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Abstract: Fourier expansions by the polyharmonic-Neumann eigenfunctions showed improved convergence

compared to the Fourier expansions by the classical trigonometric system due to the rapid decay of the cor-

responding Fourier coefficients. Based on this evidence, we investigate interpolations on a finite interval that

are exact for the polyharmonic-Neumann eigenfunctions and show the same benefits. Further, we improve the

convergence of the interpolations by applying the idea of quasi-periodicity, where the basis functions are periodic

on a slightly extended interval. We show that those interpolations have much better convergence rates away

from the endpoints of the approximation interval. Moreover, the interpolations are more accurate on the entire

interval. We prove those properties for a specific case of the polyharmonic-Neumann eigenfunctions known as

the modified Fourier system. For other basis functions, we provide evidence based on the results of numerical

experiments.

Keywords: Truncated Fourier series; convergence acceleration; quasi-periodic interpolation; quasi-periodic

approximation; polyharmonic-Neumann eigenfunctions; modified Fourier basis

1. Introduction

It is well known that trigonometric expansions and interpolations by the classical system

Hclass = {cos πnx : n ∈ Z+} ∪ {sin πnx : n ∈ N}, x ∈ [−1, 1], (1)

suffer from degraded convergence while approximating non-periodic functions on a finite interval
[−1, 1] even with sufficient smoothness. There is ample literature devoted to the methods that improve
convergence or overcome the Gibbs phenomenon. It is impossible to summarize such a great amount
of work. Individual articles include [1–61]. We will follow only the ideas related to the current paper:
quasi-periodic (QP) interpolations and the expansions by the polyharmonic-Neumann eigenfunctions.
The main purpose of this paper is to combine those ideas and explore QP interpolations that are exact
on the polyharmonic-Neumann eigenfunctions.

The main idea of the QP approach is to extend basis functions from 2-periodic to (2 + ε)-periodic,
where ε tends to zero as the number of terms in the expansions tends to infinity. It generally does
not eliminate the Gibbs phenomenon at the points x = ±1 but mitigates its impacts. Meanwhile,
it accelerates the convergence rate away from the endpoints. The idea of such expansions was
introduced in [62]. Papers [63–67] investigate the pointwise convergence of the QP interpolation
and its convergence in the L2-norm. It can be combined with the polynomial correction method
with improved convergence ([67]) for complete elimination of the Gibbs phenomenon and additional
convergence acceleration.

Another efficient idea is the utilization of the polyharmonic-Neumann eigenfunctions. The
eigenfunctions of the following even-order operator

L0 = (−1)q d2q

dx2q , q ≥ 1, (2)
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have been investigated by numerous authors (see [61,68] with references therein) with some Neu-
mann boundary conditions that provide the possible fastest decay of the corresponding expansion
coefficients:

L0ϕ(x) = α2qϕ(x), x ∈ [−1, 1], (3)

ϕ(r)(±1) = 0, r = q, q + 1, . . . , 2q − 1. (4)

Those eigenfunctions are known as polyharmonic-Neumann eigenfunctions.
It is known ([69]) that

L0ϕ(x) = 0 (5)

iff ϕ is a polynomial of degree q − 1. The corresponding orthonormal eigenfunctions are ϕ0,n, n =

0, . . . , q − 1, where ϕ0,n is the n-th Legendre polynomial. All other eigenvalues are positive and simple.
The corresponding system of eigenfunctions

Hq = {ϕ0,n(x) : n = 0, . . . , q − 1} ∪ {ϕn(x) : n ∈ N}, q ≥ 1 (6)

form a dense orthonormal subset of L2(−1, 1).
Following [61], we denote the truncated expansion of a function f ∈ L2(−1, 1) in polyharmonic-

Neumann eigenfunctions as

F q
N [ f ](x) :=

q−1

∑
n=0

f̂0,nϕ0,n(x) +
N

∑
n=1

f̂nϕn(x), x ∈ [−1, 1], (7)

where

f̂0,n :=
∫ 1

−1
f (x)ϕ0,n(x)dx, f̂n :=

∫ 1

−1
f (x)ϕn(x)dx. (8)

Approximations by F q
N [ f ](x) are better than those based on the classical truncated Fourier series.

Let Hr be the Sobolev space with index r. Then, the following estimates are true ([61]):

a) The coefficients f̂n of a function f ∈ Hq+1(−1, 1) are O(n−q−1) as n → ∞ ([61]).
b) If f ∈ Hq+2(−1, 1), the rate of convergence of F q

N [ f ] to f is O(N−q−1) as N → ∞ in compact
subsets of (−1, 1) and O(N−q) as N → ∞ if x = ±1.

c) All those results are valid without any periodical conditions contrary to the classical truncated
Fourier series.

Particular case, q = 1, is of special interest. The corresponding system of eigenfunctions is also
known as the modified Fourier basis:

H1 = {cos πnx : n ∈ Z+} ∪ {sin π(n − 1
2 )x : n ∈ N}, x ∈ [−1, 1]. (9)

It was originally proposed by Krein [70] and then thoroughly investigated in a series of papers [59–
61,68,71–75].

Paper [76] considers interpolations on a uniform grid and exact for the eigenfunctions from the
system H1. It explores the pointwise convergence of the interpolations and proves the convergence rate
O(N−3) for compact subsets of (−1, 1), which is better than the convergence rate of the corresponding
Fourier expansions. Moreover, the paper proves the convergence rate on [−1, 1] as O(N−1), the same
as for the expansions. The convergence rate of the interpolation in the L2(−1, 1) norm is O(N−3/2),
which is again the same as for the corresponding expansions. Hence, the main benefit of applying
interpolations is faster convergence at the points away from the singularities x = ±1.

One of the goals of the current paper is to improve the results of [76] by applying the idea of QP
interpolations. We show how this idea works for the interpolations based on the modified system. We
prove some convergence theorems and provide the results of numerical experiments. Comparisons
with the Fourier expansions and interpolations from [76] confirm our expectations. QP interpolations
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have improved convergence rates at the points away from x = ±1. Interestingly, better convergence is
also detected on the entire interval, although not by the convergence rate. The next goal is to apply
the idea to all polyharmonic-Neumann systems with q > 1. We don’t prove convergence theorems
but provide some evidence via numerical experiments. They showed the same behavior for q > 1
compared to q = 1: much faster convergence inside the interval and moderately better pointwise
convergence on the entire interval than for Fourier expansions.

The paper is constructed as follows. Section 2 describes the idea of the QP interpolation applied to
the classical trigonometric system Hclass according to papers [63–67]. Section 3 deals with the modified
Fourier system. We derive explicit formulae that realize the idea of the quasi-periodicity applied to the
modified Fourier system. Section 4 proves some preliminary lemmas we need for the main theorems
in the next section. Section 5 proves the main convergence results for the QP interpolations based
on the modified Fourier basis. Here, we show the benefits of the idea. Section 6 shows how the QP
extensions can be applied to polyharmonic eigenfunctions. Section 7 provides the results of numerical
experiments and outlines the main benefits of the QP interpolations compared to the classical Fourier
expansions. Section 8 concludes the main contributions of this paper.

2. The Quasi-Periodic Interpolations for the Classical Trigonometric System

Let us consider the QP interpolations that are exact for the system Hclass in more detail. Assume a
trigonometric interpolation problem of a function f for a uniform grid {xk} ∈ [−1, 1]. Let us assume
that

xk :=
2k

2N + 1
, |k| ≤ N. (10)

To resolve the convergence problem, we assume interpolation of the function f on the extended interval
[−1/σ, 1/σ] and for the uniform grid {x∗k} ∈ [−1, 1] including both endpoints:

x∗k :=
k
N

, |k| ≤ N, (11)

and exact for the following system of functions

{eiπnσx}N
n=−N , (12)

where
σN,m := σ :=

2N
Nm

, Nm = 2N + 2m + 1, m = 1, 2, . . . . (13)

All basis functions have the period 2/σ, which tends to 2 as N tends to infinity. That is how the
term quasi-periodic appeared in the works. To clarify further the essence of the QP interpolation, we
perform the following change of variable

t = σx, t ∈ [−1, 1], x ∈ [−1/σ, 1/σ] (14)

that transforms the grid {x∗k} ∈ [−1, 1] into {xm
k }, |k| ≤ N.

xm
k :=

2k
2N + 2m + 1

, |k| ≤ N. (15)

Hence, in the variable t, we must solve the problem of the classical trigonometric interpolation on
the nonuniform grid {xm

k }, |k| ≤ N as some of the 2m points are missing from the uniform grid {xm
k },

|k| ≤ N + m. As a result, the QP interpolation requires the solution of a system of linear equations
with 2m unknowns. In the case of the classical trigonometric system, the matrix of the system is
Vandermonde, providing an explicit solution for the unknowns. This process is shown in [63]. Let us
denote the QP interpolation for the system Hclass as I0

N,m[ f ](x). Then,
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I0
N,m[ f ](x) :=

N

∑
k=−N

f
(

k
N

)
ck(x), (16)

where

ck(x) :=
1

Nm

(
N

∑
n=−N

ω−k
2n eiπnσx −

2m

∑
ℓ=1

ωN+2m−k
2ℓ+2N

2m

∑
j=1

v−1
ℓ,j

N

∑
n=−N

ω
j+N
2n eiπnσx

)
, (17)

and
ωn(N, m) := ωn := e

iπn
Nm . (18)

Here, v−1
ℓ,j are the elements of the inverse of the following Vandermonde matrix

vj,ℓ := ω
j−1
2ℓ+2N , j, ℓ = 1, . . . , 2m. (19)

The elements v−1
ℓ,j have the following explicit form

v−1
ℓ,j = − 1

ω
j
2ℓ+2N

2m

∏
k=1
k ̸=ℓ

(ω2ℓ+2N − ω2k+2N)

j−1

∑
t=0

γtω
t
2ℓ+2N , ℓ, j = 1, . . . , 2m, (20)

where γj are the coefficients of the following polynomial

2m

∏
k=1

(x − ω2k+2N) =
2m

∑
t=0

γtxt. (21)

The QP interpolation I0
N,m[ f ](x) can be rewritten in the terms of Fourier discrete coefficients:

I0
N,m[ f ](x) =

N

∑
n=−N

(
f̌ 0
n,m −

2m

∑
ℓ=1

θn,ℓ f̌ 0
ℓ+N,m

)
eiπnσx, (22)

where

f̌ 0
n,m :=

1
Nm

N

∑
k=−N

f
(

k
N

)
ω−2n

k , (23)

and

θn,ℓ := ω−N−1
2ℓ+2N

2m

∑
j=1

v−1
ℓ,j ω

j+N
2n . (24)

Papers [63–65,67] investigated the convergence of the QP interpolations in different frameworks.
They prove:

a) The pointwise convergence rate of the QP interpolation I0
N,m[ f ](x), m ≥ 1 is O(N−2m−1) as

N → ∞ away from the endpoints |x| < 1. The classical interpolation has O(N−1) rate as N → ∞.
Hence, the improvement is of the order O(N2m).

b) The convergence of the QP interpolation I0
N,m[ f ](x), m ≥ 1 is O(N−1/2) as N → ∞ in the

L2(−1, 1) norm. The convergence rate is the same as that for classical interpolation. However,
the QP interpolation is strongly more accurate.

c) The QP and classical interpolations are O(1) at the endpoints x = ±1 due to the Gibbs phe-
nomenon. It can be improved by the polynomial correction methods.
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3. Quasi-Periodic Interpolations for the Modified Trigonometric System

The first results concerning the convergence of the expansions by the modified Fourier system H1

appeared in the works [59,71–73]. We present two theorems for further comparisons.

Theorem 1. [72,73] Assume f ∈ C2[−1, 1] and f ′′ ∈ BV[−1, 1]. If |x| < 1, then

f (x)−F 1
N [ f ](x) = O(N−2), N → ∞. (25)

Otherwise,
f (±1)−F 1

N [ f ](±1) = O(N−1), N → ∞. (26)

Overall, we see better convergence rates than for classical Fourier expansions ([77]) and the
improvement is of order O(N). This can be explained by faster decay of coefficients f̂n

f̂n = O(n−2), n → ∞ (27)

compared to the classical ones when f is enough smooth but non-periodic on [−1, 1]. Estimate (27) can
be explained by a non-periodicity of the basis functions sin π(n − 1

2 )x on [−1, 1].
Now, we will deal with exact interpolations for the functions from the modified system H1.

Upcoming theorems prove the improved convergence of interpolations compared to the expansions
F1

N [ f ].
The basis functions of the system H1 can be rewritten in the following complex form, which is

more convenient for further derivations

φn(x) :=


1√
2

, n = 0

1
2

[
(−1)ne

iπnx
2 + e−

iπnx
2

]
, n ∈ N

(28)

The corresponding interpolations we denote by I1
N [ f ](x) and the derivation can be found in [76]

I1
N [ f ](x) :=

2N

∑
n=0

f̌ 1
n φn(x), (29)

where

f̌ 1
n =

2
2N + 1

N

∑
k=−n

f (xk)φn(xk), xk =
2k

2N + 1
. (30)

Let
As( f ) := As := f (s)(1) + (−1)s−1 f (s)(−1). (31)

Theorem 2. [76] Let f be an odd function on [−1, 1]. Assume that f ∈ C4[−1, 1] and f (4) ∈ BV[−1, 1].
Then, the following estimate holds for |x| < 1

f (x)− I1
N [ f ](x) = A1( f )

(−1)Nπ

32N3
sin π(N + 1

2 )x
cos2 πx

2
+ O(N−4), N → ∞. (32)

Theorem 3. [76] Let f be an odd function on [−1, 1]. Assume that f ∈ C2[−1, 1] and f (2) ∈ BV[−1, 1].
Then, the following estimate holds

f (±1)− I1
N [ f ](±1) = ±A1( f )

(−1)N+1

2πN
+ o(N−1), N → ∞. (33)
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The comparison of Theorem 1 to Theorems 2 and 3 reveals the expectations from interpolations:
better convergence inside the interval of interpolation, away from the endpoints. Now, we will deal
with QP interpolations for the system H1 and will show improved convergence compared to both
I1

N [ f ] and F 1
N [ f ].

According to the idea of the QP interpolations, we modify functions φn(x) into φn,m(x) as follows:

φn,m(x) :=


1√
2

, n = 0

1
2

[
(−1)ne

iπnσx
2 + e−

iπnσx
2

]
, n = 1, . . . , 2N

(34)

We search for the QP interpolation for the H1 in the following form

I1
N,m[ f ](x) :=

N

∑
k=−N

f
(

k
N

)
ak(x), (35)

where the coefficient-functions ak(x) will be determined from the requirement that I1
N,m[ f ](x) is exact

for the basis functions φn,m:

I1
N,m[φn,m](x) ≡ φn,m(x), n = 0, 1, . . . , 2N. (36)

We have

N

∑
k=−N

1
2

[
(−1)nωk

n + ωk
−n

]
ak(x) ≡ 1

2

[
(−1)ne

iπnσx
2 + e−

iπnσx
2

]
, n = 0, 1, . . . , 2N. (37)

Taking into account that φ−n,m(x) = (−1)n φn,m(x), we see that (37) is exact also for φ−n,m(x), n =

1, . . . , 2N. Hence, we can extend the system (37) by adding some new unknowns

Nm−1

∑
k=−Nm+1

1
2

[
(−1)nωk

n + ωk
−n

]
a∗k (x) + ϵn(x)

≡ 1
2

[
(−1)ne

iπnσx
2 + e−

iπnσx
2

]
, |n| ≤ Nm − 1, (38)

where
ϵn(x) ≡ 0, |n| ≤ 2N, (39)

and

a∗k (x) ≡
{

ak(x), k = −N, . . . , N,

0, |k| > N.
(40)

Then, we multiply the both sides of (38) by ω
j
n for |j| ≤ N + 2m and sum over n:

Nm−1

∑
k=−Nm+1

a∗k (x)
2

Nm−1

∑
n=−Nm+1

[
(−1)nω

k+j
n + ω

k−j
−n

]
+

Nm−1

∑
n=−Nm+1

ω
j
nϵn(x)

=
Nm−1

∑
n=−Nm+1

ω
j
n

2

[
(−1)ne

iπnσx
2 + e−

iπnσx
2

]
. (41)
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Based on the relations

Nm−1

∑
n=−Nm+1

[
(−1)nω

k+j
n + ω

k−j
−n

]
=


2Nm, k = j,

2Nm, |k + j| = Nm,

0, |k + j| ̸= Nm, k ̸= j,

(42)

we get

Nma∗j (x) +
Nm−1

∑
n=2N+1

ω
j
nϵ∗n(x) +

−2N−1

∑
n=−Nm+1

ω
j
nϵ∗n(x)

=
2N

∑
n=−2N

ω
j
n

2

[
(−1)ne

iπnσx
2 + e−

iπnσx
2

]
, |j| ≤ N + 2m, (43)

where
ε∗n(x) = εn(x)− 1

2

[
(−1)ne

iπnσx
2 + e−

iπnσx
2

]
, |n| = N + 1, . . . , N + 2m. (44)

Taking into account (40), we rewrite (43) as follows

Nm−1

∑
n=2N+1

ω
j
nϵ∗n(x) +

−2N−1

∑
n=−Nm+1

ω
j
nϵ∗n(x)

=
2N

∑
n=−2N

ω
j
n

2

[
(−1)ne

iπnσx
2 + e−

iπnσx
2

]
, |j| = N + 1, . . . , N + 2m. (45)

From (38) and (44), we have
ϵ∗−n(x) = (−1)nϵ∗n(x). (46)

For negative j-es, the equations of (45) can be written in the following form

2N+2m

∑
n=2N+1

(−1)nω
j
nε∗n(x) +

−2N−1

∑
n=−2N−2m

(−1)nω
j
nε∗n(x)

=
2N

∑
n=−2N

ω
j
n

2

[
e

iπnσx
2 + (−1)ne−

iπnσx
2

]
, j = N + 1, . . . , N + 2m. (47)

After adding the equations of (47) to the corresponding equations of (45), we will get a system for
unknowns ε∗n(x) having only even indices

N+m

∑
n=N+1

ω
j
2nε∗2n(x) +

−N−1

∑
n=−N−m

ω
j
2nε∗2n(x)

=
N

∑
n=−N

ω
j
2n
2

[
eiπnσx + e−iπnσx

]
, j = N + 1, . . . , N + 2m. (48)

Taking into account the relations

−N−1

∑
n=−N−m

ω
j
2nε∗2n(x) =

N+2m

∑
n=N+m+1

ω
j
2nε∗2n−2Nm

(x), j = N + 1, . . . , N + 2m, (49)
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we obtain the following linear system of equations

2m

∑
ℓ=1

vj,ℓb2N+2ℓ(x) =
N

∑
n=−N

ω
j
2n
2

[
eiπnσx + e−iπnσx

]
, j = 1, . . . , 2m, (50)

with the Vandermonde matrix (19) and unknowns

b2n(x) :=


ωN+1

2n ε∗2n(x), n = N + 1, . . . , N + m,

ωN+1
2n ε∗2n−2Nm

(x), n = N + m + 1, . . . , N + 2m.

(51)

Now, subtracting the equations of (47) from the corresponding equations of (45), we will get the
following system of equations for unknowns ε∗n(x) having only odd indices

N+m−1

∑
n=N

ω
j
2n+1ε∗2n+1(x) +

−N−1

∑
n=−N−m

ω
j
2n+1ε∗2n+1(x)

=
N−1

∑
n=−N

ω
j
2n+1
2

[
−e

iπ(2n+1)σx
2 + e−

iπ(2n+1)σx
2

]
, j = N + 1, . . . , N + 2m. (52)

Based on the relations

−N−1

∑
n=−N−m

ω
j
2n+1ε∗2n+1(x) =

N+2m

∑
n=N+m+1

ω
j
2n+1ε∗2n−2Nm+1(x), j = N + 1, . . . , N + 2m, (53)

we get the following linear system of equations

2m

∑
ℓ=1

Vj,ℓb2ℓ+2N+1(x) =
N−1

∑
n=−N

ω
j+N
2n+1
2

[
−e

iπ(2n+1)σx
2 + e−

iπ(2n+1)σx
2

]
, j = 1, . . . , 2m (54)

with Vandermonde matrix

Vj,ℓ = β
j−1
ℓ , j = 1, . . . , 2m, ℓ = 1, . . . , 2m, (55)

where

βℓ(N, m) := βℓ :=


ω2ℓ+2N−1, ℓ = 1, . . . , m,

ω2ℓ+2N+1, ℓ = m + 1, . . . , 2m.

(56)

and unknowns

b2n+1(x) :=


ωN+1

2n−1ε∗2n−1(x), n = N + 1, . . . , N + m,

ωN+1
2n+1ε∗2n−2Nm+1(x), n = N + m + 1, . . . , N + 2m.

(57)

Similar to (19), the inverse of
[
Vj,ℓ

]2m

j,ℓ=1
can be calculated explicitly. The corresponding elements

of the inverse can be written as follows

V−1
ℓ,j = − 1

β
j
ℓ ∏2m

k=1,k ̸=l(βℓ − βk)

j−1

∑
t=0

δtβ
t
ℓ, ℓ, j = 1, . . . , 2m, (58)
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where
2m

∏
k=1

(x − βk) =
2m

∑
t=0

δtxt. (59)

Now, taking into account (43) and (40), we determine the coefficients ak:

ak(x) =
1

Nm

(
2N

∑
n=−2N

ωk
n

2

[
(−1)ne

iπnσx
2 + e−

iπnσx
2

]
−

Nm−1

∑
n=2N+1

ωk
nϵ∗n(x)−

−2N−1

∑
n=−Nm+1

ωk
nϵ∗n(x)

)
, |k| ≤ N. (60)

Then, the QP interpolation for the system H1 has the following explicit form

I1
N,m[ f ](x) =

2N

∑
n=0

φn,m(x) f̌ 1
n,m

+ 2
N−1

∑
n=0

φ2n+1,m(x)
2m

∑
j=1

φ2n+1,m

(
1 +

j
N

) m

∑
ℓ=1

ω−N−1
2N+2ℓ−1V−1

ℓ,j f̌ 1
2N+2ℓ−1,m

− 2
N

∑
n=0

φ2n,m(x)
2m

∑
j=1

φ2n,m

(
1 +

j
N

) m

∑
ℓ=1

ω−N−1
2N+2ℓV

−1
ℓ,j f̌ 1

2N+2ℓ,m, (61)

where

f̌ 1
n,m :=

2
Nm

N

∑
k=−N

f
(

k
N

)
φn,m

(
k
N

)
. (62)

Let us proof that I1
N,m[ f ] interpolates f on the grid xk = k/N, |k| ≤ N. For even functions, the

QP interpolations for the system H1 coincide with the QP interpolations for the system Hclass. Any
function can be represented as a sum of even and odd functions, making enough to consider only odd
ones. For odd functions f̌2n,m = 0, n = 0, . . . , N + m, and

I1
N,m[ f ](x) =

N−1

∑
n=0

Fn,m sin
π(2n + 1)σx

2
, (63)

where

Fn,m := f̌ 1
n,m −

m

∑
ℓ=1

Θn,ℓ f̌ 1
N+ℓ−1,m = f̌ 1

n,m −
2m

∑
ℓ=m+1

Θn,ℓ f̌ 1
N+ℓ,m, (64)

f̌ 1
n,m =

2
Nm

N

∑
k=−N

f
(

k
N

)
s2n+1,k, (65)

with
sn,k(N, m) := sn,k := sin π

nk
Nm

, (66)

and

Θn,ℓ(N, m) := Θn,ℓ := 2iβ−N−1
ℓ

2m

∑
j=1

s2n+1,j+NV−1
ℓ,j . (67)

Theorem 4. Let f ∈ C[−1, 1] be an odd function. Then I1
N,m[ f ](x) interpolates f on the grid xk = k

N ,
k = −N, . . . , N.
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Proof. Let f be an odd function. Taking into account

2
N−1

∑
n=0

φ2n+1,m

(
k
N

) 2m

∑
j=1

φ2n+1,m

(
1 +

j
N

)
=

1
2

2m

∑
τ=1

2m

∑
j=1

β
−k+j+N
τ − β

k+j+N
τ , (68)

together with (55) and (56), we can write

I1
N,m[ f ]

(
k
N

)
=

2
Nm

N

∑
t=−N

f
(

t
N

)(N−1

∑
n=0

φ2n+1,m

(
k
N

)
φ2n+1,m

(
t
N

)

+2
N−1

∑
n=0

φ2n+1,m

(
k
N

) 2m

∑
j=1

φ2n+1,m

(
1 +

j
N

) m

∑
ℓ=1

β−N−1
ℓ V−1

ℓ,j φ2N+2ℓ−1,m

(
t
N

))

=
2

Nm

N

∑
t=−N

f
(

t
N

) N+m−1

∑
n=0

φ2n+1,m

(
k
N

)
φ2n+1,m

(
t
N

)
= f

(
k
N

)
, (69)

which completes the proof.

Further, we need the following estimates based on (56) and (58), we have

V−1
ℓ,s = O

(
N2m−1

)
. (70)

Then, given (67), we derive
Θn,ℓ = O

(
N2m−1

)
. (71)

The goal of the next two sections is the investigation of the pointwise convergence of the QP
interpolation for the system H1. The next section reveals some preliminary results and Section 5
proves the main results where Theorems 5, refth6 show the exact convergence rate of the pointwise
convergence away from the singularities x = ±1, and Theorems 7, 8 explore the pointwise convergence
at the points x = ±1.

4. Preliminary Lemmas

In this section, we prove some preliminary results needed for further convergence theorems.

Lemma 1. Let f ∈ C[−1, 1] be an odd function. Then,

FN+k,m = 0, k = 0, . . . , 2m. (72)

Proof. For k = 0, . . . , m − 1,

FN+k,m = f̌ 1
N+k,m −

m

∑
ℓ=1

β−N−1
ℓ

2m

∑
j=1

(
β

j+N
k+1 − β

j+N
2m−k

)
V−1
ℓ,j f̌ 1

N+ℓ−1,m

= f̌ 1
N+k,m − β−N−1

k+1 βN+1
k+1 f̌ 1

N+k,m = 0. (73)

The proof is similar for k = m + 1, . . . , 2m. Since, f̌ 1
N+m,m = 0, and ΘN+m,ℓ = 0 for ℓ = 1, . . . 2m, it is

true also for k = m.

Let f ∈ Cα[−1, 1], α ≥ 0. We define

f ∗(x) :=


fle f t(x), x ∈ [−1,−σ),

f
( x

σ

)
, x ∈ [−σ, σ],

fright(x), x ∈ (σ, 1],

(74)
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where

fle f t(x) =
α

∑
j=0

f (j)(−1)
j!

( x
σ
+ 1
)j

, fright(x) =
α

∑
j=0

f (j)(1)
j!

( x
σ
− 1
)j

. (75)

Obviously, f ∗ ∈ Cα[−1, 1]. If f is an odd function, then f ∗ is odd either. Also, we will use the following
notation

f ∗n :=
∫ 1

−1
f ∗(x) sin π

(
n +

1
2

)
xdx. (76)

Lemma 2. Let f be an odd function such that f (2p+2v+2) ∈ AC[−1, 1] for some p, v ≥ 0, m ≥ 1, and

f (k)(−1) = f (k)(1) = 0, k = 1, . . . , 2p. (77)

Then, the following estimate holds as n → ∞

f ∗n = (−1)n
2p+2v+2

∑
j=2p+1

Aj

NmN j µm,j

(
2n + 1

Nm

)
+ o
(

n−2p−2v−3
)

. (78)

where

µm,j(x) :=

[
j−1

2

]
∑
k=0

(−1)k(2m + 1)j−2k−122k+2−j

(j − 2k − 1)!(πx)2k+2 . (79)

Proof. Taking into account the smoothness of f and f ∗ with α = 2p + 2v + 2, we get after integration
by parts

f ∗n =
p+v

∑
k=0

(−1)n+k(
π
(

n + 1
2

))2k+2

(
f ∗(2k+1)(1) + f ∗(2k+1)(−1)

)

− (−1)p+v(
π
(

n + 1
2

))2p+2v+3

∫ 1

−1
f ∗(2p+2v+3)(x) cos π

(
n +

1
2

)
xdx

=
p+v

∑
k=0

(−1)n+k(
π
(

n + 1
2

))2k+2

(
f (2k+1)
right (1) + f (2k+1)

le f t (−1)
)

− (−1)p+v(
π
(

n + 1
2

))2p+2v+3

∫ σ

−σ
f ∗(2p+2v+3)(x) cos π

(
n +

1
2

)
xdx, (80)

where

f (2k+1)
le f t (−1) =

(
1
σ

)2k+1 2p+2v+2

∑
j=2k+1

(−1)j−1 f (j)(−1)
(2m + 1)j−2k−1

(j − 2k − 1)!(2N)j−2k−1 , (81)

and

f (2k+1)
right (1) =

(
1
σ

)2k+1 2p+2v+2

∑
j=2k+1

f (j)(1)
(2m + 1)j−2k−1

(j − 2k − 1)!(2N)j−2k−1 . (82)
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In view of the generalized Riemann-Lebesgue theorem ([77]), we have

f ∗n =
p+v

∑
k=0

(
1
σ

)2k+1 (−1)n+k(
π
(

n + 1
2

))2k+2

2p+2v+2

∑
j=2k+1

Aj(2m + 1)j−2k−1

(j − 2k − 1)!(2N)j−2k−1 + o
(

n−2p−2v−3
)

= (−1)n
2p+2v+2

∑
j=2p+1

Aj

(2N)j

[
j−1

2

]
∑
k=0

(−1)k(2m + 1)j−2k−1(Nm)2k+1

(j − 2k − 1)!
(

π
(

n + 1
2

))2k+2 + o
(

n−2p−2v−3
)

, (83)

which completes the proof.

Let

g(x) :=
∞

∑
r=−∞

(−1)r

(r + x)
=

2iπ
eiπx − e−iπx . (84)

Then,

Φk,m

(
eiπx

)
:= e

iπ(2m−1)x
2

∞

∑
r=−∞

(−1)r+1(
r + x

2
)2k+2 = e

iπ(2m−1)x
2

g(2k+1)( x
2
)

(2k + 1)!
. (85)

Also, denote

ηn,k(N, m) := ηn,k := ∑
r ̸=0

(−1)r(
r + n

Nm

)2k+2 . (86)

Lemma 3. Let f be an odd function and f (2p+2v+2m+2) ∈ AC[−1, 1] for some p, v ≥ 0, m ≥ 1 and

f (k)(−1) = f (k)(1) = 0, k = 1, . . . , 2p. (87)

Then, the following estimate holds for |n| ≤ N + c (c is a constant)

Fn,m − f ∗n =
(−1)n

Nm

2p+2v+2m+2

∑
j=2p+1

Aj

2j+1N j

[
j−1

2

]
∑
k=0

(−1)k(2m + 1)j−2k−1

(j − 2k − 1)!π2k+2

×
(

2ηn+ 1
2 ,k + ω

−m+ 1
2

2n+1

2m−1

∑
τ=0

Φ(τ)
k,m(−1)

τ!
(ω2n+1 + 1)τ + ω

m− 1
2

2n+1

2m−1

∑
τ=0

Φ(τ)
k,m(−1)

τ!
(ω−2n−1 + 1)τ

+ 2(−1)n
2m

∑
ℓ=1

2m

∑
j=1

s2n+1,j+NV−1
ℓ,j

2v+2m+1

∑
τ=2m

1
τ!

Φ(τ)
k,m(−1)(βℓ + 1)τ

)
+ o
(

N−2p−2v−4
)

. (88)

Proof. First, let us prove the following property

Fn,m =
∞

∑
r=−∞

f ∗n+rNm
− 1

2

m

∑
ℓ=1

Θn,ℓ

∞

∑
r=−∞

f ∗N+ℓ−1+rNm
− 1

2

2m

∑
ℓ=m+1

Θn,ℓ

∞

∑
r=−∞

f ∗N+ℓ+rNm
. (89)

Equations (64) and (65) imply

Fn,m =
2

Nm

N

∑
k=−N

f
(

k
N

)(
s2n+1,k −

1
4i

2m

∑
ℓ=1

Θn,ℓ

(
βk
ℓ − β−k

ℓ

))
. (90)

Taking into account definition (74) of f ∗ with α = 2p + 2v + 2m + 2, we derive

f
(

k
N

)
= f ∗

(
2k
Nm

)
=

∞

∑
t=0

f ∗t sin
π(2t + 1)k

Nm
=

1
2i

∞

∑
t=−∞

f ∗t ωk
2t+1. (91)
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Hence,

Fn,m =
1

2Nm

N

∑
k=−N

N+m

∑
t=−N−m

∞

∑
r=−∞

f ∗t+rNm

(
ω2k

t−n − ω2k
t+n+1

− 1
2

m

∑
ℓ=1

Θn,ℓ

(
ω2k

t−N−ℓ+1 − ω2k
t+N+ℓ

)
− 1

2

2m

∑
ℓ=m+1

Θn,ℓ

(
ω2k

t−N−ℓ − ω2k
t+N+ℓ+1

))
. (92)

According to (67), we can write for k = N + 1, . . . , N + 2m

− 1
2

m

∑
ℓ=1

Θn,ℓ

(
ω2k

t−N−ℓ+1 − ω2k
t+N+ℓ

)
− 1

2

2m

∑
ℓ=m+1

Θn,ℓ

(
ω2k

t−N−ℓ − ω2k
t+N+ℓ+1

)
= 2iωk

2t+1s2n+1,k = ω2k
t+n+1 − ω2k

t−n. (93)

Then,

Fn,m =
1

2Nm

N+2m

∑
k=−N

N+m

∑
t=−N−m

∞

∑
r=−∞

f ∗t+rNm

(
ω2k

t−n − ω2k
t+n+1

− 1
2

m

∑
ℓ=1

Θn,ℓ

(
ω2k

t−N−ℓ+1 − ω2k
t+N+ℓ

)
− 1

2

2m

∑
ℓ=m+1

Θn,ℓ

(
ω2k

t−N−ℓ − ω2k
t+N+ℓ+1

))
. (94)

Now, taking into account that

1
Nm

N+m

∑
k=−N−m

ω2k
t−n = δt,n, −N − m ≤ t, n ≤ N + m, (95)

we obtain

Fn,m =
1
2

∞

∑
r=−∞

(
f ∗n+rNm

− f ∗−n−1+rNm

− 1
2

m

∑
ℓ=1

Θn,ℓ

(
f ∗N+ℓ−1+rNm

− f ∗−N−ℓ+rNm

)
− 1

2

2m

∑
ℓ=m+1

Θn,ℓ

(
f ∗N+ℓ+rNm

− f ∗−N−ℓ−1+rNm

))
, (96)

which proves (89). Then,

Fn,m − f ∗n = ∑
r ̸=0

f ∗n+rNm
− 1

2

m

∑
ℓ=1

Θn,ℓ

∞

∑
r=−∞

f ∗N+ℓ−1+rNm

− 1
2

2m

∑
ℓ=m+1

Θn,ℓ

∞

∑
r=−∞

f ∗N+ℓ+rNm
. (97)
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We continue the modifications of (97). Lemma 2, Equations (67) and (71) lead to the following estimate

1
2

m

∑
ℓ=1

Θn,ℓ

∞

∑
r=−∞

f ∗N+ℓ−1+rNm
+

1
2

2m

∑
ℓ=m+1

Θn,ℓ

∞

∑
r=−∞

f ∗N+ℓ+rNm

=
1

Nm

2p+2v+2m+2

∑
j=2p+1

Aj

2jN j

[
j−1

2

]
∑
k=0

(−1)k+1(2m + 1)j−2k−1

(j − 2k − 1)!π2k+2

2m

∑
ℓ=1

Φk,m(βℓ)
2m

∑
i=1

s2n+1,i+NV−1
ℓ,i

+ o
(

N−2p−2v−4
)

. (98)

The Taylor expansion

Φk,m(βℓ) =
2v+2m+1

∑
τ=0

1
τ!

Φ(τ)
k,m(−1)(βℓ + 1)τ + O(N−2v−2m−2), (99)

together with the following relation

2m

∑
ℓ=1

2m

∑
i=1

ωi+N
n V−1

ℓ,i (βℓ + 1)τ = ωN+1
n (ωn + 1)τ , τ = 0, . . . , 2m − 1 (100)

and Equation (71) imply

1
2

m

∑
ℓ=1

Θn,ℓ

∞

∑
r=−∞

f ∗N+ℓ−1+rNm
+

1
2

2m

∑
ℓ=m+1

Θn,ℓ

∞

∑
r=−∞

f ∗N+ℓ+rNm
=

(−1)n

Nm

2p+2v+2m+2

∑
j=2p+1

Aj

2j+1N j

[
j−1

2

]
∑
k=0

(−1)k+1(2m + 1)j−2k−1

(j − 2k − 1)!π2k+2

×
(

ω
−m+ 1

2
2n+1

2m−1

∑
τ=0

Φ(τ)
k,m(−1)

τ!
(ω2n+1 + 1)τ + ω

−m+ 1
2

−2n−1

2m−1

∑
τ=0

Φ(τ)
k,m(−1)

τ!
(ω−2n−1 + 1)τ

+ 2(−1)n
m

∑
ℓ=1

2m

∑
i=1

s2n+1,i+NV−1
ℓ,i

2v+2m+1

∑
τ=2m

1
τ!

Φ(τ)
k,m(−1)(βℓ + 1)τ

)
+ o
(

N−2p−2v−4
)

. (101)

Equations (101) and (97) completes the proof.

Lemma 4. Let f be an odd function and f (2p+4m+2) ∈ AC[−1, 1] for some p ≥ 0, m ≥ 1 and

f (k)(−1) = f (k)(1) = 0, k = 1, . . . , 2p. (102)

Then, the following estimates hold as N → ∞

FN−t,m = Cp,m[ f ]
(−1)N+t

N2p+2m+3

(
2m + t
2m + 1

)
+ O

(
N−2p−2m−4

)
, t ≥ 1, (103)

where

Cp,m[ f ] :=
A2p+1

22p+2

p

∑
k=0

(−1)k(2m + 1)2p−2kπ2m−2k−1

(2p − 2k)!
Φ(2m+1)

k,m (−1). (104)
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Proof. Following the steps of the proof of Lemma 3, we obtain

FN−t,m =
(−1)N+t+1

Nm

2p+4m+2

∑
j=2p+1

Aj

(2N)j

[
j−1

2

]
∑
k=0

(−1)k(2m + 1)j−2k−1

(j − 2k − 1)!π2k+2

×
(

ω
−m+ 1

2
2N−2t+1Φk,m(ω2N−2t+1) +

2m

∑
ℓ=1

Φk,m(βℓ)
2m

∑
i=1

(−1)i−mV−1
ℓ,i sm+t,2i−2m−1

)
+ o
(

N−2p−2m−4
)

. (105)

Taking into account the relation

ω
−m+ 1

2
2N−2t+1Φk,m(ω2N−2t+1) = ω

−m+ 1
2

−2N+2t−1Φk,m(ω−2N+2t−1), (106)

we can rewrite (105) as follows

FN−t,m =
(−1)N+t+1

2Nm

2p+4m+2

∑
j=2p+1

Aj

(2N)j

[
j−1

2

]
∑
k=0

(−1)k(2m + 1)j−2k−1

(j − 2k − 1)!π2k+2

×
(

ω
−m+ 1

2
2N−2t+1S1 + ω

−m+ 1
2

−2N+2t−1S2

)
+ o
(

N−2p−2m−4
)

, (107)

where

S1 := Φk,m(ω2N−2t+1)−
2m

∑
ℓ=1

Φk,m(βℓ)
2m

∑
t=1

V−1
ℓ,t ωt−1

2N−2t+1, (108)

and

S2 := Φk,m(ω−2N+2t−1)−
2m

∑
ℓ=1

Φk,m(βℓ)
2m

∑
t=1

V−1
ℓ,t ωt−1

−2N+2t−1. (109)

Let us estimate S1 by rewriting it as follows

S1 =
2m

∑
j=1

res
z=β j

γ(β−t)Φk,m(z)
γ(z)(z − β−t)

+ res
z=β−t

γ(β−t)Φk,m(z)
γ(z)(z − β−t)

, (110)

where β−t = ω2N−2t+1 and γ(z) = ∏2m
ℓ=1(z − βℓ). Hence,

S1 =
1

2πi

∫
Γ

γ(β−t)Φk,m(z)
γ(z)(z − β−t)

dz, (111)

where Γ contains the points {βℓ}2m
ℓ=1 and β−t. Then,

S1 =
(−1)miπ2m+1Φ(2m+1)

k,m (−1)

N2m+1

(
2m + t
2m + 1

)
+ O

(
N−2m−2

)
, N → ∞. (112)

Similarly, we estimate S2

S2 =
(−1)m+1iπ2m+1Φ(2m+1)

k,m (−1)

N2m+1

(
2m + t
2m + 1

)
+ O

(
N−2m−2

)
, N → ∞. (113)

The required statement can be proved based on (112), (113) and (107).

Similarly can be proved the next one.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 September 2024 doi:10.20944/preprints202409.2463.v1

https://doi.org/10.20944/preprints202409.2463.v1


16 of 30

Lemma 5. Let f be an odd function and f (2p+2m+2) ∈ AC[−1, 1] for some p ≥ 0, m ≥ 1 and

f (k)(−1) = f (k)(1) = 0, k = 0, . . . , 2p. (114)

Then, the following estimate holds as n → ∞

Fn,m − f ∗n =
(−1)n

Nm

A2p+1

N2p+1 νm,2p+1

(
2n + 1

Nm

)
+ O

(
N−2p−3

)
, (115)

where

νm,j(x) :=
1

2j+1

[
j−1

2

]
∑
k=0

(−1)k(2m + 1)j−2k−1

(j − 2k − 1)!π2k+2

(
∑
r ̸=0

2(−1)r(
r + x

2
)2k+2

+e−iπx(m− 1
2 )

2m−1

∑
τ=0

1
τ!

Φ(τ)
k,m(−1)

(
eiπx + 1

)τ

+eiπx(m− 1
2 )

2m−1

∑
τ=0

1
τ!

Φ(τ)
k,m(−1)

(
e−iπx + 1

)τ
)

. (116)

5. The Convergence of the QP Interpolations by the Modified Fourier System

This section proves the main theorems for the pointwise convergence of the QP interpolations for
the system H1.

We will use the sequences of finite differences defined as follows

δ0
n({yt}∞

t=−∞) = δ0
n({yt}t) = yn, (117)

δ
p
n({yt}∞

t=−∞) = δ
p
n({yt}t) = δ

p−1
n+1({yt}t) + 2δ

p−1
n ({yt}t) + δ

p−1
n−1({yt}t), p ≥ 1, (118)

where {yt}∞
t=−∞ is a sequence of complex numbers.

The following theorem proves one of the main results of this paper, showing the benefits of QP
interpolations over Fourier expansions and traditional trigonometric interpolations. Theorems 5 and 6
show the exact convergence rate for |x| < 1, and Theorems 7, 8 at the points x = ±1.

Let
R1

N,m[ f ](x) := f (x)− I1
N,m[ f ](x). (119)

Theorem 5. Let f be an odd function and f (2p+4m+2) ∈ AC[−1, 1] for some p ≥ 0, m ≥ 1 and

f (k)(−1) = f (k)(1) = 0, k = 1, . . . , 2p. (120)

Then, the following estimate holds for |x| < 1 as N → ∞

R1
N,m[ f ](x) =

DN,m,p[ f ](x)
N2p+2m+3 + o(N−2p−2m−3), (121)

where

DN,m,p[ f ](x) := Cp,m[ f ]

[
sin

πσ(2N + 1)x
2

m

∑
k=0

(
2m − k + 1

k

)
(−1)k+N

22k+2 cos2k+2 πσx
2

− sin
πσ(2N − 1)x

2

m−1

∑
k=0

(
2m − k − 1

k

)
(−1)k+N

22k+4 cos2k+4 πσx
2

]
, (122)

and Cp,m[ f ] is defined by (104).
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Proof. We define f ∗ (see (74)) for α = 2p + 4m + 2. Consequently, f ∗(2p+4m+2) ∈ AC[−1, 1]. The error
R1

N,m[ f ] can be decomposed as follows for x ∈ [−1, 1]:

R1
N,m[ f ](x) =

N−1

∑
n=0

( f ∗n − Fn,m) sin
πσ(2n + 1)x

2
+

∞

∑
n=N

f ∗n sin
πσ(2n + 1)x

2
. (123)

To estimate the components of R1
N,m[ f ], we use the following transformation (see [49,78] for derivation

of similar transformations)

R1
N,m[ f ](x) = sin

πσ(2N − 1)x
2

m

∑
k=0

δk
N({Ft,m}t)(

1 + e−iπσx
)k+1(1 + eiπσx

)k+1

− sin
πσ(2N + 1)x

2

m

∑
k=0

δk
N−1({Ft,m}t)(

1 + e−iπσx
)k+1(1 + eiπσx

)k+1 + rN,m[ f ](x), (124)

where

rN,m[ f ](x) =
1

4m+1 cos2m+2 πσx
2

N−1

∑
n=0

δm+1
n ({ f ∗t − Ft,m}t) sin

πσ(2n + 1)x
2

+
1

4m+1 cos2m+2 πσx
2

∞

∑
n=N

δm+1
n ({ f ∗t }t) sin

πσ(2n + 1)x
2

. (125)

We start by proving that

rN,m[ f ](x) = o(N−2p−2m−3), N → ∞, |x| < 1. (126)

Similar to (124), we obtain the following decomposition of rN,m[ f ]:

rN,m[ f ](x) =
δm+1

N ({Ft,m}t) sin πσ(2N−1)x
2 − δm+1

N−1({Ft,m}t) sin πσ(2N+1)x
2

4m+2 cos2m+4 πσx
2

+
1

4m+2 cos2m+4 πσx
2

N−1

∑
n=0

δm+2
n ({ f ∗t − Ft,m}t) sin

πσ(2n + 1)x
2

+
1

4m+2 cos2m+4 πσx
2

∞

∑
n=N

δm+2
n ({ f ∗t }t) sin

πσ(2n + 1)x
2

. (127)

To estimate δm+2
n

(
{ f ∗t }t

)
as |n| > N, N → ∞, we use Lemma 2 for v = 2m:

δm+2
n ({ f ∗t }t) =

2p+4m+2

∑
j=2p+1

Aj

2jN j

[
j−1

2

]
∑
k=0

(−1)k(2m + 1)j−2k−1N2k+1
m

(j − 2k − 1)!π2k+2

× δm+2
n


 (−1)t(

t + 1
2

)2k+2


t

+ o(n−2p−4m−3). (128)

It is easy to verify (see Lemma 3.2 in [78]) that

δm+2
n


 (−1)t(

t + 1
2

)2k+2


t

 = O(n−2m−2k−6), n → ∞. (129)
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Then,
δm+2

n ({ f ∗t }t) = O(N−2p−1n−2m−5) + o(n−2p−4m−2), |n| > N, N → ∞. (130)

Hence, the last term of (127) is o(N−2p−2m−3) as N → ∞.
Then, to estimate δm+2

n
(
{Ft,m − f ∗t }t

)
for |n| ≤ N as N → ∞, we use Equation (88) of Lemma 3

for v = m:

δm+2
n ({Ft,m − f ∗t }t) =

1
Nm

2p+4m+2

∑
j=2p+1

Aj

2j+1N j

[
j−1

2

]
∑
k=0

(−1)k(2m + 1)j−2k−1

(j − 2k − 1)!π2k+2 ×

(
2δm+2

n

({
(−1)tηt+ 1

2 ,k

}
t

)
+

2m−1

∑
τ=0

Φ(τ)
k,m(−1)

τ!
δm+2

n

({
(−1)tω

−m+ 1
2

2t+1 (ω2t+1 + 1)τ
}

t

)

+
2m−1

∑
τ=0

Φ(τ)
k,m(−1)

τ!
δm+2

n

({
(−1)tω

−m+ 1
2

−2t−1 (ω−2t−1 + 1)τ
}

t

))

+ 2
2m

∑
ℓ=1

2m

∑
j=1

δm+2
n

({
s2t+1,N+j

}
t

)
V−1
ℓ,j

4m+1

∑
τ=2m

1
τ!

Φ(τ)
k,m(−1)(βℓ + 1)τ

)
+ o
(

N−2p−2m−4
)

. (131)

By using the following estimates

δm+2
n

({
(−1)tηt+ 1

2 ,k

}
t

)
= O

(
N−2m−4

)
, δm+2

n

({
(−1)te

iπβt
Nm

}
t

)
= O

(
N−2m−4

)
(132)

from [78] and [65], respectively, and the fact that V−1
ℓ,p = O

(
N2m−1), we get

δm+2
n ({Ft,m − f ∗t }t) = o

(
N−2p−2m−4

)
, |n| ≤ N, N → ∞. (133)

Consequently, the second term of (127) is o(N−2p−2m−3) as N → ∞.
Now, to estimate the first term of (127), we use the relation

δm+1
N ({Ft,m}) =

2m+2

∑
t=0

(
2m + 2

t

)
FN+m+1−t,m =

2m+2

∑
t=m+2

(
2m + 2

t

)
FN+m+1−t,m, (134)

which follows from Lemma 1. Then, given Lemma 4

δm+1
N ({Ft,m}) = Cp,m[ f ]

(−1)N+m+1

N2p+2m+3

2m+2

∑
t=m+2

(−1)t
(

2m + 2
t

)(
m + t − 1

2m + 1

)
+ O

(
N−2p−2m−4

)
, (135)

and the identity (see [79,80])

2m+2

∑
t=m+2

(−1)t
(

2m + 2
t

)(
m + t − 1

2m + 1

)
= 0, (136)

we obtain that
δm+1

N ({Ft,m}t) = O
(

N−2p−2m−4
)

. (137)

We can similarly estimate δm+1
N−1({Ft,m}t) and prove (126).

Now, we return to the first two terms on the right-hand side of (124), which we denote by I1 and
I2, respectively.
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Taking into account Lemma 1, we write the first term of (124) in the form

I1 = sin
πσ(2N − 1)x

2

m

∑
k=0

δk
N({Ft,m}t)(

1 + e−iπσx
)k+1(1 + eiπσx

)k+1

= sin
πσ(2N − 1)x

2

m

∑
k=0

1
22k+2 cos2k+2 πσx

2

k−1

∑
t=0

(
2k

t + k + 1

)
FN−t−1,m. (138)

By the application of Lemma 4, we obtain

I1 = Cp,m[ f ]
(−1)N+1

N2p+2m+3 sin
πσ(2N − 1)x

2

×
m

∑
k=1

1
22k+2 cos2k+2 πσx

2

k−1

∑
t=0

(−1)t
(

2k
t + k + 1

)(
2m + t + 1

2m + 1

)
+ O(N−2p−2m−4). (139)

The application of the following identity

k−1

∑
t=0

(−1)t
(

2k
t + k + 1

)(
2m + t + 1

2m + 1

)
= (−1)k+1

(
2m − k
k − 1

)
(140)

deduces

I1 = Cp,m[ f ]
(−1)N+1

N2p+2m+3 sin
πσ(2N − 1)x

2

m−1

∑
k=0

(
2m − k − 1

k

)
(−1)k

22k+4 cos2k+4 πσx
2

+ O(N−2p−2m−4). (141)

Similarly can be estimated the second term of (124):

I2 = Cp,m[ f ]
(−1)N

N2p+2m+3 sin
πσ(2N + 1)x

2

m

∑
k=0

(
2m − k + 1

k

)
(−1)k

22k+2 cos2k+2 πσx
2

+ O(N−2p−2m−4), (142)

which completes the proof.

A similar estimate can be proved for even functions on [−1, 1]. As we mentioned before, inter-
polation I1

N,m[ f ](x) coincides with I0
N,m[ f ](x) for even functions. Hence, the proof can be performed

according to the results of [65] or similar to the proof of Theorem 5. Theorem 1 of [65] is an example of
the proof which can be improved specifically for even functions on [−1, 1].

We present the final result by omitting the proof. Let

Bj( f ) := f (j)(1) + (−1)j f (j)(−1), j = 0, 1, . . . . (143)

Theorem 6. Let f be an even function and f (2p+4m+2) ∈ AC[−1, 1] for some p ≥ 0, m ≥ 1 and

f (k)(−1) = f (k)(1) = 0, k = 1, . . . , 2p. (144)
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Then, the following estimate holds for |x| < 1 as N → ∞

R1
N,m[ f ](x) =

B2p+1( f )
22p+4N2p+2m+3

p

∑
k=0

(−1)k(2m + 1)2p−2kπ2m−2k−1

(2p − 2k)!
Φ(2m+1)

k,m (−1)×[
cos(π(N + 1)σx)

m

∑
k=0

(
2
(

2m − k + 1
k

)
−
(

2m − k
k

))
(−1)k+N

22k+1 cos2k+2 πσx
2

− cos(πNσx)
m−1

∑
k=0

(
2
(

2m − k − 1
k

)
−
(

2m − k − 2
k

))
(−1)k+N

22k+3 cos2k+4 πσx
2

]
+ o
(

N−2p−2m−3
)

. (145)

The next two theorems reveal the behavior of the QP interpolations at the endpoints x = ±1.

Theorem 7. Let f be an odd function and f (2p+2m+2) ∈ AC[−1, 1] for some p ≥ 0, m ≥ 1 and

f (k)(−1) = f (k)(1) = 0, k = 1, . . . , 2p. (146)

Then, the following estimate holds

lim
N→∞

N2p+1R1
N,m[ f ]

(
1 − h

N

)
= A2p+1( f )ℓ2p+1,m(h), h ≥ 0, (147)

where

ℓj,m(h) = −1
2

∫ 1

0
νm,j(t) cos πt(h + m + 1/2)dt

+
1
2

∫ ∞

1
µm,j(t) cos πt(h + m + 1/2)dt, (148)

and functions µm,j and νm,j are defined in Lemmas 2 and 5, respectively.

Proof. We define f ∗ (see (74)) for α = 2p + 2m + 2 and decompose R1
N,m[ f ](x) as follows

R1
N,m[ f ](x) =

N−1

∑
n=0

( f ∗n − Fn,m) sin
πσ(2n + 1)x

2
+

∞

∑
n=N

f ∗n sin
πσ(2n + 1)x

2
. (149)

Then,

R1
N,m[ f ]

(
1 − h

N

)
=

N−1

∑
n=0

(−1)n( f ∗n − Fn,m) cos
π(2n + 1)

(
h + m + 1

2

)
Nm

+
∞

∑
n=N

(−1)n f ∗n cos
π(2n + 1)

(
h + m + 1

2

)
Nm

. (150)

Lemmas 2 and 5 lead to

N2p+1R1
N,m[ f ]

(
1 − h

N

)
= −

A2p+1

Nm

N−1

∑
n=0

νm,2p+1

(
2n + 1

Nm

)
cos

π(2n + 1)
(

h + m + 1
2

)
Nm

+
A2p+1

Nm

∞

∑
n=N

µm,2p+1

(
2n + 1

Nm

)
cos

π(2n + 1)
(

h + m + 1
2

)
Nm

+ O
(

1
N

)
. (151)
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We get the required estimate by tending N to infinity and replacing the sums with the corresponding
integrals.

Similar estimate can be proved for even functions on [−1, 1].

Theorem 8. Let f be an even function and f (2p+2m+2) ∈ AC[−1, 1] for some p ≥ 0, m ≥ 1 and

f (k)(−1) = f (k)(1) = 0, k = 1, . . . , 2p. (152)

Then, the following estimate holds

lim
N→∞

N2p+1R1
N,m[ f ]

(
1 − h

N

)
= B2p+1( f )ℓ2p+1,m(h), h ≥ 0, (153)

where

ℓj,m(h) = −1
2

∫ 1

0
νm,j(t) cos πt(h + m + 1/2)dt

+
1
2

∫ ∞

1
µm,j(t) cos πt(h + m + 1/2)dt, (154)

and functions µm,j and νm,j are defined in Lemmas 2 and 5, respectively.

The comparison of Theorems 1, 2, and 5,6 reveals the benefit of the QP interpolations for smooth
functions inside the interval of approximation |x| < 1. According to Theorems 5, 6 the exact con-
vergence rate of the QP interpolations is O(N−2p−2m−3) as N → ∞. For example, when p = 0, the
convergence rate is O(N−2m−3). Hence, compared to the traditional interpolation, the improvement is
of order O(N−2m), m ≥ 1. Compared to the Fourier expansion by the system H1, the improvement is
of order O(N−2m−1), m ≥ 1.

The comparison of Theorems 1, 3, and 7, 8 reveals the convergence properties at the points x = ±1.
All theorems show the same convergence rate O(N−2p−1). However, as our experiments show, the QP
interpolations for m ≥ 1 are more accurate compared to the Fourier expansions. However, for a fair
comparison, we must remember that a higher accuracy requires more smoothness from the function
on interval [−1, 1].

6. Expansions and Interpolations by Polyharmonic-Neumann Eigenfunctions

In this section, we describe the derivation of eigenfunctions (see the system Hq in (6)) and
eigenvalues of the operator L0 for realization of the corresponding expansions F q

N [ f ](x), interpolations
Iq

N [ f ](x) and QP interpolations Iq
N,m[ f ](x). We follow [61] and briefly describe well-known results for

completeness.
The eigenfunctions of the problem (3)-(4) corresponding to α ̸= 0 can be expressed as a finite sum

of products of trigonometric and hyperbolic functions with real coefficients given as a solution of q × q
algebraic eigenproblem. The explicit calculation of the eigenfunctions requires the separation of cases
corresponding to even and odd q. When q is even, the eigenfunction takes one of two possible forms
ϕ[i] which is even if i = 0 and odd if i = 1:

ϕ[0](x) =

q
2

∑
r=0

c[0]r cos
(

α[0]x sin
πr
q

)
cosh

(
α[0]x cos

πr
q

)

+

q
2−1

∑
r=1

d[0]r sin
(

α[0]x sin
πr
q

)
sinh

(
α[0]x cos

πr
q

)
, (155)
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and

ϕ[1](x) =

q
2−1

∑
r=0

c[1]r cos
(

α[1]x sin
πr
q

)
sinh

(
α[1]x cos

πr
q

)

+

q
2

∑
r=1

d[1]r sin
(

α[1]x sin
πr
q

)
cosh

(
α[1]x cos

πr
q

)
. (156)

In case of odd q:

ϕ[0](x) =

q−1
2

∑
r=0

c[0]r cos

α[0]x sin
π
(

r + 1
2

)
q

 cosh

α[0]x cos
π
(

r + 1
2

)
q


+

q−3
2

∑
r=0

d[0]r sin

α[0]x sin
π
(

r + 1
2

)
q

 sinh

α[0]x cos
π
(

r + 1
2

)
q

, (157)

and

ϕ[1](x) =

q−3
2

∑
r=0

c[1]r cos

α[1]x sin
π
(

r + 1
2

)
q

 sinh

α[1]x cos
π
(

r + 1
2

)
q


+

q−1
2

∑
r=0

d[1]r sin

α[1]x sin
π
(

r + 1
2

)
q

 cosh

α[1]x cos
π
(

r + 1
2

)
q

. (158)

The parameters c[i]r , d[i]r , and α[i] are specified by enforcing the boundary conditions, which results
in an algebraic q × q eigenproblem.

The eigenfunctions ϕn are exponentially close to regular oscillators in compact subsets of (−1, 1)

ϕn(x) = cos
[

1
4
(2n + q − 1)πx +

1
2
(n + q − 1)π

]
+ O(e−

1
2 γq(1−|x|)nπ), n >> 1, x ∈ (−1, 1). (159)

The latest can be applied to accelerate the computation of the corresponding expansions.
The n-th eigenvalue αn has the following asymptotic:

αn =
1
4
(2n + q − 1)π + O(e−γqnπ), n >> 1, (160)

for some γq > 0 depending only on q. This asymptotic can be used to calculate eigenvalues with any
predefined precision. In general, the eigenvalues can be calculated as the roots of the determinants of
the mentioned systems. Computation can be carried out extremely easily using iterations. The values
αn ≈ 1/4(2n + q − 1)πcan be used as the starting points of iterations. Having calculated the values αn

and functions φn(x) and φ0,n(x), we can experiment with the expansions F q
N [ f ].

The traditional interpolation for the system Hq and for the grid xk = 2k/(2N + 1), |k| ≤ N, we
seek in the following form:

Iq
N [ f ](x) =

N

∑
k=−N

ak(x) f (xk), (161)
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where the unknown-functions ak, we determine requiring that the interpolation is exact for the
eigenfunctions of Hq:

N

∑
k=−N

φ0,n(xk)ak(x) ≡ φ0,n(x), n = 0, . . . , q − 1, (162)

and
N

∑
k=−N

φn(xk)ak(x) ≡ φn(x), n = 1, . . . , 2N − q + 1. (163)

Denoting by {Mn,k}, n = 0, . . . , 2N, k = −N, . . . , N the matrix of the system, we can write Iq
N [ f ](x) as

follows

ak(x) =
q−1

∑
n=0

M−1
k,n φ0,n(x) +

2N−q+1

∑
n=1

M−1
k,n φn(x), (164)

and

Iq
N [ f ](x) =

q−1

∑
n=0

φ0,n(x)
N

∑
k=−N

f (xk)M−1
k,n +

2N−q+1

∑
n=1

φn(x)
N

∑
k=−N

f (xk)M−1
k,n . (165)

Again, by denoting

f̌ q
0,n =

N

∑
k=−N

f (xk)M−1
k,n , n = 0, . . . , q − 1, (166)

and

f̌ q
n =

N

∑
k=−N

f (xk)M−1
k,n , n = 1, . . . , 2N − q + 1, (167)

we can write

Iq
N [ f ](x) =

q−1

∑
n=0

f̌ q
0,n φ0,n(x) +

2N−q+1

∑
n=1

f̌ q
n φn(x). (168)

By the same procedure, we derive the corresponding QP interpolations for the system Hq and for
the grid xk = k/N, |k| ≤ N that includes also the endpoints. Let us denote it as Iq

N,m[ f ] and seek in
the form:

Iq
N,m[ f ](x) =

N

∑
k=−N

ak(x) f (xk), (169)

where the unknown functions ak, we find assuming that Iq
N,m[ f ] is exact for φ0,n(σx) and φn(σx):

N

∑
k=−N

ak(x)φ0,n(σxk) ≡ φ0,n(σx), n = 0, . . . , q − 1, (170)

and
N

∑
k=−N

ak(x)φn(σxk) ≡ φn(σx), n = 1, . . . , 2N − q + 1. (171)

Denoting by {Pn,k}, n = 0, . . . , 2N, k = −N, . . . , N the matrix of the system, we can write Iq
N,m[ f ](x)

as follows

ak(x) =
q−1

∑
n=0

P−1
k,n φ0,n(σx) +

2N−q+1

∑
n=1

P−1
k,n φn(σx), (172)

and

Iq
N,m[ f ](x) =

q−1

∑
n=0

φ0,n(σx)
N

∑
k=−N

f (xk)P−1
k,n +

2N−q+1

∑
n=1

φn(σx)
N

∑
k=−N

f (xk)P−1
k,n . (173)
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Again, by denoting

f̌ q
0,{n,m} =

N

∑
k=−N

f (xk)P−1
k,n , n = 0, . . . , q − 1, (174)

and

f̌ q
n,m =

N

∑
k=−N

f (xk)P−1
k,n , n = 1, . . . , 2N − q + 1, (175)

we can write

Iq
N,m[ f ](x) =

q−1

∑
n=0

f̌ q
0,{n,m}φ0,n(σx) +

2N−q+1

∑
n=1

f̌ q
n,m φn(σx). (176)

We don’t have convergence theory for the interpolations Iq
N and Iq

N,m, when q > 1. However, in
the next section, our experiments show that overall conclusions are the same as for q = 1.

7. The Results of Numerical Experiments and Discussions

In this section, we compare the behaviors of expansions and interpolations based on numerical
experiments. Let

f (x) =
1

11/10 + x
, (177)

which we use in the experiments. This is a non-periodic function (in the sense that 2-periodic extension
on R is not continuous), and although infinitely differentiable on [−1, 1], its derivatives are very large
around x = −1.

Let us start with the results for the system H1, known as the modified Fourier basis/system.
Figure 1 presents the maximums of the absolute errors in the logarithmic scale on different intervals.
The left figure deals with the entire [−1, 1] interval, and the right one shows the errors away from the
endpoints on the interval [−0.8, 0.8]. The "T.F.S." stands for the truncated Fourier series F q

N [ f ] (see (7)).
The value m = 0 corresponds to the traditional interpolation based on H1 (see (168) with q = 1).

The left part of Figure 1 confirms our previous statement that although all expansions and
interpolations have the same convergence rate on [−1, 1], the QP interpolations are better due to a
smaller constant of the leading term of the asymptotic error. The traditional interpolations are less
accurate than the expansions on [−1, 1], which was expected as the expansions are the best in the
L2[−1, 1] norm. However, the QP interpolations starting from m = 1 outperform expansions and
traditional interpolations. This is also one of the benefits of the QP interpolations.

The right part of Figure 1 confirms that interpolations have asymptotically better convergence
rates than Fourier expansions, and the accuracy is higher as larger is the value of parameter m. The
traditional interpolations corresponding to m = 0 have a better convergence rate than the expansions
on [−0.8, 0.8].

T.F.S.(q=1)
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q=1,m=1

q=1,m=2

q=1,m=3

q=1,m=4

q=1,m=5

q=1,m=6

q=1,m=7

q=1,m=8

q=1,m=9

8 32 64 128 256 512
N
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4
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-Log[max|error|]

Maximum Absolute Errors on [-1,1] in Logarithmic Scale

T.F.S.(q=1)

q=1,m=0

q=1,m=1

q=1,m=2

q=1,m=3

q=1,m=4

q=1,m=5

q=1,m=6

q=1,m=7

q=1,m=8

q=1,m=9

8 32 64 128 256 512
N

10

20

30

40

50

60

70

-Log[max|error|]

Maximum Absolute Errors on [-0.8,0.8] in Logarithmic Scale

Figure 1. The errors of expansions and interpolations for the system H1 corresponding to q = 1.

Figure 2 demonstartes similar results for the expansions and interpolations for the system H2

corresponding to q = 2. Interpolations are more accurate away from the endpoints x = ±1 than the
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expansions (T.F.S (q=2)) and interpolations for q = 1. On the entire interval, the expansions are more
accurate than the traditional interpolation but less accurate than the QP interpolations for the system H2.

T.F.S.(q=2)

q=2,m=0

q=2,m=1

q=2,m=2

q=2,m=3

q=2,m=4

q=2,m=5

q=2,m=6

q=2,m=7

q=2,m=8
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22

-Log[max|error|]

Maximum Absolute Errors on [-1,1] in Logarithmic Scale

T.F.S.(q=2)

q=2,m=0

q=2,m=1

q=2,m=2

q=2,m=3

q=2,m=4

q=2,m=5

q=2,m=6

q=2,m=7

q=2,m=8

q=2,m=9

8 32 64 128 256 512
N

15

25

35

45

55

65

75

-Log[max|error|]

Maximum Absolute Errors on [-0.8,0.8] in Logarithmic Scale

Figure 2. The errors of expansions and interpolations for the system H2 corresponding to q = 2.

The same behavior was observed for the expansions and interpolations for other systems Hq. We
can conclude that by increasing the value of parameter q, we increase the convergence rate by O(N)

away from the endpoints x = ±1. On the entire interval, [−1, 1], the convergence rate is O(N−1), but
the constant at the leading term of the asymptotic error is decreasing while increasing the values of q
and m. In the following two figures, we show the maximum absolute errors on [−0.8, 0.8] and [−1, 1]
in the logarithmic scale to reveal these dynamics. We used a moderate number of coefficients N = 64,
the values of 1 ≤ q ≤ 7 and 0 ≤ m ≤ 15. The value m = 0 corresponds to the traditional interpolation.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
m

7
6

5
4

3
2

1
q

8.11 11 11.6 12.2 12.8 13.3 13.9 14.4 14.9 15.3 15.7 16.1 16.5 16.9 17.2 17.5

6.96 9.85 10.5 11.2 11.9 12.5 13.1 13.6 14.2 14.6 15.1 15.5 15.9 16.3 16.7 17

6.57 9.48 10.3 11 11.7 12.4 13 13.6 14.1 14.7 15.1 15.6 16 16.4 16.7 17.1

5.12 8.05 8.95 9.79 10.6 11.3 12.1 12.7 13.3 13.9 14.4 14.9 15.4 15.8 16.2 16.6

4.51 7.52 8.52 9.5 10.4 11.2 12 12.7 13.3 13.9 14.5 15 15.4 15.9 16.3 16.6

2.53 5.68 6.91 8.02 9.03 9.97 10.8 11.6 12.4 13 13.6 14.2 14.7 15.2 15.6 16.1

0.713 4.2 5.63 6.92 8.08 9.12 10.1 11 11.8 12.6 13.2 13.8 14.4 14.9 15.4 15.8

Maximum Absolute Errors on the Interval [-1,1] in Logarithmic Scale for N=64

Figure 3. The maximum of the absolute errors of interpolations on interval [−1, 1] in the logarithmic
scale. The value m = 0 corresponds to the traditional interpolation. The values m ≥ 1 correspond to
the QP interpolations. The value q = 1 corresponds to the QP interpolations by the modified Fourier
system H1 with the explicit implementation (61) where N = 64.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
m

7
6

5
4

3
2

1
q

21.6 24 26.2 28.3 30.1 31.8 33.3 34.7 36.1 37.2 38.4 39.4 40.4 41.3 42.1 43

19.2 21.8 24.3 26.5 28.4 30.2 31.9 33.4 34.7 36 37.2 38.3 39.3 40.3 41.2 42

17.9 20.8 23.4 25.8 27.9 29.8 31.5 33.1 34.5 35.8 37.1 38.2 39.2 40.2 41.1 42

15.1 18.4 21.3 23.8 26.1 28.1 29.9 31.6 33.1 34.5 35.8 37 38.1 39.2 40.1 41

13.5 17.1 20.3 22.9 25.4 27.5 29.5 31.3 32.9 34.3 35.6 36.9 38 39.1 40.1 41

10.2 14.4 17.8 20.8 23.4 25.7 27.8 29.7 31.4 32.9 34.4 35.7 36.9 38 39 40

7.25 12 15.9 19 21.8 24.3 26.6 28.6 30.4 32.1 33.6 35 36.2 37.4 38.5 39.5

Maximum Absolute Errors on the Interval [-0.8,0.8] in Logarithmic Scale for N=64

Figure 4. The maximum of the absolute errors of interpolations on interval [−0.8, 0.8] in the logarithmic
scale. The value m = 0 corresponds to the traditional interpolation. The values m ≥ 1 correspond to
the QP interpolations. The value q = 1 corresponds to the QP interpolations by the modified Fourier
system H1 with the explicit implementation (61) where N = 64.
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Both figures show that the accuracy of the QP interpolation is proportional to q + 2m. This means
that the convergence properties of the QP interpolations can be improved by increasing either q or m.
However, calculating the eigenvalues for large q is connected with more computational difficulties than
increasing the value of m for the fixed value of q. It is possible to tend m do infinity slowly as log(N).
The latest will provide convergence at an exponential rate for infinitely differentiable functions. For
example, q = 7 and m = 8 provides the same accuracy as q = 1 and m = 12 on [−0.8, 0.8]. It is worth
noting that the eigenvalues of the systems H1 and H2 are known explicitly and can be calculated with
high accuracy.

The QP interpolations (except q = 1) don’t have explicit forms. They require the calculation of
the inverses of matrices M in (164) with a high accuracy. Hence, it is essential to reveal the condition
numbers of the matrices for different q and m. Figure 5 shows the numbers. The condition number
for q = 4 and m = 7 is approximately the same as for q = 1 and m = 9. Moreover, in the case of
the modified Fourier basis corresponding to q = 1, the realization is explicit as the corresponding
matrix is a Vandermonde type. There are efficient algorithms ([81]) for calculating the inverses of the
Vandermonde matrices with high accuracy.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
m

4
3

2
1

q

7.24 15.6 22 27.5 32.4 37 41.1 45.1 48.8 52.3 55.7 58.9 62 65 67.8 70.6

5.11 13.8 20.3 25.8 30.8 35.4 39.7 43.6 47.4 50.9 54.3 57.5 60.6 63.6 66.5 69.3

4.83 10.7 18 23.6 28.7 33.3 37.6 41.6 45.3 48.9 52.3 55.5 58.7 61.7 64.5 67.3

4.65 8.4 14.8 20.4 25.3 29.9 34.1 38.1 41.8 45.3 48.7 51.9 55 58 60.8 63.6

Condition Numbers for N=64 in Logarithmic Scale

Figure 5. The condition numbers of the matrices {Pn,k} in Equation (172) for N = 64 in the logarithmic
scale.

8. Conclusion

We analyzed the convergence of the quasi-periodic (QP) interpolations, which are exact for the
eigenfunctions of the systems Hq, q ≥ 1, composed of the polyharmonic-Neumann eigenfunctions. We
proved convergence theorems for q = 1, showing better convergence of the QP interpolations compared
to the corresponding Fourier expansions and traditional interpolations. The QP interpolations depend
on a parameter m ≥ 1 that, together with parameter q, determines the convergence rate of order
O(N−2m−3−q) as N → ∞, where N is the number of the eigenfunctions involved in the interpolation.
We proved it for q = 1 and assumed for q > 1 based on the results of numerical experiments. The
theoretical convergence rate and numerical experiments demonstrate that the accuracy of the QP
interpolations can be improved by increasing the value either of q or m. The latest is more feasible as
calculating the eigenfunctions for large values of q is connected with computational problems. The
best choice can be the utilization of the QP interpolations based on the system H1 by slowly tending
parameter m to infinity. In this case, the eigenfunctions are known explicitly, and the interpolations
can be implemented by effectively calculating the inverse of the Vandermonde matrices.
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