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Abstract

Safe and sample-conscious controller synthesis for nonlinear dynamics benefits from reinforcement
learning that exploits a model of the plant. A nonlinear mass–spring–damper with hardening effects
and hard stops is considered. Two data-driven models are employed to enable off-plant training: a
piecewise linear model assembled from operating-region linear descriptions and blended by triangular
memberships, and a global nonlinear autoregressive model with exogenous input constructed from
past inputs and outputs. Q-learning is performed with the model in the loop using an error-indexed
discrete state space, a finite force alphabet, and a reward that balances absolute tracking error with its
short-horizon decrease. When the trained agents are deployed on the true plant for reference tracking,
the piecewise linear model tends to yield tighter regulation near the setpoint and reduced steady-state
bias, while the nonlinear autoregressive route requires less prior structural knowledge and a simpler
data-collection campaign, at the cost of larger residual error in the tested scenario. These findings
indicate that model-based Q-learning with data-driven models enables off-plant policy learning while
containing experimental risk. Observed performance reflects a trade-off between fidelity obtained from
localized linearization and generality afforded by global nonlinear regression, as well as design choices
in state discretization and reward shaping. Prospective improvements include adaptive membership
shaping, richer regressors, and limited on-plant refinement to reduce model–plant mismatch.

Keywords: model-based reinforcement learning; system identification; Q-learning; non-linear control;
machine learning

1. Introduction
In controls, traditionally, a mathematical model of the system to be controlled is used for the

design, simulation, and tuning of a controller. System Identification (SI) has been used in substitution
to physical modelling in order to extract models from experimental data and hence allowing for
controller development [1–3]. Additionally, SI has served as a basis for adaptive control system, where
the dynamics of the system change with time, [4].

SI algorithms have been developed to infer nonlinear models [5], time varying models [6], as well
as models of unstable systems [7], in the time domain as well as in the frequency domain, [8,9]. The
latter one is a difficult proposition, as many dynamic systems cannot operate in an unstable mode due
to the danger of damage, destruction, or even harm to humans. Hence, a number of closed-loop SI
algorithms have been reported in the literature which make use of a controller to operate the system in
closed-loop. The SI algorithm then utilized the known controller dynamics to compute the open-loop
system dynamics. Hence, SI for unstable systems do require some priory knowledge, in particular for
the controller design, [10,11].

With the onset of Deep Learning (DL), SI algorithms have been augmented by DL methods,
[12]. For example, to extract time varying load parameters of uncertain power sources, using multi-
modal long short-term memory (M-LSTM) deep learning methods, [13]. Recent advancement in
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Reinforcement Learning (RL) has seen an increased interest in utilizing this type of machine learning
for controller design, [14–16]. In particular, the role of SI can be addressed using RL, and in some cases,
the direct method of using RL for controller design without learning the model of the system, [12,17,18].
The former approach addresses the modeling and controller design problems simultaneously using
model-based RL. However, for unstable systems, systems that are expensive to operate, and systems
that may be destroyed while being in operation, regular RL approaches may not be most suitable,
[19,20]. In particular, regular RL algorithms that depend on large experimental data sets.

This present work is a conceptualization of two alternative RL approaches, that may be suitable for
systems that either operate as an unstable system, disintegrate or get damaged during experimentation,
or are just too expensive to run as a physical system. The first conceptual RL approach proposed
in this work is based on partitioning the operating range into subsets where linear models can be
fitted through system identification approaches. A fuzzy logic-based merging of the different linear
models is employed to formulate one overall nonlinear model to represent the overall system. In
subsequent steps, this model is utilized in a regular RL algorithm to meet closed-loop dynamic
response specifications. The second conceptual RL approach utilizes a non-linear autoregressive with
exogeneous input model to capture the system dynamics using system identification. This nonlinear
model is then utilized in the same fashion as the first RL approach.

The objective of this work is to address RL based control design for nonlinear systems, which
may serve as basis to extension work where unstable systems are being addressed using RL using the
system identification for unstable systems. This work does not address the convergence issue for the
proposed conceptual RL based approaches.

2. Related Work
2.1. Model-Based Reinforcement Learning

Reinforcement learning (RL) enables an agent to learn control strategies by interacting with an
environment and maximizing a cumulative notion of reward. Unlike model-free approaches, which
rely solely on trial-and-error interaction, model-based reinforcement learning (MBRL) incorporates
an explicit model of the environment to predict future state transitions and rewards [21,22]. This
predictive capability allows planning to be interleaved with direct experience, thereby improving
sample efficiency and control performance. The process flow in a generic model-based reinforcement
learning is depicted in Figure 1.

A general model of the environment is characterized by two main components:

P(s′ | s, a), R(s, a), (1)

where P(s′ | s, a) represents the transition model that predicts the probability distribution of the next
state s′ given the current state s and the action a, while R(s, a) denotes the expected reward function
associated with a state–action pair.

The use of such a model supports three fundamental aspects of MBRL:

1. Model Learning: estimation of the transition and reward models from interaction data, often
through system identification, regression, or neural network approximation.

2. Planning: utilization of the learned model to simulate trajectories, enabling the agent to evaluate
policies without direct environment interaction.

3. Policy Optimization: improvement of the policy or value function based on real and simulated
experience.

The key optimization elements in Model-Based Reinforcement Learning include exploration
strategies, model fidelity, sample efficiency, and stability and robustness. Exploration strategies, such
as ϵ-greedy and upper confidence bound (UCB), are utilized to balance exploration and exploitation.
In model fidelity, accurate predictions are ensured while avoiding overfitting to specific trajectories.
Sample efficiency is where simulated rollouts reduce the demand for expensive real-environment
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interaction. Finally, stability and robustness are particularly important when approximations or
nonlinearities are present.

MBRL algorithms may combine elements of both model-free and model-based reasoning. One
widely adopted example is the Dyna architecture [21], where real experience updates the model and
value function directly, while additional planning steps use simulated experience generated from the
model. Such integration allows the learning process to benefit from both data-driven accuracy and
predictive foresight.

Agent / Policy
π

Real Environment
(Plant)

Collect transitions
(s, a, r, s′)

Learn / update model
P(s′ |s, a), R(s, a)

Model-based planning
(simulate rollouts)

Q-function update
Q(s, a) ← Q(s, a) + αδ

Figure 1. Process flow in Model-Based Reinforcement Learning.

2.2. Q-Learning

Q-learning is a temporal-difference control algorithm that learns an approximation of the optimal
action-value function Q∗(s, a) without requiring a model of the environment [23]. Within an MBRL
framework, Q-learning can be enhanced by using simulated experience to augment real interactions.
The action-value function is defined as

Qπ(s, a) = E
[

∞

∑
k=0

γkrt+k+1

∣∣∣∣∣ st = s, at = a, π

]
, (2)

where π is the policy, γ ∈ [0, 1) the discount factor, st, at, and rt are state, action, and reward values at
the current time stamp respectively, and rt+k+1 the reward received k + 1 steps into the future.

Q-learning employs an off-policy scheme, meaning the policy used to select actions (the behavior
policy) may differ from the policy being improved (the target policy). In practice, an ϵ-greedy strategy
is often adopted for exploration, while updates always aim toward the greedy (optimal) policy. This
separation enables learning of the optimal value function independently of the current exploration
strategy. The algorithm uses temporal-difference (TD) learning, which updates value estimates by
bootstrapping from subsequent predictions. The TD error is defined as

δt = rt+1 + γ max
a′

Q(st+1, a′)−Q(st, at). (3)

The update rule for Q-learning is then given by

Q(st, at)← Q(st, at) + α δt, (4)

where α ∈ (0, 1] is the learning rate. This update occurs at every time step, enabling online refinement
of value estimates.

The pseudo-code for Q-learning is summarized as follows:
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Algorithm 1 Q-learning Algorithm

1: Initialize Q(s, a) arbitrarily for all states s and actions a
2: for each episode do
3: Initialize starting state s
4: for each step in the episode do
5: Select action a using ϵ-greedy policy from Q(s, :)
6: Execute action a, observe reward r and next state s′

7: Compute TD error: δ = r + γ maxa′ Q(s′, a′)−Q(s, a)
8: Update value: Q(s, a)← Q(s, a) + αδ
9: Set s← s′

10: end for
11: end for

By integrating Q-learning into the MBRL setting, the learned model can generate synthetic
transitions (s, a, r, s′) to further update the Q-function. This hybrid approach leverages the stability
of temporal-difference learning while exploiting the predictive capability of the environment model,
improving efficiency in complex nonlinear control tasks.

3. Approach
The proposed model-based reinforcement learning framework for non-linear dynamics is de-

signed for a virtual mass-spring-damper system (NL-MSD) with non-linear characteristics, treated as a
true system.

3.1. Mass–Spring–Damper Dynamics with Hardening Nonlinearity

Let x(t) denote position and v(t) = ẋ(t) velocity. The input u(t) takes values from a finite set
U = {−F,− F

2 , 0, F
2 , F}, where F > 0 denotes a fixed force magnitude. The admissible position range is

x(t) ∈ [−L/2, L/2] with L = 5, i.e., x ∈ [−2.5, 2.5]. At the range boundaries, velocity is forced to zero
to emulate hard stops.

The continuous-time model with mass m > 0, viscous damping coefficient c > 0, linear spring
gain k > 0, sinusoidal spring gain parameter g > 0, and a cubic hardening coefficient h > 0, the force
balance reads

m ẍ(t) = u(t) − c ẋ(t) − k sin
(

g x(t)
)
− h x3(t). (5)

The boundary constraint (hard stops) defines the admissible set X = [−L/2, L/2]. The state
constraint enforces

x(t) ∈ X for all t, and if x(t) ∈ {±L/2} with outward velocity, then ẋ(t) = 0. (6)

In practice, this is implemented by saturating x to X and zeroing the velocity at the boundaries.

The discrete-time Euler form with sampling time ∆t = 0.01 s and the state zk =
[

xk vk

]⊤
, a

forward-Euler step yields

vk+1 = vk +
∆t
m

(
uk − c vk − k sin(g xk)− h x3

k

)
, (7a)

x̃k+1 = xk + ∆t vk+1, (7b)

xk+1 = proj[−L/2, L/2](x̃k+1), (7c)

if xk+1 ∈ {±L/2} and (x̃k+1 /∈ [−L/2, L/2]), set vk+1 ← 0, (7d)

where projX (·) denotes Euclidean projection onto X .
The action set or the input uk at each step results from a discrete action ak ∈ {1, 2, 3, 4, 5} via

ak ∈ {1, 2, 3, 4, 5} =⇒ uk ∈ {−F,− F
2 , 0, F

2 , F}, (8)
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with a fixed F > 0 chosen for the experiment. An additive bias B may be included if required by the
test condition.

Two modeling strategies are considered for approximating the system dynamics and enabling
reinforcement learning control as depicted in Figure 2. Model constructions utilizing proposed steps
are detailed in the following sections.
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3.2. Piecewise Linear Model with Membership Functions (PLM)

A data-driven surrogate is constructed by identifying five local linear models around bias points
B ∈ {−10,−5, 0, 5, 10}N. Around each bias, an input u(t) = B + υ(t) is applied, where υ(t) takes
pseudo-random values in {±1}N so that the total force toggles in a small neighborhood of the selected
bias while exciting the plant dynamics. Each experiment records 12,000 input–output samples at
sampling time ∆t = 0.01 s around a specified bias; the measured output is position x(t) and the
applied input is the force u(t), as assembled into an identification dataset object. The experiment
repeated for all the bias level independently to form the local linear models.

Continuous-time identification and discretization process is carried for each bias data record,
a second-order transfer function model is estimated using tfest (System Identification Toolbox,
MATLAB®). The continuous-time second-order model is then discretized at ∆t = 0.01 s. The re-
sulting discrete numerator/denominator polynomials are stored for each bias case (N1,...,N5) and
(D1,...,D5), and the fit is visualized as shown in Figure 3 to report goodness of fit. The goodness of
fit is measured for each identified model, validation quality is reported as the Best Fit percentage. The
metric is defined as

Fit =

(
1− ∥ y− ŷ ∥2

∥ y− ȳ ∥2

)
× 100%, (9)

where y is the measured output, ŷ is the model-predicted output, and ȳ denotes the mean of the
measured output. A fit of 100% indicates a perfect reproduction of the data, whereas 0% or negative
values indicate that the model performs no better (or worse) than the mean response.
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After discretization, each per-bias discrete model Gi(z) (index i = 1, . . . , 5 for B ∈ {−10,−5, 0, 5, 10})
is represented in the z-domain as

Gi(z) =
ni,1 z−1 + ni,2 z−2

1 + di,1 z−1 + di,2 z−2 , ∆t = 0.01 s, (10)

which induces the recursion

yi[k] = ni,1 u[k− 1] + ni,2 u[k− 2]− di,1 yi[k− 1]− di,2 yi[k− 2], (11)

where u is the measured force input and yi is the model output.
Stitching the local models output to create a global model via triangular membership weighting

is computed at run-time, the five local model outputs {yi[k]} are blended with nonnegative weights
{wi} that satisfy ∑i wi > 0, yielding the stitched surrogate output

x̂[k] =
∑5

i=1 wi(ξk) yi[k]

∑5
i=1 wi(ξk)

. (12)

The weights are triangular membership functions of a scheduling variable ξk (position-related state),
realized as piecewise-linear functions f1, . . . , f5 that activate over overlapping ranges and are zero
elsewhere. The membership function follows the following definitions,

f1(x) =





1, x < −2,

−(x + 1), −2 ≤ x ≤ −1,

0, otherwise,

f2(x) =





0, x < −1.5,

2(x + 1.5), −1.5 ≤ x ≤ −1.0,

−2(x + 0.5), −1.0 < x ≤ −0.5,

0, otherwise,

f3(x) =





0, x < −1,

x + 1, −1 ≤ x ≤ 0,

−(x− 1), 0 < x ≤ 1,

0, otherwise,

f4(x) =





0, x < 0.5,

2(x− 0.5), 0.5 ≤ x ≤ 1,

−2(x− 1.5), 1 < x ≤ 1.5,

0, otherwise,

f5(x) =





0, x < 1,

2(x− 1), 1 ≤ x ≤ 1.5,

1, x > 1.5,

as encoded in the membership routine. In the stitched simulator, each local output is computed from
its discrete coefficients (Ni, Di) as

yi[k] =
(

Ni(2 :)
)

U[k− 1 : k− 2] −
(

Di(2 :)
)

Y[k− 1 : k− 2], (13)

and the final surrogate x̂[k] is produced by (12).
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Figure 3. Piecewise linear model validation at selected biases including the fitting metric.
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3.3. Nonlinear Auto-Regressive Exogenous (NLARX)

A single, global surrogate is constructed by learning a nonlinear autoregressive model with
exogenous input (NLARX) from input–output data generated by the true mass–spring–damper with
non-linearity (MSD-NL) plant. The excitation consists of a pseudo-random force sequence switching
among {−F, − F

2 , 0, F
2 , F} with F = 10 N, yielding an input range of [−10, 10] N. A record of 12,000

samples is acquired at sampling time ∆t = 0.01 s by driving the true nonlinear plant and logging the
position response; minimum dwell times and the total horizon are selected so that the switching signal
adequately excites the dynamics while preserving bounded operation. The data preparation used
here (sample count, sampling time, action set, and pseudo-random switching with dwell limits) is not
optimized for the experiments.

Let xk ∈ R denote the measured position at discrete time k and uk ∈ R the applied force. A
second-order regressor is employed with two past outputs and two past inputs with a one-step input
transport delay:

ϕk =
[

xk−1 xk−2 uk−1 uk−2

]⊤
, ∆t = 0.01 s. (14)

The NLARX mapping takes the form

xk = Fθ(ϕk) + ek, (15)

where Fθ : R4 → R is a static nonlinear function parameterized by θ and ek denotes the one-step
prediction error. In this study, Fθ is chosen as a shallow feedforward mapping with sigmoidal basis
units,

Fθ(ϕ) = c0 +
S

∑
j=1

αj σ
(

β⊤j ϕ + β0j
)
, (16)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 3 November 2025 doi:10.20944/preprints202511.0040.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202511.0040.v1
http://creativecommons.org/licenses/by/4.0/


8 of 14

with parameters θ = {c0, αj, β j, β0j}S
j=1 and σ(·) a logistic sigmoid. This structure corresponds to a

second-order NLARX (two output lags, two input lags, one-step input delay) driven by the regressor
(14).

The identification proceeds by minimizing the one-step prediction error on the collected record
under mild regularization to prevent over-fitting. After learning, the surrogate is validated on the same
excitation profile by computing the predicted position x̂k = Fθ(ϕk) and by reporting the normalized
Best-Fit percentage against the measured xk (definition given in the piecewise-model subsection). A
representative validation plot for the NLARX model is shown in Figure 4, which displays the measured
true response and the model prediction over the validation samples.
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4. Methodology
The objective centers on training a discrete-action agent by Q-learning while bypassing the true

plant and employing a single model per study (either the stitched piecewise linear model or the
NLARX model). Training proceeds for Nep = 300 episodes with T = 3000 steps per episode; the
Q-table is initialized to all zeros and stored across episodes for visualization of learning progress
(surface maps). Episodes are simulated at a sampling time of ∆t = 0.01 s with a force alphabet of five
actions {−F,− F

2 , 0, F
2 , F}; unless noted, F = 10 N.

The state design (error-indexed discretization) is constructed as follows. Let xk denote position
at time step k and x⋆ the target position. The raw tracking error is ek = xk − x⋆, with clipping to the
admissible interval [emin, emax] = [−5, 5] that reflects the ±2.5 unit position range. A 100-state grid is
formed by scaling of the clipped error to indices sk ∈ {1, . . . , 100}:

ẽk = max
(
emin, min(emax, ek)

)
, sk = 1 + round

(
(Ns − 1)(ẽk − emin)

emax − emin

)
, Ns = 100. (17)

State s=50 corresponds to zero error and is the most desirable operating point.
At each step, the agent selects one of the five actions. The action determines a force in

{−F,− F
2 , 0, F

2 , F} applied to the surrogate model for state propagation. The scalar reward combines
a term that depends on the absolute error and a term that depends on the change in absolute error
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between consecutive steps. Denote Ek = |ek| and ∆Ek = Ek − Ek−1. With two positive scalars g and ζ

and the normalization Emax = emax = 5, the instantaneous reward reads

rk = g
1

1 + Ek
− ζ

∆Ek
Emax

, (18)

so that smaller error and decreases in error are rewarded, while increases in error are penalized.
Equation (18) matches the plotted surface (reward as a function of |e| and ∆|e|) as shown in Figure 6,
where the individual penalty and fitness function plots are shown in Figure 5. In training, the decrement
term is realized by a finite difference of the absolute error tracked over time, with normalization by the
error range:

∆Ek = |ek| − |ek−1|, use − ∆Ek
emax − emin

as the signed improvement signal. (19)
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Figure 6. Reward function utilized in the MBRL process.
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Figure 6. Reward function utilized in the MBRL process.

Action selection follows ϵ-greedy exploration with exploration probability ϵ; typical values used
are α = 0.5 (learning rate), γ = 0.9 (discount), and ϵ = 0.1 (exploration), and a scalar gain A > 0 to
scale the reward (reward amplification). The Q-update at step k is
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Q(sk, ak)← Q(sk, ak) + α
(

A rk + γ max
a′

Q(sk+1, a′)−Q(sk, ak)
)

+ η ϕ(sk, ak), (20)

where ϕ(s, a) ≤ 0 is a bounded shaping term that mildly penalizes actions incompatible with the
coarse state region, and η > 0 is its weight. This auxiliary term biases learning toward consistent
actuation while preserving the Bellman target in the bracketed expression.

At the start of training Q ≡ 0; a full tensor of Q-tables across episodes is retained for offline
visualization. Unless otherwise specified, episodes begin from rest (x0 = 0, v0 = 0) and the target
position is drawn within the admissible range to expose the agent to a variety of setpoint locations; the
state index is derived from the clipped error by (17). During training, the surrogate model exclusively
advances the state. For the stitched piecewise model, five second-order local recursions are run in
parallel and blended by triangular membership weights to produce the next predicted position; the
resulting error is mapped to the next state by (17). For the NLARX model, the next predicted position
is obtained by evaluating the nonlinear mapping on the regressor of two past outputs and inputs, with
a one-step input delay; the predicted position then yields the next discrete state via (17). In both cases,
no direct interaction with the true plant occurs during Q-learning rollouts. The Q-table progress as a
heat map is depicted in Figure 7 and 8 for the PLM and NLARX respectively. Filled contour plots of
the Q-table illustrate how the value function evolves from the initial pre-convergence Q-function to
the final convergence.
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Figure 7. Q-table learning status for PLM: (a) at the beginning (after single episode), and (b) at the
end of all episodes.
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Figure 8. Q-table learning status for NLARX: (a) at the beginning (after single episode), and (b) at the
end of all episodes.
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Figure 7. Q-table learning status for PLM: (a) at the beginning (after single episode), and (b) at the end of all
episodes.
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Figure 7. Q-table learning status for PLM: (a) at the beginning (after single episode), and (b) at the
end of all episodes.
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Figure 8. Q-table learning status for NLARX: (a) at the beginning (after single episode), and (b) at the
end of all episodes.
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Figure 8. Q-table learning status for NLARX: (a) at the beginning (after single episode), and (b) at the end of all
episodes.
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5. Performance Analysis
Closed-loop validation is conducted on the true nonlinear mass–spring–damper system after

training the Q-learning agent with one of the two data-driven models (piecewise linear model, PLM,
or nonlinear autoregressive model with exogenous input, NLARX). Each validation run consists of a
single episode of length T = 3000 steps with sampling time ∆t = 0.01 s. The reference input is a unit
position, x⋆ = 1, and the goal is to drive the measured position xk to x⋆ rapidly with small transient
deviation and minimal bias. The trained Q-table is held fixed during validation. Representative
position responses under the two trained agents are shown in Figure 9. In each plot, the measured
position, and the absolute tracking error ek = xk − x⋆ are displayed to highlight convergence, transient
behavior, and steady-state bias.
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Figure 9. Controller validation and closed-loop system response to unit reference: (a) tested on the
agent from the PLM-MBRL, and (b) tested on the agent from the NLARX-MBRL.
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Figure 9. Controller validation and closed-loop system response to unit reference: (a) tested on the agent from the
PLM-MBRL, and (b) tested on the agent from the NLARX-MBRL.

The performance metrics are considered as follows. Let ek = xk − x⋆ denote the tracking error and
N = T the number of validation samples. The mean absolute error (MAE) and the standard deviation

of the error (STD) are defined as MAE = 1
N ∑N

k=1 |ek|, STD =
√

1
N−1 ∑N

k=1
(
ek −MAE

)2. For a
unit step reference, percent overshoot (PO) and settling time (ts) are defined in the standard way:

PO [%] = 100
maxk xk − x⋆

|x⋆| , ts = min
{

k ∆t : |ej| ≤ ε|x⋆| ∀j ≥ k
}

, (21)

with ε = 0.02 unless stated otherwise. The steady-state error (SSE) is evaluated over a terminal window

W and reported as a percentage of the reference magnitude, SSE [%] = 100

∣∣ 1
|W| ∑k∈W ek

∣∣
|x⋆ | .

The principal validation metrics for the two trained agents are summarized in Table 1. Training
sample counts refer to the data used to construct the respective data-driven model prior to Q-learning.

Table 1. Closed-loop performance metrics on the true system for a unit reference (x⋆ = 1).

Model MAE STD SSE [%] Overshoot
[%]

Settling
Time [s]

Training
Samples

NLARX 0.31 0.09 30 12 7 12,000
PLM 0.03 0.10 3 10 7 60,000

The PLM-trained agent exhibits markedly lower mean absolute error and substantially lower
steady-state error relative to the NLARX-trained agent, indicating superior bias rejection around the
unit setpoint and overall tighter tracking. Percent overshoot is slightly smaller for the PLM case, while
the settling time is identical at approximately 7 s for both agents under the stated criterion. The standard
deviation of the error is comparable across the two cases, reflecting similar residual fluctuations about
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the final value once the transient decays. From a data perspective, the PLM approach aggregates
60,000 samples via five operating-point experiments to populate local linear dynamics across the range,
whereas the NLARX approach relies on a single 12,000-sample experiment spanning the full input
range, which results in a more compact data requirement but a larger steady-state bias in the reported
validation. In qualitative terms, the desired performance consists of low overshoot, short settling time,
and minimal steady-state bias while maintaining low error overall and modest training cost. The PLM
results align more closely with these goals at the expense of larger identification data; the NLARX
results illustrate a faster data-collection phase but increased bias and mean error in the tested scenario.
The trade-off underscores that piecewise local linearization over a grid of operating conditions can
yield high-fidelity behavior near the reference at the cost of multiple experiments, whereas a single
global nonlinear regression reduces identification effort but may underfit key nonlinearities or exhibit
bias under the tested reference transition.

6. Discussion
The results indicate that both data-driven models enable off-plant training of a discrete-action

agent that achieves closed-loop tracking on the true nonlinear mass–spring–damper system. The
piecewise linear model (PLM) yields lower mean absolute error and substantially reduced steady-state
bias relative to the nonlinear autoregressive model with exogenous input (NLARX), at comparable
overshoot and settling time. This behavior suggests that locally valid linear descriptions, blended
across the operating range with fuzzy membership attributes, provide an effective basis for value
iteration in the present task when the validation reference is a unit step.

A central trade-off emerges between prior knowledge and data demands. Construction of the
PLM presupposes decisions about model order and about the placement of operating biases at which
local models are identified. Such design choices encode valuable prior information about the plant, but
that information is not always available for complex nonlinear systems or may be costly to obtain. In
contrast, the NLARX route requires less a priori structure and concentrates data collection in a single
experiment spanning the full input range. The observed increase in mean and steady-state error for the
NLARX-trained agent reflects the well-known tension between model generality and bias: a compact
global regressor fitted on a heterogeneous dataset may underrepresent regimes most relevant to the
validation target, whereas locally fitted linear models emphasize fidelity near their operating regions.
The comparison highlights that approaches requiring minimal existing knowledge are attractive and
also challenging, particularly where safety or actuation limits restrict exploratory richness.

Several aspects of the learning formulation influence the reported performance. The discrete
100-state error index imposes a quantization of the value function that bounds achievable accuracy near
the setpoint; finer partitions reduce quantization error but increase sample complexity. The five-action
alphabet constrains the closed-loop authority and contributes to the observed overshoot; richer action
sets reduce actuation quantization at the cost of a larger Q-table. The reward combines absolute error
and its one-step change; this choice accelerates transient improvement yet can amplify sensitivity
to short-horizon variability when the prediction model is imperfect. The hard-stop projection at the
position limits ensures safety but introduces kinks in the closed-loop map; trajectories that graze the
boundary can therefore exhibit non-smooth value updates, which the tabulated metrics do not fully
reveal.

The fidelity gap between the identified model used for training and the true plant used for
validation constitutes a primary source of residual bias. For PLM, model mismatch is dominated
by interpolation across membership regions and by unmodeled cross-coupling between regimes;
careful placement and shaping of the membership functions mitigate these effects. For NLARX,
mismatch arises from regressor under-parameterization, choice of basis nonlinearity, and distributional
differences between training and validation trajectories. Both models generalize from pseudo-random
excitation to reference tracking, but the distribution shift from exploration to a deterministic setpoint
task contributes to the steady-state deviations observed for the global model.
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From a computational perspective, both models are light-weight at run time: PLM requires
the update of a small number of second-order recursions and a convex combination, while NLARX
evaluation reduces to a static nonlinear map on a short regressor. The primary cost lies in data
collection and model fitting, which is higher for the PLM due to multiple operating-point experiments
but lower for NLARX due to a single broad-range experiment. The reported outcomes therefore
present complementary pathways: when modest prior knowledge about order and operating regions
is available, PLM-based training delivers superior bias rejection; when such knowledge is scarce or the
plant is difficult to segment, an NLARX-based route reduces up-front design effort at the expense of
increased steady-state error in the present configuration.

The study remains subject to limitations. Performance is quantified for a unit step target; multi-
step or trajectory tracking, disturbance rejection, and robustness to unmodeled friction changes merit
separate assessment. The use of model-bypassed rollouts mitigates experimental risk but introduces
model-induced bias in the learned value surface, which suggests examining on-line model adapta-
tion or intermittently grounded updates with limited true-plant interaction. Finally, the discretized
state–action setting provides clarity and stability for tabular learning but does not exploit potential
smoothness of the value function; continuous approximators with constrained exploration may reduce
quantization artifacts while preserving safety.

7. Conclusions
The study demonstrates that model-based reinforcement learning with data-driven models en-

ables off-plant policy training for nonlinear regulation while containing experimental risk. A nonlinear
mass–spring–damper with hardening effects and hard stops is addressed using two alternatives: a
piecewise linear model assembled from operating-region identifications and a nonlinear autoregressive
model with exogenous input learned from a single broad-range experiment. Tabular Q-learning
on an error-indexed state space with a finite force alphabet produces controllers that achieve stable
reference tracking on the true plant. A principal insight emerges: performance is governed by a
fidelity–knowledge–data trade-off. Locally identified linear descriptions blended across the operating
range tend to yield tighter regulation near the setpoint, provided that model order and operating re-
gions are known or can be chosen sensibly. A global autoregressive description reduces prior structural
assumptions and simplifies data collection, at the cost of increased residual bias under the tested refer-
ence. The error/discrete-state formulation and the reward combining magnitude and short-horizon
reduction prove effective in practice and remain transparent to diagnose. The methodology is modular
and transferable to other bounded-actuation systems subject to safety limits. Immediate extensions
include adaptive refinement of the state partition, uncertainty-aware planning within the model loop,
and limited on-plant fine-tuning to mitigate model–plant mismatch while maintaining safety.
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