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*

Abstract: Fourier expansions by the polyharmonic-Neumann eigenfunctions showed improved convergence
compared to the Fourier expansions by the classical trigonometric system due to the rapid decay of the cor-
responding Fourier coefficients. Based on this evidence, we investigate interpolations on a finite interval that
are exact for the polyharmonic-Neumann eigenfunctions and show the same benefits. Further, we improve the
convergence of the interpolations by applying the idea of quasi-periodicity, where the basis functions are periodic
on a slightly extended interval. We show that those interpolations have much better convergence rates away
from the endpoints of the approximation interval. Moreover, the interpolations are more accurate on the entire
interval. We prove those properties for a specific case of the polyharmonic-Neumann eigenfunctions known as
the modified Fourier system. For other basis functions, we provide evidence based on the results of numerical

experiments.

Keywords: Truncated Fourier series; convergence acceleration; quasi-periodic interpolation; quasi-periodic

approximation; polyharmonic-Neumann eigenfunctions; modified Fourier basis

1. Introduction

It is well known that trigonometric expansions and interpolations by the classical system
Helass = {cosmnx :n € Z; } U{sinmnx : n € N}, x € [-1,1], (1)

suffer from degraded convergence while approximating non-periodic functions on a finite interval
[—1, 1] even with sufficient smoothness. There is ample literature devoted to the methods that improve
convergence or overcome the Gibbs phenomenon. It is impossible to summarize such a great amount
of work. Individual articles include [1-61]. We will follow only the ideas related to the current paper:
quasi-periodic (QP) interpolations and the expansions by the polyharmonic-Neumann eigenfunctions.
The main purpose of this paper is to combine those ideas and explore QP interpolations that are exact
on the polyharmonic-Neumann eigenfunctions.

The main idea of the QP approach is to extend basis functions from 2-periodic to (2 + €)-periodic,
where ¢ tends to zero as the number of terms in the expansions tends to infinity. It generally does
not eliminate the Gibbs phenomenon at the points x = £1 but mitigates its impacts. Meanwhile,
it accelerates the convergence rate away from the endpoints. The idea of such expansions was
introduced in [62]. Papers [63-67] investigate the pointwise convergence of the QP interpolation
and its convergence in the Ly-norm. It can be combined with the polynomial correction method
with improved convergence ([67]) for complete elimination of the Gibbs phenomenon and additional
convergence acceleration.

Another efficient idea is the utilization of the polyharmonic-Neumann eigenfunctions. The
eigenfunctions of the following even-order operator

da

= (— q___
Lo =(-1) el

q>1, (2)
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have been investigated by numerous authors (see [61,68] with references therein) with some Neu-
mann boundary conditions that provide the possible fastest decay of the corresponding expansion
coefficients:
Lop(x) = azqcp(x), x €[-1,1], 3)
¢ (£1) =0, r=g,9+1,...,29—1. (4)
Those eigenfunctions are known as polyharmonic-Neumann eigenfunctions.

It is known ([69]) that
Lop(x) =0 ()

iff ¢ is a polynomial of degree g — 1. The corresponding orthonormal eigenfunctions are ¢, n =
0,...,9 —1, where ¢ , is the n-th Legendre polynomial. All other eigenvalues are positive and simple.
The corresponding system of eigenfunctions

Hy = {pon(x):n=0,..., -1} U{¢pu(x):n €N}, g>1 (6)

form a dense orthonormal subset of Ly(—1,1).
Following [61], we denote the truncated expansion of a function f € Ly(—1,1) in polyharmonic-
Neumann eigenfunctions as

-1 N
FUlfl(x) == ;}fo,n%,n(x) + ;fncpn(x), x€[-1,1], 7)
where A ) A )
foni= [ F@g0ndx, fui= [ Fx)gu()dx ®)

Approximations by F};[f](x) are better than those based on the classical truncated Fourier series.
Let H" be the Sobolev space with index r. Then, the following estimates are true ([61]):

a) The coefficients f, of a function f € H1t1(—1,1) are O(n~971) as n — oo ([61]).

b) If f € HI*2(—1,1), the rate of convergence of F},[f] to f is O(N~77!) as N — oo in compact
subsets of (—1,1) and O(N~7) as N — oo if x = +£1.

c) All those results are valid without any periodical conditions contrary to the classical truncated
Fourier series.

Particular case, g = 1, is of special interest. The corresponding system of eigenfunctions is also
known as the modified Fourier basis:

Hy = {cosmnx:n € Z }U{sinm(n—L)x:neN}, xe[-1,1]. )

It was originally proposed by Krein [70] and then thoroughly investigated in a series of papers [59-
61,68,71-75].

Paper [76] considers interpolations on a uniform grid and exact for the eigenfunctions from the
system ;. It explores the pointwise convergence of the interpolations and proves the convergence rate
O(N~3) for compact subsets of (—1,1), which is better than the convergence rate of the corresponding
Fourier expansions. Moreover, the paper proves the convergence rate on [—1,1] as O(N~!), the same
as for the expansions. The convergence rate of the interpolation in the Ly(—1,1) norm is O(N~3/2),
which is again the same as for the corresponding expansions. Hence, the main benefit of applying
interpolations is faster convergence at the points away from the singularities x = +1.

One of the goals of the current paper is to improve the results of [76] by applying the idea of QP
interpolations. We show how this idea works for the interpolations based on the modified system. We
prove some convergence theorems and provide the results of numerical experiments. Comparisons
with the Fourier expansions and interpolations from [76] confirm our expectations. QP interpolations


https://doi.org/10.20944/preprints202409.2463.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 September 2024 d0i:10.20944/preprints202409.2463.v1

3 0f 30

have improved convergence rates at the points away from x = +1. Interestingly, better convergence is
also detected on the entire interval, although not by the convergence rate. The next goal is to apply
the idea to all polyharmonic-Neumann systems with g > 1. We don’t prove convergence theorems
but provide some evidence via numerical experiments. They showed the same behavior for g > 1
compared to ¢ = 1: much faster convergence inside the interval and moderately better pointwise
convergence on the entire interval than for Fourier expansions.

The paper is constructed as follows. Section 2 describes the idea of the QP interpolation applied to
the classical trigonometric system # ;s according to papers [63-67]. Section 3 deals with the modified
Fourier system. We derive explicit formulae that realize the idea of the quasi-periodicity applied to the
modified Fourier system. Section 4 proves some preliminary lemmas we need for the main theorems
in the next section. Section 5 proves the main convergence results for the QP interpolations based
on the modified Fourier basis. Here, we show the benefits of the idea. Section 6 shows how the QP
extensions can be applied to polyharmonic eigenfunctions. Section 7 provides the results of numerical
experiments and outlines the main benefits of the QP interpolations compared to the classical Fourier
expansions. Section 8 concludes the main contributions of this paper.

2. The Quasi-Periodic Interpolations for the Classical Trigonometric System

Let us consider the QP interpolations that are exact for the system # ;5 in more detail. Assume a
trigonometric interpolation problem of a function f for a uniform grid {x;} € [—1,1]. Let us assume

that
2k

ST
To resolve the convergence problem, we assume interpolation of the function f on the extended interval
[~1/0,1/0] and for the uniform grid {x;} € [~1,1] including both endpoints:

k| < N. (10)

k
* e <
X = k| <N, (11)
and exact for the following system of functions
{eimwx nNz—N/ (12)

where o
UN,m::U::N—, Ny=2N+2m+1, m=1,2,.... (13)
m

All basis functions have the period 2/¢, which tends to 2 as N tends to infinity. That is how the

term quasi-periodic appeared in the works. To clarify further the essence of the QP interpolation, we
perform the following change of variable

t=ox, te[-1,1], xe[-1/0,1/0] (14)
that transforms the grid {x}} € [~1,1] into {x]'}, |k| < N.

X i ﬁ k| < N. (15)
Hence, in the variable ¢, we must solve the problem of the classical trigonometric interpolation on
the nonuniform grid {x}"}, [k| < N as some of the 2m points are missing from the uniform grid {x}"},
|k| < N+ m. As a result, the QP interpolation requires the solution of a system of linear equations
with 2m unknowns. In the case of the classical trigonometric system, the matrix of the system is
Vandermonde, providing an explicit solution for the unknowns. This process is shown in [63]. Let us
denote the QP interpolation for the system #j,¢s as Il%,m [f](x). Then,
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0 N k
Rnlfl0) = ¥ 15 ), (16
k=—N
where
2m N
cr(x) := ( Z w*k ’""”—Ew%ﬁ"ﬁ, ka“ 2 w+ ”T"”), (17)
and

wp(N,m) := wy := eNm. (18)

Here, vzjl are the elements of the inverse of the following Vandermonde matrix

- '
Vj0 1= “’]2€+2N' pl=1,...,2m. (19)

The elements v 0 I have the following explicit form

i1
1 j
-1 t .
Upj T 2m Y nWyion, Li=1,...,2m, (20)
j t=0
WopioN H W4 2N — Wok42N)
k#

where 7y; are the coefficients of the following polynomial

2m 2m
[T(x — waion) = Y mext (21)
k=1 t=0

The QP interpolation I3, [f](x) can be rewritten in the terms of Fourier discrete coefficients:

Bnlfl) = 3 (ﬁ?,m - zefN) @)
n=—N /=1
where ] : N k
and
B = Wy on Z o, ™. (24)

Papers [63-65,67] investigated the convergence of the QP interpolations in different frameworks.
They prove:

a) The pointwise convergence rate of the QP interpolation I?],m [f](x), m > 1is O(N—2""1) as
N — co away from the endpoints |x| < 1. The classical interpolation has O(N~!) rate as N — co.
Hence, the improvement is of the order O(N?™).

b) The convergence of the QP interpolation IRI,m [f](x), m > 1is O(N"Y2) as N — oo in the
Ly(—1,1) norm. The convergence rate is the same as that for classical interpolation. However,
the QP interpolation is strongly more accurate.

¢) The QP and classical interpolations are O(1) at the endpoints x = £1 due to the Gibbs phe-
nomenon. It can be improved by the polynomial correction methods.
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3. Quasi-Periodic Interpolations for the Modified Trigonometric System

The first results concerning the convergence of the expansions by the modified Fourier system #;
appeared in the works [59,71-73]. We present two theorems for further comparisons.

Theorem 1. [72,73] Assume f € C2[—1,1] and f" € BV[-1,1]. If |x| < 1, then
f(x) = Fy[fl(x) = O(N™2), N = co. (25)

Otherwise,
F(£1) = FLf](£1) = O(N71), N = co. (26)

Overall, we see better convergence rates than for classical Fourier expansions ([77]) and the
improvement is of order O(N)). This can be explained by faster decay of coefficients f,

fn = O(nfz), n— 00 (27)

compared to the classical ones when f is enough smooth but non-periodic on [—1,1]. Estimate (27) can
be explained by a non-periodicity of the basis functions sin 77(n — §)x on [—1,1].

Now, we will deal with exact interpolations for the functions from the modified system #;.
Upcoming theorems prove the improved convergence of interpolations compared to the expansions
FL)

The basis functions of the system H; can be rewritten in the following complex form, which is
more convenient for further derivations

%, n=20
Pn(x) == (28)
e ], nen

The corresponding interpolations we denote by Z};[f](x) and the derivation can be found in [76]

2N .
IN[f](x) == Zof,%qon(x), (29)
where N
= o o fOB . %= gy (30)
Let
As(f) = As = fO1) + (-1)° 1) (—1). (31)

Theorem 2. [76] Let f be an odd function on [—1,1]. Assume that f € C*[—1,1] and f® € BV[-1,1].
Then, the following estimate holds for |x| < 1

—1)N7 sin 1)y
£~ Zh1f1(x) = a () Gl S L)

—am tO(NT!), N— o (32)
2

Theorem 3. [76] Let f be an odd function on [—1,1]. Assume that f € C2[—1,1] and f? € BV[-1,1].
Then, the following estimate holds

(_1)N+l
FED) = Iy = £A1(f) > 5 +o(N7), N — co. (33)
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The comparison of Theorem 1 to Theorems 2 and 3 reveals the expectations from interpolations:
better convergence inside the interval of interpolation, away from the endpoints. Now, we will deal
with QP interpolations for the system #; and will show improved convergence compared to both
T4 (] and FL[f].

According to the idea of the QP interpolations, we modify functions ¢, (x) into ¢, (x) as follows:

\%, n=0
P (X) 1= (54
%[(_1)7161"3” +37%}, n=1,...,2N

We search for the QP interpolation for the #; in the following form

N
Thalfl) = 1 £ )t @)

where the coefficient-functions a,(x) will be determined from the requirement that 7}, , [f](x) is exact
for the basis functions @y ,;:

I}V,m[gon,m](x) = ¢nm(x), n=0,1,...,2N. (36)

We have

N

1
5[(—1)”w’,§+w’in}ak(x)z [(—1)”e 2 +e 2 |, n=0,1,...,2N. (37)
k=—N

Taking into account that ¢y, (x) = (—1)"@nm(x), we see that (37) is exact also for ¢_,, »(x), n =
1,...,2N. Hence, we can extend the system (37) by adding some new unknowns

Nu=1 1 P
5[ (F1wk + @k |ap () + en)
k=—Np+1
= %[(—1)%""’%” +e—i”’%"x], n| < Npw—1, (38)
where
en(x) =0, |n] <2N, (39)
and
, k=-N,...,N,
ap(x) = (%) (40)
0, |k| > N.
Then, we multiply the both sides of (38) by w}, for lil < N+ 2m and sum over n:
Nu=1  g%(yx) Na=1 , i Np—1 .
O U (VL% S ] B R e
k:—Nm"rl ﬂ:—Nm+1 ﬂ:—Nm+1
Np—1 j , ,
w innox _imnox
= Y Dy e @

d0i:10.20944/preprints202409.2463.v1
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Based on the relations
N1 2Ny, k=j,
m k . k— .
Z |:(71)nwn+] +w7n] = 2Nmr |k+]| - NH’I/ (42)
S 0, [ke+j| # Nk #J,
we get
Y —2N-1 .
Nma;f (x)+ Z w{ie,ﬁ(x) + 2 wﬁe;‘l(x)
n=2N+1 n=—Np+1
2N ] innox innox
-y ﬂ[(_l)”eT Lo } il < N+2m, (43)
E 2
n=—2N
where . ‘ .
(%) = ea(x) = 5[ (<) 47|, n| = N+1,... N+2m. (44)
Taking into account (40), we rewrite (43) as follows
Y —2N-1 .
Y, wie()+ Y, when(x)
n=2N-+1 n=—N;+1
2N / innox innox
= Y e e il =N+ N 2w 45)
n=—2N 2
From (38) and (44), we have
€, (x) = (=1)"ey(x). (46)
For negative j-es, the equations of (45) can be written in the following form
2N+2m , —2N-1 .
Y, (D'wnep(x)+ Y (—D)"when(x)
n=2N-+1 n=—2N—-2m
2N ] iTnox innox
- On [ L ()=, i=N41,...,N+2m. (47)
J
n=—2N 2

After adding the equations of (47) to the corresponding equations of (45), we will get a system for
unknowns €, (x) having only even indices

N+m ; —~N-1 ;
Z w2n€§n(x)+ Z ‘Uzngﬁn(x)
n=N+1 n=—N-—m
N o . ,
-y Y {emm +e—mmﬂ, j=N+1,...,N+2m. (48)
£ 2
n=—N
Taking into account the relations
~_N—-1 . N+2m .
Y W)= Y e o, (x), j=N+1,...,N+2m, (49)

n=—N-—m n=N-+m+1
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we obtain the following linear system of equations
2m N w] . ‘
Z U]‘,[bZN_’_M(x) = Z TZ [elﬂmfx + e—mnax}’ j=1,...,2m, (50)
=1 n=—N
with the Vandermonde matrix (19) and unknowns
w;]fle;n(x), n=N+1,...,N+m,
b2n (x) = (51)
wﬁﬂ‘s;n—zm (x), n=N+m+1,...,N+2m.

Now, subtracting the equations of (47) from the corresponding equations of (45), we will get the
following system of equations for unknowns ¢} (x) having only odd indices

N+m—1 ; —N-1 ;
*
Y W& () + Y, W& (%)
n=N n=—N-m
N-1 w] in(2n+1)ox in(2n+1)ox
= Y 272 e 2 |, j=N+1... N+2m (52
n=—N 2
Based on the relations
—N-1 j N+2m j
Z w2n+18§n+1<x) = Z w2n+1€;n72Nm+1<x)' ] = N + 1/ s rN + 2m, (53)
n=—N-m n=N+m+1
we get the following linear system of equations
2m N-1 f*N in(@n+1)o in(2n41)
2 1 1m(an X 717'[ n ox .
Y Vieborions1(x) = ) % —e Z  +e z , j=1,...,2m (54)
(=1 n=—N
with Vandermonde matrix
-1 .
Vie=p, , j=1....2m, L=1,...,2m, (55)

where
wypson—1, L=1,...,m,
ﬁf(N/m) =By = (56)
wypions1, C=m+1,...,2m.

and unknowns

Wy e, 1 (x), n=N+1,...,N+m,
bony1(x) := (57)
wé\fzillszn72Nm+l(x)r n=N+m+1,...,N+2m.

2m
Similar to (19), the inverse of {V]d ,_, can be calculated explicitly. The corresponding elements
=

of the inverse can be written as follows

1 i
Vil =—— Y 8By, Cj=1,...,2m (58)
Z; 0 7 7 7 7
! By T st (Be — Br) =0
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where
2m
H X — ﬁk Z 5tx (59)
k=1

Now, taking into account (43) and (40), we determine the coefficients a;:

1 N k innox _innox
ak(x)—Nm<n_§Na;”{(—1)”e 2 e 2 }

Ny —1 —2N-1
Y W) - Y wze;;(x)>, k| < N. (60)

n=2N+1 n=—Np+1

Then, the QP interpolation for the system #; has the following explicit form

Ill\fm Zq)nm fnm

N-1 2m ; m
J ~N-1 1,-171
+2 Y Pauprm(X) Y P2ntim (1 + N) EZ; Wont20-1Ye, FaNvae—1m

n=0 j=1
N 2m ] m N_1 1
-2 Z ®20,m () Z P2n,m <1 + N) ZZ wz_NJrsz,] f2N+2€ mr (61)
n= j=1 =1
where N
o 2 k k
1 J—

= — — — . 62
fn,m N kZZ_Nf(N>(Pn'm<N> ©2

Let us proof that Iy, [f] interpolates f on the grid x; = k/N, [k| < N. For even functions, the
QP interpolations for the system #; coincide with the QP interpolations for the system Hj;s5. Any
function can be represented as a sum of even and odd functions, making enough to consider only odd
ones. For odd functions fzn,m =0,n=0,...,N+m,and

2n+1
I}\,m Zansm i > Jox , (63)
where
1 - 1 1 & 1
Fn,m = fn,m - Z ®n,€fN+Efl,m = fn,m - Z ®n,ffN+£,ml (64)
/=1 (=m+1
y 2 XN k
r},m =N, k:Z: f<N>52n+l,k/ (65)
with .
Suik(N,m) := s, :=sin nn—, (66)
7 7 Nm
and
. —N—12m -1
Oy (N,m) := O, :=2ip, Zs2n+1,j+NV€,j ) (67)
j=1

Theorem 4. Let f € C[—1,1] be an odd function. Then Iy ,,[f](x) interpolates f on the grid x; = £,
k=-N,...,N.
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Proof. Let f be an odd function. Taking into account
N-1 K\ 2m ; 1 2m 2m _x N k N
2 Z Pon+1,m <N> Z P2n+1,m <1 + Ii]) Z Z ,B HE +]+ ’ (68)
n=0 j=1 T 1j=

together with (55) and (56), we can write

k 2 XN t k t
Ill\l,m[f](N> = 7 Z f(N> <Z (P2n+1m< )q)2n+1m(N>
k
+2 Z 902n+1m( ) Z¢2n+1m(1+ N) ZﬁZN 1Vl] ¢2N+2€ 1,m N >
2 N t N+m—1 k B
= NthNf<N) r;) €02n+1,m<N>€02n+1,m< ) ( )r (69)
which completes the proof. [

Further, we need the following estimates based on (56) and (58), we have
v =o(N1). (70)

Then, given (67), we derive
O, = o(N2m—1). (71)

The goal of the next two sections is the investigation of the pointwise convergence of the QP
interpolation for the system #;. The next section reveals some preliminary results and Section 5
proves the main results where Theorems 5, refth6 show the exact convergence rate of the pointwise
convergence away from the singularities x = =1, and Theorems 7, 8 explore the pointwise convergence
at the points x = £1.

4. Preliminary Lemmas

In this section, we prove some preliminary results needed for further convergence theorems.
Lemma 1. Let f € C[—1,1] be an odd function. Then,
FNikm =0, k=0,...,2m. (72)

Proof. Fork=0,...,m—1,

= fl N-1 j+N  o+N 1,17
Fskm = Fugkm — Z,Be Z( (AR 2m7k) Vi et
— £l —N-15N+1 41 _
= fNikm — Birr Brer [nikm =0 (73)

The proof is similar for k = m +1,...,2m. Since, le\lerm =0, and On_, ¢ = 0 for f=1,...2m,itis
true also fork =m. 0O

Let f € C*[—1,1], &« > 0. We define
frefe(x),  x€[-1,-0),

fr(x):=qf(%), x € [~0,0], (74)
fright(x)/ b ((7,1],
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where
o

freft(x

(1), fugn) Z | ( -1’ 75)

Obviously, f* € C*[—1,1]. If f is an odd function, then f* is odd either. Also, we will use the following

notation
/ f*(x)sinm ( ;) xdx. (76)

Lemma 2. Let f be an odd function such that f2P+2°+2) ¢ AC[—1,1] for some p,v > 0, m > 1, and

fR-1)=fPay=0 k=1,...,2p 77)

Then, the following estimate holds as n — oo

w2042 4 1
ey G Y ] ) —2p—20-3) 78
fn=(-1) j:§+1 Y le,]< Ny, > +o(n ) (78)

where

[

; ]i;] 2m+1)] —2k—192k+2—j
m] = (j — 2k — 1)!(7x )2k+2

(79)

Proof. Taking into account the smoothness of f and f* with & = 2p + 2v + 2, we get after integration
by parts

p+o (_1)n+k

=Y
5 (1)
(1P

1 1
_ - / f*(2p+2”+3)(x) cos 7r<n + )xdx

(n(n+ l))2p+z +3 /4 2
_y 2 (—1)"
5 (1)
_ (—1)Pte /:f f*(2p+2v+3)(x) cos n(n—i— ;>xdx, (80)

(7{(11 n %) )2p+20+3

T, (f*(ZkJrl)(l) +f*(2k+1)(_1)>

2k+1) (2k+1)
272 (fr(ithtr ()Jffzeft+ (—1))

where 2k+1 2p+20+2
+12p+20+ j—2k—1
@+1), 4y _ (1 1)) (1 (2m+1) 81
=) I TR I e ey
and .
f(2k+1)(1) B <1>2k+1 2p+§f+2f] (2m 4 1)i-2k-1 )
right \o = (] — 2k —1)!(2N)i-2-1"
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In view of the generalized Riemann-Lebesgue theorem ([77]), we have

fa = ”f’ (1> R G s 1 Gk Dj_zk? +o (n—zp—zv—3)
=N (n(n + %))2“2 j=2k+1 (j — 2k = 1)1(2N)/ =21
2p+20+2 A []T] 2 41 J=2k=1(N )2k+1
=" X (2N)J Z mt ( m)2k+2 o(n ), (89
j=2p+1 k=0 (]—2k—1) ( <n+%>)

which completes the proof. [J

Let Ciy
o (-1 2irT
g(x):= r:Zoo rix) o o (84)
Then,
D (e ) =e 2 r;w o £)2k+2 =e¢ 2 TESN (85)
Also, denote
—1)
Wn,k(N, m) = ’771,]( = Z % (86)
()

fB(—1)=fB1)=0, k=1,...,2p. (87)

Then, the following estimate holds for |n| < N + ¢ (c is a constant)

(—1)" 2p+2v+2m+2 A. {]T] 1>k 2m—|—1)] 2k—1

—fr = Z
" N =2p41 ZJHNJ P — 2k — 1)!12k+2
2m— 1q>()( 1) _y o 1<I> ( 1)
—m+3 k,
(2’7n+%,k + wZnnji-l ’ 2 mT' (wang1 +1)" + w2n+1 2 g — (w1 +1)"
=0 : =0 :
2m 2m 1221+2m+1 () . 204
“D" Y Y saiinYy L @B+ )T +o(NTFH). (@8)
(=1j=1 T=2m
Proof. First, let us prove the following property
0 1 M 00 1 2m =]
* % %
Fum = Z fn+er - 2 Z G)n,f Z fN+£—1+rN,,, - 2 Z ®n,f Z fN+€+rN,,,- (89)
r=—c0 =1 r=—co t=m+1 r=—oc0
Equations (64) and (65) imply
2 N k 1 2m ‘ L
Fom = N, k_ZNf(N) <52n+1,k A Z;@n,é (ﬁz - By ) . (90)

Taking into account definition (74) of f* with « = 2p 4 2v + 2m + 2, we derive

f<ll\c]>: ( > th 2t+ml) thwzwrl' 91)

t*oo
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Hence,
1 N N+m ok
Fom = N ) Z from | @ — w1
M k=—_Nt=—N—-mr=—o0
1 ¢ 2%
ey Z né(“’t N—(+1 7 wt+N+€)
1 2 2% 2%
) Z O, <“’t—N—£‘“’t+N+E+1) - (92)
(=m+1

According to (67), we can write fork =N +1,..., N +2m

1 & 2% %
) Z O <wt—N—£+1 - wt+N+£)
/=1

1 2m

2k 2k
) , Z ) O, (wt—N—f - “’t+N+£+1)
=m+
.k 2k 2k
= 2iwy; 15241k = Wiyni1 — Wity (93)
Then,
1 N+2m N+m o o
Fn,m == _2Nm ; ZNt % 2 ft+er (Ut n wt+n+1
=—Nt=—N-mr=—c0
1 2k
§ Z M(“’t N—(+1 — Wt+N+e)
1 & 2% 2%
) Z O, (wt—N—E - “’t+N+€+l) . (99
l=m+1
Now, taking into account that
1 N+m
N 2 wtn—ém, —N-m<t,n<N-+m, (95)
M k=—N-m
we obtain
1 [ee]
Fum = 2 Z f':—i-er - fjn,1+er
r=—00

* *
O (f N+0—14rN,, — J —N—é+er)

1 2m
- E Z ®n,Z (f]tl+£+er - fiN—Z—l+er) ) , (96)

(=m+1

which proves (89). Then,

oo

1
fn an—i—er - 5 Zl®n,€ Z ff\k]+€—l+er

r#0 r=-—00

) Z One Z fNstirn, (97)

Z m+1 r=—00
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We continue the modifications of (97). Lemma 2, Equations (67) and (71) lead to the following estimate

Z®n€ Z fNM 1+rN,,, Z ®n€ Z fN+€+er

r=—00 / m+1 r=—00

i—1
1 2p+20+2m+-2 A []T} (_1)k+1(2m+1)] 2k—1 2m

=— Y Loy Z D (Be) Z E v,
—— p km\Pe 2n+1i+NVy
N i1 YN[ (j — 2k — 1)1a2k+2 = '

To (N*ZP*ZU*4). (98)

The Taylor expansion

[4) BESAR (1) T —20—2m—2
km(Be) = ;} S Pum("1(Br+1)" +O(N ) (99)

together with the following relation
2m 2m

Zzwl“\’V Be+1)" =wy M wa+1)7, T=0,...,2m—1 (100)

and Equation (71) imply

72(9"? Z fN-i—E 147Ny T Z O, Z fN+g+er

r=-—00 z m+1 r=-—00

it .
(_1)n 2p+204+2m+2 A]- [i] (_1)k+l (2111 T 1)]72k71
2HINI & (j— 2k —1)!m2k+2

A
2m— 1q>()( 1) 1 2m=1 {7 (1)
m+3 +5 k,
X <“’2n+12 —a (W1 + 1) +w 5, 3 #(w m-1+1)
=0 : =0 :
1y m 2m ‘ V*l 20+2m+1 q)( ) . . N72p72074 L1
D" Y samenien Ve L P (CD(B+ DT o - (101)
(=1i=1 T=2m

Equations (101) and (97) completes the proof. [
Lemma 4. Let f be an odd function and f2P+4m+2) ¢ AC[—1,1] for some p > 0, m > 1 and

O =fPay=0, k=1,...,2p. (102)
Then, the following estimates hold as N — oo

(71)N+t

2m 4t o omd
FN_t,m_Cp,m[f]W<2m+l)+o(N p—2m ) £>1, (103)

where
2m+1)2p 2k ;r2m—2k—1

Api1 ¢ (2m+1)
Comlf] = S2p72 Z 2p K] D (=) (104)
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Proof. Following the steps of the proof of Lemma 3, we obtain

c B (_1>N+t+l 2p+-4m+-2 A. {Ji] 2m+1)] 2k—1
N—tm — Nm (ZN ] = (] — 2k — 1)|7l-2k+2

j=2p+1

2m 2m
sl o
X <w2N_2§+1‘I’k,m(w2N2t+1) + ) (B Y (—1) ng,ilSm+t,2i—2m—1>
= i=1
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+o (N*ZP*Zm*4). (105)

Taking into account the relation

—m+— —m+f
Wt 1Phm(Wan-2t4+1) = W_yn o 1 Prm(w-2N12t-1),

we can rewrite (105) as follows

(—1)N+t+1 2p+4m+2 Aj {]T] 1)k (2m +1)i~ 2k—1

EN—tm = 2Nm 550 (2N ) k;, (j — 2k — 1)1w2k+2
X (wzl\r}Hz%HSl + wZ\ﬁZtlsz) +o (N72p72m—4>,
where
S = @k,m(w2N72t+1 Z D (Br) Z Vét sz i1
and

S2 = Dy (W _oNy2t-1) Z D (Br) Z Vgt w! 2N+2t 1

Let us estimate S by rewriting it as follows

where f_¢ = wan_2+1 and y(z) = 13", (z — B¢). Hence,

1= L [ 1Pt

27ti Jr y(z)(z — B—t) 4z,

where ' contains the points {$,}7", and B_;. Then,

51 =

. 2m—+1
(_1)mzn2m+lq)](<rr’:+ )(_1) (Zm—i—t

—om-2
N2m+1 2m+1>+O(N " )' N = co.

Similarly, we estimate S

Sy =

. 2m+1
(~1)Him P (1) 1o 4y
N2m+1 2m+1

The required statement can be proved based on (112), (113) and (107). O

Similarly can be proved the next one.

> +0(N"2"2), N - co.

(106)

(107)

(108)

(109)

(110)

(111)

(112)

(113)
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Lemma 5. Let f be an odd function and f2P+2"+2) ¢ AC[—1,1] for some p > 0, m > 1 and
fO=1)=fPay=0, k=0,...,2p. (114)

Then, the following estimate holds as n — oo

—fa = D" Aopi (2"“) +o(N—2P-3), (115)

N szJrl m2p+1 Nm
where
[’T] j—2k—1 r
) 2 2m+1) Z 2<_1>
m, :
j(x 21+1 P ]—zk D2\ (r 4 2)* 2
2m—1
Cix(m—1 1 ' ‘
o) Y St (<1) (67 41
=0 °°
) 2m—1 .
Jorn1) % Tl,q>,5;31<_1>(emx+1)T>. 116
=0 "°

5. The Convergence of the QP Interpolations by the Modified Fourier System

This section proves the main theorems for the pointwise convergence of the QP interpolations for
the system 1.
We will use the sequences of finite differences defined as follows

S ({ye}i2 o) = 00 ({yi}t) = yu, (117)

Sy o) = Sh{yye) = 00 1 ({yeke) +200 " ({yeke) + 00 ({weke), p=1,  (118)

where {1} _,
The following theorem proves one of the main results of this paper, showing the benefits of QP
interpolations over Fourier expansions and traditional trigonometric interpolations. Theorems 5 and 6
show the exact convergence rate for |x| < 1, and Theorems 7, 8 at the points x = +1.
Let

is a sequence of complex numbers.

R mf1(x) := f(x) = Iy [ 1 (%) (119)
Theorem 5. Let f be an odd function and f2r+4m+2) ¢ AC[—1,1] for some p > 0, m > 1 and
fO—1)=fPay=0, k=1,...,2p. (120)
Then, the following estimate holds for |x| < 1as N — co

DN,m,p [f](x)

Rivmlf](x) = Ntmis T o(NTH7H3), (121)
where
. me(2N+1)x & (2m—k+1 (—1)kN
DN,mplf](x) := Cpm[f] |sin 2 k;) ( k ) 2212 g2k 12 1ZX

_ m(zN — VxSt 2m—k—1 (—1)k*N
B S ;] ( ) 224 cog2k H X |7 (122)

and Cpm[f) is defined by (104).
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Proof. We define f* (see (74)) for « = 2p + 4m + 2. Consequently, f* (2p+4m+2) o AC[—1,1]. The error
R}\,m [f] can be decomposed as follows for x € [—1,1]:

Nt (2n +1)x

RAmlf1(x) = Y (fi — Fy) sin 20T 2% z”i“).

+Zn

(123)

To estimate the components of R} ,, [f], we use the following transformation (see [49,78] for derivation
of similar transformations)

. mo(2N —1)x & K ({Fm},)
’R’}\I,m [f] (x) = sin 2 . ~ k+1 L . k+1
=0 (1 + e—lT[O’x) (1 + elrmx)
(2N +1)x & 1 ({Fim}e)
- e ( 2 ) - 1k+1 o o1 Trvmlfl(x), (124
k=0 (1 + e*l?[(Tx) (1 + eszx)
where
1 N-L . mo(2n+1)x
A1) = gt X U7 — ) sin T
n—=
1 S ol . mo(2n+1)x
T T aggm 12 g ; o T ({ff' }) sin — s (125)
We start by proving that
Nmlfl(x) =o(N272m73) N - oo, |x| < 1. (126)
Similar to (124), we obtain the following decomposition of 7y [ f]:
S ({Fu},) sin *1) SN ({Fym},) sin *‘H)
rNm(f](x) = 412 o2 4 7g
1 N . mo(2n+1)x
+ 4M+2 cog2m+4 zgx Z%) SIS - Fim};) sin - 3
n=
1 2 . mo(2n+1)x
+W%WW%AWHWWW—wam
To estimate 67 2({f;},) as |n| > N, N — o0, we use Lemma 2 for v = 2m:
2p+4m+2 []T] 2k—17j2k+1
S DRy e
t It
n T 2]N = ] — 2k — 1)17-[2k+2
m+2 (_1)t —2p—4m—3
X (511 72’%2 =+ O(T’l ) (128)
(t + %)
t
It is easy to verify (see Lemma 3.2 in [78]) that
m+2 (-1)! —2m—2k—6
on —— =0(n ), n— oo. (129)

d0i:10.20944/preprints202409.2463.v1
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Then,
SMFZ({f},) = O(N 1y =2m=5) L o(n=2~4"=2)  |n| >N, N — co. (130)

Hence, the last term of (127) is o(N~2P=2"=3) as N — co.
Then, to estimate 67" "2 ({F;,» — f;'},) for [n| < N as N — oo, we use Equation (88) of Lemma 3
forv =m:

=1 .
SMT2((E I B e s ¥ {2](*1)]((2"1*1)]_2](_1
n ({ t,m—ft }t)—I\Tm Z 2/ +1INi kZO (j_zk_l)!n2k+2

j=2p+1
m+2 t el CDI(cTrZz(il) m-+2 ¢ —m+3 T
20y ({(_1) 77t+%,k}t> + ZO ,Tén ({(—1) Woy 11 *(wapp1 +1) })
=l
2m— 1q>() 1 il
+ Z )5m+2({(1)fw2t+f(w_2t_1 +1)T} ))
t

2m 2m 4m

414
+2) ) ot ({52t+1,N+j}t) Vi L ;q’l(c,?l(_l)(ﬁz + 1)T> +o (N_ZP_zm_4>- (131)
(=1j=1 am T

1
=
By using the following estimates
inpt
+2 t _ —2m—4 12 _ om—4
o ({(—1) nt+%,k}t) = O(N " ) sy ({( 1)feNn }) = O(N " ) (132)
from [78] and [65], respectively, and the fact that V[pl = O(N?""1), we get
S ({Fom — fi ) = O(N‘Z”‘Zm“‘), In|] <N, N — oo (133)

Consequently, the second term of (127) is o(N~2P~2"=3) as N — co.
Now, to estimate the first term of (127), we use the relation

2m+2 2m + 2 2m+2 2m 4 2
S ({Fom}) = Y. ( ; >FN+m+1—t,m = ) ( ¢ )FN—G-m-i-l—t,m/ (134)
t=0 t=m+2

which follows from Lemma 1. Then, given Lemma 4

_— B (—pN+mtl 2082 L (2m 42\ (m4t—1
5N ({Ft,m})_cp,m[f} N2p+2m—+3 t:%q( 1) t 2m 41

+ O(N*ZP*Z'"*‘*), (135)

and the identity (see [79,80])

Z”ffz( 3 (2m+2)(m+t1)_0 (136)
t=m+2 2m+1 '
we obtain that
O ({Fim} ) = O(N7272m74), (137)

We can similarly estimate 6771 ({F;, },) and prove (126).
Now, we return to the first two terms on the right-hand side of (124), which we denote by I; and
I, respectively.
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Taking into account Lemma 1, we write the first term of (124) in the form
L (2N —1)x & S ({Fym}s)
1=sm > PR | BN
55 (1 e mex) P (1 4-eme%)
. mo(2N —1)x " 1 =l ok
—sn 2 IE) 2%k+2 cog2k+2 X t; t+k+1 Pyt (139)

By the application of Lemma 4, we obtain

(-DON+1  me(2N —1)x
I = Cpmlf] N2 2n T3 sin >

< 1 =L 2k 2m4+t+1
— e N72p72m74 . 139
Xgﬁ%ﬂwﬂ“ﬁ?gﬁ])Q+k+0<2m+1>+ ( ). (139)

The application of the following identity

k-1
2k 2m+t+1 2m —k
Y — 1)k
F, ) (o) - (e
deduces
(—)Nt (2N —1)x "= 2m—k -1 (—1)k
I = Cpmlf] N2p+2mT3 S 2 k;) k 22K+ okt Tg

+ O(N72P=2m=4) = (141)

Similarly can be estimated the second term of (124):

(-DN | me(2N+1)x 2m—k+1 (—1)k
I = Cpmlf] N2p+2mT3 S 2 k;) k 2212 g2k 12 I

+O(N72P=2m=4) | (142)
which completes the proof. [

A similar estimate can be proved for even functions on [—1,1]. As we mentioned before, inter-
polation Z}, ,,[f](x) coincides with ZR,rm [f](x) for even functions. Hence, the proof can be performed
according to the results of [65] or similar to the proof of Theorem 5. Theorem 1 of [65] is an example of
the proof which can be improved specifically for even functions on [—1, 1].

We present the final result by omitting the proof. Let

Bi(f) = fU (1) + (~1YfV(=1), j=0,1,.... (143)
Theorem 6. Let f be an even function and f2r+4m+2) ¢ AC[—1,1] for some p > 0, m > 1 and

fO-1)=fPay=0, k=1,...,2p. (144)

d0i:10.20944/preprints202409.2463.v1
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Then, the following estimate holds for |x| < 1as N — co

Byt (f p zm 4 1)2;7 2k r2m—2k—1
1 p+ (2m+1)
RN,m [f]( ) 22p+4N2p+2m+3 kz() ZP — 2k) km (_1) X
n 2m —k+1 2m —k (—1)k+N
lcos (N+1)ox ;;)(2( ‘ )—( . ))22"*%052”2”5”

—cos(tNox) (2 (Zm k- 1) - <2m _kk - 2)) 22k+1(’»;35)2k;: 7rgx]
to (N*ZP*Z'H). (145)
The next two theorems reveal the behavior of the QP interpolations at the endpoints x = £1.
Theorem 7. Let f be an odd function and f2P+2m+2) ¢ AC[—1,1] for some p > 0, m > 1 and
O =fPay=0, k=1,...,2p. (146)

Then, the following estimate holds

h
Jim NFFIRL mm< N) = Agpi1(F)lapiim(h), >0, (147)

where
1 1
éj,m(h) =3 /0 vm,j(t) costi(h+m+1/2)dt
1 [e9)
5 / Jm,j(t) cos et (h +m +1/2)dt, (148)
1
and functions Mo j and vy, ; are defined in Lemmas 2 and 5, respectively.

Proof. We define f* (see (74)) for & = 2p 4 2m + 2 and decompose R}, ,,[f](x) as follows

RYnlf i <) (2”“ v Zf i M. (149)
Then,
) L N-1 7r(2n+1)(h+m+%>
RhulfI(1- ) = X (41" ~ Fucos -
o 2n4+1)(h+m+ 1
+Z(—1)"f,’{cosn(n )IS " 2). (150)
n=N m

Lemmas 2 and 5 lead to

1
h AZ 1 N-1 21’l+1 7T(21’l+1)<h+m+§)
2p+1p1 _ _ _ér
NPTRN mf] (1 N) N, nZOVm,2p+1< N, >COS No,

A 41 n@2n+1)(h+m+1 1
——— Z.umZerl( " )cos ( 2> —|—O<N>. (151)
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We get the required estimate by tending N to infinity and replacing the sums with the corresponding
integrals. O

Similar estimate can be proved for even functions on [—1, 1].
Theorem 8. Let f be an even function and f2P+2m+2) ¢ AC[—1,1] for some p > 0, m > 1 and
fB(—1)=f0O1)=0, k=1,...,2p. (152)

Then, the following estimate holds

. h
Jim NFFIRY (] (1 - N) = Bops1(f)lapsim(h), h >0, (153)

where

1 1
lim(h) = =3 /O V() cos 7t (h 4 m + 1/2)dt
+ % / fom,j(t) cos rrt(h +m +1/2)dt, (154)
1
and functions Him,j and Vpn,j are defined in Lemmas 2 and 5, respectively.

The comparison of Theorems 1, 2, and 5,6 reveals the benefit of the QP interpolations for smooth
functions inside the interval of approximation |x| < 1. According to Theorems 5, 6 the exact con-
vergence rate of the QP interpolations is O(N~2P=2"=3) as N — co. For example, when p = 0, the
convergence rate is O(N~2"~3). Hence, compared to the traditional interpolation, the improvement is
of order O(N~2™), m > 1. Compared to the Fourier expansion by the system H1, the improvement is
of order O(N_zm_l), m > 1.

The comparison of Theorems 1, 3, and 7, 8 reveals the convergence properties at the points x = £1.
All theorems show the same convergence rate O(N —2p ’1). However, as our experiments show, the QP
interpolations for m > 1 are more accurate compared to the Fourier expansions. However, for a fair
comparison, we must remember that a higher accuracy requires more smoothness from the function
on interval [—1,1].

6. Expansions and Interpolations by Polyharmonic-Neumann Eigenfunctions

In this section, we describe the derivation of eigenfunctions (see the system H, in (6)) and
eigenvalues of the operator L for realization of the corresponding expansions F Z‘z] [f](x), interpolations
Z7,[f](x) and QP interpolations Izq\l,m [f](x). We follow [61] and briefly describe well-known results for
completeness.

The eigenfunctions of the problem (3)-(4) corresponding to & # 0 can be expressed as a finite sum
of products of trigonometric and hyperbolic functions with real coefficients given as a solution of g X g
algebraic eigenproblem. The explicit calculation of the eigenfunctions requires the separation of cases
corresponding to even and odd q. When g is even, the eigenfunction takes one of two possible forms
¢l which is even if i = 0 and odd if i = 1:

q
2
¢(x) = ) C,[,O] cos (oc[o]x sin 7:;) cosh (oc[o]x cos 7(7)

r=0

1-1
+ ) ¥ sin ((x[o]x sin 7‘7) sinh <zx[o]x cos 7:) , (155)
r=1
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and
31 Tr r
ol (x) = cLl] cos (zxmx sin ) sinh (zxmx cos )
r=0 q q
g
Z sm( Uy sin 7;7) cosh (uc[l]x cos 7';1’) . (156)
In case of odd g:
-1 1 1
) T(r+ 5 m(r+5
o0 x) =Y c% cos [ a9 x sin M cosh | al%x cos M
r=0 q q
7 m(r+1 m(r+1
Z dLO sin ( lx sin (qz) sinh [ #l%x cos (qz) , (157)
and

7-3 1 1
2 T\ r+ 5 w\r+ 5
4’[1] (x) = Z CP] cos (zxmxsin (qz)) sinh (zx[l]xcos (qz))
r=0
91 1 1
2 T+ 5 T+ 5
+ dLl] sin (zxmx sin (qz)) cosh (zx[l]x cos (qz)) . (158)

r=0

[i]

The parameters C,U, d;", and al! are specified by enforcing the boundary conditions, which results
in an algebraic g X g eigenproblem.
The eigenfunctions ¢, are exponentially close to regular oscillators in compact subsets of (—1,1)

¢n(x) = cos i(2n+q— 1)tx + %(nJrq— 1)7'(}

+0(e 21 =RDnmy 1y o5 x e (—1,1). (159)

The latest can be applied to accelerate the computation of the corresponding expansions.
The n-th eigenvalue a, has the following asymptotic:

2n+q—1)m+0(e M), n>>1, (160)

»-lk\ra

Oy

for some 7y, > 0 depending only on 4. This asymptotic can be used to calculate eigenvalues with any
predefined precision. In general, the eigenvalues can be calculated as the roots of the determinants of
the mentioned systems. Computation can be carried out extremely easily using iterations. The values
ay ~ 1/4(2n 4 g — 1)7rcan be used as the starting points of iterations. Having calculated the values a,
and functions ¢, (x) and @g ,(x), we can experiment with the expansions JF,[f].

The traditional interpolation for the system #, and for the grid x; = 2k/ (2N +1), [k] < N, we

seek in the following form:
N

LY = 3 ax(2)f (), (161)

k=—N

d0i:10.20944/preprints202409.2463.v1
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where the unknown-functions a;, we determine requiring that the interpolation is exact for the
eigenfunctions of H,:

N
Y. on(xi)a(x) = @ou(x), n=0,...,4 -1, (162)
k=—N
and
N
Y u(xp)a(x) = @u(x), n=1,...,2N —g+1. (163)
k=—N

Denoting by {M,,x},n =0,...,2N, k = —N,..., N the matrix of the system, we can write Z};[f](x) as
follows

g—1 2N—g+1
=Y Mgon(x)+ Y. M iga(x), (164)
n=0 n=1
and
q—1 N 2N—g+1 N )
=Y. 90a(®) Y fMoy+ Y ea(x) Y flx)M,. (165)
n=0 k=—N n=1 k=—N
Again, by denoting
fOn Z f(x) kn,n—O...,q—l, (166)
and N
=Y faMgy, n=1,...2N—q+1, (167)
=—N
we can write
= N—g+1
LA = Y fleon@)+ Y Aloa(x). (168)
n=0 n=1

By the same procedure, we derive the corresponding QP interpolations for the system H, and for
the grid x; = k/N, |k| < N that includes also the endpoints. Let us denote it as Il'z],m [f] and seek in

the form:
N

1) = Y ar(x)f(x), (169)

k=—N

where the unknown functions gy, we find assuming that Iﬁ,{m [f] is exact for @, (0x) and ¢, (0x):

N
Y a(x)pon(oxg) = @ou(ox), n=0,...,9—1, (170)
k=—N
and
Z ag(x)@n(oxg) = @u(ox), n=1,...,2N —g+1. (171)

Denoting by {P, x},n=0,...,2N, k= —N, ..., N the matrix of the system, we can write Ilq\],m [f](x)

as follows
2N—g+1

Z goOn (ox) + Z gon ox), (172)

and
2N—g+1

g—1 N N
=Y goulox) Y. fF)P + Y eulox) Y f(x)P,- (173)
n=0 k=—N k=—N

n=1

d0i:10.20944/preprints202409.2463.v1
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Again, by denoting
N
fomm = X f)P,, n=0,...,0-1, (174)
k=—N
and
. N
fim=Y flx)P )l n=1,...2N—q+1, (175)
k=—N
we can write
q-1 . 2N—g+1 .
Ll %) = L S oy 90 (00) + Y flmeu (o). (176)
n=0 n=1

We don’t have convergence theory for the interpolations IK, and IK, .« Wwhen g > 1. However, in
the next section, our experiments show that overall conclusions are the same as for g = 1.

7. The Results of Numerical Experiments and Discussions

In this section, we compare the behaviors of expansions and interpolations based on numerical

experiments. Let
1

) =017

which we use in the experiments. This is a non-periodic function (in the sense that 2-periodic extension

177)

on R is not continuous), and although infinitely differentiable on [—1, 1], its derivatives are very large
around x = —1.

Let us start with the results for the system 1, known as the modified Fourier basis/system.
Figure 1 presents the maximums of the absolute errors in the logarithmic scale on different intervals.
The left figure deals with the entire [—1, 1] interval, and the right one shows the errors away from the
endpoints on the interval [—0.8,0.8]. The "T.ES." stands for the truncated Fourier series F I'z, [f] (see (7)).
The value m = 0 corresponds to the traditional interpolation based on H; (see (168) with g = 1).

The left part of Figure 1 confirms our previous statement that although all expansions and
interpolations have the same convergence rate on [—1, 1], the QP interpolations are better due to a
smaller constant of the leading term of the asymptotic error. The traditional interpolations are less
accurate than the expansions on [—1, 1], which was expected as the expansions are the best in the
L;[—1,1] norm. However, the QP interpolations starting from m = 1 outperform expansions and
traditional interpolations. This is also one of the benefits of the QP interpolations.

The right part of Figure 1 confirms that interpolations have asymptotically better convergence
rates than Fourier expansions, and the accuracy is higher as larger is the value of parameter m. The
traditional interpolations corresponding to m = 0 have a better convergence rate than the expansions
on [—0.8,0.8].

Maximum Absolute Errors on [-1,1] in Logarithmic Scale Maximum Absolute Errors on [-0.8,0.8] in Logarithmic Scale

-Log[max|error|] -Log[max|error|]

201 q=1,m=9 70k

q=1,m=8
q=1,m=7
q=1,m=6 50+
q=1,m=5
q=1,m=4
q=1,m=3 30+

1,m=2
at 9 20t

/r/r/% a-1,m=1
1 N T-F.S.(g=1) 10

183264 128 256 512\ g.1,m-0

q=1,m=9
q=1,m=8
q=1,m=7
q=1,m=6
q=1,m=5
q=1,m=4
q=1,m=3
q=1,m=2
q=1,m=1
q=1,m=0
N T-F.S.(a=1)
2

16+ 6o-

12-
40

832 64 128 256 51

Figure 1. The errors of expansions and interpolations for the system H; corresponding to g = 1.

Figure 2 demonstartes similar results for the expansions and interpolations for the system Hjp
corresponding to g4 = 2. Interpolations are more accurate away from the endpoints x = %1 than the
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expansions (T.ES (q=2)) and interpolations for § = 1. On the entire interval, the expansions are more
accurate than the traditional interpolation but less accurate than the QP interpolations for the system #».

Maximum Absolute Errors on [-1,1] in Logarithmic Scale Maximum Absolute Errors on [-.8,0.8] in Logarithmic Scale
-Log [max |error|] -Log [max |error|]

22 9=2,m=9 75 q=2,m=9
q=2,m=8 65 q=2,m=8
q=2,m=7 q=2,m=7
q=2,m=6 55 9=2,m=6

12 q=2,m=5 a5 9=2,m=5
q=2,m=4 35 q=2,m=4
q=2,m=3 q=2,m=3

A q=2,m=2 25 q=2,m=2
, q=2,m=1 15 q=2,m=1
N\ T-F-S-(=2) q=2,m=0
32 64 128 256 512 q=2,m=0 N T-F.5.(q=2)
8 32 64 128 256 512

Figure 2. The errors of expansions and interpolations for the system H, corresponding to g = 2.

The same behavior was observed for the expansions and interpolations for other systems #H,. We
can conclude that by increasing the value of parameter g, we increase the convergence rate by O(N)
away from the endpoints x = £1. On the entire interval, [—1, 1], the convergence rate is O(N -1 ), but
the constant at the leading term of the asymptotic error is decreasing while increasing the values of g
and m. In the following two figures, we show the maximum absolute errors on [—0.8,0.8] and [—1,1]
in the logarithmic scale to reveal these dynamics. We used a moderate number of coefficients N = 64,
the values of 1 < g <7and 0 < m < 15. The value m = 0 corresponds to the traditional interpolation.

Maximum Absolute Errors on the Interval [-1,1] in Logarithmic Scale for N=64

" -
- -

©- 69

Figure 3. The maximum of the absolute errors of interpolations on interval [—1, 1] in the logarithmic
scale. The value m = 0 corresponds to the traditional interpolation. The values m > 1 correspond to
the QP interpolations. The value g = 1 corresponds to the QP interpolations by the modified Fourier
system #; with the explicit implementation (61) where N = 64.

Maximum Absolute Errors on the Interval [-0.8,0.8] in Logarithmic Scale for N=64

301
©- 192 218 265 284 302 319 . K . a2

CEE 151 184 213 . . . i 7 . a1

333 347 3 . . g a3

;- 135 171 203 . X 2 X . 36.9 . . a1

Figure 4. The maximum of the absolute errors of interpolations on interval [—0.8,0.8] in the logarithmic
scale. The value m = 0 corresponds to the traditional interpolation. The values m > 1 correspond to
the QP interpolations. The value g = 1 corresponds to the QP interpolations by the modified Fourier
system 71 with the explicit implementation (61) where N = 64.
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Both figures show that the accuracy of the QP interpolation is proportional to g + 2m. This means
that the convergence properties of the QP interpolations can be improved by increasing either q or m.
However, calculating the eigenvalues for large g is connected with more computational difficulties than
increasing the value of m for the fixed value of g. It is possible to tend m do infinity slowly as log(N).
The latest will provide convergence at an exponential rate for infinitely differentiable functions. For
example, g = 7 and m = 8 provides the same accuracy as 4 = 1 and m = 12 on [—0.8,0.8]. It is worth
noting that the eigenvalues of the systems H; and H; are known explicitly and can be calculated with
high accuracy.

The QP interpolations (except g = 1) don’t have explicit forms. They require the calculation of
the inverses of matrices M in (164) with a high accuracy. Hence, it is essential to reveal the condition
numbers of the matrices for different g and m. Figure 5 shows the numbers. The condition number
for g = 4 and m = 7 is approximately the same as for 4§ = 1 and m = 9. Moreover, in the case of
the modified Fourier basis corresponding to g = 1, the realization is explicit as the corresponding
matrix is a Vandermonde type. There are efficient algorithms ([81]) for calculating the inverses of the
Vandermonde matrices with high accuracy.

Condition Numbers for N=64 in Logarithmic Scale

) 7 - - . o - - .n
) — 1338 H 25.8 30.8 35.4 39.7 436 50.9
o
) 7 o - - -
- 7“ - - o - o
i ] i i ] i i i i i
1 2 3 4 5 6 7 8 9 10
m

54.3

0

Figure 5. The condition numbers of the matrices {P, ; } in Equation (172) for N = 64 in the logarithmic
scale.

8. Conclusion

We analyzed the convergence of the quasi-periodic (QP) interpolations, which are exact for the
eigenfunctions of the systems H,, ¢ > 1, composed of the polyharmonic-Neumann eigenfunctions. We
proved convergence theorems for g = 1, showing better convergence of the QP interpolations compared
to the corresponding Fourier expansions and traditional interpolations. The QP interpolations depend
on a parameter m > 1 that, together with parameter g, determines the convergence rate of order
O(N~2m=3-1) as N — oo, where N is the number of the eigenfunctions involved in the interpolation.
We proved it for 4 = 1 and assumed for 4 > 1 based on the results of numerical experiments. The
theoretical convergence rate and numerical experiments demonstrate that the accuracy of the QP
interpolations can be improved by increasing the value either of g or m. The latest is more feasible as
calculating the eigenfunctions for large values of g is connected with computational problems. The
best choice can be the utilization of the QP interpolations based on the system #; by slowly tending
parameter m to infinity. In this case, the eigenfunctions are known explicitly, and the interpolations
can be implemented by effectively calculating the inverse of the Vandermonde matrices.
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