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Abstract. In this paper, we introduce a new type of degenerate poly-Fubini polyno-
mials and numbers, are called degenerate poly-Fubini polynomials and numbers, by
using the degenerate polylogarithm function and derive several properties on the de-
generate poly-Fubini polynomials and numbers. In the last section, we also consider
the degenerate unipoly-Fubini polynomials attached to an arithmetic function, by
using the degenerate polylogarithm function and investigate some identities of those
polynomials. In particular, we give some new explicit expressions and identities of
degenerate unipoly polynomials related to special numbers and polynomials.
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1. Introduction

Carlitz’s [2, 3] initiated a study of degenerate versions of some special poly-
nomials and numbers, namely the degenerate Bernoulli and Euler polynomials and
numbers. Kim and Kim et al. [14-28] have studied the degenerate versions of spe-
cial numbers and polynomials actively. This idea provides a powerful tool to define
special numbers and polynomials of their degenerate versions. We can say that the
notion of degenerate version forms a special class of polynomials because of their
great applicability. The most important applications of these polynomials are in the
theory of finite differences, analytic number theory, application in classical analysis,
and statistics. Despite the applicability of special functions in classical analysis and
statistics, they also arise in communications systems, quantum mechanics, nonlinear
wave propagation, electric circuit theory, electromagnetic theory, etc.

It is well known, that the two-variable Fubini polynomials are defined by means
of the following generating function (see [29])

T et—l ZFzy . (1.1)

When 2 = 0 in (1.1), the two variable Fubini polynomials F,(z,y) reduce to the
usual Fubini polynomials given by

ZF (see [1, 4, 7]). (1.2)

1— t—1)

It is easy to see that

F, (x _;> _ E,(2), Fy (-3) _ B, (1.3)

and
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For y =1 in (1.2), we get the familiar Fubini numbers F,,(1) = F,, as follows

g Z F (see [37)). (1.4)

2—e€

For more information about the applications of the usual Fubini polynomials
and numbers (see [5, 11, 12, 34, 35]).

For any non-zero A € R (or C), the degenerate exponential function is defined

by
eX(t) = (L+ AD)X, ex(t) = (1+ At)*, (see [9, 13]). (1.5)
By binomial expansion, we get
o0
tn
(1) = D (@) (see [19, 20, 25]), (1.6)
n=0 :

where (2)ox =1, (Z)pr = (@ = A)(xz—=2X)---(x — (n = 1)A), (n > 1).
Note that

hm e)\ Zw

In [2, 3] Carlitz introduced the degenerate Bernoulli and degenerate Euler poly-
nomials are defined by

S i 2 > L
am** =D Bl ’a@ﬁﬁ@zgﬂm%? (1.7)

j=0

respectively.

In the case when z = 0, B, » = B, 1(0) are called the degenerate Bernoulli num-
bers and « = 0, E; » = E;1(0) are called the degenerate Euler numbers.

Obviously
)\lino Bn(x;A) = By (), )\lino E,(z;\) = Ep(x).

For s € Z, the polylogaritm function is defined by a power series in z as

. 2 3
Lis(z):Z§ _z+—+§ (| z|< 1), (see, 8, 32]). (1.8)
=1
It is notice that
Liy (2 Z = = —log(1—2). (1.9)

For A € R, Kim-Kim [26] deﬁned the degenerate version of the logarithm func-
tion, denoted by log, (1 + z) as follows:

J
log, (1 + 2) Z/\J ]yl/A%7 (see, [11]) (1.10)

being the inverse of the degenerate version of the exponential function ey (z) as has
been shown below

ex(logy (2)) = logy (ex(2)) = =.
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It is noteworthy to mention that
lim log,, (1 =) (=1t =log(1 + 2).
lim log, (1+ 2) ;( Yooy = log(1+2)
The degenerate polylogarithm function [26] is defined by Kim-Kim to be
') i1
(=) ()17
a(z) =) 2 (ke Z,|z]< 1 1.11
(=X o ke Z sl ) (111)
It is clear that
}\gr})l;”\ ; i = Lig(z), (see [3, 4]).
From (1.10) and (1.11), we get
(=)D .
lia(z) = Z Mzﬂ = —log,(1 —z2). (1.12)

i=1 J

Very recently, Kim-Kim [26] introduced the new type degenerate version of the

Bernoulli polynomials and numbers, by using the degenerate polylogarithm function
as follows

ol =ex(=2)) Ly Zﬁ(k)( )f. (1.13)

1—ex(—2) = 4!
On setting x = 0, ,BJ(k)? = ,B(k)( 0) are called the degenerate poly-Bernoulli num-

bers.

The two variable degenerate Fubini polynomials F,, x(x;y) are defined by
1
L—y((L+ )% —1)

(14 At)>

=3 Fn’A(x;y)%n!, (see [24]). (1.14)

When z =0 and y =1, F,, x = F},.A(0;1) are called the degenerate Fubini num-
bers.

Lee-Kim-Jang [33] introduced the type 2 degenerate poly-Euler polynomials and
numbers as follows

Ei(log(1+2t)) , - *)
s = 3 (1.15)

When z = 0, Eflk/)\ = Eflkg\(O) are called the type 2 degenerate poly-Euler num-
bers.

The degenerate Stirling numbers of the first kind [18] are defined by

o (log)\ (1+2) ZSl A4, k)=, (k> 0), (see [1-15]). (1.16)

It is clear that
lim S1 (4, k) = S1(j, k),
A—0
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are calling the Stirling numbers of the first kind given by

%l (log Z S1(j,k (k> 0), (see [8-12]).

The degenerate Stirling numbers of the second kind [16] are given by

;' (ex(z ZSQ A, k)=, (k>0). (1.17)

Note here that
lim SQ7A(j, k') = S2(ja k),
A—0

standing for the Stirling numbers of the second kind given by means of the following
generating function:

1 (e* —1)F ZSQ j, k (k > 0), (see, [1-37]).

In this paper, we construct the new type of degenerate poly-Fubini polynomials
and numbers by using degenerate polylogarithm function and derive several properties
on the degenerate poly-Fubini numbers and polynomials. Furthermore, we introduce
the degenerate unipoly-Fubini polynomials attached to an arithmetic function, by
using degenerate polylogarithm function and investigate some properties for those
polynomials. Also, we give some new explicit expressions and identities of degenerate
unipoly polynomials related to special numbers and polynomials.

2. A new type of degenerate poly-Fubini numbers and polynomials

In this section, we define the new type of degenerate poly-Fubini numbers and
polynomials by using the degenerate polylogarithm function which are called the new
type of degenerate poly-Fubini numbers and polynomials and investigate some prop-
erties of these polynomials. We start following definition as follows.

Now, we consider the new type of 2 variable degenerate poly-Fubini polynomials
which are called the new type of 2 variable degenerate poly-Fubini polynomials and
given by

leall —ex(*1)) LN )
t1—y((1+M)x —1 ))( +At) —HZOFM( y) (kGZ) (2.1)

At the point Fr(tk))\(l) = F,S’f)(o, 1) are called the new type of degenerate poly-
Fubini numbers, where [, x(1 — ex(—t)) = —log,(1 — 1+ ex(—t)) =t.

Note that
= t" Iia(l— t .
ZFI ,yy By eA(l)) (L+ Xt)x
n=0 T l—y(A+A)F —1))
1 PR "
1+,\tx:2 (@ Y) (2.2)

Tl S —

Obviously, we have


https://doi.org/10.20944/preprints202009.0608.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 September 2020

From (2.1), we see that
iFﬁkA)( y);T = l’“;(((llleij)_;)) 0 (1+M)%
- @Féf“;( >f:!> (niu» f;”,)
- (Sritols) (o)
= i (Z ( ) T )\(y)(x)/\,m> ;—T,L (2.3)

Therefore, by equation (2.3), we obtain the following theorem.

Theorem 2.1. Let n > 0, we have

ilkv)\(l . eA(*$)) _ i Z (7)\)”7 (1)m,1/>\ (1 - 6)\(71:))711

dx dx ~=  (m—1)Im*
Tl - ea(-a) (24
(L= ex(=a)) A T '
From (2.1) and (2.4), for k > 2, we obtain
> (k) z" o 1
F S (y)— = T k(1 —ex(—z
D TR o

- ! G 0 I C e G0 IO G W G I
C (- y((1+Aa)x — 1 ))/0 l—e)\(_t)/o 1= ex(—1) /0 1_6/\(_t)tdtdt dt

: LA A A
ozl —y((1+ Aa)x — ))/0 1—6A(_t)/0 1= er(—t) /Ol_eA(_t)tdtdt dt.

(k—2)—times

>=

(2.5)
Therefore, by (2.5), we get the following theorem.

Theorem 2.2. Let k > 2. Then

o0

Z (k)

- 1 g C N e CT I S =) D
_:E(l—y((1+)\x)i—1))/0 1—e>\(—t)/0 1—ex(—t) /ol—eA(—t)tdtdt dt.

(k—2)—times

For k = 2, by Theorem 2.2, we get

o0

@), " 1 @ St
an7A(y) nl (1 —y((1+Az)x — ))/0 ex(—t) — 1 (—t)dt
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S oz(l-y((1+ )% — 1)) /0 T;Bn A1 = A)———dt
- 1 i (71)mBm,>\(1 — )™

n=0 m=0
LHS= ZO (ZO (T’;) (1)man_m,A(y)> % (2.6)

Therefore, by (2.6), we get the following theorem.
Theorem 2.3. Let n > 0, we have
@) “~/n m Bl =) ~/n e Br—ma(1 = X)
F = —-1)"——F, = —1 ——F .
B =3 () PG E s = 3 () P e
In general, from (2.8), we note that
© n 1 x 1-X ¢ t 1-=X ¢ t 1=\ —¢
ZFﬁki(y)xf.z : / SN / o =) / 20yt ar
Tl el —y((L+Ax)x 1)) Jo L=ea(=t) Jo T—ea(=1)  Jo L—ex(=)
(k—2)—times

1 - m{ n
T 21—y A0k —1) 2 ( i,y )

Mn1,N2, Ng—1=mM
B’nl,)\ an,)\ o Bnk71,>\
ny+1ny+ne+1 ny+-+np_q+1

L.H.s:g)( > (e ()

n1,N2, -, NE=m
B?’L1 A an A Bnk71 A xn
X 2 2 e ’ F_ iy 9.7
ni+1ni+ne+1 ni+-+np_1+1 ”myk(y) nl ( )

Therefore by comparing the coefficients on both sides of (2.7), we obtain the
following theorem.

Theorem 2.4. Let k € Z and n > 0, we have

B B
F(k) — n _1)m n ni,A na,\
n’A(y) Z m ( ) niy,ng, -+, Nk n+1ny+n+1

ni,n2, -, NEg=m

Bnk 1 A
NEEE 2 Fn—m .
ny+--+np_1+1 ()

From (2.1), we note that

o0

a1 —ex(=t) _ 1 (k) ("

/ =1 -y((1+A)x = 1)) ZO: Fn)\(y)a
_ EOO:F("&)( )ﬁ _ EOO En n (1) Jall ( )ﬁ + EOO:F(’G)( )ﬁ
- —~ n,A Y n! Y — = m m,\ n—m,\ Y n! Y —~ n,A Yy n!
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—+0) S FR G v Y (D)W @)

n=0 ' n=0 m=0

On the other hand,
ha(l—ex(=1) 1 = Mmapn(=A)""!
R = Z

1-— —t))™
: S e 4 e-0)
1 m+1 1/>\ (=)™t (m+1)!
= 1—ey(—t))ymt b
R T P}
1= (Dt 1/)\( NS e B
=-> : Sya(n,m+1)(=1)"" 1
h—1 Z 2,2\,
¢ m=0 (m + 1) n=m-+1 TL'
(X (D, A)m—L 1 D=1\ ¢
prs =S (35 Wnenan @ sl s bm e
N\ = (m+ 1)k n+1 n!
Therefore, by (2.8) and (2.9), we obtain the following theorem.
Theorem 2.5. Let k € Z and n > 0, we have
k) m )
) = 1+y ymzo( ) A W)
N Z m+l 1/A( )m_l Sya(n+1,m+1)(-1)"!
(m+ 1)k n+1 '
For k=1in Theorem 2.5., we get the following corollary
Corollary 2.3. For n > 0, we have
Fn m Fn m
aly) = 1+y ymzo( ) A (y)
+ Z m+1 1/X )‘) - S27A(n+17m+1)<_1)n_1
n+1 '
From (2.1), we note that
= z
> (F,Eki(w +Ly) — F,E?(x;y)) pr)
n=0
el zel) g 3 (+a0% 1)
(1= y((L+ A3 — 1))
_ lead—ex(=t) (1 1+ A)X "
kk( 6)\ )) ( ( ( + )’\1 ) _ (1+At)’\)>
Yy —y((1+Xt)x —1)
_ <lk /\(1—6)\( t))( t)§ lk’)\( —6)\(—15))(1+)\t)§>
t1—y((1+A)x — 1)) L
L ) " = = W W)™ Sa(n+ Lm 4 (=D &
— F . . ) 5
(S-S (3 M nri oo
o'} n l
1 (k) n 1 Siall+1,m+1) t"
= - F 1Y) — : ne .
yn_()( nA i) ;m:o <l> (m + 1)F1 I+1 @ | 2
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By comparing the coefficients on both sides of (2.19), we get the following the-
orem.

Theorem 2.6. Let k € Z and n > 0, we have

n l
() (0 1oy — A n 1 Sial+1,m+1)
w1 = D ES -3 3 () e e @

When z =0 and = —1 in Theorem (2.6), we get

n l
(k) (k) n 1 Sl’A(l—i-l,m—l—l)
FH(1,9) = N - >0).
oER ) = 0+ RS -3 3 (§) e 020
and
n l
(k) (k) n 1 Sia(l+1,m+1)
F = ].F _1 — _]- n— 9 2 .
VE®) = (rDES(~1:y) §l_ojm§_jo(l)(m+1)k_l FLIED ()20

Now, we observe that

lk,)\(l — €A(—t)) ITl lk,)\<1 _ 6/\(—t)) sz
(t(l — (14 X)> — 1)) (L+ A7) ) (t(l (A 1) (1+At) )

_ Eiga(loga(1+8) [ v (14 M)=5 n (14 M) =52
t Yo =11 —yo((L+A)S —1) Y2 —y11—yo((1+ )5 —1)

(2.20)

_ Z (yzF AT1+ T23y2) — Z/lFéIfA)(Il +I2;y1)> t"
n!’

Y2 —
On the other hand,

le (1 —ex(—t)) 31 lea(1—ex(—t)) T2
<t<1—y1<1+xt TR )<t<1—yz<<1+At>i—1>>(1“” )

W
< F 1,2/1)” ) ( E Fm,,\($2»y2)m!>
n=0 m=0

3 ") (. "
Z nfm A(xhyl)Fm,A(nyyQ) E (221)
Therefore, by ( 0) and ) we get the following theorem.

Theorem 2.7. Let k € Z and n > 0, we have

" n
Z( )Fﬁ’?m,A<x1;y1>F,f&<m2;y2>

m >
m=0

yzF,E'fA)(xl +225y2) — ylF,(Lk,i(xl + 223 1)

Y2 — Y1
For 1 = 2 = 0 in Theorem 2.7, we have

Corollary 2.4. Let k € Z and n > 0, we have

n (k) (k)
Yo (y2) — i F, (yl)
> ( ) FP ) EW, () = =12 A
m—0 Y2 =N

d0i:10.20944/preprints202009.0608.v1
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From (2.1), we note that

S 0 ey~ a(l—ea(=t)
;FM( vy = 1) T )((1+)\t)%_))(1+/\t)

_ lk)\(lfe)\( t))(1+)\t)
t1—y((L4+X)x = 1)+ (1 + A% —1)
)

. lk,)\(l — 6)\(—75) (1 + )\t> z§1

(1 —y(1—At)%)

(- e ()1 = M=)~
{1+ (1= A1) "% — 1))

=k —1)™n
=N PP - —y)( n)' . (2.22)
n=0 :
Comparing the coefficients on both sides of (2.22), we obtain the following the-

orem.

Theorem 2.8. Let k € Z and n > 0, we have
k n -k
FR ey = 1) = (~)"F (1 - 2 ).
On setting = 0 in Theorem 2.8, we get
Corollary 2.5. Let k € Z and n > 0, we have
k n ok
FRy—1)=(-1)"F", (1;-y).
From (2.1), we see that

iF(k)( )ﬁ (I —ea(=1)

n,A Y

vt ! (1 —y((1+M)x —1))

:<l’“(1_”> (Zy 1+ A% —1 )r>

L[ (=)™ (1)1 (1 t
=<Z( sl )(Zzys”m,>

n=0r=0

t
< 1 (=)™ (Dmsra/a(—1)1718,, (l+1m+1
:<Zz(m+1)’“—1 T DI Saalnr) 1y

n=0r=0

[eS) n n—l 1
B n 1 (1)m+1’)\51,)\(l +1,m+ 1) . B t"
S (S5 5 (1) s el o) £

Therefore, by (2.23), we get the following theorem.

Theorem 2.9. Let k € Z and n > 0, we have

n n—Il 1
*), N Z Z n 1 (Dmsa Sl +1,m+1) .
FnA(y)* <l>(m+l)k_1 l+1 Yy SQ,)\(nil’T)‘

Corollary 2.6. Let k € Z and n > 0, we have
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" maiaS1IAl+1,m+1 r
ZZZ() +LA l)\—IEI ) Yy Sox(n—1,7).

=0 =0 m=0
3. New type degenerate unipoly-Fubini numbers and polynomials

In this section, we introduce new type of degenerate unipoly-Fubini polynomials
by arising from degenerate polylogarithm function and derive several properties of
these polynomials.

Let p be any arithmetic function which is a real or complex valued function
defined on the set of positive integers N. Kim-Kim [15] defined the unipoly function
attached to polynomials p(z) by

= p(n
(z]p) = pnk (k€ 7). (3.1)
n=1
Moreover,
oo " '
ug(z|1) = Z = Lig(z), (see [8]), (3.2)
n=1

is the ordinary polylogaritm function.

In this paper, we define the degenerate unipoly function attached to polynomials
p(x) as follows:

up (@ Zp Mw’ (3.3)
It is worthy to note that
Upr (@) AN (3.4)
is the degenerate polylogarithm function.

Now, we define the new type of degenerate unipoly-Fubini polynomials attached
to polynomials p(x) by

il — ertf)lp) ) L
(1 —y((1+ A% — 1))( ) HZ:% () (3.5)

In the case when z = 0, Fékg L= F’I(LI,C))\,p

unipoly-Fubini numbers attached to p.

(0) are called the new type degenerate

From (3.5), we see

) 1 wr s (1= en(entt
A~ ey (o)
_ 1 — (V)" (W)l —ex(=1)
(1 —y((1 4 A)F ; rk(r —1)!
_ 1 el = S R
t(1—y((1+ Mt)x — 1))l’“’A (1=ex(=1)) ;Fn,x ol (3.6)

Thus, by (3.6), we have
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k k
ER L =S (37)
From (3.5), we have
- tn 1
F(k) = up (1 —ex(—t

1 i m)(—N\ m—1 1 m.1 m
_ 1))2_119( )(=A) ] (1) YA ey (1))
_ 1 [ = mIp(m) (=1 N (1) 1) t
) <t(1 —y((+ Ak - 1))) 2 (Z mt ) Saallmly

oS m ') +1 m) (m)(il)l)\mfl(l)myl 527 l—l—l,m tl
(r.5)(E(E o s

n=0

!
A ! —1)iAm—1(1 n
LHS — Z < (l> mlp(m)(—1) (Dm,1/x San(l + 1’m)Fnl,)\> L'
n!

=0 m=1

mk 1+1

(3.8)
By equation (3.8), we get the following theorem.

Theorem 3.1. Let n > 0 and k € Z. Then

n l+1 ' Inm—1
mlp(m)(=1)'A™ " (1)m,1/x S2a (1 +1,m)
=23 () Fai

k
=0 m=1 m l+1

In particular,

n 1iam= Sox(l+1,m
FT(LkA) @) FT(LI%)\ Yy < > -1) YD) m,1/x San(l+1, )anu.

k
=0 m=1 m [+1

From (3.5), we observe that

0 (k,p) (... ﬁ . up (1 —ex(=t))[p) 1y _ N
;Fn,x ($7y)n! Tl —y(1+ADF — 1)) (ex'(t)—1+1)

oo

urA((1 = ex(=1)Ip) zEm =1y 0 )
1 —y((1L+ AR — 1)) Z( m )(1 » ()

m=0
Z ()™ Z Sox(l,m; —m)ti>

- (Z <y>fj>
n= ' m=0 l=m
k tn < ! #
- (Z éip(y)ﬂ) DO @) ™Sl m; —m)'>
n=0 ’ 1=0 m=0 !
LH.S = Z (Z Z <7) FT(Lk)l Ap y)(x)(m)SzA(l,m; —m)> %n' (3.9)

=0 m=0
From (3.11) , we obtain the following theorem.

)

oo
n,\,p
0

Theorem 3.2. Let n > 0 and k& € Z. Then we have
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From (3.5), we have

o ) (o wa(l—ex(=0)lp)
ZFM,,;( ) T GERTE: _1))(1+>\t)

( ,E’“A”pt ) <§: I )\m (log(1 + 2))™ >
m=0

z Zl
( SRR LS ) ( Sla,m)“)

() (5 ‘. —"

=0 m=0

_ Z (Z 3 ( > )2 S1(1,m) ,S’“)l)k’p> Z—T (3.10)

=0 m=0

By equation (3.10), we get the following theorem.

Theorem 3.3. Let j be nonnegative integer and k € Z. Then

n l
o) =3 3 () @it mES,

4. Conclusion

In this paper, we introduced the new type of degenerate poly-Fubini polynomi-
als and numbers by using the degenerate polylogarithm function and derive several
properties on the degenerate poly-Fubini numbers and polynomials. We represented
the generating function of the degenerate poly-Fubini numbers by iterated integrals
in Theorem 2.2, 2.3, and 2.4 and explicit degenerate poly-Euler polynomials in terms
of the Bernoulli polynomials and degenerate Stirling numbers of the second kind in
Theorem 2.5. We also represented those numbers in terms of the degenerate Stirling
numbers of the second kind in Theorem 2.6. In the final section, we defined the
degenerate unipoly-Fubini polynomials by using the degenerate polylogarithm func-
tion and obtained the identity degenerate unipoly-Fubini polynomials in terms of the
degenerate Fubini numbers and degenerate Stirling numbers of the second kind in
Theorem 3.1 and Theorem 3.2, the degenerate unipoly-Fubini numbers and the Stir-
ling numbers of the first kind in Theorem 3.3.
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