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Abstract

In this work, meshless methods are applied for the solution of two-dimensional steady-state heat conduction prob-
lems with nonlocal multi-point boundary conditions (NMBC). These meshless procedures are based on multiquadric
radial basis function (MQ RBF) and its modified version (i.e. integrated MQ RBF). The proposed meshless meth-
ods which were recently published in [1] is compared with standard collocation method (i.e. Kansa’s method).
Three different sorts of solution domain are considered in which Dirichlet boundary condition is specified on some
part of the boundary and is related to the unknown function values at a discrete set of interior points. The influ-
ence of NMBC on the accuracy and condition number of the system matrix associated to the proposed methods
is investigated. The sensitivity of the shape parameter is also analyzed in the proposed methods. Performance of
the proposed approaches in terms of accuracy and efficiency is confirmed on the benchmark problems.

Keywords: Meshless method; Integrated MQ RBF; Steady-state heat conduction equation.

1 Introduction

Meshless methods for the solution of differential equations are being successfully applied in
various fields of science and engineering, and, they are more effective and suitable for complex
domains as compared to mesh-based numerical methods. Since a set of independent points are
required for meshless methods, so they are often better suited for complex geometries to cope with.
The computational costs associated with mesh-based numerical methods are hence eliminated.
Because of mesh generation, mesh-based methods are time-consuming [2]. Meshless methods can
be easily extended to multi-dimensional complex geometries. In comparison to meshless methods,
other traditional numerical methods such as finite difference methods, finite element methods,
or finite volume methods are usually limited to problems involving two or three spacial variables
(space dimensions).

Literature suggests that MQ RBF is considered the best in accuracy among different types
of RBFs, however, the shape of the function is controlled by shape parameter €. The € effects
the accuracy of the method where its optimal value can lead to good approximations. However,

*The author to whom all the correspondence should be addressed. Email:zaheeruddin@cecos.edu.pk (Zaheer-
ud-Din)

© 2020 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202009.0751.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 September 2020 d0i:10.20944/preprints202009.0751.v1

determination of the optimal value of the € is an open problem and there is no such mathematical
theory developed so far that find its optimal value. Another drawback is the condition number
of the interpolation matrix. The ill-conditional system matrix arises in the case of globally
supported RBF's as the separation distance % max;.; ||z; — xjl2, 1,5 = 1,2,3, ..., N, between data
points decreases for fixed values of the shape parameter € [3]. Many prominent researchers have
used a different value of the shape parameter in the hope to accurately handle such problems.
Both constant and variable shape parameters are recommended. For instance, in an early work, a
formula which depends on the spacing between centers for shape parameter was given by Hardy [4]

N
0.815>" i=1d;
€e=—7
where N is number of collocation points and d; is the distance from the 4t center to its nearest
neighbor. Later on, a smallest circle enclosing all data points is considered and the shape parame-

ter was recommended as 1—3\‘;’ times diameter of this circle [5]. The shape parameter \/Lﬁ was used

for solution of nonlinear PDEs in [6]. In [7], two optimal values of the shape parameter 1.03 and
1.42 were recommended for MQ RBF whereas for Gaussian basis, a range 0.003 — 0.03 was given,
for solving cantilever beam and perforated strip plate problems. In [8-10], it is concluded that
splitting of shape parameter into x- and y- axes give good result i.e., €, = h, N2 and €y = hyNj,
where h, and h, are positive constants, but condition number of the collocation matrix is high.
Further different selection procedures of shape parameter can be found in [11-19].

In this paper, a meshless discretization technique based on MQ RBF and its modified form
i.e integrated MQ RBF is applied for the numerical solution of elliptic PDEs with nonlocal
boundary conditions (NBC). In the last decades, RBF-based collocation technique for the solution
of nonlocal boundary value problems has been vital research area in many branches of science
and hence was successfully applied to solve such problems numerically [20-22]. One-dimensional
hyperbolic equation with integral boundary condition was studied in [23]. The two-dimensional
diffusion equation subject to a nonlocal condition involving double integral along with Neumann’s
boundary conditions was formulated in a rectangular region. Such type of problem is solved
numerically using meshless collocation method [24]. In paper [25], The RBF-based collocation
technique was also applied to investigate the influence of nonlocal conditions on the optimal
selection of shape parameter €, conditioning, and accuracy of the method. A mnonlocal two-
dimensional Poisson equation was solved with two-point and integral boundary condition which
was formulated on one side of the rectangular region. Later, in [10], comparison of RBF-based
collocation technique with Haar wavelets-based collocation technique was studied for the same
problem. Because of the splitting of shape parameter into x- and y-direction its effect on the
accuracy of the problem in hand was also investigated. The influence of shape parameter ¢ and
the distribution of nodes on the accuracy of the RBF-based collocation technique was investigated
by considering multidimensional linear elliptic equation with integral conditions [26]. Recently,
the RBF-based meshless method has been applied to elliptic PDEs with NMBC [27].

Since it is known that meshless method can be successfully applied to solve such kind of
nonlocal problems. However, it was shown (e.g., see paper [10,25,27]) that due to the nonlocal
parameter -, the condition number k of the system matrix involved and accuracy of the method is
affected. It is shown that RBF-based collocation technique give quite good results for the optimal
value of shape parameter [25,27]. On the other hand, for the optimal value of shape parameter,
the accuracy and conditioning are also slightly affected by the NBC. The aim of this paper is to
investigate the effect of this parameter on the property of the RBF-based method using integrated
MQ RBF. Now-a-days, integrated RBF(s) are successfully implemented in solving miscellaneous
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differential equations. An MQ-RBF integrated twicely with fixed value of shape parameter € is
used by [28] to solve one-dimensional problems. Elliptic problems are solved by [29] through
multi domain integrated RBF collocation method. Higher order ODEs and PDEs are solved by
integrated RBF method in the papers [30,31]. Further detail about integrated RBFs can be
found in [3,32-34].

2 Governing equation

A general form of the diffusion equation is given by [1]

0% 0% 0% 0 . 0 ) 0 .
kl,l(v)@u(v) + 2k1 2(V) 8x8yu(v) + k272(V)87y2U(V) + %kl’l(v) + —yklg(v) —u(V)+
0

@m(w N ay’@v?(")) aayu(v) — @), v=(ny)eq

The above model is subject to mixed boundary conditions:
e Classical Dirichlet boundary conditions:

u®) = g(¥), vell. (2)

e Nonlocal multipoint boundary conditions:

n

u(®) =Y qu¥) =hF), VT, Ve, (3)
=1

where * C  are set of discrete distinct scattered points inside the solution domain and n
is the number of these scattered points. Throughout the paper we will take n = 10 otherwise
it will be mentioned. It is also assumed that the distribution of the points v} on the solution
domain will be fixed. The given functions are ki 1, k1,2, k22, f, g, h, and the parameter . € is
the interior portion of the solution domain and I' = I'y U’y are the boundary part of the solution
domain such that 'y NI’y = () and T's # (). The NBC defined on the boundary T’y is reduced to
Dirichlet boundary condition when v = 0.

3 The numerical scheme

Let us divide the solution domain into three disjoint set. The set of inner distinct scattered

nodes
Q= {(zj,97) 111 (4)
and the set of distinct scattered boundary points
¢ M
I = {(xh?yll)}ll;l? (5)
f‘Q = {(wlwylz)}l]\;[ila (6)

such that  C Q, f‘l c I'1, and f‘2 C I'y. N is the total number of data points inside the solution
domain and M = M;j + M is the total number of boundary points on the boundary I'. We
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also assume that the points v* are not included in Q i.e., O* C Q but Q* ¢ "Q. Furthermore,
throughout the paper a given RBF inside the solution domain is denoted by

$i(v) = o([lv = vill2), (7)

where the centers v; = (x;,v;),4 = 1,2, ..., N are distributed inside the solution domain. Similarly,
if the centers Vi, = (2, yx), k = 1,2, ..., M are distributed on the boundary I, then the RBF on
the boundary is given by

$k(V) = o[V — Vil[2)- (8)

Recently, RBF-based method is used to solve two-dimensional steady-state PDEs with three
different types of boundary conditions (Dirichlet, Neumann, and Robin boundary conditions) in
anisotropic and inhomogeneous media [1]. In [1], an approximate solution is sought in the form

N
u(®) = uy(¥) + 3 A (9), (9)
=1

where basis uy(V) is a smooth function which satisfy the boundary conditions, ;(¥) is a sum of
the given RBF. w;(V) called the correcting function, is chosen such that:

¢i(@r, yr) + wi(xr, yx) = 0. (10)

It is to be noted that in paper [1], trigonometric basis, polynomial basis and RBF basis are used
to find the functions uy(V) and the correcting function w;(v). However, we use here just MQ
RBF and integrated MQ RBF to find these functions.

This algorithm strictly divide the approximation of boundary conditions and approximation
of differential equation inside the solution domain in case of Dirichlet, Neumann, and Robin
boundary conditions (for more detail see [1]). However, in case of NBC the values of the solution
u on the boundary part I's is related to the values at the interior points. So, boundary conditions
cannot be approximated separately because the values of the solution w at the boundary I'y are
unknown.

Equation (9) can be rewritten in the form

N

M
u@) = 3" Bon (@) + 3 N(6i(%) + wil%)), (11)
k=1

i=1
where

M
wi(¥) =Y Peidr(¥).
k=1

The correcting function w;(v) are determined from condition (10). While, the unknown param-
eters Bk, k = 1,2,3,..., M and \;, i = 1,2,3,..., N are determined by substituting (11) in the
governing equation (1) and collocate at the interior and boundary points of the solution domain.
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ie.,

005+ Raa(9) 2006 + (ka9 + obia(9)) oul)+

Z 0 0
Zﬁk{kl,l({’)@fbk(‘?) + 2k12(v )
k=1
N 2
(Zh1al9)+ Shaal®)) mon(@)}+ 3 Alhia(5) g (B19) + 9D + 2h1a(6) o (819) + )+
i=1

(5@(@) + fkm(v)> ;;(@(o) (@) + (ikm(o) + gyk2,2(0)> aay(@(o) @)+

ko2 (v ) (¢z( ) +wi(V)} = f(v), veQ,
Zﬁm(ﬂ =9(v), vely,
N n
Z/Bk <¢k Z’Y¢k Vi ) - Z)\i (Z wﬁi(f'l*)) = h(v), v el
i=1 —

(12)

The above system (12) are solved for the unknowns g, k =1,2,3,..., M and \;, i = 1,2,3,..., N.
The approximate solution u is obtained by substituting these unknowns in (11). The numerical
implementation of this method contains two stages. At first stage, the correcting function w;(V)
is approximated. At the second stage, the correcting function w;(¥) is used to solve system (12).
When ¢(v) is MQ RBF we named the method as RCM1 and when it is integrated MQ RBF the
method is named as IRCM1.

The standard collocation method known as Kansa’s approach is explained here. In Kansa’s
approach, the approximate solution is sought in the form
N+M

= ) (), (13)
=1

where the centers are distributed inside the solution domain and on the boundary i.e., v; €
QUT; UTy. Substituting (13) in (1), (2) and, (3) we have

& NG 9? 02, (o 9 NI
D Mlh1a) i) + 261000 1) + ko) 00 + (ka9 + hna®)) o)+

(aikl,m n aayzm(v)) ()} = 19 ven,

N+M .
> i) = g(9), vely,
=1

N+M

Z Ai (dJZ ny(z% vl ) = h({’)7 v eTs.
(14)

This system (14) of linear equations is solved for \;, (i = 1,2,3, ..., N+ M) to get the approximate
solution (13) of (1). In this procedure when ¢(v) is MQ RBF, the method named as RCM2 and
when it is integrated MQ RBF the method is named as IRCM2.
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3.1 Integrated MQ RBF

It is shown in the numerical section that integrated RBF methods give quite a good result as
compared to standard non-integrated RBF methods. In order to achieve new basis for numerical
solution of differential equations, RBF is integrated several times w.r.t r. In the present paper,
we will use MQ RBF as

MQ = /1 + (eor)?, (15)

where r is the Euclidean norm.
Six times integration of MQ RBF (15) with respect to r, give the basis functions [3]

V14 (er)? {40(er)8 — 1518(er)* + 1779(er)? — 128} + 105er sinh ! (er) {8(er)* — 20(er)? + 5}'

IMQ6 =
Q6 2016006

(16)
The parameter €, in (15) is a shape parameter but the symbol is changed to distinguish it from
the shape parameter in (16). In our study €, will be represented the shape parameter for MQ
and e will be denoted the shape parameter for IMQ6. The MQ RBF can be integrated easily
using a computer algebra system. In paper [3], the first four members of the integrated RBF
family based on MQ RBF were listed. The benefit of IMQ6 is that it is not much sensitive to
the shape parameter as compared to MQ. The IMQG6 basis function gives quite good results for a
wide range of €, but to find optimal € is still challenge in this case as well. In case of IMQ6 basis,
the value of € is taken ¢ = 80 in our study. But this value is not the optimal value of the shape
parameter. In the case of MQ basis, we will take the value of €, = 2 otherwise will be mentioned
during the investigation.

4 Numerical experiments

In this section, the numerical results and the effect of non-local boundary condition (3) are
demonstrated for (1). We discussed here different type of RBF-based collocation methods i.e.,
RCM1, IRCM1, RCMZ2, and IRCM2. The effect of the shape parameters on the accuracy and s
of the system matrices of the proposed methods is also investigated. This section shows that the
proposed methods IRCM1 and IRCM2 are less sensitive to the selection of shape parameters as
compared to RCM1 and RCM2.

Various error measures are used to estimate the accuracy of the numerical method. Among
them one is L,,,s error norm which is defined as

Lrms = \| > u@@) —u(¥)2, (17)

=1

where u(v) and u(Vv) represent the exact and the approximate solutions respectively. One can
also check the numerical stability of the method by & of the system matrix involved. A well con-
ditioned system matrix is having small value of x, while a system with larger value of x indicates
that it is ill-conditioned. A built-in-function matlab command cond(...) is used for this purpose.
The benchmark problems having scattered interior points are taken from Halton set that utilizes
the following matlab coomands R = haltonset(Dim), craetes halton set on dimension Dim,

O = scramble(R, RR2’), give duplicate set and RR2 is a scramble type,

X = net(O,M), generates M x Dim matrix contain the first M points in dimensions Dim from
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Figure 1: Model domain for test problem (1).

the point set O.

Test Problem 1. The partial differential equation is given in (1) with constant coefficients
ki1,1(v) = —1, k12(¥) = 0 and kg 2(V) = —1 reduces to Poisson equation and studied in Ref. [27]
with the same nonlocal multipoint boundary condition. We consider the same problem with the
same analytical solution

u(¥) = zexp(y® — 1). (18)

The domain is a unit rectangle having a cut of the radius R = 0.5, which is depicted in Fig. 1
(left). The functions f, g and h are calculated according to the exact solution (18).

The representation of the solution domain and distribution of the nodes are depicted in Fig.
1. In Fig. 1 (right), the distinct scattered points marked with black dot represent an interior
portion of the solution domain. The regularly distributed points marked with red dot represent
the boundary part I'; and the regularly distributed points marked with green dot represent the
boundary part I';. The scattered points marked with red asterisk are the points of the set Q*.

In case of Test Problem (1), the effect of the shape parameters (e or ¢,), the parameter v and
the nodes are shown in Figs. 2 and 3 on the proposed methods using IMQ6 and MQ RBF as
basis functions. From these figures, we can see that the methods based on IMQ6 RBF are better
in accuracy and conditioning as compared to the methods based on MQ RBF. However, when
the shape parameter is large, x of the methods based on M(@Q RBF is small but the accuracy of
the methods is low. The methods RCM1 and RCM2 also give quite good results for some value
of €, (see Fig. 3). The proposed methods IRCM1 and IRCM2 give reasonable accuracy for a
wide range of € (see Fig. 2). Figure 3 (right) shows that the RCM2 is accurate than the RCM1
for dense grid and ¢, = 2. However, x of RCM2 is worse than RCM1.

Fig. 2 indicates that the IRCM1 is slightly good in conditioning than IRCM2. However,
TRCM2 are much better in accuracy for a small value of e. When the value of € increases the
error norms of the methods come close to each other (see Fig 2 (left)). The conditioning of both
methods IRCM1 and IRCM2 are going to become better, up to certain limit when the value of e
increases. After this limit, it does not much affect the x of the coefficient matrix. The behavior
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Figure 4: Model domain for test problem (2).

of IMQ6 RBF is same as the MQ RBF which give quite good results for a small value of shape
parameter along with high x of the coefficient matrix. Figures 2 (left) and 3 (left) also indicate
that accuracy of the IRCM1 and IRCM2 is better for a very wide range of the value of € as
compared to the RCM1 and RCM2.

The effect of the collocation nodes on the accuracy of the proposed methods based on IMQ6
basis is also investigated. The value of the shape parameter is considered ¢ = 80. The methods
IRCM1 and IRCM2 give quite good results. As the nodal points increase, we see good agreement
between solutions of IRCM1 and IRCM2 with exact one. However, k increases for dense nodes
while keeping the fixed value of the shape parameter ¢ = 80.

The NBC (3) is defined comparatively on a small part of the boundary. But from Figs. 2 and
3 (middle), we see that the NBC has a quite strong negative influence on the « of the coefficient
matrices correspond to the methods RCM1, RCM2, IRCM1, and IRCM2. However, this influence
is weak in case of IRCM1 and IRCM2 as compare to the methods RCM1 and RCM2. From Fig.
2 (middle), we can observe that both the methods IRCM1 and IRCM2 give same lowest and
highest value of error norm. The highest and lowest error norms are 6.222¢~" and 6.184e~"
corresponding to v = 2 and v = 0. The influence of the NBC (3) is also weak on the k of the
coeflicient matrices correspond to the methods IRCM1 and IRCM2 as compared to the methods
RCM1 and RCM2. When ¢, = 2 and ¢ = 80, the methods RCM1 and RCM2 are most poorly
ill-conditioned either the absolute value of « increases as compared to the methods IRCM1 and
TIRCM2.

Test Problem 2. Consider the equation given in (1) with variables coefficients k1 1(¥v) = 5(1 +
22 +y?), k12(v) = 1+ % and ko 2(V) = 3(1 4+ 2% +y?). The functions f, g and h are chosen such
that the exact solution gets the form [1]:

u(¥) = cos(y) exp(z — y).
Here in this example, we have considered an irregular-shaped domain defined by
z =p(0)cos(d), y=p(0)sin(d), p(0)= 0<0<2m, (19)

where p(0) is the radius of the domain which depends on the polar angle 6.
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The representation of the domain for Test Problem (2) is depicted in Fig. 4. In Fig. 4 (left),
the boundary parts 'y (0 < 6 < 27/3) and I'; (27/3 < 6 < 27) are represented by red dashed
and green solid lines respectively.

The influence of shape parameters, the parameter v and nodal points on the accuracy and
conditioning of the methods are shown in Figs. 5 and 6. The accuracy of IRCM2 is good as
compared to the method IRCM1 for different values of shape parameter ¢ as shown in Fig. 5
(left). Although, both the methods are most poorly ill-conditioned for a small value of shape
parameter € while the method IRCM2 give high accuracy for a small value of ¢ than IRMCI.
It can be observed from these figures that the accuracy of the methods and k of the coefficient
matrices for a fixed value of € increases when the number of nodes increases. In contrast to the
methods based on MQ RBF, the & of the coefficient matrices of IRCM1 and TRCM2 is small.
This is because of € which is large and is equal to 80. The system matrices of the proposed
methods are ill-conditioned for a small value of €. In addition, the effect of the parameter v on
the methods IRCM1 and IRCM2 is also small. The method IRCM2 give slightly accurate results
for all values of v, even though the x of the coefficient matrix of IRCM1 is high for some values
of v as compared to the method IRCM2 (see Fig. 5 (middle)).

For dense nodes, the RCM2 give quite good results for ¢, = 2 as compared to RCM1 as
shown in Fig. 6. However, the results obtained from IRCM1 or IRCM2 and the conditioning of
the methods are much better there. Again in this example, the NBC (3) has a strong negative
influence on the conditioning of the methods based on MQ RBF. From Fig. 6, we see fluctuation
in x of the coefficient matrices associated with the methods RCM1 and RCM2 as well as in error
norms as the value of v changes. This fluctuation in error norms occur due to the small value of ¢,,.

Test Problem 3. Reconsider the differential equation given in (1) with constant coefficients
k11(V) = 3, k12(v) = 1.5 and ko 2(Vv) = 2. The functions f, g and h are chosen such that the
exact solution gets the form [1]

u(v) = sin <\%> cosh (2‘1/;%1; - ‘f(?%) .

The representation of the domain for Test Problem (3) is depicted in Fig. 7. The curve I's UT
is called Cassini curve and is defined by parametric equation: [1]

1/3
x = %p(@) cos(f) — é, Yy = gp(ﬁ) sin(6), p(0) = <cos(30) +14/2— Sin2(39)> , 0<0<2m,

(20)
and rest of the terms give same meaning as defined in Test Problem (2). We consider Neumann
boundary condition on the boundary part I';. The normal component of the heat flux on the
boundary is of the form:

_ (klyl(\?)aiu(\?) + ]{:172(0)6(111(\7)) Ny — <k‘1’2(\7)£ju + kg’ggyu(\?)> ny = q(v), (21)

where ¢(V) is some given function. n, and n, are the components of unit outward normal vectors.

10
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influence is interestless.
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Figure 6: Test Problem 2, Accuracy and k versus €,, v and N: I = 94, I'y = 46, v =1, €6 = 2 and N = 320 when its
influence is interestless.
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Figure 7: model domain for test problem (3).

Since it was shown in the paper [1] that RBFs approximation of the mixed connected boundary
conditions, i.e., Dirichlet boundary condition is specified on some part of the boundary and
Neumann condition is defined on the rest of boundary, is too much low in accuracy. If we specified
Neumann boundary condition on boundary part I';, then the accuracy of the boundary condition
will be too low. Since, we use RBF's approximation (i.e., using MQ or IMQ6 RBF) to approximate
the mixed connected boundary condition, i.e., the multi-point and Neumann boundary condition,
and the solution inside the domain. So, obviously, it will also affect the approximate solution
inside the solution domain. To avoid this problem, we used the same procedure as it is done above
for Dirichlet boundary condition but replaced the system of equation obtained from boundary
part I'y with

M 5 ) , ,
Lt (F1a9) g n8) 4 B2 3 ) o+ (Fnal9) 00+ aag - 9) ) -

N
; Ai{ <k1,1(f/)8(1(¢z’(0) +wi(V)) + k1,2(\7)§y(¢i(\7) + wi({,))) o+ (22)

<k1,2({’)88$(¢z‘(<’) +w;i(V)) + k2,2(%(¢i(‘7) + wz(ff))) nyt = q(¥), verl.

The influence of shape parameters (e or €,), the parameter v and the number of nodes for
Test problem (3) are shown in Figs. 8 and 9. It can be seen from Figs. 8 and 9, (right) that the
proposed methods give good accuracy for dense grid whether RBF basis are MQ or IMQ6. But
the x of the coefficient matrices associated with the methods RCM1 and RCM2 are high. From
Fig. 8 (top middle), we see that when « = 0 the error norms of the methods IRCM1 and IRCM2
are 1.175¢~% and 1.226e~6 respectively.

Now we check the influence of the parameter v on the methods IRCM1 and IRCM2 when the

shape parameter is small. The value of the shape parameter ¢ = 2 is taken for each problem. We
see from Fig. 11 that IRCM2 give quite a good accuracy for a small value of shape parameter in
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Figure 8: Test Problem 3, Accuracy and & versus €, v and N: ' = 67, I'y = 33,v=1,€, =2, e =280and N = 312 when

its influence is interestless.
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Figure 9: Test Problem 3, Accuracy and & versus €,, v and N: I = 67, I'y = 33, vy=1, ¢ =2 and N = 312 when its
influence is interestless.
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Figure 12: Test Problem 1-3, Accuracy and k versus N. € = 150, ¢, = 2 and v = 20.

all Test Problems 1-3. The accuracy is good when the value of 7 is zero or near to zero. It can
be observed from this figure that the x and the accuracy of the proposed methods deteriorate
when the absolute value of « increases. In contrast, when the value of shape parameter is high
(i.e., € = 80) the x deteriorates but the accuracy does not affect much when |v| is increased (see
middle of Figs. 2, 5 and 8). The absolute error of IRCM1 and IRCM2 of the unknown solution on
the boundary part I's is shown in Fig. 10. From this figure, we observed that both the methods
IRCM1 and IRCM2 give quite a good accuracy.

Accuracy in term of error norm and conditioning of the coefficient matrices correspond to
the proposed methods are shown in Fig. 12. The value of the parameters are ¢ = 150, ¢, = 2
and v = 20. We observed from this figure that the proposed methods based on integrated MQ
RBF perform well both in terms of accuracy and conditioning. We have also seen that different
types of boundary conditions (i.e. Dirichlet and Neumann conditions) do not much affect the
conditioning and accuracy of the proposed methods IRCM1 and TRCM2.

5 Conclusion

A collocation method based on MQ and IMQG6 is set up for the numerical solution of elliptic
boundary value problem with variable coeflicients involving NMBC. The comparison is made
between Kansa’s approach and the method discussed in the paper [1]. This approach can be
extended to a higher dimension without any effort. However, two-dimensional problems with
Dirichlet and Neumann boundary condition was considered in the different domain for examina-
tion. Based on benchmark examples, we conclude:
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e For large value of the shape parameter €, we have seen better agreement of the numerical
solution of IRCM1 and IRCM2 with the exact solution (see Figs. 2, 3, 5, 6, 8 and 9).

e For a wide range of shape parameter, the collocation method based on IMQ6 RBF give quite
good results while on the other side a method based on MQ RBFs is very sensitive. Accurate
results can be obtained from both the collocation methods based MQ and IMQ6 RBF for the
optimal value of shape parameter which is still an open problem.

e The method based on IMQ6 RBF is well conditioned as compared to the collocation method
based on MQ RBF (see Fig. 10) for large value of shape parameter e. However, the methods
IRCM1, IRCM2, RCM1 and RCM2 become most poorly ill-conditioned for small value of shape
parameter € (see Figs. 2, 3, 5, 6, 8 and 9).

e The methods IRCM1 and IRCM2 are less restrictive to the NMBC for large value of shape
parameter as compared to a small value of shape parameter i.e., when the shape parameter is
large then accuracy of the methods IRCM1 and TRCM2 are approximately same for all values of
~ and k increases when the absolute value of v increases (see Figs. 2, 5 and 8). On the other
side, for a small value of shape parameter the accuracy of the methods IRCM1 and TRCM2 also
decreases (see Fig. 10).

e The method based on IMQ6 RBFs give quite good results for coarse and dense grid while
Kk is also better as compared to the methods RCM1 and RCM2 (see Fig. 10).
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