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Abstract

Sparse training (ST) aims to improve deep learning by replacing fully connected
artificial neural networks (ANNs) with sparse ones, akin to the structure of brain
networks. Therefore, it might benefit to borrow brain-inspired learning paradigms
from complex network intelligence theory. Epitopological learning (EL) is a field
of network science that studies how to implement learning on networks by changing
the shape of their connectivity structure (epitopological plasticity). One way to
implement EL is via link prediction: predicting the existence likelihood of nonob-
served links in a network. Cannistraci-Hebb (CH) learning theory inspired the
CH3-L3 network automata rule for link prediction which is effective for general-
purpose link prediction. Here, starting from CH3-L3 we propose Epitopological
Sparse Ultra-deep Learning (ESUL) to apply EL into sparse training. In empirical
experiments, we find that ESUL learns ANNs with sparse hyperbolic topology in
which emerges a community layer organization that is ultra-deep (meaning that also
each layer has an internal depth due to power-law node hierarchy). Furthermore,
we discover that ESUL automatically sparse the neurons during training (arriving
even to 30% neurons left in hidden layers), this process of node dynamic removal
is called percolation. Then we design CH training (CHT), a training methodology
that put ESUL at its heart, with the aim to enhance prediction performance. CHT
consists of 4 parts: (i) correlated sparse topological initialization (CSTI), to initial-
ize the network with a hierarchical topology; (ii) sparse weighting initialization
(SWI), to tailor weights initialization to a sparse topology; (iii) ESUL, to shape the
ANN topology during training; (iv) early stop with weight refinement, to tune only
weights once the topology reaches stability. We conduct experiments on 6 datasets
and 3 network structures (MLPs, VGG16, Transformer) comparing CHT to sparse
training SOTA method and fully connected network. By significantly reducing
the node size while retaining performance, CHT represents the first example of
parsimony sparse training.

1 Introduction

Over-parameterization[1] represents a significant advancement in deep learning. It has demonstrated
that the loss function experiences a double descent phenomenon as the model complexity increases.
This observation has facilitated the development of large models incorporating numerous modules
and parameters to achieve superior performance. However, this approach places a significant burden
on computational and storage resources, particularly for university researchers, small companies,
and edge devices. As a result, researchers are currently focusing on methods to compress the model
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in order to increase its trade-off efficiency between performance and model size. There are many
possible ways to compress a neural network, including Knowledge Distillation[2] to compress the
model size, Model Quantification[3, 4] to decrease the floating numbers during model training,
sparse-based methods[5, 6, 7, 8, 9, 10, 11, 12, 13] to sparsify the connections in the model, and so on.
Of all the compression-based methods, the sparse-based ones are the closest to the original design of
Artificial Neural Networks (ANNs), which aim to imitate the structure of Brain Neural Networks
(BNNs) where the connections in BNNs have already been proven to be extremely sparse. And in
general, the sparse-based methods have shown good performance in various tasks[10] Current sparse-
based methods can be divided into two categories: a) Pruning[5, 6, 7, 8], which involves starting from
a fully connected network and pruning the connections step by step; b) Sparse Training (ST), which
begins with a sparsely connected network. Dynamic Sparse Training (DST)[9, 10, 11, 12, 13], a type
of ST, is considered the most effective strategy as it can dynamically evolve the network topology.
However, most DST algorithms only utilize the gradient information[10, 13] or randomly assign new
links[9, 12] without considering and exploiting ANNs complex network topology. We believe that
integrating topological network science (or, more specifically, brain-inspired learning paradigms from
complex network intelligence theory) theories into DST could yield interesting results.

Epitopological Learning (EL)[14, 15, 16] is a field of network science inspired by the brain that
explores how to implement learning on networks by changing the shape of their connectivity structure
(epitopological plasticity). One approach to implement EL is via link prediction: predicting the
existence likelihood of each non-observed link in a network. EL was developed alongside the
Cannistraci-Hebb (CH) learning theory according to which: the sparse local-community organization
of many complex networks (such as the brain ones) is coupled to a dynamic local Hebbian learning
process and contains already in its mere structure enough information to predict how the connectivity
will evolve during learning partially. Building upon CH3-L3[17], one of the network automata rules
under CH theory, we propose Epitopological Sparse Ultra-deep Learning (ESUL) to implement EL
in evolving the topology of ANNs based on the DST procedure. Finally, we design CH training
(CHT), a training methodology that put ESUL at its heart, with the aim of enhancing prediction
performance. The experimental results show that CHT performs often better and trains faster than
the SOTA dynamic sparse training algorithm. CHT reduces also the network node size significantly.
Furthermore, in many experiments, CHT can equal or lightly outperform fully connected networks.

2 Related work

In this section, we will introduce some basic notions of DST. Furthermore, we introduce epitopological
learning and Cannistraci-Hebb theory for network automata link prediction, providing the knowledge
to understand our proposed CHT methodology for ESUL in ANNs.

2.1 Dynamic Sparse Training

Dynamic Sparse Training (DST) is a novel training paradigm that can evolve the network structure
efficiently for achieving better performance. It begins with a sparse initialized network and undergoes
the removal and regrown procedure with multiple iterations. The main difference in modern DST
methods is how to regrow the new links of the model. As summarized in Suppl. Table 1, there are
two main streams of regrowth methods, random-based and gradient-based. random-based methods,
such as SET[9], MEST[12], randomly assign new links to the network after removal, while gradient-
based methods, such as RigL[10], extract the non-existing links with top-k absolute values of
gradients. Generally, gradient-based methods perform better since they utilize more information
from the learning process. However, the trade-off is that the backpropagation process of the gradient
transformation is still fully connected. Recently, researchers are exploring ways to reduce the
computation of the backpropagation process using gradient-based regrown[13] or designing some
tricks to improve DST[12, 11, 18]. Therefore, in this paper, we introduce epitopological leaning, a
new brain-inspired paradigm from network science, to evolve the sparse network topology.

2.2 Epitopological Learning and Cannistraci-Hebb network automata theory for link
prediction

Drawn from neurobiology, Hebbian learning was introduced in 1949[19] and can be summarized in
the axiom: “neurons that fire together wire together”. This could be interpreted in two ways: changing
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Figure 1: Illustration of the process of standard DST and ESUL. ESUL incorporates two additional steps for
network evolution, namely network percolation and EL(link prediction). Network percolation involves inactive
neurons removal (INR) and the adjustment of incomplete paths (IPA). In the epitopological learning (EL) part,
which is based on link prediction, after dividing the entire network into several sandwich layers, the chosen link
predictor separately calculates the link prediction score for each non-existing link and then regrows the top-k
links in the same quantity as those removed.

the synaptic weights (weight plasticity) and changing the shape of synaptic connectivity[20, 14, 15,
16, 21]. The latter is also called epitopological plasticity[20] because plasticity means “to change
shape” and epitopological means “via a new topology”. Epitopological Learning (EL)[14, 15, 16] is
derived from this second interpretation of Hebbian learning, and studies how to implement learning
on networks by changing the shape of their connectivity structure. In this study, we adopt CH3-L3[17]
as link predictor to regrow the new links during the DST process. CH3-L3 is one of the best and
most robust performing network automata which is inside Cannistraci-Hebb (CH) theory[17] that can
automatically evolve the network topology with the given structure. The rationale of the CH theory
is that, in any complex network with local-community organization, the cohort of nodes (neurons
in the case of brain networks) tend to be co-activated (fire together) and to learn by forming new
connections between them (wire together) because they are topologically isolated in the same local
community[17]. CH3-L3 perfectly accomplishes this task by reducing the interaction with the nodes
from the external community, which can be formalized as below:

CH3− L3 =
∑

z1,z2∈L3

1√
(1 + dez1) ∗ (1 + dez2)

(1)

where: u and v are the two seed nodes of the candidate interaction; z1, z2 are the intermediate nodes
on the considered path of length three; dez1 , dez2 are the respective external node degrees; and the
summation is executed over all the paths of length three between the seed nodes u and v. The formula
of CH3−Ln is defined on path of any length, which adapts to any type of network organization[17].
Here, we consider CH3 − L3 because the topological regrowth process is implemented on each
ANN sandwich layer separately, which has bipartite network topology organization. And, bipartite
topology is based on the path of length 3 which displays a quadratic closure[14].

3 Epitopological sparse ultra-deep learning and Cannistraci-Hebb training

3.1 Epitopological sparse ultra-deep learning

Following the second interpretation of the Hebbian Learning rule, we propose epitopological sparse
ultra-deep Learning (ESUL), which implements EL in the sparse deep learning ANN. ESUL changes
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the perspective of training ANNs from weights to topology. ESUL focuses on the sparse topology of
each sandwich layer, which is a bipartite sub-network composed of two consecutive layers of the
ANN. The topological update formula for EL is:

Tn+1 = LP (Tn) (2)

Where Tn represents the topology of the system at state n and Tn+1 represents the topology of the
system at state n+ 1. LP is the link predictor used by EL to predict the links between nodes in the
network. In the standard DST process, as shown in Fig. 1, there are three main steps: initialization,
weight update, and network evolution, which include link removal and regrowth. ESUL follows
initially the same steps of standard DST(Fig. 1, left side), but then progresses with substantial
improvements (Fig. 1, right side): new removal part (network percolation), and new regrowth part
(EL via link prediction). Firstly, in the removal phase, ESUL adopts the commonly used removal
method that prunes links with lower absolute weights, which are considered less useful for the model’s
performance. However, after the process of removing the lower magnitude weights, ESUL checks and
corrects the topology for the presence of inactive neurons that either do not have a connection in one
layer side or do not have any connections in both layer sides. When information passes through these
inactive neurons, the forward and backward processes can get stuck. Moreover, if a node does not
have any links in a bipartite network (i.e., a sandwich layer of the ANN), even if it has connections
on the other side, no new links will be assigned to it in that network according to the formula of CH
theory. Thus, ESUL implements the inactive neurons removal (INR) to ablate from the topology
those inactive neurons. In particular, for the case that one node possesses connections on one layer
side, we need to conduct incomplete path adjustment (IPA) that is to remove those links part of
an incomplete path connected to the inactive neuron. Since IPA may produce some extra inactive
neurons, we execute INR and IPA for two rounds. We termed the coupled process of INR and IPA as
network percolation because it is reminiscent of the percolation theory in network science, which
studies the connectivity behavior of networks when a fraction of the nodes or edges are removed[22].
If there are still some inactive neurons, we leave them in the network and clean up them during the
next evolution. Once the network percolation is finished, EL via link prediction is implemented to
regrow the links with higher link prediction scores. We repeat the process of removal and regrown
after each learning weight update and until the network convergence to a stable topology. The steps
of ESUL are explained in Suppl. Algorithm 1.

3.2 Cannistraci-Hebb training

ESUL is a methodology that can work better when the network has already formed some relevant
structural features. For instance, the fact that in each layer the nodes display a hierarchical position is
associated with their degree. Nodes with higher degrees are network hubs in the layer and therefore
they have a higher hierarchy. This hierarchy is facilitated by a hyperbolic network geometry with
power-law-like node degree distribution[23]. In addition, the efficiency of the link predictor can be
impaired by sparse random connectivity initialization. Therefore, we introduce below a strategy to
initialize the sparse network topology and its weights. On the other hand, once the network topology
has already stabilized (nodes removed and regrown are consistently similar), there may no longer
be necessity to perform ESUL which could save the time of evolution. Therefore, to address these
concerns, we propose a novel 4-step training procedure named Cannistraci-Hebb training (CHT).

• Correlated sparse topological initialization (CSTI): as shown in Fig. 2, CSTI consists of 4 steps.
During the vectorization phase, we follow a specific procedure to construct a matrix of size n x M,
where n represents the number of samples selected from the training set. Here, M denotes the number
of valid features, obtained by excluding features with zero variance among the selected samples.
Once we have this n x M matrix, we proceed with feature selection by calculating the Pearson
Correlation for each feature. This step allows us to construct a correlation matrix. Subsequently,
we construct a sparse adjacency matrix, where the positions marked with "1" (represented as white
in the heatmap plot of Fig. 2A) correspond to the top-k% values from the correlation matrix. The
specific value of k depends on the desired sparsity level. This adjacency matrix plays a crucial role
in defining the topology of each sandwich layer. The dimension of the hidden layer is determined by
a scaling factor denoted as ‘x’. A scaling factor of 1x implies that the hidden layer’s dimension is
equal to the input dimension, while a scaling factor of 2x indicates that the hidden layer’s dimension
is twice the input dimension which allows the dimension of the hidden layer to be variable. In
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Figure 2: Main innovations introduced with CHT. A shows an example of how to construct the CSTI on
the MNIST dataset, which involves four steps: vectorization, feature correlation, connectivity selection, and
assembling topological hubbed network blocks. B presents a real network example of how SWI assigns weights
to the sparse network. C displays the input layer degree distribution along with the associated heatmap on the
MNIST figure template and the node degree distribution.

fact, since ESUL can efficiently reduce the dimension of each layer, the hidden dimension can
automatically reduce to the inferred size. In this study we are only focusing on the sandwich
layers in each model, in cases where sandwich layers cannot receive direct information from the
input features, such as CNN and Transformer, we directly run the untrained network and use
CSTI to initialize the adjacency matrix of each layer. The detailed implementation of VGG16 and
Transformer can be found in the supplementary material.

• Sparse Weight Initialization (SWI): in addition to the topological initialization, we also recognize
the importance of weight initialization in the sparse network. The standard initialization methods
such as Kaiming[24] or Xavier[25] are designed to keep the variance of the values consistent across
layers. However, these methods are not suitable for sparse network initialization since the variance
is not consistent with the previous layer. To address this issue, we propose a method that can assign
initial weights in any sparsity cases. SWI can also be extended to the fully connected network,
in which case it becomes equivalent to Kaiming initialization. Here we provide the mathematical
formula for SWI and in supplementary we provide the rationale that brought us to its definition.

SWI(w) ∼ N (0, σ2), σ =
gain√

(1− S) ∗ indim
(3)

N (0, σ2) denotes the normal distribution with a mean of 0 and a variance of σ2. The value of gain
varies for different activation functions. In this article, except for Transformer, all other models use
ReLU, where the gain is always

√
2. S here denotes the desired sparsity and indim indicates the

input dimension of each sandwich layer.

• Epitopological prediction: this step corresponds to ESUL (introduced in section 3.1), but evolves
the sparse topological structure starting from CSTI + SWI initialization rather than random.

• Early stop and weight refinement: during the process of epitological prediction, it is common to
observe an overlap between the links that are removed and added, as shown in the last plot in Suppl.
Fig. 2D. After several rounds of topological evolution, the overlap rate can reach a high level,
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indicating that the network has achieved a relatively stable topological structure. In this case, the
ESUL algorithm may continuously remove and add mostly the same links, which can slow down the
training process. To solve this problem, we introduce an early stop mechanism for each sandwich
layer. When the overlap rate between the removed and added links reaches a certain threshold (we
use a significant level of 90%), we stop the epitopological prediction for that layer. Once all the
sandwich layers have reached the early stopping condition, the model starts to focus on learning
and refining the weights using the obtained network structure.

4 Results

In this section, we present the experimental results obtained by applying ESUL and CHT on 6
datasets (MNIST[26], Fashion_MNIST[27], EMNIST[28], CIFAR10[29], CIFAR100[29], and Multi-
30K[30]) using 3 different network architectures (MLP, VGG16[31], and Transformer[32]) to evaluate
their performance compared to DST methods and fully connected networks. All the experiments
are using 3 random seeds and the hyperparameter settings are reported in the Suppl. Table 2. All
experiments are with 99% sparsity since we want to investigate extremely sparse learning scenarios
and compare them with fully connected ones.

4.1 Results of ESUL

In this section, we aim to investigate the effectiveness of ESUL from a network science perspective.
We utilize the framework of ESUL and compare CH3-L3 (the proposed topological link prediction-
based regrown method) with randomly assigning new links (which is typical of SET[9]). We run all
the experiments with the default hyperparameter setting as shown in Suppl. Table 2, and conduct
experiments on 5 datasets: MNIST, Fashion_MNIST, EMNIST using MLP and CIFAR10, CIFAR100
using VGG16. For the first 3 datasets, we adopt MLP with an architecture of 784-1000-1000-1000-10
(47 output neurons for EMNIST), while for VGG16, we replace the fully connected layers after the
convolution layers with the sparse network and assign them a structure of 512-1000-1000-1000-10
(100 output neurons for CIFAR100). Fig. 3 compares the performance of CH3-L3 (ESUL) and
random (SET) on the five datasets. The first row shows the accuracy curves of each algorithm and on
the upper right corner of each panel, we mark the accuracy improvement at the 250th epoch. The
second row of Fig. 3 shows the Area Across the Epochs (AAE), which reflects the learning speed
of each algorithm. The computation and explanation of AAE can be found in the supplementary
material. Based on the results of the accuracy curve and AAE values, CH3-L3 (ESUL) outperforms
random (SET) on all the datasets, demonstrating that the proposed epitopological learning method is
effective in identifying lottery tickets, and CH theory is boosting deep learning.

Fig. 4A provides evidence that the sparse network trained with ESUL can automatically percolate the
network to a significantly smaller size and form a hyperbolic network with community organizations.
The example network structure of MNIST dataset on MLP is presented, where each block shows a
plain representation and a hyperbolic representation of each network at the initial (that is common)
and the final epoch status (that is random (SET) or CH3-L3 (ESUL)). The ESUL block in Fig. 4A
shows that each layer of the network has been percolated to a small size, especially the middle
two hidden layers where the active neuron post-percolation rate (ANP) has been reduced to less
than 20%. This indicates that the network trained by ESUL can achieve better performance with
significantly fewer active neurons and that the size of the hidden layers can be automatically learned
by the topological evolution of ESUL. ANP is particularly significant in deep learning because neural
networks often have a large number of redundant neurons that do not contribute significantly to the
model’s performance. ESUL can reduce the computational cost of training and inference, making the
network more efficient and scalable. In addition, reducing the number of active neurons can also help
to prevent overfitting and improve the generalization ability of the model which remarkably reduces
the dimensionality of the embedding in the hidden layers.

Furthermore, we perform coalescent embedding[33] of each network in Fig. 4A into the hyperbolic
space, where the radial coordinates are associated with node degree hierarchical power-law-like
distribution and the angular coordinates with geometrical proximity of the nodes in the latent space.
This means that the typical tree-like structure of the hyperbolic network emerges if the node degree
distribution is power law (γ ≤ 3[23]). Indeed, the more power-law in the network, the more the
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Figure 3: The comparison of CH3-L3 (ESUL) and random (SET). In the first row, we report the accuracy curves
of CH3-L3 and random on 5 datasets and mark the increment at the 250th epoch on the upper right corner of
each panel. The second row reports the value of area across the epochs (AAE) which indicates the learning
speed of different algorithms corresponding to the upper ACC plot.

nodes migrated towards the center of the hyperbolic 2D representation, and the more the network
displays a hierarchical hyperbolic structure.

Surprisingly, we found that the network formed by CH3-L3 finally (at the 250th epoch) becomes
a hyperbolic power law (γ = 2.32) network with a hyperbolic community organization (angular
separability index, ASI = 1, indicating a perfect angular separability of the community formed by
each layer[34]), while the others (initial and random at the 250th epoch) do not display either power
law (γ = 10) topology with latent hyperbolic geometry or crystal-clear community organization
(ASI around 0.6 denotes a substantial presence of aberration in the community organization[34]).
Community organization is a fundamental mesoscale structure of real complex networks[35] such as
biological and socioeconomical[36]. For instance, brain networks[37] and maritime networks[38]
display distinctive community structure that is fundamental to facilitating diversified functional
processing in each community separately and global sharing to integrate these functionalities between
communities. ESUL approach can not only efficiently identify the important neurons but also learn a
more complex and ultra-deep network structure. This mesoscale structure leverages topologically
separated layer-community to implement in each of them diversified and specialized functional
processing. The result of this ‘regional’ layer-community processing is then globally integrated
together via the hubs (nodes with higher degrees) that each layer-community owns. Thanks to the
power-law distributions, regional hubs that are part of each regional layer-community emerge as
ultra-deep nodes in the global network structure and promote a hierarchical organization that makes
the networks ultra-small-world (as we will explain a few lines below). Indeed, in Fig. 4A left we
show that the community layer organization of the ESUL learned network is ultra-deep, meaning that
also each layer has an internal hierarchical depth due to power-law node degree hierarchy. Nodes
with higher degrees in each layer community are also more central and cross-connected in the entire
network topology playing a central role (their radial coordinate is smaller) in the latent hyperbolic
space which underlies the network topology. It is as the ANN has an ultra-depth that is orthogonal
to the regular plan layer depth. The regular plan depth is given by the organization in layers, the
ultra-depth is given by the topological centrality of different nodes from different layers in the
hyperbolic geometry that underlies the ANN trained by ESUL. Moreover, we present the analysis of
the ANP reduction throughout the epochs within the ESUL blocks. From our results, it is evident
that the ANP diminishes to a significantly low level after approximately 50 evolution iterations. This
finding highlights the efficient network percolation capability of ESUL, while in the meantime it
suggests that a prolonged network evolution may not be necessary for ESUL, as the network stabilizes
within a few epochs, indicating its rapid convergence.

To evaluate the structural properties of the sparse network, we utilize measures commonly used
in network science (Fig. 4B). The details of each measure are explained in the supplementary
material, and here we will focus on the observed phenomena. We consider the entire ANN network
topology and compare the average values in 5 datasets of CH3-L3 (ESUL) with random (SET) using
4 network topological measures. The plot of power-law gamma indicates that CH3-L3 (ESUL)
produces networks with power-low degree distribution (γ ≤ 3), whereas random (SET) does not. We
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trained in 5 datasets by CH3-L3 (ESUL) and random (SET), the shadow area means the standard error of the 5
datasets.

want to clarify that Mocanu et al.[9] also reported that SET could achieve a power-law distribution
with MLPs but in their case, they used the learning rate of 0.01 and extended the learning epochs
to 1000. We acknowledge that maybe with a higher learning rate and a much longer waiting time,
SET can achieve a power-law distribution. However, we emphasize that in Fig. 4B (first panel)
ESUL achieves power-law degree distribution regardless of the conditions in 5 different datasets
and 2 types (MLPs, VGG16) of network architecture. This is because ESUL regrows connectivity
based on the existing network topology according to a brain-network automaton rule, instead SET
regrows at random. Furthermore, structure consistency[39] implies that CH3-L3 (ESUL) makes the
network more predictable, while modularity shows that it can form distinct obvious communities.
The characteristic path length is computed as the average node-pairs length in the network, it is a
measure associated with network small-worldness and express also message passing and navigability
efficiency of a network[23]. ESUL-trained network topology is ultra-small-world, which happens
when a network is small-world with power-law degree exponent lower than 3 (more precisely closer
to 2 than 3)[23], and this means that the transfer of information or energy in the network is even more
efficient than a regular small-world network[23]. All of these measures give strong evidence that
ESUL is capable of transforming the original random network into a complex structured topology
that is more suitable for training and potentially a valid lottery-ticket network[8]. This transformation
can lead to significant improvements in network efficiency, scalability, and performance.

4.2 Results of CHT

To enhance the performance of ESUL, we propose a 4-step procedure named CHT. We first report
the initialization structure in Fig. 2C which is a CSTI example with 2x version of MNIST dataset,
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Table 1: Result of CHT comparing to RigL and Fully connected network on 1x and 2x cases
MNIST(MLP) Fashion_MNIST(MLP) EMNIST(MLP)

ACC AAE ACC AAE ACC AAE

FC1X 98.69±0.02 96.33±0.16 90.43±0.09 87.40±0.02 85.58±0.06 81.75±0.10
RigL1X 97.40±0.07 93.69±0.10 88.02±0.11 84.49±0.12 82.96±0.04 78.01±0.06
CHT1X 98.05±0.04 95.45±0.05 88.07±0.11 85.20±0.06 83.82±0.04 80.25±0.20
FC2X 98.73±0.03 96.27±0.13 90.74±0.13 87.58±0.04 85.85±0.05 82.19±0.12

RigL2X 97.91±0.09 94.25±0.03 88.66±0.07 85.23±0.08 83.44±0.09 79.10±0.25
CHT2X 98.34±0.08 95.60±0.05 88.34±0.07 85.53±0.25 85.43±0.10 81.18±0.15

CIFAR10(VGG16) CIFAR100(VGG16) Multi30K(Transformer)
ACC AAE ACC AAE BLEU AAE

FC1X 91.52±0.04 87.74±0.03 66.73±0.06 57.21±0.11 24.0±0.20 20.9±0.13
RigL1X 91.60±0.10* 86.54±0.14 67.87±0.17* 53.80±0.49 21.1±0.08 18.1±0.08
CHT1X 91.68±0.15* 86.57±0.08 67.58±0.30* 57.30±0.20* 21.3±0.29 18.3±0.13
FC2X 91.75±0.07 87.86±0.02 66.34±0.06 57.02±0.04 - -

RigL2X 91.75±0.03 87.07±0.09 67.88±0.35* 54.08±0.43 - -
CHT2X 91.98±0.03* 88.29±0.10* 67.70±0.16* 57.79±0.08* - -

we construct the heatmap of the input layer degrees and node distribution density curve. It can be
clearly observed that with CSTI, the links are assigned to nodes mostly associated with input pixels
in the center of figures in the MNIST dataset, and indeed the area at the center of the figures is more
informative. We also report the CSTI-formed network has an initialized power law exponent γ = 5.4
which indicates a topology with more hub nodes than in a random network with γ = 10. To assess
the effectiveness of each process (excluding ESUL which was investigated in the previous section)
proposed by CHT, we conducted an ablation test and reported the results in the first three plots of
Suppl. Fig. 2. These experiments demonstrate the utility of each individual component within the
CHT framework.

In Table 1, we report the final performance of CHT compared to the SOTA DST method RigL and
fully connected network on 6 datasets and 3 different models. Based on the obtained results, it is
evident that CHT outperforms RigL in the majority of cases and consistently achieves faster training.
The analysis of running time and FLOPs please refer to the Suppl. Table 3. Furthermore, we achieve
comparable results to the Fully Connected (FC) model, with only 1% of the links remaining, on both
the MNIST and EMNIST datasets. Moreover, note that while our performance is comparable to RigL
on the CIFAR100 dataset, we observe higher AAE in our approach, indicating that CHT exhibits
faster learning capabilities. Additionally, as illustrated in Table 2, CHT successfully percolated

Table 2: Active neuron post-percolation rate corresponding to the results in Table 1

MNIST Fashion_MNIST EMNIST CIFAR10 CIFAR100 Multi-30k
CHT1X 31.15% 30.45% 42.22% 32.52% 32.32% 33.86%
RigL1X 97.45% 98.69% 89.19% 94.14% 93.50% 88.7%

CHT2X 33.27% 29.25% 39.78% 34.24% 35.71% -
RigL2X 100% 100% 99.82% 99.83% 99.80% -

the network to a range of 30-40% of the original neurons in every dataset. This implies that, from
a logical standpoint, we utilize fewer neurons to achieve similar results as RigL, therefore CHT
can generalize and abstract better in the hidden layers of the data information associated with the
classification task, providing a new solution to find the Lottery Ticket of ANNs[8]. CHT’s result
to adaptively percolate the network size providing a minimalistic network modeling that preserves
performance with a smaller architecture is a typical solution in line with Occam’s razor also named
in science as the principle of parsimony, which is the problem-solving principle advocating to search
for explanations constructed with the smallest possible set of elements[40]. For instance, in physics,
parsimony was an important heuristic in Albert Einstein’s formulation of special relativity[41]; Pierre
Louis Maupertuis’ and Leonhard Euler’s work on the principle of least action[42]; and Max Planck,
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Werner Heisenberg and Louis de Broglie development of quantum mechanics[43, 44]. On this basis,
we can claim that CHT represents the first example of an algorithm for “parsimony sparse training”.
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Supplementary Information

A Algorithm of ESUL

Algorithm 1 Algorithm of Epitological sparse ultra-deep learning
Input: Weight of all layers at epoch n: wn,

The number of links that should be removed: N
Sparse connectivity predictor: For instance link predictor (LP)

Output: wn+1, Tn+1

1: for each evolutionary epoch n do
2: for each sandwich layer l do
3: T l

n = ArgTopK(−|wl
n|, N l),

4: wl
n = T l

n ∗ wl
n.

5: end for
6: for each sandwich layer l backward do
7: Inactive Neurons Removal,
8: Incomplete Path Adjustment,
9: update N l = N l + IPA_numl.

10: end for
11: for each sandwich layer l forward do
12: Inactive Neurons Removal,
13: Incomplete Path Adjustment,
14: update N l = N l + IPA_numl.
15: end for
16: for each sandwich layer l do
17: T l

n+1 = LP (T l
n, N

l),
18: Initialize new values ŵl to the new links predicted by LP ,
19: wl

n+1 = (T l
n+1 − T l

n) ∗ ŵl + wl
n.

20: end for
21: end for

B Sparse Weight Initialization

Our derivation mainly follows kaiming[24]. Similar to SNIP[7] we introduce auxiliary indicator
variables C ∈ {0, 1}m×n. Then For a densely-connected layer, we have:

yl = Cl �Wlxl + bl (4)

where� denotes the Hadamard product, Wm×n is the weight matrix, xn×1 is the input vector, bm×1

is a vector of biases and ym×1 is the output vector. We use l to index a layer.

Then for i-th element of the pre-activation layer yl, by ignoring the influence of bias, we can get its
variance:

V ar[yil ] = V ar[

n∑
j=1

cijl w
ij
l x

j
l ] (5)

As we initialize elements in C to be independent and identically distributed random variables, also
same for elements in W. We also assume elements in x are mutually independent and share the same
distribution. C, W and x are independent of each other. Variance of y will be:

V ar[yil ] = nV ar[cijl w
ij
l x

j
l ] = n((V ar[c] + µ2

c)(V ar[w] + µ2
w)(V ar[x] + µ2

x)− µ2
cµ

2
wµ

2
x) (6)

where µ is mean. We assume c follows Bernoulli distribution, then the probability mass function is:

f(c) =

{
S c = 0

1− S c = 1
(7)
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where S denotes the sparsity. We could infer that V ar[c] = S(1− S) and µ2
c = (1− S)2. Same as

previous work[24], we define w follow zero-mean Gaussian distribution, therefore µ2
cµ

2
wµ

2
x = 0. And

when activation layer is ReLU, V ar[xil] + µ2
xi
l
= 1

2V ar[y
i
l−1]. Then equation 6 could be changed to:

V ar[yil ] = n(V ar[c] + µ2
c)(V ar[w] + µ2

w)(V ar[x] + µ2
x) =

1

2
n(1− S)V ar[w]V ar[yil−1] (8)

We expect the variance of signal to remain the same across layers V ar[yil ] = V ar[yil−1], then:

V ar[w] =
2

n(1− S)
(9)

We denote indim as n, which represents the dimension of the input layer of each sandwich layer.
The constant gain varies depending on the activation function used. For example, when using ReLU,
we set gain to

√
2. The resulting values of w are sampled from a normal distribution, resulting in the

following expression:

SWI(w) ∼ N (0, σ2), σ =
√
V ar[w] =

gain√
(1− S) ∗ indim

(10)

C Different properties of current dynamic sparse training methods

Suppl. Table 1: Different properties of current different DST methods and ours

Method Remove Regrow Back
Propaga-
tion

Fixed
Sparsity

Weight Initial-
ization

Weight
Update

Topology
Initializa-
tion

SET[9] Weight magnitude Random Sparse Yes kaiming zero ER
DSR[45] Weight magnitude Random Sparse Yes Not-mentioned zero ER
RigL[10] Weight magnitude Gradient Dense Yes kaiming zero ER
MEST[12] Weight and gradient

magnitude
Random Sparse Yes kaiming zero ER

GraNet[13] Weight magnitude Random Sparse No kaiming zero ER
CHT(Ours) Weight magnitude +

Network percolation
Topological
Link Prediction

Sparse Yes SWI SWI CSTI

We present a comparative analysis between CHT and five prominent DST methods, outlining their
distinctions in Suppl. Table 1. It is apparent that the weight magnitude technique is widely utilized
for link removal in the early stages of the evolutionary process. Additionally, we employ network
percolation, which enables the reduction of the number of active neurons. The regrowth phase
includes two previously utilized methods: random-based and gradient-based, along with our proposed
topological link prediction-based method. However, gradient-based methods encounter challenges
due to their requirement of gradients for all non-existent links and subsequent selection of the
top-k based on these gradients, resulting in dense backpropagation. GraNet[13] explores a way to
sparsify the backpropagation process while utilizing gradient-based methods, but it introduces a new
situation where sparsity cannot be achieved from the outset. GraNet initializes with a dense network
and gradually evolves towards the desired sparsity through multiple iterations of weight updates
and topology evolution, which incurs higher computational costs compared to other fixed-sparsity
DST methods. Additionally, our analysis reveals that all the articles and released code on GitHub
repositories predominantly adopt Kaiming weight initialization, zero weight updates, and ER (Erdos-
Rényi) for topology initialization. In contrast, we utilize 1) SWI: as demonstrated in Suppl. B, which
is more suitable for the initialization and update of sparse networks; 2) CSTI: to provide enhanced
topological guidance to the link predictor, results in a structured network topology for each sandwich
layer.
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Suppl. Figure 1: Comparison of the influence of learning rate and update interval to ESUL. All the experiments
are with 3 random seeds.

D Extra experiments and the hyperparameter settings

D.1 Hyperparameter settings of each figure

For the detailed setting please refer to Suppl. Table 2.

Suppl. Table 2: The hyperparameter setting of each figure. The other hyperparameters are fixed in each
figure: sparsity=0.99, ζ (fraction of removed links)=0.3, weight_decay=1e-05, batch_size=32. ‘-’ indicates the
compared setting in the figures which has been mentioned in either the figure legend or the manuscript.

lr ui Weight_initialization Topology_initialization Using early_stop
Fig. 3 0.0001 1 Kaiming ER No

Fig. 4A & B 0.0001 1 Kaiming ER No
Table1 0.01 1 SWI SCSTI Yes

Suppl. Fig. 1 - - Kaiming ER No
Suppl. Fig. 2 0.0001 1 - - -

Suppl. Table. 3 0.01 1 SWI SCSTI Yes

D.2 The influence of learning rate and update interval to ESUL

We investigate the influence of hyperparameters which are also significant for the training of ESUL.
Learning rate, in particular, is a crucial factor that controls the size of the steps taken in each mini-
batch during training. In DST, the learning rate is even more dominant. As an example, consider
a scenario where weights are assigned to new links with a value of zero. If the learning rate is set
to a very small value, these weights may not be able to increase or decrease beyond the positive or
negative threshold. Consequently, the weights may get directly pruned in the next round. The update
interval (ui) also faces a similar situation. Suppl. Fig. 1 illustrates the effect of learning rate (lr)
and update interval (ui) on the performance of ESUL. In the first row, we fix ui=1 and vary lr from
[0.01, 0.005, 0.001, 0.0005, 0.0001], while in the second row, we fix lr=0.001 and vary ui from [1,
2, 5, 10, 20]. The conclusion drawn from the figure is that a low learning rate could lead to a more
percolated network with lower ANP, indicating the effectiveness of ESUL in reducing the network
size. However, if the learning rate is too small, the network may not be able to learn well due to the
slow weight update. On the other hand, a larger ui could make the network learn slower and result in
a less percolated network. Therefore, we need to find a balance between lr and ui to achieve good
performance, fast learning speed, and appropriate network size.

D.3 Ablation test of each exponent in CHT

We evaluate each component introduced (CSTI, SWI, and early stop) in CHT in Suppl. Fig. 2 uses an
example of MNIST on the MLP structure. The first three plots compare CSTI vs ER initialization,
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Threshold: 90%

early stop epochearly stop epoch

Suppl. Figure 2: Ablation test of each component in CHT. The first three figures demonstrate the efficiency of
different strategies while keeping the other components fixed and only varying the one being compared. The
last figure illustrates the overlap rate of the new links and removed links, providing insight into the necessity of
utilizing early stop of the evolutionary process.

SWI vs Kaiming weight initialization, and early stop strategy vs no early stop strategy while keeping
the other components fixed. We demonstrate that with structured topology initialization, ESUL
can achieve faster learning compared to ER initialization. This can be explained by the theory that
link predictors are most effective when the network has already formed certain structural features.
Next, we evaluate SWI compared to the commonly used weight initialization method, Kaiming, and
the results show that SWI enables faster training from the initial stages. The third panel presents
evidence that early stop can prevent the over-evolution of the network topology. Once the network
structure becomes stable, running ESUL is unnecessary, and it is more optimal to conduct early stop
and focus on refining the weights to achieve convergence. As an example, at the 12th epoch, the
overlap rate (the overlap between removed links and new links) exceeds 90%, which we set as the
stability threshold, indicating that the network should no longer evolve. Based on this observation,
we implement an early stop for the evolutionary process.

In this

D.4 Running time & FLOPs of CHT and RigL

In this section, we compare the running time and FLOPs (Floating Point Operations) of CHT and
RigL. We provide the running time for each case, starting from the beginning of training until
convergence. For VGG16 and Transformer, we specifically present the FLOPs of the sandwich layers,
which utilize DST in this article. The computation of FLOPs follows the same approach as described
in the supplementary materials of RigL[10], and we report the ratio of the FLOPs of CHT compared
to RigL in Suppl. Table 3. CHT demonstrates faster convergence and lower FLOPs compared to
RigL. The reason behind this is that CHT solely relies on the information of topology, whereas RigL
relies on global gradient information.

Suppl. Table 3: Running Time & FLOPS of CHT and RigL on 1x and 2x cases

MNIST Fashion_MNIST FLOPS EMNIST FLOPS CIFAR10 FLOPS CIFAR100 FLOPS Multi-30k FLOPS
CHT1X 505s 496s 86% 1040s 69% 6003s 81% 11642s 51% 849s 94%
RigL1X 972s 846s - 3124s - 9145s - 14763s - 962s -
CHT2X 592s 531s 90% 948s 77% 8247s 87% 16124s 59% - -
RigL2X 956s 736s - 2146s - 10268s - 17510s - - -

E Area Across the Epochs

The Area Across the Epochs (AAE) is computed as the cumulative sum of the performance indicator
of an algorithm till a certain epoch is divided by the number of epochs. Therefore, AAE is the average
performance that an algorithm displays till a certain epoch during training, it is bounded [0,1] and it is
an indicator of the learning speed of an algorithm. This means that algorithms whose training curves
grow faster have larger AAE and can be considered: "faster learners". For instance, considering the
same algorithm and fixing the same number of epochs for each trial, AAE can be used to measure
and compare the impact that the tuning of a hyperparameter has on learning speed and to quantify the
extent to which this hyperparameter governs learning speed.
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AAE(A) =

∫ E

1
mdm

E − 1
(11)

Where A denotes the algorithms that need to be evaluated, E is the number of epochs. Mi denotes
the performance of the algorithms in different cases, such as in the classification task, m denotes the
accuracy at each epoch, while in the machine translation task, m denotes BLEU.

Pay attention, when we come to comparing different algorithms, there are two important remarks
about the way to apply AAE for a fair comparison of learning speed. First, AAE should be applied
considering for all different algorithms the same number of epochs and the same hyperparameter
settings that can influence learning speed. If an algorithm stops at a number of epochs that is smaller
than others then all the algorithms’ AAEs will be computed till this smallest epochs value, to make
sure that the algorithms are fairly evaluated considering the same interval of epochs. If two algorithms
are run using different update intervals of epochs during training, then the comparison is not fair
and both algorithms should be run using the same update intervals, and this is valid for any setting
that can influence the learning speed. All learning speed settings should be fairly fixed to the same
value across methods to ensure that the learning speed difference between algorithms is intrinsic to
the sparse training mechanisms and it is not biased by confounding factors. Second, AAE can be
only used to compare the learning speed of algorithms inside the same computational experiment
and not across different datasets and network architectures, because different datasets or network
architectures can generate different learning speeds. However, if the mission of the comparison is
to investigate the different learning speeds of the same algorithm with the same hyperparameters
settings and network structure, but using different datasets, then using AAE is still valid and can
help to determine how the same algorithm might react differently in learning speed because of some
variations to the data. An interesting test to try is for instance to investigate the impact of different
increasing noise levels on the same type of data considering the same algorithm and setting. This
would help to reply to the question of how the noise impacts the learning speed of an algorithm.

F Implementation of VGG16 and Transformer

For MLPs, the correlation between input neurons is easy to compute as the input layer directly
consists of pixels from each dataset. This correlation demonstrates the relevance of input information.
However, for VGG16 and Transformer models that contain sandwich layers after several modules, it
is more reasonable to delay CSTI for several epochs of weight training in order to establish some
initial correlation between the inputs.

From a mathematical perspective, given a vector of input variables Xn∗M and a group of random
variables WM∗M that follows an independent and identically distributed (i.i.d.) distribution, the
output Y = W ∗XT is also a set of random variables that follow an i.i.d. distribution. When we
directly conduct CSTI on the sandwich layers of VGG16 and Transformer, the information received
by these layers is in the form of Y . This implies that CSTI introduces a form of randomization.
However, we performed an internal check comparing direct CSTI (CSTI) and delayed CSTI (dCSTI),
and the results showed that CSTI produced similar results to dCSTI for VGG16 and Transformer.
This suggests that for ESUL, the correlation of the input layers may not be as important as the
formation of the hierarchical structure.

Consider the scenario where we have a matrix of inputs, denoted as Y , as mentioned above. We need
to compute the correlation between these random variables Y1, Y2, ... and select the top-k correlated
variables. Intuitively, these variables may appear to be completely random. However, there exists a
triangular relationship such that if Y1 has a high correlation with Y2 and Y2 has a high correlation with
Y3, then the correlation between Y1 and Y3 may also be high. This creates a random yet hierarchical
structure, which can enhance the learning process of DST by providing a better topology.

Therefore, for the sandwich layers in VGG16 and Transformer, we directly compute the correlation
based on the information transferred from the previous modules, and then form the structures
following the steps introduced in Fig. 2A in the main text.
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G Subranking strategy of CH3-L3

Here we describe the sub-ranking strategy adopted by CH3-L3[17] to internally rank all the node
pairs that have the same CH score. Although we didn’t apply this strategy in the current article due
to the ultra-sparse scenario, it can be useful for lower-sparsity DST applications in the future. The
sub-ranking strategy aims to provide a more precise ranking for links with identical link prediction
scores, particularly those that are tied-ranked and located just above the regrown threshold links.

To implement the sub-ranking strategy, the following algorithmic steps are followed:

• Assign a weight to each link (i, j) in the network, denoted as wi,j =
1

1+CHi,j
.

• Compute the shortest paths (SP) between all pairs of nodes in the weighted network.
• For each node pair (i, j), compute the Spearman’s rank correlation (SPcorr) between the

vectors of all shortest paths from node i and node j.
• Generate a final ranking where node pairs are initially ranked based on the CH score (CHi,j),

and ties are sub-ranked based on the SPcorri,j value. If there are still tied scores, random
selection is used to rank the node pairs.

While the SPcorr can be replaced with any other link predictor, we adopted this strategy because
it aligns with the neurobiological principles underlying the CH model[17]. According to the inter-
pretation of Peters’ rule, the probability of two neurons being connected is influenced by the spatial
proximity of their respective axonal and dendritic arbors[46]. In other words, connectivity depends
on the geometric proximity of neurons. This neurobiological concept is consistent with the SPcorr
score and fits within the framework of CH modeling, as a high correlation suggests that two nodes
have similar shortest paths to other nodes in the network, indicating spatial proximity due to their
close geometric positioning.
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