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1. Introduction

The notion of Hopf algebra actions on algebras was introduced by Beattie [6,7] in 1976. A duality
theorem for Hopf module algebras was studied by Blattner and Montgomery [8] in 1985. It generalized
the corresponding theorem of group actions. Moreover, the actions of Hopf algebras [21] and their
generalizations (see, e.g.,[15]) play an important role in quantum group theory [19,20] and in its various
applications in physics [9]. Duplij and Sinel’shchikov used a general form of the automorphism of
the quantum plane to give the notion of weight for Uy (s, )-actions considered here, and completely
classified quantum group U, (sl)-module algebra structures on the quantum plane [13,14], so that the
results are much richer and consist of 8 non-isomorphic cases. Moreover, In [12] the authors used the
method of weights [13,14] to classify some actions in terms of action matrices, the modules algebra
structures of the quantum group Uy (sl(m + 1)) were studied on the coordinate algebra of quantum
vector spaces, and the concrete actions of quantum group U, (sl) on Cy[x, y, z] were researched (also
see [24]). More relevant research can be found at [10,17].

The non-standard quantum groups were studied in [16], Ge et al. obtained new solutions of
Yang-Baxter equations and included the twisted extensions quantum group structures related to these
new solutions explicitly. In [1] one class of non-standard quantum deformation corresponding to
simple Lie algebra sl,, was given, which is denoted by X;(A,_1). For each vertex i(i = 1,--- ,n) of
the Dynkin diagram, the parameter g; is equal to g or —q 1, if g; = g for all i, then X, (A,_1) is just
U, (sly). However, if g; # g;+1 for some 1 < i < n, it has the relations E? = F? = 0in X,(A,_1). Sucha
X4(An—1) is different to U, (s, ). Jing et al. [18] derived a non-standard quantum group by employing
the FRT constructive method, and classify all finite dimensional irreducible representations of this non-
standard quantum group. Cheng and Yang [11] considered the structures and representations of weak
Hopf algebras wX, (A1), which is corresponding to non-standard quantum group X;(A;). We [22]
researched the representations of a class of small nonstandard quantum groups X;(A1), over which
the isomorphism classes of all indecomposable modules are classified, and the decomposition formulas
of the tensor product of arbitrary indecomposable modules and simple (or projective) modules are
established. The projective class rings and Grothendieck rings of X,;(A;) are also characterized.
However, the research on module algebra of non-standard quantum groups has not yet yielded any
results. Consequently, based on the research results of module algebra of quantum groups, we consider
here the module algebra of the nonstandard quantum group X;(A;) on the quantum polynomial
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algebra Cy[x,y, z]. and a complete list of X;(A)-module algebra structures on C;[x,y, z] is produced
and the isomorphism classes of these structures are described.

This paper is organized as follows. In Section 1, we introduce some necessary notations and
the concepts. In Section 2, when t = 0, we discuss the module algebra structures of X;(A) on the
polynomial algebra C[x, y, z] using the method of weights [13,14]. We study the concrete actions of
X;(A1) on Cq4[x, y, z] and characterize all module algebra structures of X;(A;) on Cy[x, y, z]. In Section
3, we study the module algebra structures of X;(A;1) on Cy[x,y,z] with t # 0. In the same way of
section 2, We study the concrete actions of X;(A1) on Cy[x,y, z] and characterize all module algebra
structures of X;(Aq) on Cy[x,y, z].

2. Preliminaries

Throughout, we work over the complex field C unless otherwise stated. All algebras, Hopf
algebras and modules are defined over C; all maps are C-linear.
Let (H,m,n,A, ¢ S) be a Hopf algebra, here A and ¢ are the comultiplication and counit of
H, respectively. Let A be a unital algebra with unit 1. We will also use the Sweedler notation
A(h) = L hi @ hi [23].
1

Definition 2.1. By a structure of H-module algebra on A, we mean a homomorphism 7t : H — EndcA
such that:

1. forallh € H,a,b € A, rt(h)(ab) = L re(h})(a) - w(h})(b);
2. forallh € H,(h)(1) = ¢(h)1.

The structures 77y, 717 are said to be isomorphic if there exists an automorphism ¥ of the algebra
A such that Y7y (h)¥~! = 7 (h) forall h € H.

We assume that g € C* = C\ {0} is not a root of the unit (4" # 1 for all non-zero integers n). A
class of non-standard quantum algebra X, (A1) was studied by Jing etc. [18]. By definition the algebra
X4(A1) is a unital associative C-algebra generated by E, F, K;, K; ! (i = 1,2) subject to the relations:

KK =K'K; =1, KjKy = KKy, 1)
KiE =g 'EK;, 2)
KlF = qFKl, (3)
KyE = —q 'EKy, 4)
KyF = *qFKz, (5)
KK T— KK
EF-FE= -1 _ 270 (6)
q—q
E2 =2 —0. )

The algebra X;(A1) is also a Hopf algebra, the comultiplication A, counit ¢ and antipode S are
given as the following

A(I<l) = Ki & Kil (8)
AE)=E®1+ KK 1®E, )
A(F) =1® F+ F® K5 'Ky, (10)
e(Ky) =1, e(E) =0, e(F) =0,
1

S(K)) =K', S(E)=-KiK;'E, S(F)=—FKK;".
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We consider the quantum polynomial algebra Cy[x, y, z] is a unital algebra, generated by genera-
tors x, ¥, z, and satisfying the relations

yx = qxy, (11)
ZYy = qyz, (12)
ZX = gXZ. (13)

Denote by C;[x,y, z]s the s-th homogeneous component of C,[x, y, z], which is a linear span of the
monomials x"™y"2z"3 with ny + my + m3 = s. Also, given a polynomial p € Cy[x,y,z], denote by ps
the s-th homogeneous component of p, that is the projection of p onto C;[x, y, z]s parallel to the direct
sum of all other homogeneous components of C,[x, y, z].

By [2-5], one has a description of automorphisms of the algebra C,[x, y, z], as follows. Let ¥ be
an automorphism of C, [x,y,z], then there exist nonzero constants &, 8,y € C* and t € C, such that

Y:x—ax, y— py+txz, z— yz

All such automorphisms form the automorphism group of C;[x, y, z] denoted by Aut(Cy[x,y,z]),
one can get Aut(Cy[x,y,z]) = C x (C*)*. In the following sections, we will explore the classificaion of
X;(A1)-module algebra structures on Cy[x, y, z].

3. When t = 0, Classification of X;(A1)-Module Algebra Structures on C|[x, v, z|

In this section, our aim is to describe the X;(A;)-module algebra structures on C;[x, y, z], with
t = 0, ie. the automorphism of C, [x,y,z] as follows

Y(x) =ax, ¥Y(y)=py, ¥(z)=1z (0prelC),
and Aut(Cy[x,y,z]) = (C*)?, here K1, Ky € Aut(Cy[x,y,z]).

3.1. Properties of X,(A1)-Module Algebras on Cy[x,y, z]

By the definition of module algebra, it is easy to see that any action of X, (A1) on Cy[x,y,z] is
determined by the following 4 x 3 matrix with entries from Cy[x, y, z]:

Ki(x) Ki(y) Ki(z)

definition | Kp(x) Ka(y) Ko(z)

MUET RS B Ee | 9
F(x) F(y) F(z)

which is called the full action matrix. Given a X;(A1)-module algebra structure on Cy[x, y, z], obviously,
the action of Kj(or K3) is determined by an automorphism of C, [x,y,z], in other words, the actions of
Ky and K; are determined by a matrix M, as follows

Mk, definition ( KIEx
(15)

where &;, B; € C* fori € {1,2}. It is easy to see that every monomial x™y"2z" € Cy[x,y,z] is
an eigenvector of Kj(or K5), and the associated eigenvalue ay"' 129" (or ay'' f3275°) is called the
Ki-weight (or Ky-weight) of this monomial, which will be written as

wtg, (xMy"22") = oy By,
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Wi (F"My"22") = 4y By 5"
We will also need another matrix Mgr as follows
definition ( E(x) E(y) E(z)
= . 16
Mer ( F) F) FG) 1
Obviously, all entries of M are weight vectors for K; and K5, then
wtg; (Ki(x))  wtk, (Ki(y))  wtg; (Ki(z))
definition wtK.(Kz(x)) wik. (Kz(]/)) wtg, (Ka(z))
WtK,(M) — i i i
wtg, (E(x))  wi,(E(y))  wt,(E(z))
wtg,(F(x))  wtk (F(y)) wtk,(F(z))
wtg, (x) wtk, () wi.(z)
> ‘ZUtKi(x) ‘w{"Ki (]/) 4ZUtKi Z) (17)
(1) g wtg (x) (D)7 lq g (y) (=)' wik(2)
(1) lqutk(x) (1) Mqutk(y)  (=1) qut,(2)
o Bi i
_ &j Bi Vi

(D gty (<) gl (<1 g,
(D lgs (Dl (<1,

where the relation A = (a5) > B = (bst) means that for every pair of indices s, t such that both as; and
bst are nonzero, one has ag; = bg;.

We denote by (M) j the j-th homogeneous component of M, whose elements are just the j-th
homogeneous components of the corresponding entries of M. Set

0O 0 O

0O 0 O
M), = , 18
(Mo ap by co (18)

/ ! !
ay by <

where, ag, by, co, a(, b}, ¢, € C. Then, we obtain

wtg, ((Mgp)y) ( g lar g1 g ) g ( 111 ) , 19)
0 0

qu gt qm 111
-1 —1 -1
—q e —q B2 —9 ™ 11
wt M > > ’ 20
K, ((MEF)g) ( gtz B> 472 )0 (1 11 ), (20)

According to g is not a root of the unit and relations (19)-(20), it means that each column of Mgp
should contain at least one 0.

An application of E and F to the relations (11)-(13) by using equation (15), one has

E(y)x + By B2yE(x) = qE(x)y + qa; 'axE(y), (21)
E(2)y + 77 '122E(y) = 4E(y)z + qB; ' BayE(2), (22)
E(z)x + 7, '122E(x) = qE(x)z + qa; 'apxE(z), (23)
yF(x) + ay ey F(y)x = gxF(y) + g5 B1F(x)y, (24)
zF(y) + B3 ' B1F(2)y = qyF(z) + 473, 'mF(y)z, (25)

)
zF(x) + txgllel—"(z)x gxF(z) + q’y{l'ylF(x)z. (26)

d0i:10.20944/preprints202504.2576.v1
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After projecting equations (21)-(26) to Cy[x,y, z]1, we obtain

z+c (rxlocZ - q)x =0,
which certainly implies

0

~

bo (1 - g0y "z = ao (8782~ ) = co(1— 87 B2) = bo (7772~ 1)
co (1 - Wflﬂéz) =ap (7{172 - ‘1) a (1 —qp1py ) = b (“1”‘2 = q) =0,
b (1-am177") = cb (8183 —9) = ap(1—am175") = ch(maz" —q) =0.

We will determine the weight constants «;, ; and ;(i = 1,2) as follows:

ag #0 = a1 =g, ay = —(q, By 1,32 = q, i =g

bo#0 = Pi=4q, Po=-q alx=q"1 ylm=g

co#0 = 711=q Yo=—q, BBa=q", ajlar=q7} 27)
ay#£0 = wm=q"', m=—q1 BB'=q", mr =q"

by#0 = Bi=q', Bo=—q' wmay'=¢q, v =45

#0 = m=q"1 m=—q" Bfl=4q an' =g

Because 4 is not a root of the unit, g # +1. Therefore at least one of ag, by, ¢o and aj, b)), c{, is
not zero. In summary, we have obtained the following results for the 0-st homogeneous component
(MEgr)o of Mg

Lemma 3.1. There are 7 cases for the 0-st homogeneous component (MEgr ), of Mgr, as follows:

aOOO
0 00

N

) =a1=q0=—q9p'B=97"1=0q (28)

o

bo

o

co oo oo
co oo
oo o5

o

0
=Spr=qp=—q0 ' 02=q" =g (29)
00 0), 1 1
0 0 ¢
(0 0 g) Sm=qm=—9p"b=0q " a;lea=9q" (30)
0
0 00 _ _ _ N B
(ﬂé 00 >O:>rx1—q L -1 1'131521:‘7 1/717212‘1 1,, (31)
0 0 _ -1 _ -1 -1 _ -1 _ _—1.
B0 =B1=q ,Po=—q 0, =477, =49 (32)
0 0
0 _ B _ N
( ) =rn=q9 Ln=—q9L8 =qmal =g (33)

> it does not determine the weight constants at all. (34)
0
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Next, for the 1-st homogeneous component, due to g is not a root of the unit, one has
wti, (E(x)) = q ey = g twty, (x) # wtg, (x),
wti, (E(x)) = —q Lag = —g 1wt (x) # wig, (x),
which implies
(E(x))1 = my + a2z,
for some a1, a; € C, and in a similar way we have
(Mgr), = a1y +axz bix+byz c1x+cyy
T\ dly+a)z Bix+blz cx+cy .
where by, by, c1,¢2, a7, a5,b], b5, ¢, c5 € C. Therefore
(_1)1'—1(/]—1“1, (_1)1‘—1‘7—1’&, (_1)1'—11/7—1%_
wtg, Mgrp)1) < . . -
( Nt P A G e -

Biorvy; wajor7y; a;orp;
Biory; ajory; wajorpf; |’

Now project (21)-(26) to Cy[x, y, z]> to obtain

b1 (1 - gay "2 ) 2 + by (1= ay Mo )z + a1 (B2 — )% + a2 (B7 B2 — 07 )yz =,
e1(1- 872 )yx + 2 (1= 87 B2)v? + b2 (17172 = q) 2+ bag (172 — 1) ¥z =0,
q(l—q@JM)ﬁ+qq(1—aﬁagxy+qm<%?7¢—Qyz+@(%?yf—ﬂz2:Q
@ (1-aBy 1 )y? +ah (1 - 487 1 )yz + b1 (a7 'or — ) 2% + b5 (a7 "o — 1) ¥z =0,
abi (1= )xz+ 0 (1= vy ' ) 22 + ¢4 (BB — 42y + 5 (B3 "Br —q)v2 = 0,
90 (1= 77 ' )yz + a5 (1= 97 ' m )22 + ¢ (a7 " — 9) 5 + g5 (a7 "o — 1) xy = 0,

which certainly implies

by (1 — qle’ltxz) = by (1 - véflﬂéz) =m (ﬁflﬁz - ‘7) = a2 (ﬁf1ﬁ2 - ‘72) =0

c1 (1 - qzﬂflﬁz) =0 (1 - qﬁflﬁz) =b (71‘172 - q) = blq(vflvz - 1) =0
cl(l-qa;‘az) ::qcz(l——w{laz) ::qa1(7;172-1) ::azq(yflyz-q) -0
@ (1-apiB; ") = a(1- 217" ) = b (mres" —q)

i (1-777") =05 (1-qmn") =i (Bify ! — ) = 5

10 (1-m77") =a(1—qn3?) = ¢ (ma;' —q) = b (waz' —1) =0.

SN—
Il
WS-

As a consequence, we have

m#£0 = Puil=gq =1

m#£0 = Puil=¢, ' =4

b1 #0 = wmay' =q71, 1yt =1, (36)
b #0 = ma;' =1, My =g,

a#0 = ,thxfl =q? zxzocfl =gl

0#0 = ,thxfl =q! zxzocfl =1,


https://doi.org/10.20944/preprints202504.2576.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 April 2025 d0i:10.20944/preprints202504.2576.v1

7 of 21
A0 = Pul=q =1
BH#0 = Pyl =07 w0y =4,
V#A0 = ma'=q"1 myt=1
/ -1 -1 _ (37)
by #0 = ama; =1, M =4,
i #0 = Poag L= g2 zxzocfl =q71,
A0 = Poajl =" aal =1

From the above discussion, for the 1-st homogeneous component (Mgr); of Mgr, we have
following lemma.

Lemma 3.2. There are 13 cases for the 1-st homogeneous component (Mgr); of Mgk, as follows:

( o 8 8 ) = Pr=q a1 pa=—q4 a2, py P2=q,7 2 =1 38)
1

( u(z)z g 8 ) =m=q e, =9 ‘a2, B =01 2= (39)
1

( g béx 8 )1 = pr=qa,pr = —qup,ay 2 =q L 2 =1 (40)

( g béz 8 )1 =>m=q"BLr2=—q "2 ocl‘locz = 1,71—172 =q; (41)

( 8 8 cz)x > = a0 =7 'y,a = —q 1, “1—1az _ q_l,ﬁ{lﬁz — 2)
1

( 8 8 Céy ) =B1=q 1. Pr=—q "1t =18"=q"" (43)
1

( a?y 8 8 )1 = B1=4qu1, o = —qa, By B2 = 4,7, 2 = 1; (44)

< ’ZZZ 8 8 > =7 =407 = —qa,p B =000 2 = 4 (45)

< 8 b?x 8 > = pr=q oy pr=—q wa =g Ly =1 (46)

< 8 zfﬁz 8 > == ahum = —apae e =L =g (47)

( 8 8 cox ) = a1 =q7,00 = —qr2,0] 0 =q B fa=q"%; (48)

( 8 8 Coy ) = B1=q71,B2 = —qro0; a2 =18 pa=q"; (49)

( 8 8 8 ) it does not determine the weight constants at all. (50)
1

3.2. The Structures of X,(Ay)-Module Algebra on Cy[x,y, z]

In this subsection, our aim is to describe the concrete X;(A)-module algebra structures on
Cylx,y,2], where Ky, Ky € Aut(Cy[x,y,z]) = (C*)°.
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By Lemma 3.1 and 3.2, and g is not a root of the unit, it follows that if both the 0-th homogeneous
component and the 1-th homogeneous component of Mgr are nonzero, it is easy to see that these series
are empty. So, we need to consider following possibilities.

Lemma 3.3. If the 0-th homogeneous component of Mgr is zero and the 1-st homogeneous component of Mgp
is nonzero, then these series are empty.

Proof. Now, we show that 0 00 Y 00 -series is empty. If we suppose the
0 0 0 0 0 0 0 1

contrary, then it follows from
KK - KKy

EF — FE = —
qg—9
that within this series, one can have
KK - KK ot — syl
20 _12 1(x) _ 204 _% 1x
q—q9 qg—q9
By a1 # 0, one can get f1 = q_lal,ﬁ2 = —q_loq, ,Bz,Bl_l =g,and '7271_1 =1, hence zxzle_l = —q,and

KK - KK
() =x
q—=q
On the other hand, projecting (EF — FE)(x) to Cq[x, y, z] we obtain
(EF — FE)(x) = E(F(x)) — F(E(x)) = E(0) — F(a1y) = 0,

however, 0 # —x. We have obtained contradictions and proved our claims.
In a similar way, one can prove that all other series with the 0-th homogeneous component of
MEr is zero and the 1-th homogeneous component of Mgr is nonzero are empty. [J

Lemma 3.4. If the O-th homogeneous component of Mg is nonzero and the 1-st homogeneous component of
MEr is zero, then these series are empty.

Proof. We only show that [( cg) 8 8 ) , ( g 8 8 ) } -series is empty. in a similar way, one can
0 1

prove that all other series are empty.
Consider this series, we obtain that

apg#0 = a1 =4, ar=—gq, /32!31_1207, ’7271_1:07-
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and suppose that it is not empty. We set

Kq(x) = gx, Ka(x) = —qx,

Ki(y) = By, Ka(y) = oy,

Ki(z) = mz, K> (z) = 1z,

E(x) =ap+ Y p}ﬂ il x’"lynlzll for mqy,n1,l; €N,

my+ny+1>2 1

E(y) = y pi ol xmly”Z,zl2 for my,ny,l5 €N,
Mytnptlp>2 222

E(z) = p3 . xMymazh for mz,n3,13 €N,
mytngrly>2 00

F(x) = p;Ln nal le4y1’l4Zl4 for My, Ny, l4 € N/
I’I14+1’l4+l4>2 44l

F(y) = pfn el mey”5zl5 for ms,ns,ls € N,
M5+1’l5+1522 575%5

F(z) = Y pfnﬁmléxmﬁy"ﬁzl6 for mg,ng,lg € N,

Mme+ng+1g>2
where B1, B2, 71,72 € C*, and pfﬂinili €C,i=1,2,3,4,56. We have

(KiE — 7 EKq)(x) =K (E(x)) — g 'E(Kq(x))
=Ki(ag+ Y ppnxX™y"z") —q ' E(x)

my+ny+1>2
_ 1 my pny I my gl
=ao + Z pmﬂllllal] 11X tytzt 7E(x)
my+ny+1;>2
_ 1 my g1 N my il
- Z pmlnlll(q 1I31 71 _1)x 1]/ 1z =0,
my+ny+1;>2

then for all mq,ny,l1 € Nwith my +ny+1; > 2, one has P}Vllnlll =0 or qmlﬁ'fl'ylll =1. And

(KoE +q'EK>) (x) =Ko (E(x)) + 9 'E(Ka(x))
=Ka(ao+ Y, P XY ") — g7 qE(x)

my+np+1>2
_ 1 my gny o my, gl
7ﬂ0+ Z pm1n1lla211821721x ly 1zt 7E(x)
my+ny+1;>2
_ 1 my g 1 my ol
= L Pun ((CO)™BY R — D™yt =0,
my+ny+1;>2

then for all mq,ny,l; € Nwith mq +ny +1; > 2, one has p}nlnlll =0 or (—q)mlﬁgl'ylzl = 1. If some

P,lnlnlll # 0 meet the conditions, i.e
1
{ qmlﬁ;ill,)/ll :lll
(—)™By' vy =1,

one can get (—1)"14("+1) = 1, this contradicts with g is not a unit root. Therefore, for all ny,11,1; € N
with my +ny +1; > 2, we have E(x) = ap. By discussing E(y), E(z), F(x), F(y) and F(z) using
methods similar to E(x), we can obtain that

P(x)z{o , P(y)z{o P<z>={°
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KoK 1-K5 Ky

From EF — FE = e , we have
KoK KoKy Pofy —Pa'Br_ -
q—q! q—q 1y g—qly 7
KKK 'Kyt a-at
q- q‘1 q—qly q—q7'z

e IfF(y) =0,then (EF —FE)(y) = EF(y) — FE(y) =0 #y;

s if F(y) :19?10’% then (EF — FE)(y) = pjjE(xy) = p3jpa0y = y, hence pj);, = a;" and
F(y) = a, xy.

e if F(z) =0, then (EF — FE)(z) = EF(z) — FE(z) =0 # z;

o if F(z) = p8,xz, then (EF — FE)(z) = p§y,E(xz) = p$4m0z = z, hence p§;, = a,' and
F(z) = ao_lxz
By E? = F2 = 0, one has F2(y) = F(ay 'xy) = a5 ' (xF(y) + ¢~ 'F(x)y),

e if F(x) =0, then F?(y) = ay 2x2y # 0;

« if F(x) = pjpx% then F2(y) = ay'(ay'x% + ploq 'x%y) = 0, hence p3yy = —qa;" and
F(x) = —qay 'x2.
According to yx = gxy, then

F(yx = qxy) = yF(x) — axF(y) + a3 " F(y)x = B3 praF (x)y
= =05 (" + )%y #0.
In summary, this series is empty. [

Next we turn to “nonempty” series, it only has a kind of "nonempty" series.

Theorem 3.5. The K 8 8 g ) ( 8 8 8 ) ] -series has X;(Aq)—module algebra structures on
1

Cylx,y, z] given by

Ki(x) = Mx, Ky(x) = £Aqx, (51)
Ki(y) = Aoy, Ka(y) = A2y, (52)
Ki(z) = Asz, Kp(z) = £Asz, (53)
E(x) = F(x) = E(y) = F(y) = E(z) = F(z) =0, (54)

where Ay, Ay, Az € C¥, they are pairwise nonisomorphic.

Proof. It is easy to check that (51)-(54) determine a well-defined X;(A1)-action consistent with the
multiplication in X;(A) and in C;[x, y, z], as well as with comultiplication in X, (A7 ). Prove that there
are no other X;(A;)-actions here. Note that an application of (6) to x, y or z has zero projection to
Cylx,y,z]1,ie. (EF — FE)(x) = (EF — FE)(y) = (EF — FE)(z) = 0, because in this series E and F send
any monomial to a sum of the monomials of higher degree. Therefore,

KgKfl — KglKl (x) = oczocfl - alaglx _0
qg—q! qg—q!

Koki' =Ky o BBy —Bifyt
q—q! q q!

KK — Ky Ky (2) = Ty —72 ’h .

qg—q! - g—q!
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and hence

w0yt — a5t = BB — B3 B =127 - 15 2 =0,

which leads to 0(% = 06%, ‘B% = ﬁ% and 'y% = 'y%, letay = Ay, B1 = Ap and 71 = A3, we have ap = A4,
B2 = Ay and 7, = £A3. To prove (54), note that if E(x) # 0 or F(y) # 0, then they are a sum of the
monomials that their degrees are greater than 1. It is similar to the proof of Lemma 3.4, we get that this
is impossible, because they can not satisfy conditions of X,;(A;)-module algebra on Cy[x, y, z].

To see that the X;(A)-module algebra structures are pairwise nonisomorphic, observe that all
the automorphisms of Cy[x, y, z] commute with the actions of Kj and Kp. [

4. When t # 0, Classification of X;(A;)-Module Algebra Structures on C,[x, y, z]

In this section, we suppose the automorphism ¥ of C,[x, y, z] as follows:
¥(x)=ax, ¥(y) =By+txz, ¥(z) =7z (apB,vtecC"),
and Aut(Cy[x,y,z]) = C x (C*)%. One can have
Y lx)=alx, ¥(y) =B ly—ta 1y Iz, ¥71(z) =9tz

In the following, we will begin to discuss the X;(A)-module algebra structures on Cy|x, y, 2]
with t # 0, ie. here K1,K; € C x ((C*)B. In this Section, our research method is similar to Section 3.

4.1. Properties of X;(A1)-Module Algebras on Cy[x,y, z]

It is easy to see that any action of X;(A1) on C;[x, y, z] is determined by the following 4 x 3 matrix
with entries from Cg[x, y, z]:

(55)

Given a X;;(A1)-module algebra structure on Cy[x, y, z], obviously, the action of K (or K3) is determined
by an automorphism of C,[x, y, z], in other words, the actions of K; and K; are determined by a matrix
Mk k, as follows

definition [ Kj (x) Ki(y) Ki(z) 3 (x) B1y) +tixz 71(2)
MK1K2 - - 4 (56)
Ky(x) Ka(y) Kafz) a(x)  Pay) +txz 72(z)
where a;, B;,v;,t; € C* fori € {1,2}.
Lemma 4.1. Forall a;, B;, v, t; € C*, i € {1,2}, either B; = a;y; or t; = (Bi — a;y;)t, where t € C*.
Proof. Forall ;, B;,vi, t; € C*,i € {1,2}, we have

Ki(y) = Biy + tixz and K7'(y) = B; 'y — tiag 'ty Lz
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by (56). It is to easy check K;K; ! (y) = y, and

KiKa(y) = Ki(Bay +taxz)
B1B2y + Bat1xz + tha1 71Xz,
KKi(y) = Ko(Bry +tixz)

= B1Poy + Pit2xz + hiapyaxz.

By the definition of module algebra and (1), we have t1 (B2 — a272) = t2(B1 —a171), fort; € C*,i = 1,2,
hence, either B; = a;7; or % = %, we can write the latter as t; = (B; — a;7y;)t, where t € C*. [

It is easy to see that every monomial x™1z™ € Cy[x, y, z| is an eigenvector of Ky (or K3), and the
associated eigenvalue a}7]" (or ay 175 °) is called the Kj-weight (or K>-weight) of this monomial,
which will be written as

wtg, (x™Mz") = a1y,

wtg, (x™MzZ") = 'ty

We will also need another matrix Mgr as follows
definiti E(x) E E(z
My ( (x) E(y) <>>. &)

Obviously, Ki(x), Ka(x), E(x), F(x) and K;(z),Ka(z), E(z), F(z) are weight vectors for K; and

K5, then
wtg, (Ki(x))  wtk,(Ki(z))
definition | wtg, (Ka(x)) wtg, (Ka(2))
Wi M) = (B ) ()
wti (F(x)) iy (F(z)
wtg, (x) wt, (z)
wtg, (x) wtk, (z)

(—1)-1g Yty (x)  (~1)~'g Twt, (2) 9

(=) qutg,(x) (1) qutg,(z)
& Yi
& Yi
(1) gty (1) gty
(=) gy (1) g

Same as Section 3, we denote by (M); the j-th homogeneous component of M. Obviously, if (M),
is nonzero, one can calculate the associated eigenvalues.
Set ag, by, co, aj, bf, ¢, € C, we obtain the 0-th homogeneous component of M as follow:

0 0 O
0 0 O
M), = . 59
( )0 ay bO <o ( )
ay by </

Then, we have

B B T e D Ll
wtg, ((Mgr)o) —< (—1) g, (1) 1g7; >0N<1 1)0, “
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According to ¢ is not a root of the unit and relation (60), it means that ag and af, (co and ¢{)) should
contain at least one 0.
An application of E and F to the relations (11)-(13) by using equation (56), one has

E(y)x — qE(x)y + KoK; ' (y)E(x) — KoKy (x)E(y) =0, (61)
E(z)y — gE(y)z + KoKy ' (2)E(y) — KoKy ' (y)E(2) = 0, (62)
E(z)x — qE(x)z + KoK{ 1 (z)E(x) — KoK M (x)E(z) = 0, (63)
yF(x) — gxF(y) + F(y)K; 'Ky (x) — gF (x)K; 'Ky (y) =0, (64)

zF(y) — qyF(z) + F(2)K; 'Ky (y) — 9F (y)K, 'Ky (z) =0, (65)
zF(x) — qxF(z) + F(z)K; 'Ky (x) — qF(x)K; 'Ky (z) = 0. (66)

Which certainly implies
bo(1 - ga;'az) = ao (B B2 — ) = co(1 - 4By 'B2) = bo(17"12—q) =0,
Co (1 - Wfllxz> =ag (’Yfl’h - ‘i) = ag (1 —aqp1By ) = 6(“1“{1 - ‘i) =0,
b(1-amny") = co(BiBa" =) =ap(1—gm1; ") = o (may' —q) =

Because g is not a root of the unit, g # %1, and from the above discussion, for the 0-st homogeneous
component (Mgr), of Mgr, we have following lemma.

Lemma 4.2. There are 8 cases for the 0-st homogeneous component (Mgr),, of Mg, as follows:

ap 0 0 _ _
( 0 00 ) Su=qu=—0p"fh=07"N=0 (67)
0 b _
(0 (;] ) ol =0 =g (68)
0 0 ¢ _ 1 _
") sr=amn=—0 =0 el =g} (69)
0 0 O
0 00 _ _ _ _ _
( ) ) Sa=qo=—q kB =g nrn' =9 (70)
a 0 0
0 0 0
( 0 ¥ 0 ) = may =g, =45 (71)
0 0 O _ _ _
) 2= =g hip =g =g (72)
0 0 ¢
0 bp O _ 1
, =o'l =0 n"n=4 (73)
0 by O 1
0 0 0 . . .
( 00 0 ) = it does not determine the weight constants at all. (74)

Next, for the 1-st homogeneous component, due to g is not a root of the unit, one has

wtg, (E(x)) = q_lle = q_lwtKl(x) # wtg, (x),
wig, (E(x)) = —q 'ag = —q~ 'wtg, (x) # wtg, (x),
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which implies
(E()h = mz,

for some a; € C, and in a similar way we have

(Mgr); = a1z bix+by+bz cqx
EF = dz bix+by+biz cx )

where by, by, b3, c1,a}, by, b}, b}, ¢} € C. In fact,

(-1 g ey (1) gty Vi o«
i ((Mer)) “‘( O 0P ) w ) "

Now, we project (61)-(66) to Cy[x, , z], one can obtain the following conclusion.
Ifag # 0, thenay = q,a = —q, B 'B2 = 9,7; 72 = q, and we have

(E(y))1x — q(E(x))1y + qy(E(x)1 + (287" + qt187 ) xz(E(x))o + qx(E(y))1 =0,

b (1 + q)x* + 2qbyxy + a19(1 — q)yz + (29b3 + agtaf; ' + qaot1 7 )xz = 0,

ay = 0,
b =0,
(76)
by =0,
— —ao(t2qh)
bs = =g
If ag = 0, then
(E()1x — q(E()1y + By Bay(E(x))1 — gag ' azx(E(y))1 =0,
by (1 - qa;laz)xz + by (1 — a;laz)yx + b3 (1 — a;loQ)zx +a; (ﬁflﬁz - qz)yz =0,
b #0= a7 aa=¢q"",
by #0 = aj 'y =1,
2 5& = a0 (77)
b37é0:>¢x1_1¢x2:1,
a #0= py'Br=¢q%
Ifcg # 0, theny; = q,72 = —q,ﬁl_lﬁ2 = q_l,rxl_lzxz =g~ !, and we have
(E(2)1y — q(E(W)1z —2(E(y)h — y(E(2))1 — q(tpy" +47 0Py Haz(E(z))o = 0,
c1(1 — q)xy — 2qbayz — by (1 + q)z* — (2qb1 + qeotaBy* + cot1B7)xz = 0,
by =0,
b3 =0,
’ 78)
1 = 0,
by = —ollitat)

29B1
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If ¢ = 0, then
(E(2))1y — q(E(y))1z + 77 'r22(E(y))1 — 9By B2y (E(2))1 =0,
c1 (1 — qzﬁflﬁz) xy + qby ('yflfyz — 1)xz +gby (7;172 — 1)]/2 + b3 (7;1’)/2 - q) 22 =0,
a#0=p'p=q72
by #0 =1,
17 =7 72 (79)

by #0= 7' =1,
b3 #0= 7712 =9¢.

(E(z))1x — q(E(x))1z + 71 "722(E(x))1 — gag *apx(E(z))1 = 0,

(11— Wflwz)xz +a (7{172 )z =0,
c1 7é 0= alilla2 = qfl, (80)
al;é0:>')/1 Y2 = 4.
Ifay #0,thenay =q L, ap = —q7 L, B1By =g~ L, 17, ' = g1, and we have
y(F(x))1 — gx(F(y)1 — (F)1x — (F(x)1y — q(F(x))o(tiag 15 ' — g Moy Ty Hxz = 0,

a1 (1 —q)yz — b} (1 +q)x* = 2qbyxy + (=2qb5 + aphaay ', ' — qaghiay ', )xz =0,

a; =0,
b) =0,
(81)
b, =0,
B! ap(t—qt1)
3 290272

If aj = 0, then
y(F(x))1 — qx(F(y))1 + aay ' (F(y))1x — qB1;  (F(x))1y =0,
b} (0610(2_1 — q) x? + gbh (0610(2_1 — 1) xy + qbs (vclzxz_l - 1)xz + a} (1 - qzﬁlﬁz_l)yz =0,
ay #0=B1py  =q72,
by #0=aa,' =q, 82)

by £ 0= e, =1,
by, #£ 0= ma, ! =1.

Ifcy #0,thenyy =g 1,72 = —q7 1, f1B5" =4¢,mqa; ' = g, and we have
z(F(y))1 — qy(F(2))1 + q(F(2))1y + (F(2)o(tiay 5 — qtany '3 Hxz + q(F(y))1z = 0,

2qbhyz + by (1 + q)z* + qci (1 — q)xy + (2qb] — qcétzo@l’ygl + cétlzxglfygl)xz =0,
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B, =0,
b =0,
; (83)
c; =0,
b = cp(qta—t)
17 2907,
If ¢j = 0, then
2(F(y))1 — qy(F(2)1 + P15 (F(2))1y — qmry (F(y))12 =0,
qby (1 — 'ylfy;l>xz + gb} (1 — ylvgl)yz + b} (1 — qylygl)zz +cf (51[32’1 — qz) xy =0,

B#£E0= 11, =1,

v, =1,

3#0:>71731 1 (84)

by #0= 117, =g,

¢ #0=p1fy =g

z(F(x))1x — qx(F(2))1 + apay ' (F(2))1x — 1175 ' (F(x))1z =0,
cy(aay ! —q)x® +ay (1 —qny, )2 =0,

/ 0 = -1 — 71,

a/1 #* ')’l')’fl q (85)

g #0=mua, =gq.

From the above discussion, and due to g is not a root of the unit, we can obtain the
following lemma.

Lemma 4.3. There are 18 cases for the 1-st homogeneous component (Mgr); of Mgk, as follows:

a 0 0 _ B B -
< é)y 0 0) = pr=q ‘e, pr=—q a,p =g, ' =1 (86)
1
az 0 0 _ B B B
< o o 0) Smn=q o= —0 b =072 =4 (87)
1

0 bix 0 _ 1, -
(0 0 0> = pr=qupr= —quer =g L2 =1 (88)
1
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0 bz 0 _ _ _ _
( 0 (2) 0 ) =11=q9 "BLr=—q9"Bra; =171 =g (89)
1
0 0 cx _ _ _ 1 _
( 0 0 B ) =Sa=q 'y,m=—0 el =" =0% (90)
1
0 0 ¢ _ _ _ _ _
( 00 éy ) =B=q'"1,p=—q "0l =1,p"p2=q"" (91)
1
0 0 0 _ _
/ = B1 = qu, B2 = —qa, By P2 =477 =15 (92)
ay 0 0 1
0 0 0 _ _
) =71 =q01,72 = —qa2, B B =501 2 =4 (93)
a,z 0 0 1
0 0 O _ _ _ 1
) =B1=q 'a,Br=—q ez, a; e =0yl =1; (94)
0 bix 0 .
0 0 O _ _
, =71 =qB1,72 = —qB,a; a2 =1L,7 ' = g; (95)
0 bz O .
00 O _ 1 . _
( 00 x ) =a =qy,0 = —qa; 0 =q B B=q9% (96)
1 1
00 O _ _ _
, = B1=q71,B2=—q12,0, =18 "Bo=q"1; (97)
00 oy /,
( g 8 g > it does not determine the weight constants at all; (98)
1
Ifag #0, then v; = g,0p = —q,ﬁfl[%z =q, 7;172 = gq, and we have
a1 =0,
b =0,
99)
by =0,
_ —ap(t+gh)
bs = 2qp1
Ifcg # 0, then y1 = q,72 = —q,ﬁflﬁz = q_l,al_ltxz = g~ 1, and we have
by =0,
bz =0,
(100)
=0,
_ —co(ti+qtp)
by = 2‘71/51 :
Ifahy #0,thenay =g~ aa = —q~ 1, B1By ' = g7, 117, | = g1, and we have
a; =0,
b =0,
(101)
b, =0,

b/ _ a()(tZ_qtl)
3 29072 °
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Ifcy #0,then vy =q Ly = —q 1, p1By " =g, 95" = g, and we have
bl =0,
by =0,
(102)
c; =0,
b = co(qta—t)
17 29057, -

4.2. The structures of X;(A1)-module algebra on Cqy[x,y, z]

Through the previous discussion, we found that both the 0-st homogeneous component (Mgr),
and the 1-st homogeneous component (Mgr); determine the eigenvalues of x and z. By lemma 4.2
and lemma 4.3, and g is not a root of the unit, it follows that there are 91 kinds of [(Mgr),, (Mgr),] are
empty. Hence, we only discuss the following cases.

Lemma 4.4. If the 0-th homogeneous component of Mgr is zero and the 1-st homogeneous component of Mgp
is nonzero, then these series are empty.

Proof. The proof is similar to the proof of Lemma 3.3. O

Lemma 4.5. If the O-th homogeneous component of Mg is nonzero and the 1-st homogeneous component of
MEr is zero, then these series are empty.

Proof. The proof is similar to the proof of Lemma 3.4. [

—ao(ta+qt)
Lemma4s6. The || @ O 0 ) ([ © 2p - O -series is empty.
0.0 0/,\0 0 0/,

Proof. By (67), onehas a1 = g,a0 = —q,ﬁflﬁz =q, 71_172 =g,and
a ey 2 = —q # 9= By pa

From Lemma 4.1, it can be concluded that t; = (B; — a;y;)t (i = 1,2), where t € C*, and %z =
—aptz.
If we suppose this series is not empty, we have K;(x) = gx,Ky(x) = —qx, and wtg,(E(x)) =

(=1)"1g7a; =1, hence E(x) = ag. Set

Ki(y) = By + (B1 — qm)txz, Ko (y) = Bay + (B2 + 472)txz,

Ki(z) = 1z, Ka(z) = 72z,

E(y) = —aotz+ ¥ 2 x"y"z2 for my,nylp €N,

my+ny+Ip>2 22

E(z)= Y 1/1213l3x”’3zl3 for mz,l3 €N,
1’I13+l322

Flx)= Y 1/131 I xMazla for my,ly €N,
mytl>2

F(y) = y l,bg1 el xm5y”5215 for ms,ns,ls € N,
mstnstls>2 000

Fz)= Y t,bg%léx”‘ézlﬁ for mg,lg €N,
me+1>2

where B1, B2, 71, 7v2,t € C*, and wiznzlz'lpfng,ls'1P314l4'¢?n5n515'¢fnﬁlﬁ € C. According to (61), it can
be obtained

2 np+1 my+1, ny b
2 ¢m2nzlz (q S q)x ? Y 222 =0,
my+ny+Ilp>2
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then for all my,ny,l, € Nwith my +n, + I, > 2, one has 1pr2n2n212 = 0and E(y) = —aptz. Similarly, we
can get E(z) = 0. By (3) and (5), we have

(K1F — qFKy)(x) =K1 (F(x)) — gF(K1(x))
=Ki( Y g x"™E) - PF(x)

my+14>2

= Z lp314l4 (‘7"14'7114 - qZ)xm4ZIA =0,

my+1y>2
(KoF + qFK>) (x) =Ko (F(x)) + qF(Ka(x))
= Y b=y — Pl =0,

my+13>2

then for all my, 4y € Nwith myq 4+ 14 > 2, one has
I
Y, =0 or (—q)™7} =%,

and F(x) = 0 or F(x) = p3,x%.
e IfF(x) =0,itiseasy to get F(y) = F(z) =0, then

KoKt — KK

(EF—FE)(z) =0 # — (z) =z,
q—49
this contradicts our hypothesis.
4 (2
o If F(x) = ¢5,x% by (66), one can get F(z) = %O(gq D xz, and
KK - KK
(EF—FE)(z) = 2L —2 "lz) =,

q—q7!

2qa0

after calculation, we can conclude that F(x) = 7o x? and F(z) = apxz. However

2
F%(z) = F(agxz) = a3 Zz i— 1xzz #0,

this contradicts our hypothesis.

In summary, this series is empty. O

Similar to Lemma 3.6, we can obtain

7 7 7 ! (t—at 7
000 ) '\o 0 0/, g 00 ) 0 Sy o )

, , (gta—t) are empty series.
C o0 )\ o Bz o0 )

Next we turn to "nonempty" series, it only has one "nonempty" series.

0 0 O 0 0 O
tures on the Cy[x,y, z] given by

Theorem 4.7. The K 0 00 ) ( 000 > } -series has two types of X,(A1)-module algebra struc-
0 1

1. forall A, u,t € C*, we have

K(x) = Ax, Ko(x) = +Ax

K(y) = Auy + txz, Ky(x) = £(Apy + txz)

K(z) = pz, Ky(z) = tuz (103)
E(x) = E(y) = E(z) =0, F(x)=F(y) =F(z) =0,
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they are pairwise nonisomorphic.
2. forall A, o, y,? € C*, we have
K(x) = Ax, Kp(x) = £Ax
K(y) = oy + txz, Ky(x) = £(oy + txz) (104)
K(z) = pz, Ky(z) = tuz
(%) (

x)=E(y) =E(z) =0, F(x)=F(y)=F(z)=0
where t = (Ay — o)t € C*, they are pairwise nonisomorphic.
Proof. The proof is similar to the proof of Theorem 3.5. [

5. Conclusions

We investigate the module algebra structures of X; (A1) on quantum polynomial algebra Cy[x, y, z].
Our main contributions are as follows.

1. Whent = 0, the classification of X, (A;)-module algebra structures are given on C,[x, y, z]. We
obtain the following;:

e there are 7 cases for the 0-st homogeneous component (Mgr), of Mgr, see Lemma 3.1;

e there are 13 cases for the 1-st homogeneous component (Mgr), of MgF, see Lemma 3.2;

e there are 90 kinds of [(Mgr),], (Mgr),]-series are empty;

*  X;(A1)-module algebra structures are given and classified on Cy[x,y, z], see Theorem 3.5.

2. Whent # 0, the classification of X;(A1)-module algebra structures were given on C,[x, y, z|.

e there are 8 cases for the 0-st homogeneous component (Mgr), of Mgr, see Lemma 4.2;
e there are 18 cases for the 1-st homogeneous component (Mgr), of Mgr, see Lemma 4.3;
*  X;(A1)-module algebra structures are given and classified on Cy[x,y, z], see Theorem 4.7.

These researches make some preparations on the classification of module algebra structures of X, (A;)
on Cy(x,y,z] forn > 2.
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