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Abstract

The various forms of Airy’s differential equation are discussed in this work together with the special
functions that arise in the processes of their solutions. Further properties of the arising integral
functions are discussed and their connections to existing special functions are derived. A generalized
form of the Scorer function is obtained and expressed in terms of the generalized Airy’s and Nield-
Kuznetsov functions. Complementary functions to the Nield-Kuznetsov functions are discussed, and
higher derivatives of all generalized functions arising in this work are obtained together with their
associated generalized Airy’s polynomials. A computational procedure for the generalized Scorer
function is introduced and applied to computing and graphing it for different values of its index.
Solution of an initial value problem involving the generalized Scorer function is obtained.

Keywords: inhomogeneous Airy’s equation; generalized Scorer function; generalized Airy’s
polynomials; Nield-Kuznetsov functions

1. Introduction

Airy’s differential equation and its associated Airy’s functions date back to the nineteenth
century, [1]. They are as relevant today as they were then due to their many applications in
mathematical physics, optics, electromagnetism and fluid dynamic modeling, among other fields of
endeavour (cf. [2-4] and the references therein). A large number of differential equations in quantum
theory can be reduced to Airy’s equation by an appropriate change of variables, thus adding to the
importance and relevance of studies of Airy’s functions and other related special functions, [3,4].

Although Airy’s equation has been largely studied in its homogeneous form, it is considered in
this work in the following inhomogeneous form, suggested by Miller and Mursi [5], wherein f(x) is
a continuous function of the non-negative, real variable x, and prime notation denotes ordinary
differentiation with respect to the independent variable:

y'—xy =f). M
When f(x) = 0, general solution to Equation (1) can be expressed in the form:
y = a14;(x) + by B (%), @)

where a; and b; are arbitrary constants, and 4;(x) and B;(x) are Airy’s functions of the first- and
second-kind, respectively, [2].

When f(x) = +1/m , Scorer [6] obtained the following general solutions using variation of
parameters. For f(x) = —1/m, general solution to Equation (1) is given by:

Y = a4;(x) + by B;(x) + G;(x), (3)
and when f(x) = 1/m, general solution is given by:

y = azA;(x) + b3B;(x) + H;(x), (4)
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where a,, b,,as; and b; are arbitrary constants.

The functions G;(x) and H;(x) are known as the Scorer functions, [2,4], or the inhomogeneous
Airy’s functions, and arise in Raman scattering in chemical physics and in some engineering
applications, [7,8]. The Scorer functions are related to Airy’s functions by:

Gi() + Hi(x) = By(), 5)

6 = 4 [ B (0t + B,(x) | "4, (6)
0 X

HiCO = B, | T A (Ot - 4,00) | "B, (0t )

When f(x) = k, where k is any constant, general solution to Equation (1) has been obtained in
the following form, [9,10]:

¥ = a3Ai(x) + byB;(x) — kmN; (), ®)

where a, and b, are arbitrary constants, and N;(x) is defined by:
X X
0 0

The function N;(x) was introduced by Nield and Kuznetsov [10] in their analysis of flow in the
transition layer where the governing Brinkman’s equation was reduced to the inhomogeneous Airy’s
equation by a special choice of the permeability function. The function N;(x) is referred to as the
standard Nield-Kuznetsov function of the first-kind, and its main properties were studied by
Hamdan and Kamel [9], including the following relationships between G;(x), H;(x) and N;(x):

6, = NiGo) + 3 B,(2), (10)

HiG) = 3B, — NGO, an

Using (10) and (11) in (3) and (4), respectively, it is easily seen that solutions (3) and (8) are
equivalent when a, = a, and b, = b, + 1/3 , while solutions (4) and (8) are equivalent when a, =
az; by = by +2/3.

In an attempt to offer modelling flexibility in the study of flow through the transition layer, Abu
Zaytoon and Hamdan [11] introduced a permeability model that reduced Brinkman’s equation to the
following generalized inhomogeneous Airy’s equation of integer index n:

Yo = X"V = (). (12)

The homogeneous part of (12), that is when f(x) = 0, was studied by Swanson and Headley [12]
who expressed its general solution as:

Yo = pAy(x) + by B, (x), (13)

wherein a, and b, are arbitrary constants, and the functions A4,(x) and B,(x) are the
generalized Airy’s functions of the first- and second-kind, respectively, defined as:

2p . 1
Ap(x) = ;Sm(pn)(x)zKp(( ), (14)

Ba() = )2 (Lp(©) + 1,D)), (15)

1
where p = n_iz’ { =2p(x)?, and T'(.) is the gamma function. The Wronskian of A,(x) and B,(x)

is given by:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.1495.v2
http://creativecommons.org/licenses/by/4.0/
https://doi.org/https://doi.org/10.3390/sym17081180

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 July 2025

W(4,0), B () = 2 p2 sinGpm), (16)

and the terms I, and K}, are the modified Bessel functions defined by the following formulas in
which j=+v-1:

[oe]

L, = () PK, () = Z m(g)zmﬂ’; (17)
7 (1) = () 8
Kp(©) = 2 sin(pm) : (18

It should be noted that when the index n =1 in Equations (12)-(15), Airy’s equation and its
solutions are recovered, although subscript “i”
the literature.

When f(x) = k, Abu Zaytoon and Hamdan [11] obtained and expressed the general solution to
the inhomogeneous generalized Airy’s Equation (12) as:

is used instead of 1 for consistency with notation in

KT
2\/5 sin(pm)

where the function N, (x) is the generalized Nield-Kuznetsov function of the first-kind, defined as:

Yn = apAn(x) + by By (x) — N, (x), (19)

M) = 4, [ B, @t~ B, [ 4, Ot 20)
0 0

Related to the Nield-Kuznetsov functions, N;(x) and N,(x), that arise and play a significant role
in the solution to the inhomogeneous Airy’s equations, is the parametric Nield-Kuznetsov function
of the first-kind, N, (a,x), with parameter 4, which arises in the particular solution of the
inhomogeneous Weber’s equation of the form:

xZ
y'+ (Z - a) y =K. (21)
General solution to (21) is expressed as:

Yo = aW(a,x) + b;W(a,—x) — kN, (a,x), (22)

where N, (a,x) is defined by:
X X
N, (a,x) = W(a, x)f W(a,—t)dt — W(a, —x)f W(a,t)dt. (23)
0 0

The functions N;(x), N,,(x) and N,,(a, x) are known as the Nield-Kuznetsov functions of the first
kind. Their analysis and applications have been extensivley discussed and documented, [9,10,13],
and include solution methodologies and methods of computations of the inhomogeneous Airy’s and
Weber’s equations with initial and boundary conditions.

Recent work in this field includes the elegant work of Dunster, (cf. [14] and the references
therein), on the Nield-Kuznetsov functions and the use of Laplace transform and uniform asymptotic
expansions. Dunster [14] introduced the concept of a compelemtary function to the parametric Nield-
Kuznetsov function and studied its convergence and its favourable properties, and discussed its role
in the solution of (21).

Analysis of Airy’s polynomials that arise in higher derivatives of Airy’s functions has been
carried out in the elaborate work of Abramochkin and Razueva, [15]. The same Airy’s polynomials,
together with other polynomials, arise in the higher derivatives of N;(x) and are important from
both a theoretical and a practical point of view, as discussed by Hamdan et.al. [16].

Recent developments in the field include analysis of generalized forms of Airy’s equations due
to either their associated applications or due to the arise of many interesting associated special
functions. These include the work of Askari and Ansari (cf. [17] and the references therein) on higher-
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order differential equations and the Mainardi function, and the work of Cinque and Orsingher (cf.
[18] and the references therein) on higher-order, Airy-type equations.

The recent work reported in [11,14,15,17,18], and the references therein, clearly represents an
advancement of the state of knowledge in this field of Airy’s and generalized Airy’s equations, their
solutions and applications. It motivate the current work in which we derive further properties and
representations of these functions, and relate them to other special functions. In particular, specific
objectives of the current work are as follows:

1.  Fill-in some knowledge gaps that exit in the available literature. To this end, the Scorer
solutions to Equation (1), as given by Equations (3) and (4), are used to obtain solutions to
Equation (1) when f(x) =k # +1/k.

2. Introduce complementary functions, albeit divergent, to N;(x) and N,(x) that might be of
importance in asymptotic analysis.

3. Provide representations of all special functions arising in this work in terms of modified Bessel
functions.

4. Advance the state of knowledge by introducing a generalized Scorer function, G,(x).

5. Discuss higher derivatives of all generalized functions arising in this work and obtain their
associated polynomials.

6. Introduce a computational procedure for the newly introduced generalized Scorer function
and applying it to computing and graphing the generalized Scorer function over a subinterval
of the X-axis.

7. Provide a solution to an initial value problem involving the generalized Scorer function.

In order to accomplish the above objectives, this work is organized as follows. In Section 2,
solutions to Equation (1) when f(x) = k # +1/m are expressed in terms of the Scorer functions G;(x)
and H;(x). The function N;(x) is expressed in terms of the primitives of the Scorer functions, and its
complement is derived. The Nield-Kuznetsov and Scorer functions are then expressed in terms of the
modified Bessel functions.

In Section 3, the generalized Scorer function, G,(x), is derived and expressed it in terms of
generalized Airy’s functions and the generalized Nield-Kuznetsov function N, (x). General solution
to Equation (12) when f(x) = k is then derived and discussed. All generalized functions are
expressed in terms of the modified Bessel functions, and a computational procedure for
Gp(x)andN,, (x) is derived and applied to graphing G,(x) for different values of n. Solution to an
initial value problem involving G, (x) is obtained.

In Section 4, higher derivatives of all generalized functions appearing in this work are discussed,
and generalizations of these derivatives are derived and expressed in terms of generalized Airy’s and
other polynomials. Degrees of the resulting polynomials are and expressed in terms of the orders of
the derivatives. Dependence of the polynomials on index n, of the generalized Airy’s equation, is
discussed.

A conclusion to the current work is provided to summarize the key findings, and to define a
direction for future work.

2. Further Representations of Airy’s Related Special Functions
2.1. Solutions to Equation (1) when f(x) =k # ¥1/n

Solutions to Equation (1) when f(x) = k # +1/m are not readily available in terms of the Scorer
functions. However, with the help of the Nield-Kuznetsov N;(x) function and its connections to the
Scorer functions the following proposition provides the form of solutions.

Proposition 1. General solutions to the inhomogeneous Airy’s Equation (1) with f(x) = k are given by:

Y = @i G) + [by + B,Gx) — knGy(x), 4)
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y=a4;(x)+ [bl - gkn]Bi(x) + KnHi(x)]. (25)

Proof. Substituting N;(x) = G;(x) — éBi(x) from (10) in (8), and N;(x) = %B,-(x) — H;(x) from (11)in
(8), yields (24) and (25), respectively. o
2.2. Relationship of N;(x) to the Primatives of the Scorer Functions

In what follows, the relationships between Ni(x) and the Wronskians that involve Airy’s and
Scorer’s functions are established. The following Wronskians have been reported in [4]:

Wy = W(A;(x), G;(x)) = A(2)G"1(x) — G (A’ (%), (26)
Wy = W(4;(x), Hi(x)) = A ()H'(x) = Hi()A' 1 (%), 27)
Ws = W(B;(x), 6;(x)) = Bi(x)G';(x) — G;(x)B";(x), (28)
W, = W(Bi(x), Hi(x)) = BGOH';(x) — H;(x)B"(%). (29)

The right-hand-sides of (26)-(29) have also been expressed in terms of f: A;(H)dt and
Jy Bi(®)dt, [4], as:

f At = % +m{G; () A" (x) — A;(x)G';(x)} = % — W, (30)
x 2 2
[ Aurde = =5 = n{HOA ) — AH' (0} = =5 +7W, 61
0
[ Bt = 76,008/, ~ B, 0} =~ (32)
0
f “Bu(t)dt = —m{H, (OB (x) — BLOOH' () = nW, (33)
Using (30)-(33) in (9) renders the following expressions for Ni(x):
Ni(x) = T {W3B;(x) — W3 A;(x)} — 5 By (%), (34)
Ni(x) = 7 {W,A;(x) = W,B;(x)} + = By(x). (35)

2.3. Bessel Function Representation of Airy’s, Scorer’s and the Nield-Kuznetsov Functions

Airy’s functions, their derivatives and integrals take the following forms in terms of the modified

Bessel functions, [2,4], obtained from (14) and (15) with n =1, p=——=1 and { = 2p(x)% = §x§;
w69 = L]0 -1@)|, (36)
3 3
E _
B = [ [n©+1L60)] @)
o
Ay(x) = —3 1_2(9) —Ig(f)], (38)
L 3 3
B’ =2 -I I
=210+ g(c)], (39)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

d0i:10.20944/preprints202505.1495.v2


https://doi.org/10.20944/preprints202505.1495.v2
http://creativecommons.org/licenses/by/4.0/
https://doi.org/https://doi.org/10.3390/sym17081180

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 July 2025

* 1r* 23 23
f A(t)dt == f ﬁ[l 1(—t7)—11(—t5)]dt, (40)
o 3o -3\3 3\3
fxB()d 1Jx\/'[1 (2 3) I 25 d 41
i(f)dt = — t —t2)+ (—t2>] t,
0 ' V3Jo _% 3 % 3 “h
where the function Iz,/; is obtained from (17) and (18) as
- 1 { omsl
Iz13() = —_1(5)2"”3- (42)
mzlm!l"(m+§+ 1)

Using (36), (37), (40) and (41) in (9)-(11), the functions N;(x), G;(x) and H;(x) canbe written in
the following forms:

N(x)—iy[ 1(—x)f fz t3/2)dt—11(—x2)f Vil t3/2)dt] )
o] (DG GG |
o) [l o) o)
=2 )1 )
(45)

2Vx

“3%3 I 1( x )f \fh t3/2)dt—11(—x2)f NG 1 t3/2>dt]

2.4. Complementary Function of N;(x)
Aspnes [19,20] introduced a function A;;(x) that can be thought of as the complement of
f(f A;(x)dx, and is defined by:
A (x) = j A;(x) = m{A;(x)G"; (x) — A" (x) G; (x)}. (46)
X

Dunster [14] introduced the concept of a complementary function to N,,(a,x) by extending its
definition to [x, +), and discussed its convergence and favourable properties. This complement is
defined by:

N, (a,x) = W(ax) f "W e, —t)dt — W(a, —) f “Wa e, @)
Now, defining Ny, (a,x) = N, (;, x) + N, (a, x), equations (23) arglcd (47) give

N, (a,x) = W(a,x) me(a, —t)dt — W(a, —x) fooW(a, t)dt. (48)

Following the definition introdflced by Dunster, [14], the comploement of Ny(x) is defined as:
RGO =4 [ B @de =B [ 4@ )

From (30) the integral fxm A; ()dt is e;pressed as: ’
f "4, (Odt = 7w, (50)
x

and using (50) in (49) yields:
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[o0]

R = 44 | B (©de = 50, &)
X
Defining N;(x) = N;(x) + N;(x), the following expression is obtained:
NGO =4 | Bide=BiCo [ 40t &)
0 0
Equation (52) can be written, with the help of the value [ 000 A; (B)dt = % as
@ 1
NGO = 400 [ B @de =3B, )
0

Both functions N;(x) and N;(x), defined by Equations (51) and (53), respectively, involve a
divergent integral, namely fooo B; (t)dt . However, they might be of value in future study of
asymptotic behaviour and could serve as comparison functions of other improper integrals or infinite
series.

3. Generalized Airy’s Inhomogeneous Equation

3.1. Generalized Airy’s and Nield-Kuznetsov Functions

Consider the generalized, inhomogeneous Airy’s Equation (12) in which n > —2 is an integer
and f(x) isasmooth function of its real, non-negative variable x. Solution to the homogeneous part
of this equation is given by (13), with the generalized Airy’s functions given by (14) and (15). The
following derivatives of the functions A,(x) and B,(x) are obtained from Equations (14) and (15),

respectively:
A, (x)=p (x) 2 [11 —p <2px2P> — I, (przl’)] (54)
B',(x) = p'/? (x)T [Ip_l <2px5> +1L, <2pxﬁ>]. (55)
Integrals of the generalized Airy’s functions, obtained from (14) and (15), can be written as:
x X 1 1
f A (Ddt = pf t'/2[I_, <2ptﬁ) ~ 1, (Zptﬁ)]dt, (56)
0 0

f B, (t)dt = ff t /2 ZptZP) +1_ <2pt2v)] dt. (57)

Upon using (14), (15), (20) and (54)-(57), the following expressions for N,(x) and N',(x) are
obtained:

06 = 51y (2057 = 1y (20) ) [V, 2009) 4 1. (20 a

1 1
—p()2| 1, (przl’) (58)

ERN N 1 1
+1, <2px2P> f t'/2 [1,, <2pt21’) +1, (ZptZP)] dt,
0
n+1 1
M) = =02 (' |1y (20079

— I,y (Zpt% ] fx t'/2 [Ip <2pt%) +1, <2pt%)] dt (59)

p3/2 (x) 2 [ (Zpt2p> +1,_ <2pt2p ]f t /2 <2pt%> - I, (Zpt%ﬂ dt.
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Complementary function to the generalized Nield-Kuznetsov function of the first-kind is
defined by:

Fu) = 4 ) | Ba (Ot = B () | 4 (0, )
X X
and the sum of N,(x) and its complement is the function Ny (x), defined by:
NiGO = Na) + o) = 4,00 [ B (0t = B () | A (Ot )
0 0

Again, both N,(x) and N;;(x) involve the divergent integral | 000 B, (t)dt, hence both are divergent.

3.2. Generalized Scorer Function

For the special cases of f(x) =&k =+1/m, general solutions to the inhomogeneous Airy’s
equation (1) are expressed in terms of Airy’s and Scorer’s functions given by (6) and (7). When f(x) =
Kk = —1/m, the function G;(x) satisfies equation (1) and when f(x) = k = 1/m, then both —G;(x)
and H;(x) satisfy Airy’s inhomogeneous equation (1). In what follows, a generalized Scorer function
Gp(x), valid for x = 0, is introduced to satisfy the generalized Airy’s Equation (12) for any f(x) =,
including x = +1/m.

Define the generalized Scorer function G, (x) in terms of the generalized Airy’s functions as:

G () = A () f "B, ()dt + Ba(x) f a4, @)
0 X

in such a way that when n = 1, equation (6) is recovered. An expression for G,(x) is provided by
the following proposition.

Proposition 2. The generalized Scorer function G,(x) is expressed in terms of Ny(x) and B,(x) as:

sinprt T'(p).T'(2p)

G,(x) = N,(x) + ) B, (x). (63)
Proof. Equation (62) can be written as:
G, () = A, (x) f "B (0)dt + B, (x) [ f A, (0t — f ‘A, (t)dt]. (64)
Using (20), Equation (64) takes the form: ’ ’
6u) = Na) + B,00) | a4, (e 5)
0

The integral fooo A, (t)dt can be evaluated by applying formula 10.43.19 from DLMF( NIST), [21].
Using (14), [ 000 A, (t)dt takes the form:

[oe] 2 o 1 i
f A, (x)dx = ?psin(pn) J (x)2K, (2p(x)?P) dx. (66)
0 0
Using the substitution x = (%)Zp, integral (66) takes the form:
(o8] 1 (o8]
f A, (x)dx = Esin(pﬂ) : (2p)2‘3pf w3PTIK, (w)du. (67)
0 0

Applying the following integral identity for the modified Bessel function of the second kind, valid
for |Re(v)| < Re(u), namely:

foo t* 1K, (t)dt = 2#7°T (1 ! v) r (1 + ! v) 68
with v =p and u = 3p, integral (67) takes the form:
@ _ sinpr T'(p).T'(2p)
fo A, (O)dt = o (69)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

d0i:10.20944/preprints202505.1495.v2


https://doi.org/10.20944/preprints202505.1495.v2
http://creativecommons.org/licenses/by/4.0/
https://doi.org/https://doi.org/10.3390/sym17081180

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 July 2025

Equation (69) reduces to the known value | 000 A; ()dt = % when n=1 and p = ﬁ = %

Upon using (69) in (65), the expression for G,(x) in (63) is obtained. o

With G,(x) given by (63), general solution to Equation (12) can be obtained according to the
following proposition.

Proposition 3. General solution to the inhomogeneous generalized Airy’s Equation (12) when f(x) = k is
given by:
KT

Yn = apAn(x) + cy By (x) — (). (70)

- Gn
2./p sin(pm)

Proof. Equation (63) provides the following expression for N, (x):

sinpr T'(p).T(2p)
N, (x) = G,(x) — np . z(3p_2)p B, (x). (71)

Using (70) in (19) yields:

C A G+ byl PEEP KT G
Yn = Apip n 2p(3p_3/2) n 2 pS]n(pT[) n . (72)

I'(p).F'(2p)

Letting Ch = bn +K 2p(3P-3/2)

in (72), result (70) follows. o

It is worth noting that when f(x) = k = 1/m, the general solution (72) becomes:

= A()+-b +M-B()—;G()
Y = GnfnlX | " 2mpGr3/a) W7 p sin(pm) e 73)

and when f(x) = k = —1/m, the general solution (72) takes the form:

['(p).T(2p)] 1
~ Zmpersm | B+ e G- 74)

Yn = apdn(x) + | by

3.3. Bessel Function Representation of the Generalized Scorer Function

The generalized Scorer function, G,(x) and its first derivative take the following forms,
respectively, in terms of Bessel’s modified functions, obtained by substituting (15) and (59) in (63),
then differentiating:

Gu(x) = —(px)2 (1 (2px7P)

+P\/I5 (Lp (pr%) =1 (ZPx%D fo" 2 [Ip <2pt%> +1_, (Zpt%)] dt

% g s 1 (75)
+lp(2px2p))\/5f t/2 [1p <2pt2p) +1, (2pt2p>] dt
0
sinpm T'(p).T(2p) 1 1 1
+ T p(3p—2) (px)2 [I—p (prZp) + Ip <2px2p)],
3 n+1 1
Grll(x) = pf (x)T {[Ip—l (Zpth)
(76)

+1_, (Zpt%)] fx t'/2 [1_,, <2pt%> ~1, <2pt%)] dt}
0
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3 n+1 1 1 * 1 1
—p2 (x) 2 [Il_p (Zptzv) I, (2pt2v)] f t'/2 [Ip <2pt2v) +1, (ZptZP)] dt
0

sinpmt T'(p).T(2p) n+l L 1
T T e {pl/z () 2 [’p—1(2pt2p>+’1‘p(2pt2p)]}'

3.4. Values at x = 0 of the Generalized Scorer Function and Its Derivative

The value G,(0) is obtained from (63) as:
sinpm T'(p).T(2p) (%_41,)

G,(0) = . 77
2(0) =) )
where B,(0) = % and N,(0) = 0 have been used. With the knowledge that for a non-integer p,
rl-prlp) = Sin"pn, Equation (77) can be written as:
2
I'(p) sinprm 5
G, (0) = <@Tp> T(2p).p 7. (78)
First derivative of G,(x) is given by:
, , sinpm I'(p).T(2p) _,
Gn(x) = Ny(x) + PG B, (x), (79)
with value at zero given by:
sinpm 3_
61(0) = === 1(2p).pl ), )

1
ot
wherein the values B',(0) = _(pr)(_p)z and N',(0) = 0 have been used.

3.5. Computational Algorithm of the Generalized Functions

Following Swanson and Headley, [12], the generalized Airy’s functions are evaluated using the
following relationships:

_ @' _@P

Prn=Tap) Pn = ey &1
oo k
x(n+2)k
nm(x) =1+ 2k -, 82
Gn1 (X) kzlp U](] =) (82)
= j=1
[e] k
x(n+2)k
() =x|1+ 2k -\, 83)
= j=1
Ap(x) = ppgn1(X) — Ppgn2 (%), (84)
1
B, (x) = ﬁ [PnGn1 (%) + @nGn2 (X)]. (85)

Based on the above, the generalized Nield-Kuznetsov function of the first-kind and the
generalized Scorer function can be evaluated using the following expressions, obtained using (81)-
(85) in (20) and (63), respectively:

2 X X
N, (x) = ﬁpn% {gm(x) f In2(®)dt — gn2(¥) f gm(t)dt} (86)
0 0
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Gn (%) = Wp[pnGn1(X) + @ngn2 (X)] + Ny (x), (87)

where

__sinpr T'(p).T'(2p)
"o T pGr-d)

(88)

For the sake of illustrating the above computational procedure, the generalized Scorer function
Gn(x) is computed for the index values n = 2, 3,6 and 7, over the interval 0 < x < 2, and plotted in
Figure 1, which shows the possibility of turning points at values x > 2. However, verification of
turning points requires more extensive calculations using the above procedure. It should be noted
that all computations were carried out using Maple.

G”[‘c)

X

n=2 .- n=3 — — n=6 — - n=7]

Figure 1. Graphs of G,(x) for 0 <x < 2.

3.6. Initial Value Problem Involving the Generalized Scorer Function

Consider the problem of solving Equation (12) with f(x) = —1/m subject to the conditions:
¥, (0) = a and y,(0) = 8, where a and f are real numbers. From general solution (74) and the
given initial conditions, the following system of two equations in the two arbitrary constants a,, and
b,, is obtained:

@An(0) + B0y = @ = s G (0) + e B, (0), o
, o 1 e

Solution of the above system of equations is given by:

_ mla B4 (0) — B Ba(0)] 4 1[Gy (0) B, (0) — G,(0) B",(0)]
2./p sin(pm) 4p (sin(pm))? ' (91)

n

92)
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_ n[BA,(0) — aA,(0)] | m[G,(0)A;(0) — G,(0)A4,(0)]
= + .
2./p sin(pm) 4p (sin(pm))?

+ I'(p).T(2p)[A,(0)B,(0) — B,(0)A,(0)]
4 sin(pm) pGr-1 '

n

Determination of values of a,, and b, requires a knowledge of the values at zero of 4,(0),
A3 (0), B,(0) and B;(0), which are given by:

P / P
Ap(0) = 21— and A,(0) = — ©3)
1
/2P . @z
B, (0) = (?21—_@ and B',(0) = — £, (94)

Na(0) = N'(0) =0, o)

and G,(0) and G(0), which are given by (78) and (80), respectively. For the sake of illustration,
computations have been carried using the values of a =1, = 2. Once a,, and b, are calculated,
solution y,(x), as given by (74), is computed using the computational procedure of Section 3.5,
above.

Solutions to the given initial value problem are shown in Figure 2, below, for n = 2 and 3.

200

100

504

X

n=2 ----- n=3

Figure 2. Solution to the Initial Value Problem for n = 2 and 3.

4. Higher Derivatives of N;(x),A,(x), B,(x) and N, (x)

In a previous article, Hamdan et.al. [16] discussed higher derivatives of the Nield-Kuznetsov
function N;(x) and the polynomials arising from its derivatives. In what follows, expressions for
higher derivatives of the generalized functions A, (x), B,(x), N,(x), and G,(x) are obtained.

4.1. Higher Derivatives of A, (x) and B,(x)

Consider the homogeneous generalized Airy’s equation, written in the form

Yn' = X"Yn. (96)

The following few higher derivatives are obtained by repeated differentiation of (96):
v =2y +nxlyy, (97)
Y = 2nx™ 1y, + [x?" + n(n — 1)x" ]y, (98)
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yY = [x*" 4+ 3n(n — Dx" 2]y, + [4nx*" 1+ n(n — D (n — 2)x™ 3]y,

(99)
yr'l’i = [6nx?" 1 +4n(n — D(n — 2)x" 3]y,
+[X¥ +n(11n — 7)x* 2 + n(n — (0 — 2)(n — 3)x" "y, (100)
yPi = [x3" + n(23n — 13)x?" 2 + 5n(n — D(n — 2)(n — 3)x™ 4]y,
+[9nx3"" 1t + 2n(n — 1)(13n —11)x*" 3+ n(n— D(n—2)(n —3)(n (101)

- 4)xn_5]yn'
Each of the above derivatives of y, is expressed in terms of y, and y,, whose coefficients are
polynomials. The generalized Airy’s functions, A,(x) and B,(x) satisfy Equation (96) and the
derivatives above. The kth derivatives of A,(x) and B,(x) can thus be expressed in the following

forms:
AP (x) = P () A (%) + Qr(x) A (%), (102)
B (x) = PL(x)B' (%) + Qp (%) By (%), (103)

where P,(x) is the polynomial coefficient of A;(x) and of By(x), and Qx(x) is the polynomial
coefficient of A,(x) and of B,(x) in the kth derivative of A,(x) and B,(x). A few of these
polynomials are shown in the Table 1, below.

Table 1. The Polynomials Pj(x), Qx(x) and Ry (x).

k Py (x) Qi (x) Ry (x)

0 0 1 0

1 1 0 0

2 0 x" -1

3 x" nx™1 0

4 2nx™ ! x+nn—1)x"? —x"
dnx™ 4+ n(n—-1Dn

5 x4+ 3n(n — 1)x" 2 —2)x"3 —3nx"?!

x3" +n(1ln — 7)x?"2 +
6nx?n1 +

4n(n —1)(n — 2)x"3 nn—1)(n-2)(n—- 3)xn_4 —x“" —6n(n— x™"

x3n

+n(23n — 13)x?"2 +
5nn—1)(n—-2)(n
—3)x"*

9nx3"1 4+
2n(n —1)(13n — 11)x?"3 +
nn—1DMn-2)n—-3)(n—4)x">

—8nx?""1 —10n(n — 1)(n
—2)x"3

4.2. Higher Derivatives of Ny(x)
The inhomogeneous generalized Airy’s Equation (1), with f(x) = k, can be written as:

Yo = x"y, + K, (104)

and the function N,(x) satisfies the particular solution to the inhomogeneous generalized Airy’s
Equation (104). We thus have:

Ny (x) = x™"Np(x) = W(A,(x), B,(x)). (105)
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The following few higher derivatives are obtained by repeated differentiation of (105):
N2 () = XN (x) + na N, (), (106)

N (x) = 2nx™ Ny (x) + [x2" + n(n — Dx™ 2]N, (x) — x"W (4, (x), B,(x)), (107)

NP (x) = [x?™ + 3n(n — Dx™ 2N, (x)
+ [4nx?"" 1 + n(n — D (n — 2)x" 3N, (x) (108)
= 3nx™" W (A, (x), B,(x)),

NP (x) = [6nx?™ 1 + 4n(n — 1)(n — 2)x" 3N, (x) +

(109)
[x3" + n(11n — 7)x*" 2 + n(n — 1)(n — 2)(n — 3)x" *]|N,,(x)
— [x?" + 6n(n — Dx"2]W (4, (x), B, (x)),
NPE(x) = [x3" + n(23n — 13)x?" 2 + 5n(n — 1)(n — 2)(n — 3)x™*]N,,(x)
+ [9nx3""1 + 2n(n — 1)(13n — 11)x?"3 110)

+n(n—1)(n—-2)(n-3)(n—4)x""5]N,(x)
—[8nx?""1 + 10n(n — )(n — 2)x™ 3W (4, (x), B, (x)).

Each of the above derivatives of N,(x) is expressed in terms of N,(x) and Np(x). The kth
derivatives of N, (x) is thus expressed in the following form:

Ny (x) = x™ Ny (x) — W(A,(x), B,(x)), 111)

where P,(x), Qp(x) and Ry(x) are the polynomial coefficients of N,(x), N,(x) and the
Wronskian W (4, (x), B,(x)), respectively, in the kth derivative of N, (x). A few of these polynomials
are shown in the Table 1, below.

4.3. Higher Derivatives of G,(x)

The generalized Scorer function G, (x) is defined by Equation (67), which can be written in the
form:

Gn(x) = Np(x) + w, B, (%), (112)

where w, is defined by Equation (88). The following few higher derivatives of G,(x) are obtained
by repeated differentiation of (112):

Gy (x) = x" Gy (x) — W(A,(x), B, (x)), (113)
G)'(x) = x"G},(x) + nx""1G, (x), (114)
62(x) = 2nx" 16,00 + [x27 4 n(n — DX"21G, () — W (4,00, Ba ), 115
GY(x) = [x*" + 3n(n — D)x™2]G),(x) + [4nx*" 1 + n(n — D (n — 2)x™ 3]G, (x) 6
= 3nx" W (A, (x), By (x)), (1o

GYi(x) = [6nx?™ 1 + 4n(n — 1)(n — 2)x" 3]G, (x)
[x3" + n(11n — 7)x?" 2 + n(n — D) (n — 2)(n — 3)x™ *]G,(x) a17)

—[x2" + 6n(n — Dx"2]W (4, (x), B, (x)),
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GPi(x) = [x®" + n(23n — 13)x?" 2 + 5n(n — 1)(n — 2)(n — 3)x™*]G,.(x)
+ [9nx3"1 + 2n(n — 1)(13n — 11)x?"3
+n(n—1)(n—-2)(n-3)(n—4)x""5]G,(x) (118)
—[8nx?""1 + 10n(n — 1)(n — 2)x" 3]W (4, (x), B, (x)).

Each of the above derivatives of G,(x) is expressed in terms of G,(x) and Gy(x). The kth
derivatives of G,(x) is thus expressed in the following form:

G (x) = P(x)GL(x) + Q)G (x) — R (X)W (4, (%), B (x)), (119)

where P,(x), Qx(x) and Ry(x) are the polynomial coefficients of G,(x), G,(x) and
W (4, (x), B,(x)), respectively, in the kth derivative of G, (x). A few of these polynomials are shown
in Table 1, below.

4.4. The Polynomial Coefficients and Iterative Definition of the Higher Derivatives

Polynomial coefficients P,(x), Qr(x) and Rj(x) obtained in the above higher derivatives are
presented in Table 1. Degrees of the polynomials P (x), Qr(x) and Rj(x) are shown in Table 2 and
are expressed in terms of the order of the derivative, k, and the index, n, of the generalized Airy’s
equation. These polynomials are needed to define higher derivatives iteratively, as discussed in what
follows.

Table 2. Degrees of the Polynomials Py (x), Qx(x) and Ry(x).

. Degree Degree
Polynomial )
(when k is even) (when k is odd)
k k-1
Py (%) (§—1>n—1;k24 ( - )n;k23
k k-1
Qr(x) (E>n;k22 ( > )n—l;k23
k k—3
Ry (x) (E—1>n:k22 ( > )n—l;k25

The k+1st derivatives of the generalized functions 4, (x), B,(x), N,(x) and G,(x) take the
following forms:

AYV () = Pryq (DA () + Qppr () Ay (), (120)
B¥(x) = Piyy (B (%) + Quesr () B (%), (121)

N () = Py CON'n () + Qs CONa () = Rira COW (4,00, Bu (), (122

GR V(X)) = Py (06 1 (%) + Quas ()G (%) = Reas COW (A (1), By (). (123)

The polynomial coefficients Pj41(X), Qr+1(x) and Ry,(x), in the k+Ist derivative are obtained
from Py (x), Qr(x) and Ry(x), in the kth derivative using the following relationships:

Py () = Pr(x) + Qi (%), (124)
Qr+1(x) = Qr(x) + x" Py (x), (125)
Rk+1(X) = R],c(x) + Pk(x)' (126)
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Equations (120)-(123) can thus be written in the following final forms that include the value of the
Wronskian, W(A4,(x), B,(x)), as given by Equation (16):

ALY 00) = {PL() + Qe(IAR () + QL) + X" P (0)}An (1), 27y
B&E D (x) = (PL(x) + Qe ()}B (%) + {QL(x) + x™P, (x)}B, (), (128)

NV () = (P + QrCOIN' 2 (1) + Q4 (x) + X P (X)}N, (x)
(129)

2
- ;p% sin(pm) {R (x) + Pr(x)},

G () = {PL(x) + Qr(0)IG (%) + {Qi(x) + x™ P (X)) (%)
(130)

2
— Ep% sin(pm) {Ry, (x) + P (x)}.

It is worth noting that the k+1st derivatives of the generalized Scorer function can be obtained in
terms of the k+1st derivatives of N,(x) and B,(x) by differentiating (112) as follows:

G000 = M) + 0,8 ), s
Using (121) and (122) in (131) yields:
Gt () = Prpr () IN'n () + @B ()] + Qa1 () [Ny (%) + 3By ()] (132)

= Ry 1 (W (A (%), B (x))],
and using (124)-(126) in (132) gives:

G () = {PL(x) + Q)N n (X) + W B n ()] + {Qi (%) + x™ P ()} [Ny (x)
(133)
2
+ By (0] — = pZsin(pr) (RL(0) + Pe()).

4.5. Dependence of the Coefficient Polynomials on Index n

For a given value of index n, if a term in a polynomial involves x to a negative power, that term
is dropped out. For the sake of illustration consider Table 1 when n = 3. The polynomials take the
forms shown in Table 3, below.

Table 3. The Polynomials P (x), Q(x) and Rj(x) for n = 3.

k Py(x) Qi (x) Ry (x)

0 0 1 0

1 1 0 0

2 0 x3 -1

3 x3 3x? 0

4 6x2 x® + 6x —x3

5 x® + 18x 12x> + 6 —9x2

6 18x° + 24 x° + 78x* —x6 — 36x
7 x° + 168x* 27x8 + 336x3 —24x5 — 60

5. Conclusions

The main theme of this work has been the study and analysis of Airy’s and generalized Airy’s
differential equations, and the integral functions that define their particular solutions. An attempt
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was made to fill in gaps that exit in the knowledge-base of the Nield-Kuznetsov and the Scorer
functions. This includes defining the generalized Scorer function and studying some of its properties
and its relationship to other special functions. A computational procedure was introduced for the
generalized Scorer function and used in the solution of an initial value problem involving this
function. Further properties of the Nield-Kuznetsov and the generalized Nield-Kuznetsov functions,
and their relationships to the generalized Airy’s functions, have been discussed. All functions have
been expressed in terms of modified Bessel functions. Furthermore, as higher derivatives of the
Nield-Kuznetsov and Scorer functions give rise to important Airy’s polynomials and generalized
Airy’s polynomials, iterative definitions of the higher derivatives together with iterative methods of
generating these polynomials, have been introduced. While in this work the focus has been on the
generalized Airy’s function with a constant forcing function, future directions in this work will
consider non-linear, variable forcing functions.
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