassmann matrix pairs, which absolutely improves the existing upper bounds in [22]. For
the new expression formula only two small-size singular value decompositions are required in the
algorithm which dominates the computational cost. As a byproduct, we also present an interval
estimate without using the singular values.
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