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ABSTRACT. In the paper, the authors find two explicit formulas and recover
a recursive formula for the generalized Motzkin numbers. Consequently, the
authors deduce two explicit formulas and a recursive formula for the Motzkin
numbers, the Catalan numbers, and the restricted hexagonal numbers respec-

tively.

1. INTRODUCTION

The Motzkin numbers M,, enumerate various combinatorial objects. In 1977,
Donaghey and Shapiro [3] gave fourteen different manifestations of the Motzkin
numbers M,,. In particular, the Motzkin numbers M,, give the numbers of paths
from (0,0) to (n,0) which never dip below the z-axis y = 0 and are made up only
of the steps (1,0), (1,1), and (1, —1).

The first seven Motzkin numbers M, for 0 < n < 6 are 1,1,2,4,9,21,51. All
the Motzkin numbers M,, can be generated by

-2 —v1—-2z—32? 1

M(z) = = =3 Mya*.
(@) 212 1—2++vV1 -2z — 322 kZ:o w
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In 2007, Mansour et al [10] introduced the (u, {, d)-Motzkin numbers mit? and

obtained [10, Theorem 2.1] that mﬁl“’l’d) = mﬁ}’l’“‘”,

~ 1—lz— /(1 —lx)? — duda?

00
Mya(z) = Sude? = Z Tnglu,l,d)xn7 (1)
n=0

and
n/2

1 /29\ (n)\ [ud\’
(u,l,d) _ " - .
" ;)jﬂ(j)(%)(l?)

From and , it is easy to see that m%“’l’d) = m;d’l"”.
In 2014, Sun [2I] generalized the Motzkin numbers M,, to

[n/2]
n
M) = 3 (51 ) a2t Q

k=0

~—
[\
~

for a,b € N in terms of the Catalan numbers

C":ni1<2:) )

and established the generating function

1—az — /(1 —ax)? — 4ba?
2bx?

Ma,b(x) =

1
B 1 —ax + /(1 —az)? — 4ba?

= i My (a, b)xk, (5)
k=0

where | A] denotes the floor function defined by the largest integer less than or equal
to A € R. Wang and Zhang pointed out [22] that

M,(1,1) =M,, M,2,1)=C,y1, and M,(3,1) = H,, (6)

where H,, denote the restricted hexagonal numbers described by Harary and Read [5].

For more information on many results, applications, and generalizations of the
Motzkin numbers M,,, please refer to the papers [3, [7, [ 21, 22] and closely re-
lated references therein. For more information on many results, applications, and
generalizations of the Catalan numbers C,,, please refer to the monograph [6], the
papers [9, 14l [T5] 20], the survey article [12], and closely related references therein.

Comparing (1) with (5)) reveals that M (a,b) and ml(cu’l’d) are equivalent to each
other and satisfy

My(a,b) = m{ba? = m,(cb’a’l) and m,(;“l’d) = My (I, ud). (7)

Therefore, it suffices to consider the generalized Motzkin numbers My (a, ), rather
than the (u, , d)-Motzkin numbers m@D 0 this paper.

By the second relation in (7)), one can reformulated the formula (2) as

Myo.b) = a” z() (2)(L) ®)

Substituting @ into recovers once again.
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In 2015, Wang and Zhang [22, Theorem 1] combinatorially obtained, among
other things, the recursive formula

n
M, 42(a,b) = aMyi1(a,b) + > My(a,b)M,_¢(a,b), n > 0. (9)
£=0
In this paper, we will find two explicit formulas, different from (8), and recover
the recursive formula (9 for the generalized Motzkin numbers M, (a,b). Conse-
quently, we will derive two explicit formula and a recursive formula for the Motzkin
numbers M,,, the Catalan numbers C,,, and the restricted hexagonal numbers H,,
respectively.
We can state our main results as the following three theorems.

Theorem 1. Forn > 0, we can compute the generalized Motzkin numbers M, (a, b)

by
1 /4b—a2\" 282/ 242 \“ (20— 3)! ¢
Mn(a,b)—%( 2a ) Z(4b—a2> 0 (n—f—t—?)’ (10)

£=0

where (s) =0 for ¢ > p > 0 and the double factorial of negative odd integers
—(2n+1) is
(=" 2™n!
[~Cn = 5 = (1 G n=0.L
Consequently, we can compute the Motzkin numbers M,, and the restricted hexago-
nal numbers H,, respectively by

R L) e

£=0

m=rG(5) e (3) CR( ) o

Theorem 2. Forn > 0, we can compute the generalized Motzkin numbers M, (a, b)
by

and

n+2 n42 0
Mn(a,b):—(az\f) i(26—3)!![2(n—€+2)—3]!!(a+2\/3>' (13)

00 2m—0+2) \a—2vb

Consequently, we can compute the Motzkin numbers M,, and the restricted hexago-
nal numbers H,, respectively by

£=0

(R (20— 3)1 [2(n — £ +2) — 3]
Mo =" ;(_nge @O 2m—t+ 2!
and
182, (20-3)1[2(n — £ +2) — 3)!
H”:_§;5Z O 2(n—c+2)

Theorem 3. Forn >0, the generalized Motzkin numbers My (a,b) satisfy
Mo(a,b) =1, M;i(a,b)=a, (14)
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and the recursive formula (9). Consequently, for n > 0, the Motzkin numbers
M,,, the Catalan numbers C,,, and the restricted hexagonal numbers H, meet the
recursive formulas

n
Mo = My + Z MM, g, (15)
£=0
Cn+2 = 20n+1 + Z CZCnffv (16)
£=0
and
n
Hypo =3H,1+ Y HiHp o (17)
£=0
respectively.
2. LEMMAS

In order to prove the explicit formula , we need the following lemmas.

Lemma 1 ([T} p. 40, Exercise 5)], [I1], Section 2.2, p. 849], [13| p. 94], [I7, Lemma 3],
and [23] Lemma 2.1]). Let u(x) and v(x) # 0 be two differentiable functions. Let
Uni1yx1(z) be an (n+ 1) x 1 matriz whose elements uy,1(z) = v~ (z) for 1 <
kE<n+41, let Vipp1yxn(®) be an (n+ 1) x n matriz whose elements

i—1 o
(i—3) i—i>0
. v z), 1—]=
v;,5(x) = <J—1> (=)
0, i—j<0

for1<i<n+41andl<j<n, andlet Wi i1)x(nt1) ()| denote the determinant
of the (n+ 1) x (n+ 1) matrix

W(n+1)x(n+1)($) = (U(n+1)x1(95) V(n+1)xn($)) .

Then the nth derivative of the ratio ZEQ can be computed by
A" [u(@)] _ (_l)n\WmH)x(nH)(ﬂﬁ)\
dz" | v(z) vl (x) '

Lemma 2 ([2, p. 134, Theorem A and p. 139, Theorem C]). The Fad di Bruno
formula can be described in terms of the Bell polynomials of the second kind

n—k+1

! N2
n! zi\b
B k(T1, 225y Tnokp1) = E Py I I (T" )
Gy ’

1<i<n,;€{0}UN |
Z?:l zll:n
Z:L=1 L=k
form>k>0 by
[foh(®)] =Y f®(ht)Bur (W (t), 1" (1), ..., " FD (1)) (18)

k=0

dn
dtn

forn > 0.
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Lemma 3 ([2, p. 135]). The Bell polynomials of the second kind B, , satisfy
Bnk (abxl, ab’zs, . . ., ab”_kﬂxn,kﬂ) = akb”Bn,k(ml, Xy w ey Tkt1) (19)
form>k>0.

Lemma 4 ([4, Theorem 4.1], [16, Remark 1], [I8] p. 7, (19)], [19}, Section 3], and [23,
Lemma 2.5]). Forn >k >0, we have

B,s(z,1,0,...,0) = (T;n__lz)! (Z) (n f k) z2kn, (20)

More generally, forn >k >0 and A € R, we have

n—k
Bk (1,1 —AI=na=-2x,. JJa- &\))

=0
k n—1
S(y) ITe-a. e

£=0

_1>k

3. PROOFS OF THEOREMS [I] AND

We are now in a position to prove our main results.

Proof of Theorem 1. By virtue of (18), (19), and (20, we obtain for £ > 0 that

[\/(1 —ax)? — 4bx2}(k+ = I§< > [(1— az)? — 4bx2]1/2—e

XBrioo(—2[a+ (4b — a®)z],2(a® — 4b),0,...,0)
k+2
*Z<
_I§< > a —4b)]‘Bk+2,g(%aa2,1,o,...,o)
-3 - ESEE T () ()

as ¢ — 0, where

DN =

> Bt2,0(—2a,2(a® — 4b),0,...,0)

denotes the falling factorial of = € R.
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u(z) (8)3:2 0 0 0 0
u'(x) 2((1)21: G)LL‘Q 0 0 0
" 9 2 2 2\ ,.2 0 0
u(g)(x) (o) (;)» (2%95
11 (—nn2| u®(z) 0 2()) 2(2295 0 0
W@y 00 0 e 2T De (775
W@y 000 2007 2(i e
C1u™(@) 2 d" Mup(x)  n(n— 1) d" T Mup(x)
2 a2 T dzn—1! x2 dxn—2
1 [u)(a) A" M () A" My ()
= — — 2 _— - 1 ’
x? [ 2b T Qg1 n(n—1) dan—2 }

Therefore, by L’Hospital’s rule, we have

_ d"Ma(x) 1 [u(2) A" M, () A" 2 M, ()
ilg}) dam 911—%{3:2 [ 2% 2ne dzn—1 —n(n=1) dzn—2
1 [utD(x) d" M, () d" " M, (2)
= li R e S A— ) PR b S, 1 7
a:g%{ 2z [ 2b T Qg n(n+1) dan—1 ] }
1., [ut2(z) d" M, () d" M, ()
) ili%[ e P T }
1 u("+2) () . d"M, ()
= 2&%21) ‘”<”+3>i1£%>w]
which is equivalent to
. d"M, () 1 w2 () 1 )
2 = 1 = lim ("2 (z).
Ty — (nt1)(n+2) 00  2b 2(n + 1)(n +2) 750 (z)
Considering
lim 4" Mo p() =nlM,(a,b),

z—0 dan

making use of 7 and simplifying lead to the explicit formula (10).
Letting (a,b) = (1,1) and (a,b) = (3, 1) respectively in (10) and considering the
three relations in @ derive and immediately. The proof of Theorem 1 is
complete. ([l

Proof of Theorem[3 From (5), it is derived that

V(1 —az)? —4bz? =1 —az — 2bZMk(a, b)zk+2,
k=0
This implies that
1 1

S S — 0r)? — Abr2
My(a,b) = 2b(k—|—2)!911—r>%{\/(1 ax)? — 4bx

(k+2)
} . k>0, (23)

It is easy to see that
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(1) when a? —4b >0 and z < min{ we have

1 1 _ 1
a+2\/5’ a—2\/5 } - a+2\/5’

(k+2)
Ml_mp_%xzy“”:N@a_m(x_ﬁgﬁ) (x_a_gﬁ)]
- ; (k+2)
- a24b<\/a+2\/5x\/a—2\/5x>
4bk:r2 (ng2 ( %Hz\/g_l)(f)( a_lz\/g _x>(k—e+2)
k+2 — —k—
~orvmm (TN, () W)
k 2 1/2—¢ t—k—3/2
~eovamn s (7)) (aa) G )

k+2

— k2 x (20-3)1 ] (k 0+2) =3 (a+2vVb\"
= (k+2)!( a—2\[ z; (20)1 [2(k — ¢+ 2)]! (a—2\/5>

as x — 0;
(2) when a? — 4b < 0 and

1 1 1
7:max{ R }>.T
a+2vb a+2vb a—2Vb
. 1 1 1
> min R = R
{a—|—2\/5 a—2\/l;} a—Z\[b

we have
(o) (k+2)
{\/(1—ax)2—4bx2] ’ [\/(4b—a2)<a+12\/5—m) (x—a_12\/5>1
: ; ; (k+2)
-V <\/a+2\/l§ a—2\/l3>

1 x) 1/2e<1> <x B 1 ) 1/2—(k—£+2)
a+2vb 2/ j—ts2 a—2vb

1 ) 1/2£< 1 > ( 1 ) 1/2—(k—£+2)
a+2vb 2/ k—012\2Vb —a

(20— 3)! (a +2vb )H”(_l)k_@ [2(k — £+ 2) — 3]

Il

N

>

I

IS

[\v]
~ B
Il +
=) )
7N

ol
~ +

[\)
~~_

|

—_
S~—

Y
S
N —
\/
~
/‘\

\//\

) k+2 k
= (2\[() - )k+ V4b — a? 2 ( —;2 of N ok—0+2
o 512 a k—0+2)— 3
o () B )t
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ko2 2\ (20— 32k — £+ 2) — 3] fa+2vD "
= (a—2\/l;) %( / > 90 2k—t+2 (a?ﬁ)
kit

B 2€ 3” k €+2) ]” a+2\/1; ‘
= (k+2)!( a—Z\[ ez: (20) [2(k — £+ 2)]" (a2\/l;>

as x — 0.

By virtue of , we obtain the formula readily.

Letting (a,b) = (1,1) and (a,b) = (3,1) respectively in (13) and making use of
the first and third relations in (6) lead to (11) and (12) immediately. The proof of
Theorem 2 is complete. u

Proof of Theorem 3. From (5), it is derived that

V({1 —az)? —4ba? =1 —ax — QbZMk(a, b)zk+2,
k=0

Squaring on both sides of the above equation gives

(1 —ax)® —4ba® =1 —2az + (a® — 4b)2?

- 2
= [1 —ax — 2bz My (a, b)mk”}

k=0

i My (a, b)ka]

k=0

=1+ a’z? + 4b°

— 2ax —4b Z M. (a,b)z" 2 4 daba Z My, (a, b)z" T2
k=0 k=0

0o k
=1—2ax + a%a® + 4b2* Z lz My(a, b)Mk_g] zF
k=0 Le=0

—4bY " My _s(a,b)z* +4aby " My, _s(a, b)z*
k=2 k=3

=1—2azx + a*z® — 4b Z My,_o(a, b)z”

k=2
) oo [k—4
+4aby " My_s(a,b)a* + 46> | " My(a, b)) My_r—4(a, b)} x
k=3 k=4 L¢=0

=1—2az + a’z* — 4b[My(a, b)z® + M (a,b)z*] + 4abMo(a, b)z*

—4b> " My _s(a,b)2* +4aby " My_s(a, b)2*
k=4 k=4

oo [k—4
+ 45 Z Z Mg(a, b)Mk_g_4(a, b)] .Tk

k=4 1L4=0
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=1—2az + [a® — 4bMo(a,b)]2” + 4blaMy(a, b) — M (a,b)]z?

o) k—4
— 4bz My _2(a,b) — aMy_5(a,b) — bZM@(a, b)My—¢—4(a,b) ¥
k=4 =0

which means that
a® — 4b = a® — 4bMy(a,b), 4blaMoy(a,b) — M;(a,b)] =0,

and
k—4
My._s(a,b) — aMy_3(a,b) = b > My(a,b)Mg_¢_a(a,b) =0, k>4,
£=0
Consequently, the identities in and the recursive formula (9) follow.
Taking (a,b) = (1,1), (a,b) = (2,1), and (a,b) = (3,1) respectively in (9) and
considering the three relations in (6) lead to (I5)), (16]), and immediately. The
proof of Theorem 3 is complete. ([l

4. TWO REMARKS

Remark 1. From the proof of Theorem 1, we can conclude that

d" M, p(x) A" M, p(z) A" My p(z)  u™(x)
2 a, a, a, o
This implies that the generating function M, ;,(z) expressed in (5) is an explicit
solution of the linear ordinary differential equations
2 {0 () + 20z f 7D (2) + n(n = 1) fO72 (@) = Fuap(2)

for all n > 2, where, by (19) and (20) or (1)),
nl(4b—a?)" /(1 — ax)? — 4bx?
n+1p [a+ (40 — a?)z]?

n 25(28 — 3)!! Vi [a =+ (4b _ az)x]%
* 04— a2yt <n - €> (1= az)? — 4bz2]0"

Frsap(@) =

Remark 2. This paper is a company and continuation of the article [24].
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