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On the Functions of Marcinkiewicz Integrals along
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Abstract: In this paper, we establish certain L” bounds for several classes of rough Marcinkiewicz
integrals over surfaces of revolution on product spaces. By using these bounds and using an
extrapolation argument, we obtain the L” boundedness of these Marcinkiewicz integrals under very
weak conditions on the kernel functions. Several previous results on Marcinkiewicz operators are
essentially extended or improved. Our results represent natural extensions and improvements of
several known results on Marcinkiewicz integrals over symmetric spaces.
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1. Introduction

Throughout this article, we assume that x > 2 (x = m or n) and R” is the Euclidean space of
dimension x. Also, we assume that S*! is the unit sphere in R* equipped with the normalized
Lebesgue surface measure dji,(-) = dp.

Forty = a1 +if, 2 = a2 +if2 (Dél,az,ﬁl,ﬁz € R with aq, 00 > O), we let

Q(v,u)h(fv], [u])

m—T |u|1’l—T2 4

KQ,h (U, u) =

0]

where h is a measurable function defined on Ry x Ry and () is a measurable function defined on
R™ x R", integrable over S"~! x §"~! and satisfies the following:

Q(ro,su) = Q(o,u), Vr,s >0, (1)

/Swl()(v,.)dy(v) - /Snilﬂ(.,u)dy(u)zo. @)

For a suitable mapping ® : Ry x R, — R, the parametric Marcinkiewicz integral operator Mq ¢ 5,
along the surface of revolution Ty, (x,v) = (x,y, ®(|x|, |y|)) is defined, initially for f € C°(R™ x R" x

R),b
hby Zdrds 172
Mogi(Ayw) = ([ IHs(Pxw) , Q
+XR4
where
1
Hes(P) ey w) = s [ [ fe— oy ww = @l ) Kooy (0, v

We remark that the Marcinkiewicz operator is a natural generalization of the Marcinkiewicz
operator M‘g , along surface of revolution T (x) = (x, ®(|x|)) in the one parameter setting which is
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given by

1 Q(v)h(lv])

ﬁ \v|§r (X—U,xm+1—¢(|v|)) ‘v|m7‘rl

s N\ 172
df) oW

The study of the LP boundedeness of the operator M(f) , under various conditions on i, () and ¢
has attracted the attention of many authors. For a sample of known results relevant to our study, the
readers are referred to consult [1-5].

M?),h(f)(xr Xmt1) = (/ﬂh

Our main focus in this paper is the operator M@, ¢ ,. When ® = 0 and 71 = 1 = 1, we denote the
operator Mq ¢, by Mq . In addition, when i = 1, then M, j, reduces to the classical Marcinkiewicz
integral on product domains, which is denoted by Mq. The investigation of the L? boundedness of
the operator Mg, initiated in [6] in which the author proved the L2 boundedness of Mg, under the
condition Q) € L(log L)?(S™~! x §"~1). Subsequently, the L? boundedness of Mg, has attracted the
attention of many authors. For instance, in [7] the authors proved the L? (1 < p < o0) boundedness
of Mq if Q € L(logL)(S™! x S"~1). In addition, they pointed out that by adapting a similar
argument as that used in [8] to the product space setting, the assumption Q € L(log L)(S"~1 x §"*~1)
is optimal in the sense that if we replace it by any weaker condition Q € L(logL)¢(S"~! x §"~1)
with 0 < &€ < 1, then M@ may lose the L2 boundedness. On the other hand, under the assumption

Q belongs to Btgo,o) (S™=1 x §*~1) with g > 1, it was proved in [9] that Mg, is of type (p, p) for all

p € (o0) and that the condition Q € B‘SO’O)(S’”’l x §"~1) is optimal in the sense that we cannot

replace itby Q) € BV(IO’E) (S"=1 x S"~1) with e € (—1,0) so that M, is bounded on L?*(R™ x R"). Here
BL(,O’V) (S’”*l X S"fl) is a special class of block spaces introduced in [10]. Later on, the authors of [11]
employed Yano’s extrapolation technique found in [12] to establish the L? boundedness of Mq
forall [1/p —1/2| < min{1/2,1/9'} provided that Q belongs to either L(log L)(S" ! x S"~1) or to
B‘go’o)(S’”’1 x S" 1) and h € Ay (R4 x Ry) for some v > 1, where here A, (R4 x Ry) (for v > 1)
denotes the collection of measurable functions & such that

AR A v drds v
h _ / hir,s)|" 24
1]l A, (s xR, ]3:16};( Ly sl = ) < o

For a sample of past studies as well as more information about the applications and development
of the operator Mg, we refer the readers to see [7,9,13-18] and the references therein.

By the work done in these cited papers, many mathematicians have been motivated to study
Marcinkiewicz operator along surfaces of revolution on product spaces of the form

1/2
o _ o |2 drds
MQ,h(f)(x/xm+1ryryn+l) = (//IR+xR+ Hy (f)‘ s ) , 5)
where
1
HEPE) = s [ [ P 0 = 9(0oD),y = 3 = p(1uD) Koo, e

The L? boundedness of the operator M%fl under different conditions on the functions ¢, ¥, (),
and h was discussed by many authors (one can consult [15,19,20].

Very recently, in [21] the authors studied the L? boundedness of the singular integral operators
Ta,e,n along surfaces of revolution on product domains which is defined by


https://doi.org/10.20944/preprints202309.0438.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 September 2023

30f13

D godu,  (6)

,
n

Toan(ww) = [ Flx=o,y=uw= ol u) 70

o] ul

where @ : Ry x Ry — R is a suitable mapping. Under various conditions on @, the authors proved
the LP boundedness of T, ¢, if () belongs to either L(log L)?(S"~! x "~ 1) or to B,gl’o) (S x §n1,

In light of the results in [20] regarding the boundedness of Marcinkiewicz operator Mgll;l and of
the results in [21] regarding the boundedness of singular integral 7 ¢ 5, @ question arises naturally is
the following:

Question: Under the same conditions as those imposed on & in [21], is the operator M, ¢ bounded
whenever i € A, (R4 x Ry ) for some v > 1 and Q) lies in either the space L(log L)(S"! x S"~1) or

in the space B{SO’O) (S™1 x S"1) withg > 17
In this article, we shall answer this question in affirmative. Indeed, we have the following:

Theorem 1. Let ® € C'(Ry x R.) such that for any fixed t,{ > 0, we have ¥1,(.) = ®(t,.), ¥o,(.) =
®(.,¢) are in C2(R..), increasing and convex functions with ¥1,(0) = ¥5,(0) = 0. Suppose that h €
Ay(Ry x Ry) for some y > 1and Q € L1 (S~ x S"~1) for some g € (1,2]. Then there is a constant C,
such that

Y
[Moa,an ()| oy < CPW 1O Lagm-1xsn-1) 11l o, @, xry) 1 lp @ xrr xR)

forall [1/p—1/2| < min{1/2,1/9'}.

dy dp

Theorem 2. Let Q) and h be given as in Theorem 1. Suppose that ®(t,0) = Y. ) a;j;t% i with w;, pj >0is
i=1j=1

a generalized polynomial on R?. Then there is a constant Cp, such that

i
Mo () o @nrnxr) < ST De=D 19 Lo (gm-1xsn-1y 1l Ay ®, xR ) 1 lLr e <)

forall |1/p —1/2] < min{1/2,1/9'}.

Theorem 3. Let Q) and h be given as in Theorem 1. Suppose that ®(t, ) = ¢(t)P (L), where (t) isin C*(R.),
d

increasing and convex function with ¢(0) = 0 and P is a generalized polynomials given by P({) = Zz: a]ﬁﬁf
j=1

with B;j > 0. Then there is a constant Cp, such that

Y
[Mo,@h ()| o xry < Cpm 1O Lagm-1xsm-1) 11l o, @, ) 1 lp @ xrr xRy

forall |1/p —1/2] < min{1/2,1/9'}.

Theorem 4. Let Q) and h be given as in Theorem 1. Suppose that ®(t,£) = ¢1(t) + $2(t), where ¢;(t)
(j = 1,2) is either a generalized polynomial or is in C*(Ry.), increasing and convex function with ¢;(0) = 0.
Then there is a constant Cy, such that

Y
[Mo,an (]| o xr)y < CPW 1O Lagm-1xsn-1) 11l o, @, ) 1 lp @ xrr xRy

q
forall [1/p—1/2| < min{1/2,1/9'}.

do0i:10.20944/preprints202309.0438.v1
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By the conclusions from Theorems 1-4 along with the extrapolation argument found in [12,22],
we obtain the following:

Theorem 5. Let Q) satisfy the conditions (1)-(2). Suppose that h and ® and ¢ are given as in either Theorem
1, Theorem 2, Theorem 3, or Theorem 4.
(i) IfU € B,go’o) (S™=1 x S"1) for some q > 1, then the inequality

HMQ,cb,h (f) ||LP(R’"><R” xR)
< CP ||h||AP,(]R+><]R+) ||f||Lp(RmXRnXR) (1 + ||Q||B$O’O)(Sm‘l><8"_1)>

holds forall |1/p —1/2| < min{1/2,1/+'};
(ii) If Q € L(log L)(S™! x S"~1), then the inequality

HMO,Qh(f) HLP(R’”xR”xR)
< Cpllblla, @, xry) IF e @mxrexr) (1 + ||Q||L(logL)(S’”—1><S”—1))

holds for all |1/p —1/2| < min{1/2,1/v'}.

Remarks
(1) The conditions on () in Theorem 5 are optimal. In fact, they are the weakest conditions in their
particular classes, (see [7,9]).

(2) For the special cases h = 1 and ® = 0, the authors of [18] confirmed the LP (1 < p < o0)
boundedness of Mg ¢ whenever Q) € L1 (S"~1 x §"~1) for some g > 1. This result is extended in

Theorem 5 in which Q € L(logL)(S" ! x §"~1) U B,SO’O)(S'”’l x S"71) o L7 (St x §nY.
(3) For the special case h € A, (R4 x R, ) with ¢ > 2, our results give the boundedness of M@ ¢

for all p € (1, c0) which is the full range.

(4) For the special case ® = 0, Theorem 5 gives that M, ¢ j, is bounded on L7 (R™ x R") for all
[1/p —1/2| < min{1/2,1/v'}, which is the result established in [11]. Hence, our results essentially
improve the main results in [11].

(5) The surfaces of revolutions I'y, (x,y) = (x,y, ®(|x|, y|)) considered in our Theorems 1-5 cover
several important natural classical surfaces. For instance, our theorems allow surfaces of the type
Te with ®(t,5) = s2t2(e71/5 + e~ V), (s,t > 0), ®(t,s) = t*sP with a, B > 0, ®(t,s) = P(s,t) isa
polynomial, ®(t,s) = ¢1(t)¢a(s), where each ¢; € C2[0,0) is a convex increasing function with

¢:(0) = 0.

Henceforward, the constant C denotes a positive real constant which not necessary be the same at
each occurrence but independent of all the essential variables.
2. Preliminary Lemmas

We devote this section to introducing some notations and establishing some auxiliary lemmas.
For 6 > 2 and a suitable mapping ®(r,s) on R, x R, we define the family of measures {Aq ¢ s :=
Ars i 1,5 € Ry} and its concerning maximal operators A and My, g on R” x R™ x R by

1
ar = / / v, u, ®(|v|, |ul))K o,u dvdu,
///RW‘XR”XRf i rfsh 1/2s<|u|<s 1/2r§|v\§rf( (| | | |)) Q’h( )

M) y,w) = sup [[Ars|* f(x,y,w)],

rseER

do0i:10.20944/preprints202309.0438.v1
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and

Mo (f)(x,y,w) = sup [ Ars|* f(x,y,w )|7

k
9]+1 /9 +1 d dS
jkEL ok

where |A, | is defined in the same way as A, but with replacing Qh by |Qh] .

Lemma 1. Let Q € L7 (S" ! x §"71) with 1 < q < 2 and satisfy the conditions (1)-(2). Suppose that
® € CY(R. xRy). Forr,s >0, let

g(t, E) — //é R efi{trv-§+€su'§+f7<1>(r,s)} (@) (z)l u) d‘u (’U) d],l (u) .
n—1, §m—

Then there are constants C > 0and 6 with0 < 6 < 2%,’ such that for (&,{,n) € R™ x R" x Ry, we have

dtde +5 i%
//'g” ? < CHQHM S gm-1) Iré‘l s¢l ", @)
1/21/2

where a*? = min{a’,a?}.

Proof. By Schwartz inequality, we get that

//|g (t,0) 2dtd€ < C/SH (//Smlxgml F(& 0,x)

1/21/2
x O (o,u) O (e u)dp (o) dpe (x) ) dpe (),
where F (&, v, x) f i1 (v-%) )t Letp = &/| & |. Then by Van der Corput’s lemma, we get
| F@Eox)| < Clrg-(o-x)['<Clrg |- (0—x) |7,
which when combined with the trivial estimate | (&, v, x) |< C, we deduce that
| FGox) |<Clrg [l (0—x) |7, ®)

where 0 < 6 < 1. Hence, by Holder’s inequality we obtain that

A

dtde _
//|g(te 2 < Clrel 7 QU m 1y

1/21/2
o 1/q
( //Smflxsmfl lp- (0= dﬂ(v)dﬂ(x)> :

By choosing 6 so that 0 < § < 2%,, we get that the last integral is finite. Thus,

X

dtd£ _s
/ / 9 0P S < ClON gt 2l 7 )

1/21/2
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Similarly we have

\\<>-

dtdﬁ
/ / G OPTT < QIR gt 1570 (10)

1/21/2
Also, by the conditions (1)-(2) and a simple change of variable we have

1

[ Jtordd s c | (S 7 0G0l )0 ) )

1/21/2 1/2 1/2
2 2
S C ||Q||L1(Smfl XSn—l) |1’C| .

11
By combine the last estimate with the trivial estimate [ [ |G(t¢)|* L < C||Q||7, (Sm-1x§-1)/
1/21/2
we get
dtd€ ;
/ / G, 0R L < ¢ Qg ir 117 a
1/2172
Similarly, we have
dtde :
/ / G OP T < C 0N gt gy 15217 (12)

1/21/2

Therefore, by combining the estimates (9)-(12), we get (7) which ends the proof of this lemma. [

Lemma 2. Suppose that 0 € L1 (S""1 x S"71) with ¢ > 1 satisfies the conditions (1)-(2), h €
Ay (Ry xRy) withy > 1, ® € CY(Ry x Ry), and 0 > 2. Then there is a real number C > such
that the estimates

[Arsll < ClIONa(sm—1xsn-1) 1Blla, =, xR ) - (13)

gi+1

okt 2 drds 5 9 2
L Pes@onSE < c1n(9>||0||msmfl Snfl)nhnAW(Rw

< |

(14)

hold for all j,k € 7Z, where § is the same as in Lemma 1, € = max{2,v'} and ||A, || indicates to the total
variation of Ay s.

Proof. It is clear that the estimate (13) is obtained by the definition of A,;. Thanks to Holder’s
inequality, we have

S r
Ay < It 0 —i{to-g+tu g+ (1) }
Ars(@2m)| < c/%s /%r| (t,0)] ‘//Sm_lxgn_le
dtde
x Q(v,u)dp (v)dp (u)] =7~
<

Por aar)”
" dt
Cllhlla, ®y xR, ) (/ / G(t,0)|" té) :

/2 1/2
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For the case 7 € (1, 2], we deduce that
I aar)”
z 1-2/ 2 at
Ars@Em| < Ml e,y 1O GG (‘ [ | 1eeo w) .
/2 1/2
However, for the case v > 2, by using Holder’s inequality we get that
1 1 1/2
A 2 dtdl
As@m| < Wil eonme) ( [ [ 1ewo w) .
1/2 1/2
Therefore, for either case of v we have
Lo dtde\ '
2
(@ 6| < IO T g Wl ([, [ 10COPSE)
where € = max{2,7’}. Hence, Lemma 1 leads to
5 2 2 2 £35S Eay
[Ars(E,8m|" < ClUQNTasn-1xm-1) 1hlla, (& xry) 17617 18]
As0F <r <@ land 0/ <s <"1, we get that
Ars(E,2, ’7)| < C”QHUI Sm-1x§n-1) ||h||A7(R+xR+) 9k§‘ (15)
Consequently,
gi+1 9k+1 2d1’ds ) )
L hs@on™® < c1n2<e> LA

qE

x \ekg\

The proof is complete. [

The following lemmas play a key role in proving our main results.

Lemma3. Leth € A, (Ry x Ry) withy > 1and Q € L7 (S"~1 x S"71) for some 1 < g < 2. Assume
that ® € CY(Ry. x Ry.) such that for any fixed t, ¢ > 0, we have Y1,(.) = ®(t,.), Yo,(.) = ®(.,¢) are in
C2(R..), increasing and convex functions with ¥1(0) = ¥,,(0) = 0. Then for f € LP(R™ x R" x R) with
p € (7', 0) there exists Cp > 0 such that

AL @ xre xRy < Cp 1O pagsm-1xsn-1y 11l o,y xry ) 1 |Lp @ <RI xR) (16)
and

Mo ()| Lo msrrxry < CpIn?(0) 1 paggm-1xgn-1) 1Blla, (&, xr,) Iflp@nsmixmy:  (17)

Proof. Thanks to Holder’s inequality, we get that

S r
1/9 1
||)L7‘,5| *f(xryr w)| S C ||Q||L1(Sm_1XS”_1) ||h||A7(R+XR+) (7’5 / / \/Smflenfl |Q(’Z], u)|

s/2 r/2

/ 1/9
X f(x—to,y — a0 — (1, 0)[7 dp(o)dp(u)dede ) i
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Hence, by Minkowski’s inequality for integrals and Lemma 2.4 in [21], we deduce

1/7/ / 1/’)/
Aoy < C IO s cn sy Wlla, e ey (1A My gor oy )
< ClIQUpagm-1xsr1y 1olla, ey xR ) 1 e xR <R)
where
1 Q(v,u)
dos = / / 0, (0], 1)) — g

///Rmx]R”x]Rf e rfg™ 1/2s<|u|<s 1/2r§|v\§rf(v " (|U| |u|))|v|m_fl|u\”_72 ot

and
op(f)(xy,w) = sup |[os|* f(x,y,w)|.

r,seERy
It is easy to see that the inequality (17) can be obtained from inequality (16). [

Similarly, by Lemmas 2.5-2.7 in [21], we get; respectively, the following results.

d dp
Lemma 4. Let h and Q) be given as in Lemma 3. Assume that ®(t,0) = Y. Y. aj,it“iéﬁf with a;, Bj > 0isa

i=1j=1
generalized polynomial on R%. Then for f € LP(R™ x R" x R) with p € (v/,00), there exists C, > 0 such
that
AR e e xrexr) < Cp 1| a(sm-1xsm-1) 1Bl A,y xry) [flLr @ xR xR)
and

HMh,G(f)”LP(Rme”x]R) < CP IHZ(G) HQHLW(S'”*le"*l) ||h||A'Y(R+><R+) Hf”LP(Rmx]R"xR)'
Lemma 5. Let h and Q) be given as in Lemma 3. Assume that ®(t,£) = ¢(t)P(¢), where ¢(t) is in C*(R),
d
increasing and convex function with ¢(0) = 0 and P is a generalized polynomial given by P({) = Zz; a][ﬁf
j=1
with B; > 0. Then for f € LP(R™ x R" x R) with p € (7', 00) there exists C > 0 such that
AR Le @ xrexr) < Cp 1| aggm-1xsm-1) 1Bl A, (R, xRy ) [f1ILr @7 xR xR)

and
Mo ()| L@ srrry < CpIn?(0) 1 paggm-1xgn-1) 1Blla, (&, xR,y ) IfllLp@nwRrxR)-

Lemma 6. Let h and Q) be given as in Lemma 3. Assume that ®(t,£) = ¢1(t) + ¢2(t), where ¢;(t) (j = 1,2)
is either a generalized polynomial or is in C*(R ), increasing and convex function with ¢;(0) = 0. Then for
f € LP(R™ x R" x R) with p € (7, 00) there exists C, > 0 such that

AL Ur@mxrexr) < Cp 1O pagsm-1xsn-1y 11l o,y xry ) 1 e @ <RI xR)

and
M0 ()l e (g sy < Cp 102 (8) 1O g gm-1n-1) 1Pl s, ey ) 1 1l (e xR < R)-
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Lemma?7 Let6 >2,h € Ay (Ry x Ry) withy > 1, Q € L1 (S" 1 xS" Y with1 < q < 2, and ®
be given as in either Theorem 1, Theorem 2, Theorem 3, or Theorem 4. Then, for arbitrary set of functions
{Fkj(, ), j k € Z} defined on R™ x R" x R, a constant C,, > 0 exists such that the inequality

gitl g+l 2 i 1/2
rds
L[ [l 55
]keZ
LP(R™xR"xR)
1/2
< CpIn*(8) [| Q| pa(sm1 1) 171l o, (R ) ( )3 ‘]:, ) (18)

jkeZ

LP (R xR" xR)

holds for all |1/p —1/2| < min{1/+/,1/2}.

Proof. We will follow a similar argument as in [16]. We point out here that we shall prove this lemma
only whenever @ is given as in Theorem 1 since the proofs for the other cases follow the the same
method except that we invoke Lemmas 4-6 instead of invoking Lemma 3. Also, we shall prove this
lemma only for the case 1 < y < 2since A, (R4 x Ry) C Ay (R4 x Ry) for all v > 2. In this case, we
have |1/p — 1/2| < 1/+/ which gives that 33 <p< 22 7+ We need to consider two cases.

Casel.2<p< 2{—77 By duality there exists a non-negative function X € L(P/ 2 (R™ x R" x R)

such that ||X||L(p/2)/(Rmean) <1land

Qi1 gh+1 1/2||2

Z / / « F 2 drds

r,s ——

jkEZ o ok rs
LP(R™xR" xR)

git+1 gk+1
2 drds
///mXR"XR / / Ars * F) k xY,w ) 7X(x y,w )dxdydw
jkEZ ok

By Schwartz’s inequality we have

2
R U YO | 37/ 20
38 37
2
X ‘E,k(x—tv,y—éu,w—cb(t,ﬁ))‘
< (L O 100, u)| da(v)da(u)m> .

te
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Hence, we have

git1 gk+1 1722
2 drds
2 / / Ars* ) rs = CHh”W (R4 xR4)
jkEZ
oo LP(R™xR"xR)
X O a(gm1 g1y /// . ( : Z‘ ik(x,y,w ‘ >M|h27,9)~((—x, —y, —w)dxdydw
€
< ClOQlem1xs) MY @, r,) jg;;\fik] |
’ L(p/2)(Rm xR" xR)
* M€

HUP/Z)’(Rmean) !

where X(—x, —y, —w) = X(x,y,w). Notice that, since h € A, (R x Ry), then |h[*"" € AZL(RJF X
R4 ). Thus, by Lemma 3 and Holder’s inequality,

9]+16k+1 1/2 2
2 drd
L / / Ars 7, :ss
jkEZ k
o0 LP(R™xR"xR)
1/2])2
< CI(0) Ol a(nresnn) 11X, g, v (ZLF()
JkeZ LP(R™ xR" xR)
*
x ’/\ |2 )HL(P/2>/(R'”><R”><R)
1/2||2
< C,In%(6) | KA
< GIn®(0) || ||Lq(gmflxsn71) | ||A7(R+><R+ Z :
jker (R™ xR" xR)
Case 2.5

715 < p < 2. By duality there esits a collection of functions Y = Yk(x,y,w,7,s) defined
on R x R" >< R x Ry x Ry such that

[ 1107017 95) 2| ey S L
and
gi+1 gk+1 172
2
Z / / Moo Fig drds
ikeZ o rs
LP(R™xR"xR)
gi+1 gk+1
drds
= //‘/RmXRnXR keZ / / s k X, ]// )) Yj,k(x/y/w,r,S)dedydw
] € 9] ok
1/2
< 1/2
] AL - (gz\ f) W

LP(R™xR"xR)
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where
gi+1 gk+1

O(Y) (x,,v) .

Ars* Yix(x,y,w,1,8)
]keZ o ok
Thanks to the duality, we deduce that a function W € L('/2) (R™ x R" x R) exists such that

||W|| p/2 RW’XR"XR) Sland

[CUOES P

git1 gk+1

= Ars* Y x,wrs‘—Wx, dxdydw
j/gZ///]Rme”xR// i ( Y ( Y@ ) Y
< ClOn e W1 oy A7 ) Lot o
gi+1 gk+1

2 drds

<N\ Z ) [ Pstoma 55

L i o L'/2)(RmxR7 xR)
2 2
< ClOlzagm1xsm1) 11lA, &, xR 4)

which gives along with (19) the inequality (18) holds for the case 37 5 < p < 2. This finishes the proof
of this lemma. [

3. Proof of main theorems

Assume thath € Ay (R4 x Ry) for somey >1,Q € L1 (S"1 x §"1) for some 1 < g <2 and
6 = 297, It is clear that Minkowski’s inequality leads to

Mo,on(f)(x,y,w) = (//R+><R+‘

£x =0,y — ww— D (o], [u]))dodu

Xk

x  fx—vy—uw—>(|v|,|u]))dvdul

Kau(o,u)
strn /z—f—ls<\u|§2—fs /Z*k*1r<|v\§2*kr e

> drds 172
rs

X

1 / /
Ko(v,u)
STUrR Jo-i-ls<|u|<27is J2-k-lr<|v|<2—kr R

> drds 1/2
s

IN

01+ 5> drds 172
. 2
(2041_1 20&2_1 (//Rer +|Ars*f(x% )l ) (O)
For j € Z, choose a set of smooth partition of unity {T;} defined on (0,00) and adapted to the
interval [0~17/,6'7/] = —T; with the following properties:

jEZ
()| _ Gy
dth

supp (T})) € Z; and

— tl’l,

where C, is independent of the lacunary sequence {¢/;] € Z}.
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Define the multiplier operators {T;;} on R"™ x R" x R by (T]k(f))(@ 1)
Fj(|§|)l"k(|§|)f(§,§,17). Hence, for any f € CF(R™ x R" x R), we have f(x,y,w) =

'kZZ(TjHZ'kHl (f))(x,y, w), which gives by Minkowski’s inequality that
jke

2 drds 172
R |/\rs *f x yr ) S C 2 Aqual (f) (x’y’ w)’ (21)
+ xRy ay,00 €L

where

drds\ 1/
Ao Deg0) = ([ 1B (D )

rs

Baya, (8)(x,y,w,1,8) = ‘gz Ars % Tty kta * f(x, y/w)x[ek’ngrl)x[gj’ngrl) (r,8).
i

Therefore, to prove Theorem 1, it suffices to prove that for any p satisfying [1/2 —1/p|
min{1/4/,1/2}, there exists ¢ > 0 such that

(PG, r— 22)

< CpIn(8) 273Ul 10| g g gy [1Blla, e, ) 11l Lp o)

Let us first estimate the L2-norm for Ay, (f ). By Plancherel’s Theorem, Fubini’s Theorem, Lemma
2, we deduce

||'Af12,111 <f) H%Z(R’” xR"xR)

9]+19k+1
2 drds N 2
< v L @O T | @ o] dedgay
] keZ ]+a2,k+a1 o
< CﬂﬁwwnﬁmwquanRMRg
N 2
< 2 [ e e | dedgay
kGZ ]+a2k+a
< G2 D Ol g 1R, k) T I, e deay
]+a2 +aq
< Cpln®(9) 2 e BTy gt eguny IBIR, (&, <, ) Hf”LZ(R'”XR”xR) , (23)

where U = {(&,{,7) e R" x R" xR : (|&],[¢])) € Z; x Ty} and € € (0,1).

Next, we estimate the LP-norm of Ay, 4, (f) as follows: By employing a similar argument as that
used in [23] along with the Littlewood-Paley theory and Lemma 7, we get

[ Aaz e, (8) ||Lp R+ 5 Ri+1)

git+1 9k+1 ’ 172
S (DL L (o o) )
ez LP(R" xR xR)
N 1/2
< Cp 11’1(9) ||QHL17(Sm—1XSn—1) ||h||A7(R+><R+) ( Z ‘Tj—l—uz,k—l—ul *f‘ )
JkeZ LP(R™ xR" xR)
< CPWW(Q—U 1O Lagm-1xsm-1y 1Hlla, ®y xr) 1 lp e xR ) - (24)
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Finally, by interpolating between (23) and (24), we obtain (22), which in turn finishes the proof
of Theorem 1.
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