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Abstract

This work presents a comparative study on the mechanical homogenisation of Triply Periodic Minimal
Surface (TPMS) lattice structures, which have attracted significant interest for their unique ability to
combine lightweight design with tailored properties. The study investigates the effective mechanical
behaviour of Representative Unit Cells (RUCs) generated using the open-source Python tool Microgen.
Two homogenisation strategies are considered: (i) Finite Element (FE)-based homogenisation carried
out in Abaqus, and (ii) the Mechanics of Structure Genome (MSG), a unified theory for multi-scale
constitutive modelling, implemented in an in-house software tool. The comparison encompasses
multiple TPMS topologies, including well-studied cases used for validation, namely gyroid and
diamond, as well as less-explored ones, such as PMY, and F-Rhombic Dodecahedron, to provide
new insights. RUCs are analysed across relative densities ranging from 10 to 50%. Equivalent linear
elastic properties (Young’s moduli, shear moduli, and Poisson’s ratios) are derived and compared to
assess the consistency, accuracy, and computational efficiency of the two approaches. Furthermore,
the anisotropy of each TPMS topology across the range of relative densities is examined through
the directional distribution of Young’s moduli. The outcomes are expected to clarify the strengths
and limitations of FE versus MSG in capturing the effective behaviour of architected cellular solids,
thus supporting the selection of homogenisation strategies for the design of lattice-based lightweight
structures.

Keywords: lattice materials; triply periodic minimal surfaces; numerical homogenisation; finite
element analysis; mechanics of structure genome

1. Introduction
Metamaterials and architected cellular solids based on Triply Periodic Minimal Surfaces (TPMSs)

have attracted significant interest due to their unique ability to combine lightweight design with tai-
lored mechanical, thermal, and acoustic properties. TPMSs were first described in 1865 by Schwarz [1],
who introduced notable examples such as the Schwarz’s primitive and diamond surfaces. Subsequent
developments were made by Neovius [2] in 1883, who proposed the Neovius’ surfaces, and Schoen [3]
in 1970, who identified the gyroid and I-Wrapped Package (IWP) surfaces. TPMSs are not only found in
various natural systems, such as butterfly wing scales and biological membranes, but are also observed
in artificial systems like zeolite crystals [4]. These surfaces can be modelled using implicit mathematical
equations, often represented through Fourier series, where the coefficients dictate both the surface
topology and its mechanical behaviour [5]. Furthermore, TPMS structures can be differentiated into
sheet-based or solid-based structures: sheet-based TPMS structures can be generated by thickening the
surface geometry, whereas solid TPMS types are created by solidifying the regions split by the TPMS
parametric function [6].
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Triply Periodic Minimal Surfaces have emerged as promising candidates because of their attrac-
tive mechanical performance, particularly when compared to conventional lattice structures. Their
smooth surfaces and continuous periodic architectures make them particularly suitable for additive
manufacturing, enabling structures with high stiffness-to-weight ratios [7], tunable energy absorp-
tion [8], and multifunctional performance [9]. These characteristics have already led to applications in
aerospace, automotive, and biomedical engineering, ranging from lightweight sandwich cores [10] to
impact-mitigation components [11] and bone scaffolds [12]. Additionally, TPMSs can overcome one of
the primary limitations of truss-based lattices, namely the stress concentrations that occur at the joints,
by offering better interconnectivity and reducing the likelihood of failure under higher loads [13,14].

To fully exploit the potential of TPMSs in design and optimization, reliable prediction of effective
mechanical properties is essential, as direct experimental testing of each topology and density level
is often impractical and computationally expensive at the full-structure scale. The prediction of the
effective mechanical behaviour of various TPMS topologies has already been explored by several
authors, employing different methods for generating the topologies and perform the homogenisation.
Refai et al. [15] employed the Finite Element Method (FEM) to study multiple geometries, including
the gyroid, and reported that all showed an elastic response governed by cubic symmetry, except
for the octahedral geometry, which displayed transverse isotropy. Ramirez et al. [16] also applied
FEM-based homogenisation to primitive and gyroid structures at different relative densities and
compared the results with those of array configurations of the same Representative Unit Cells (RUCs)
obtained through numerical analyses. Zhang et al. [17] focused on hybrid TPMS structures, that is, a
combination of multiple topologies through Boolean union operation, with the objective of reducing
structural anisotropy. By contrast, Liu et al. [18] adopted asymptotic homogenisation, implemented in
MATLAB using voxel models, to study the primitive, IWP, and gyroid topologies. Despite the growing
adoption of TPMS-based lattices, accurately and efficiently predicting their effective mechanical
behaviour remains a challenge. FEM homogenisation is widely used and provides detailed insight,
but it often requires high computational effort, especially when exploring multiple relative densities
and topologies.

In contrast, the Mechanics of Structured Genome (MSG) method [19] offers an alternative semi-
analytical framework that can significantly reduce computational cost while preserving accuracy in
capturing the essential physics of periodic heterogeneous materials. More details about this method
will be given in the Methodology. A systematic comparison between these two approaches has, to the
authors’ knowledge, not yet been carried out in the literature. The present work aims to address this
gap by clarifying the respective strengths, limitations, and applicability of the two methods within the
design workflow of architected metamaterials.

The paper is structured as follows. In Section 2, the modelling of TPMSs and RUCs is intro-
duced, followed by the theoretical background of FEM-based RUC homogenisation and MSG-based
homogenisation, along with a comparison between the two methods. Section 3 presents the homogeni-
sation results obtained for the different TPMS structures, including the effective elastic properties, as
well as the distribution of the directional Young’s modulus. These results are then used to compare the
two approaches in terms of their strengths and weaknesses. Finally, Section 4 summarizes the main
findings of the work.

2. Methodology
In this section, the approach used for generating the TPMS and RUC structures is presented,

together with a description of the homogenisation methods employed, namely FEM-based RUC
homogenisation and MSG-based homogenisation.

2.1. Generation of TPMS Geometry

To generate TPMS models for FEM or MSG analysis, different methods can be followed. One
option is to create isosurfaces using parametric equations in software such as MATLAB [20] or Surface
Evolver [21] among many, then add thickness in a CAD program to obtain a solid model [22]. The
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geometry can subsequently be meshed in tools like Hypermesh [23] or Gmsh [24]. Another alternative
is to use dedicated software for modelling TPMS structures, such as MSLattice [25]. With MSLattice,
RUCs of various TPMS topologies can be created with different sizes, relative densities, and resolutions,
as well as with customized shapes and functional grading [17]. Both sheet and solid TPMSs can be
generated. The output files are in STL format; therefore, additional software is required to generate
solid models for further analysis. A more stream-lined alternative, used in this work, is offered by
the Python library Microgen [26]. This library allows the modelling of a wide range of RUCs, from
strut-based unit cells to general TPMS topologies. Furthermore, it is possible to extend the original code
to be able to model any type of TPMS using parametric equations. Similarly to MSLattice, Microgen is
not limited to unit-cells, but also supports the generation of array configurations and spherical shapes.
It provides flexibility in output formats, including STL, mesh files, and even input files that can be
used directly in Abaqus, removing the need for intermediate software. An important aspect when
performing FEM homogenisation with Periodic Boundary Conditions (PBCs) is to ensure that the
mesh is periodic such that these boundary conditions are applied correctly and the results remain
reliable. Microgen addresses this requirement by offering a function to create periodic meshes through
Gmsh [27]. Depending on the software used for the RUC generation, it is possible to either have as an
input the thickness of the RUC or its relative density. In most of the literature explored, the latter is
more commonly used, as is also the case for Microgen. Our tool assessment showed us that it is not
guaranteed that the geometry created will be identical even though the same TPMS topology is chosen
in Microgen or MSLattice. There might be differences in the thickness spatial distribution due to how
the material is distributed based on the algorithms used to create the geometry and the calculations
followed to calculate the relative density.

2.2. FEM-Sased RUC Homogenisation

To determine the effective mechanical properties of the TPMS architectures, this study employs
a computational homogenisation scheme based on the finite element analysis of a Representative
Unit Cell. This approach, often termed “virtual testing”, is a robust and widely accepted method for
characterising complex microstructures by simulating their response under well-defined boundary
conditions [28]. The fundamental principle is to replace the complex, heterogeneous TPMS lattice with
an equivalent (or effective) homogeneous material, whose constitutive behaviour can be described by a
constant, effective material stiffness tensor C∗

ijkl . The relationship between the volume-averaged (macro-
scopic) stress tensor σij and strain tensor ϵij for the equivalent homogeneous material is governed by
the generalised Hooke’s law:

σij = C∗
ijklϵkl . (1)

Within the RUC, the local stress field σij must satisfy the static equilibrium equation, which, assuming
the absence of body forces, reads [28]:

σij,j = 0, (2)

where an index preceded by a comma stands for a derivative with respect to that index. Combining this
with the local constitutive relation and the strain-displacement kinematics, the problem is formulated
in terms of the displacement field ui as a well-posed boundary value problem.The objective of the RUC
analysis is to solve for the local stress and strain fields resulting from a set of prescribed macroscopic
strains and then, compute the corresponding macroscopic stresses to populate the effective stiffness
matrix C∗

ijkl . For periodic materials such as TPMS lattices, the choice of boundary conditions is critical.
Periodic Boundary Conditions are considered the most appropriate as they accurately represent a unit
cell’s kinematic constraints within an infinite lattice and satisfy the Hill-Mandel condition of macro-
homogeneity, ensuring energetic equivalence between the micro- and macro-scales. PBCs enforce that
the displacement fluctuations on opposite faces of the RUC are equal, and the tractions are equal and
opposite. The displacement ui at a point yj within the RUC is decomposed into a macroscopic part
and a fluctuating part χi [28]:

ui = ϵijyj + χi. (3)
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The periodicity constraint is applied to the fluctuation field, requiring that it has the same value on
corresponding points on opposite faces of the RUC cube (e.g., faces at yk = Y+

k and yk = Y−
k ):

χi(y+j ) = χi(y−j ). (4)

In the Abaqus/CAE environment, these conditions are implemented by applying constraint equations
that link the Degrees of Freedom (DOFs) of corresponding node pairs on opposite faces of the TPMS
unit cell [29]. The effective stiffness matrix is computed by conducting a series of six independent
static linear elastic simulations on the high-fidelity finite element mesh of the TPMS RUC. For each
simulation, a distinct unit macroscopic strain component is prescribed, while all other components are
set to zero. The six fundamental load cases correspond to three normal strains (ϵ11, ϵ22, ϵ33) and three
shear strains (γ12, γ13, γ23). For each of the six analyses, the following steps are performed:

1. A single component of the macroscopic strain tensor ϵij is set to unity (e.g., ϵ11 = 1), and all
others are set to zero. This macroscopic strain is enforced on the RUC via the PBCs.

2. A static analysis is performed in Abaqus to solve for the resulting local stress field σij throughout
the entire volume V of the RUC.

3. The macroscopic stress tensor σij is calculated by volume-averaging the local stress field [28]:

σij = ⟨σij⟩ =
1
V

∫
V

σijdV. (5)

4. The resulting six-component vector of volume-averaged macroscopic stresses {σ11, σ22, σ33, σ12,
σ13, σ23}T forms the corresponding column of the 6 × 6 effective stiffness matrix.

By repeating this procedure for all six unit strain cases, the complete anisotropic stiffness matrix for
the TPMS architecture is systematically populated.

2.3. Mechanics of Structure Genome-Based Homogenisation

To determine the effective mechanical properties of TPMS architectures, this study also employs
the Mechanics of Structure Genome methodology. MSG is a unified multi-scale constitutive mod-
elling approach that is particularly well-suited for periodic heterogeneous materials [19]. The core
of the methodology is the Structure Genome (SG), defined as the smallest mathematical building
block that contains all the necessary constitutive information of the structure, analogous to how a
biological genome contains the information for an organism’s development. For a material with
three-dimensional heterogeneity, such as a TPMS lattice, the SG is a three-dimensional repeating unit
cell, serving a similar role to the conventional RUC [19,30,31]. However, the strength of MSG lies in its
rigorous theoretical foundation, which is based on the principle of minimum information loss. This
principle states that the homogenised model should be constructed by minimizing the discrepancy
in strain energy between the original heterogeneous model and the effective homogeneous model.
The formulation begins by decomposing the displacement field ui within the SG into a macroscopic
homogenised component ui and a fluctuating component χi, which captures the local microstructural
variations. This kinematic relationship is expressed as:

ui(x, y) = ui(x) + χi(x, y), (6)

where x and y represent the macroscopic and microscopic coordinates, respectively. The macroscopic
displacement ui is defined as the volume average of the local displacement field, ui = ⟨ui⟩. This
definition imposes a zero-average constraint on the fluctuation function, i.e., ⟨χi⟩ = 0. Following this
kinematic assumption, the local strain field ϵij can be related to the macroscopic strain ϵij and the
gradient of the fluctuation function. Neglecting higher-order terms, this relationship is given by:

ϵij(x, y) = ϵij(x) + χi,j, (7)
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where χi,j denotes the symmetric part of the gradient of the fluctuation function. To solve for the
unknown fluctuation function χi, MSG minimizes the strain energy of the original model over the
SG domain, subject to the relevant constraints. The variational problem leads to the following Euler-
Lagrange equation, which governs the response of the SG [19,30]:[

Cijkl(ϵkl + χk,l)
]

,j
= 0. (8)

Here, Cijkl is the local, spatially varying stiffness tensor of the constituent material within the SG. For
TPMS architectures, which are periodic structures, the fluctuation function χi must also be periodic.
This governing equation can be solved numerically (e.g., using the finite element method) to find
χi in terms of the prescribed macroscopic strains ϵkl . The solution can be expressed symbolically as
χk = Hmn

k ϵmn, where Hmn
k is an influence function tensor that links the macroscopic strains to the

local displacement fluctuations [19,30]. Once determined, the effective stiffness tensor C∗
ijkl for the

homogenised TPMS structure is computed by volume averaging the strain energy density, yielding
the final expression:

C∗
ijkl = ⟨Cijmn + Cijkl Hmn

k,l ⟩. (9)

This formulation provides a direct and computationally efficient pathway to calculate the full three-
dimensional anisotropic stiffness matrix of the TPMS architecture from a single analysis of its funda-
mental building block, the SG.

2.4. Comparison of RUC Analysis and MSG

While both the FE-based RUC analysis and the MSG are powerful tools for mechanical ho-
mogenisation, they are founded on different theoretical principles and exhibit significant differences in
computational implementation and scalability. This section provides a comparative analysis of the two
approaches, contextualising their application to the multi-scale modelling of TPMS architectures.

2.4.1. Theoretical Equivalence for 3D Periodic Media

For the specific case of a three-dimensional, periodic microstructure, such as the TPMS lattices
studied in this work, the underlying governing equations for RUC analysis with PBCs and MSG are
identical. Both methods ultimately solve for a displacement fluctuation field χi that satisfies the same
equilibrium equation given in Equation 8 within the unit cell [28]. Consequently, when applied to the
same three-dimensional unit cell with PBCs, both RUC analysis and MSG are expected to yield the
exact same results for effective properties and local fields, provided the numerical discretisation is
equivalent. The primary distinction, therefore, lies not in the final result for this class of problems, but
in the efficiency and elegance of the computational workflow.

2.4.2. Computational Implementation and Efficiency

A significant divergence between the two methods emerges from their computational implemen-
tation. A standard RUC analysis performed in commercial FE software like Abaqus typically requires
setting up and solving six independent boundary value problems to populate the 6 × 6 stiffness matrix.
The application of PBCs via coupled equation constraints affects the global stiffness matrix of the
FE model, necessitating a full re-factorisation for each of the six unit strain load cases. In contrast,
the MSG framework is structured to be far more efficient. Its implementation solves the problem by
factorising the linear system’s coefficient matrix only once. The six load cases, corresponding to the six
unit macroscopic strains, are then treated as multiple right-hand sides. This allows for the solution
to be obtained with one factorisation followed by six back-substitutions, a computationally much
cheaper process. This makes the MSG approach theoretically five to six times more efficient than a
conventional RUC analysis for computing the complete stiffness matrix.
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2.4.3. Fundamental Advantages of the MSG Framework

Beyond computational speed-up for three-dimensional problems, MSG holds fundamental ad-
vantages that establish it as a more versatile and scalable multi-scale modelling theory.

Variational Foundation: MSG is derived directly from a variational statement seeking to minimise
the information loss (in terms of strain energy) between the original and homogenised models. RUC
analysis, while satisfying the Hill-Mandel condition, is typically formulated based on the strong form
of the boundary value problem.This variational foundation gives MSG a more rigorous mathematical
underpinning.

Dimensional Scalability: The most powerful feature of MSG is its ability to use a Structure
Genome of the lowest possible dimensionality to characterise the material. For instance, to find
the complete three-dimensional effective properties of a laminated composite (one-dimensional het-
erogeneity) or a continuous fibre-reinforced composite (two-dimensional heterogeneity), MSG can
perform the analysis on a one- or two-dimensional SG, respectively. This drastically reduces the
computational cost by avoiding the need to mesh and solve a full 3D domain. A conventional RUC
analysis, in contrast, would still require a full three-dimensional RUC to extract its properties, making
it unnecessarily expensive for such materials.

While the TPMS architectures in this study possess three-dimensional heterogeneity and, thus,
require a three-dimensional SG, this inherent scalability makes MSG a superior general-purpose tool for
the multi-scale analysis of a wider class of architected and composite materials, offering unparalleled
efficiency without sacrificing accuracy.

3. Numerical Results and Discussion
To compare the FEM-based RUC homogenisation method with the MSG approach, a compre-

hensive study was conducted by analysing various TPMS topologies and predicting their effective
elastic properties, with the structures being: gyroid, diamond, PMY and F-Rhombic Dodedecahedron
(F-RD). The FEM simulations were performed using Abaqus, with PBCs applied via the Micromechanics
plug-in. For the MSG approach, the in-house C++ code CmbsFE, previously employed in Koutsawa et
al. [30,31], was extended in this work to investigate the elastic behaviour of TPMS structures.

To ensure the reliability of the results, two configurations from previously published works were
first reproduced to validate the methods used in this study. These configurations are presented in
Table 1, together with the topology of the TPMS structure, the relative density of the RUC ρ̄ (ratio
between the effective volume of the TPMS RUC and that of the RUC bounding box), its size, and the
base material properties (Young’s modulus Es, shear modulus Gs and Poisson’s ratio νs).

Table 1. Configurations from literature used for validation

Source TPMS ρ̄
RUC size

[mm] Es [GPa] Gs [GPa] νs

Refai
et al. [15] Gyroid 0.1 3 110 41 0.34

Zhang
et al. [17] Diamond 0.3 5 190 73 0.30

For all the analysed models, a quadratic tetrahedral mesh was used. A convergence study
was carried out to verify that the mesh resolution was sufficient to accurately estimate the effective
properties. The results showed that, for RUCs with cubic sizes of 3 and 5 mm, a mesh element size
of up to 0.3 mm can accurately predict the effective elastic properties, with an error as high as 1%.
The effective elastic properties are normalised using the properties of the elastic material used to
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characterise the TPMS structures. In doing so, the properties are made independent of the bulk
material used. The normalised properties are defined as follows:

Ē =
E∗

i
Es

, Ḡ =
G∗

ij

Gs
, v̄ =

v∗ij
vs

, (10)

where Ei, Gij, and vij are respectively the effective Young’s modulus, shear modulus, and Poisson’s
ratio.

3.1. Gyroid TPMS

The first topology observed is the gyroid shape. The first configuration given in Table 1 is followed
to validate the results obtained using FEM and MSG. For better visualisation, the gyroid RUCs are
shown in Figure 1.

(a) (b)

Figure 1. Gyroid RUC at minimum and maximum relative densities: (a) ρ̄ = 0.1. (b) ρ̄ = 0.5.

The normalised effective elastic properties are presented in Table 2 for the minimum and maxi-
mum relative densities analysed.

Table 2. Homogenisation results for gyroid shape.

Source ρ̄ Ē Ḡ ν̄

Refai et al. [15] 0.1 0.032 0.035 1.000
FEM 0.1 0.032 0.035 1.000
MSG 0.1 0.032 0.035 1.000

FEM 0.5 0.249 0.293 0.896
MSG 0.5 0.249 0.293 0.896

As can be seen in Table 2, the FEM and MSG-based results match closely. The effect of the relative
density on the effective elastic properties can be better seen in Figure 2.
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Figure 2. Normalised effective elastic properties of gyroid TPMS as a function of relative density: (a) Normalised
effective Young’s modulus Ē, (b) Normalised effective shear modulus Ḡ, (c) Normalised effective Poisson’s ratio v̄.

As it can be expected, the higher the relative density, and therefore a higher thickness, the higher
both Young’s and shear moduli. On the other hand, the Poisson’s ratio exhibits an apparently opposite
trend. Further analysis of RUCs with a relative density greater than 50% revealed that the Poisson’s
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ratio increases, approaching the value of the original solid material. This behaviour is expected, as
higher relative density means the RUC becomes increasingly similar to the bulk material. The spatial
distribution of the Young’s modulus can be determined from the effective stiffness tensor C∗

ijkl obtained
through homogenisation using the tool developed by Dong [32]. Figure 3 shows the directional
distribution of the Young’s modulus for the gyroid structure for a relative density as low as 10% and
as high as 50%.

(a) (b)

Figure 3. Young’s modulus distribution of gyroid TPMS at different relative densities: (a) ρ̄ = 0.1. (b) ρ̄ = 0.5.

It can be observed that even at low density, the distribution closely approaches a spherical shape,
indicating a high degree of isotropy. Increasing the relative density does not produce significant
changes in the distribution of the elastic modulus, demonstrating the structural stability. Although
the variation is minimal, the gyroid is slightly stiffer along the principal axes than along the diagonal
directions. The cubic symmetry, characteristic of TPMS structures, can also be clearly observed.

3.2. Diamond TPMS

For the diamond shape, the second configuration presented in Table 1 is considered. Figure 4
show the diamond RUCs at the lower and highest considered relative densities.
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(a) (b)

Figure 4. Diamond RUC at minimum and maximum relative densities: (a) ρ̄ = 0.1. (b) ρ̄ = 0.5.

Table 3 presents the computed equivalent properties, The results by Zhang et al. [17] for a relative
density of 30% are used for validation.

Table 3. Homogenisation results for diamond shape.

Source ρ̄ Ē Ḡ ν̄

FEM 0.1 0.042 0.027 0.929
MSG 0.1 0.042 0.027 0.929

Zhang et al. [17] 0.3 0.142 - -
FEM 0.3 0.141 0.120 0.904
MSG 0.3 0.141 0.120 0.903

FEM 0.5 0.276 0.279 0.892
MSG 0.5 0.276 0.279 0.891

The results computed via the FEM and MSG approaches match. In Figure 5, the normalised
effective elastic properties as a function of the relative density are given.
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Figure 5. Normalised effective elastic properties of the diamond structure as a function of relative density: (a)
Normalised effective Young’s modulus Ē, (b) Normalised effective shear modulus Ḡ, (c) Normalised effective
Poisson’s ratio v̄.

As observed for the gyroid structure, the diamond also shows an increase in Young’s modulus
and shear modulus with higher relative density, and the opposite trend for the Poisson’s ratio. With a
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large difference between the elastic Young’s modulus along the the principal axes and the diagonal
directions, the diamond topology shows high levels of anisotropy at low densities, which can be
observed in Figure 6.

(a) (b)

Figure 6. Young’s modulus distribution of diamond TPMS at different relative densities: (a) ρ̄ = 0.1. (b) ρ̄ = 0.5.

As the volume of the material increases, the diamond TPMS behaviour becomes more isotropic,
as shown by a spherical distribution for the RUC at relative density ρ̄ = 0.5.

3.3. PMY

The effective elastic properties of the PMY structure are also investigated, where the geometrical
parameters and base material properties of the second case in Table 1 are used. The PMY RUCs
considered in this study are illustrated in Figure 7.

(a) (b)

Figure 7. PMY RUC at minimum and maximum relative densities: (a) ρ̄ = 0.1. (b) ρ̄ = 0.5.

To the author’s knowledge, this topology have not yet been widely investigated, therefore, the
comparison is limited to the results obtained using the FEM and MSG methods. As shown in Table 4,

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 October 2025 doi:10.20944/preprints202510.1641.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202510.1641.v1
http://creativecommons.org/licenses/by/4.0/


13 of 20

which presents the homogenisation results, and in Figure 8, where these results are plotted as a function
of relative density, a strong agreement is observed between the two methods.

Table 4. Homogenisation results for PMY shape.

Source ρ̄ Ē Ḡ ν̄

FEM 0.1 0.031 0.036 0.992
MSG 0.1 0.031 0.036 0.991

FEM 0.5 0.289 0.314 0.912
MSG 0.5 0.289 0.314 0.911
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Figure 8. Normalised effective elastic properties of PMY as a function of relative density: (a) Normalised effective
Young’s modulus Ē, (b) Normalised effective shear modulus Ḡ, (c) Normalised effective Poisson’s ratio v̄.

Similar to the gyroid shape, the PMY structure also shows high isotropy at low densities, as can
be seen in Figure 9, where the directional Young’s modulus distribution is visualised.
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(a) (b)

Figure 9. Elastic Young’s modulus distribution of PMY TPMS at different relative densities, RUC at: (a) ρ̄ = 0.1
and (b) ρ̄ = 0.5.

However, the stiffness distribution shows that the diagonal directional Young’s modulus is the
highest, whereas in the x, y, and z directions of the RUC, it is the lowest.
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3.4. F-Rhombic Dodecahedron (F-RD)

For the F-RD shape, once again the second case properties in Table 1 are used. A visualisation of
the RUCs investigated given in Figure 10.

(a) (b)

Figure 10. F-RD RUC at minimum and maximum relative densities: (a) ρ̄ = 0.1, (b) ρ̄ = 0.5.

As with the previously analysed TPMS structures, the FEM and MSG results show good agree-
ment, as illustrated in Table 5 and Figure 11, where the homogenisation results are plotted against
relative density. A slight discrepancy can be observed in the Poisson’s ratio for the RUCs at a relative
density of 10%, amounting to only 1.3%. This difference appears more pronounced due to the scale
used to present the results.

Table 5. Homogenisation results for F-RD shape.

Source ρ̄ Ē Ḡ ν̄

FEM 0.1 0.042 0.023 0.748
MSG 0.1 0.041 0.023 0.741

FEM 0.5 0.330 0.295 0.826
MSG 0.5 0.330 0.296 0.826

However, unlike all the structures considered so far, the F-RD shape shows a positive trend with
respect to a higher relative density not only with the elastic Young’s modulus and shear modulus, but
also the Poisson’s ratio.
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Figure 11. Normalised effective elastic properties of F-RD as a function of relative density: (a) Normalised effective
Young’s modulus Ē, (b) Normalised effective shear modulus Ḡ, (c) Normalised effective Poisson’s ratio v̄.

Looking at the directional distribution of the Young’s modulus in Figure 12, the F-RD structure
shows the highest anisotropy, having the biggest difference between the minimum and maximum
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Young’s modulus at low density. However, at high densities, the stiffness distribution becomes more
uniform. As most TPMSs, the F-RD is the stiffest along the coordinate axes.

(a) (b)

Figure 12. Elastic Young’s modulus distribution of F-RD TPMS at different relative densities, RUC at: (a) ρ̄ = 0.1
and (b) ρ̄ = 0.5.

4. Conclusions
In this paper, a study was conducted to compare the mechanical homogenisation of Triply Periodic

Minimal Surfaces, using two different methods: the Finite Element Method and the Mechanics of
Structure Genome. The homogenisation analysis was focused on the Representative Unit Cells of
four TPMS topologies: gyroid, diamond, PMY, and F-Rhombic Dodecahedron (F-RD). The first two
were chosen as they have already been explored extensively in literature, allowing for a validation
of the results obtained in this paper. Whereas, the last two topologies were chosen due to the lack of
information about their effective elastic properties, allowing us to fill this gap in the literature.

The main parameter that was varied when studying the mechanical behaviour of the TPMS
topologies was the relative density, in a range between 10% and 50%. In all the different TPMS
configurations presented in this paper, both the FEM and MSG methods have produced results that
match very closely.

Through the analysis of the elastic effective properties, it has been shown that all TPMSs have
higher Young’s modulus and shear modulus with increasing relative density. The opposite trend can
be seen with the Poisson’s ratio for all TPMSs apart from the F-RD structure. The distribution of the
directional Young’s modulus was also investigated relative to the amount of volume. It was seen
that at low densities, TPMS structures can show different levels of anisotropy based on the topology
chosen. The gyroid and the PMY structures show a spherical distribution of the stiffness, indicating
high isotropy. On the other hand, the diamond and the F-RD are highly anisotropic at low densities.
However, for all the shapes, as the volume increases, the stiffness distribution becomes more isotropic,
approaching that of a sphere.

With the results obtained, it was shown that the MSG method can reliably predict the effective
elastic properties, reproducing the same values as those obtained with the FEM approach. It achieves
this while providing intrinsic computational advantages: unlike the FEM-based RUC analysis, which
requires multiple system factorisations to compute the full stiffness matrix, the MSG method performs
a single factorisation followed by multiple back-substitutions.

This study focused on the homogenisation of mechanical properties; however, the approaches
presented are not limited to this domain. The effective thermal properties of TPMS structures could
also be investigated to further compare the performance of the two methods. Moreover, the TPMS
topologies analysed here do not represent the full range of existing geometries, and a more extensive
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study could provide broader insights. Finally, only simulation results were compared in this work, but
valuable information could be gained through experimental testing to assess how accurately these
methods can predict the real-world mechanical behaviour of architected metamaterials.
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