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Abstract: This paper focuses on the oscillatory properties of the semi-canonical nonlinear delay differential

equation of third-order
(&) (T (1)) + 0T (T(1) =0, t=>to,

under the conditions o 1 o 1

; mdt =oo and , (Sl—(t)dt < o0.
Using the new canonical transform method, we transformed the studied equation into a canonical type equation
and then we find the conditions for the oscillation of the studied equation from the canonical equations. The
obtained results are new and complement to the existing results mentioned in the literature. Examples are

provided to illustrate the importance and novelty of the main results.
Keywords: third-order; semi canonical; functional difference equation; oscillation

MSC: 34C10, 34K11.

1. Introduction

The aim of this paper is to extend and complement the results in [20,21] for the third-order delay
differential equations of the form

£4(t) +n(H)*(z(t)) =0, t >t >0, (E)
where £ is the differential operator defined by
£4(t) = (a2()(a1(HZ' (1)) ©)

In the sequel, we assume the following hypotheses:

Hy) 61 € C%([to, ), 63 € C'([tg,00), a1(t) > 0and ay(t) > 0 for all t > ty;

(
(Hy) n(t) € C([to,o0)) and 1(t) > 0 for all t > to;
(H3) T(t) € Cl([to, 00)), T(t) < t, lims 00 T(t) = oo and T(t) > 0 forall t > to;
(Hy) ais a ratio of odd positive integers;
(Hs) the operator L is in semi-canonical form, that is,
OOLd)f—oo and Qq(ty) = OOLlet<c>o
0 B IO R

Definition 1. The solution of (E) is defined to be a nontrivial function {(t) € C([t;,0)), t; > to with the
properties 617 € Cl([tz,00)), 62(6:1")' € C([t7, 00)), that satisfies (E) on [t, 00). We consider only those
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solutions {(t) of (E) satisfying sup{|{(t)| : t > T} > 0 forall T > t; and assume that (E) possesses such a
solution.

Definition 2. A solution of (E) is called oscillatory if it has infinitely many zeros on [t;, o0); otherwise it is
called nonoscillatory. Equation (E) itself is called oscillatory if all its solution are oscillatory.

Due to many practical importance of third-order functional differential equations as well as a
number of mathematical problems involved [13], the area of qualitative theory of such equations
received a great attention in the last several decades. Further this is very useful in predicting the
similar behavior of solutions of third-order partial differential equations [9,10].

Oscillatory phenomena play a significant role in understanding the inherent vibrational patterns
within dynamic systems, so investigating the oscillatory behavior of solutions to differential equations
provides valuable insights into the stability and periodicity of the systems under considerations. In
recent years, there has been great interest in investigating the oscillatory behavior of solutions of (E) or
its particular cases or its generalizations, see, for example [1-8,11,12,15,16,19,21,22] and the references
are cited therein.

From the review of literature, we see that most of the oscillation results for the equation (E) under
the conditions

© 1 S |
w &0 "y s T
or . o 1
s mdt < oo and s mdt = o0
or
OOL1ilt<o<> and ooidif<oo
to 52“) to 51(0 ’

see, for example [3,4,6,9-13,17-21,24] and the references are cited therein.

In [5,20,21] the authors studied the oscillatory properties of (E) or its generalizations under the

condition - o 1
—dt =0 and ——dt < oo,
to 52(t) to 51(7})

However in [20,21], the authors transformed the equation (E) into canonical form under the condition

QZl(tO) = [:O ?21((:))

which greatly simplified the examination of (E) by reducing the set of nonoscillatory solutions to two
instead of three.

dt = oo, )

In view of the above observation, we see that if condition (2) fails to hold then (E) cannot be called
as a canonical type equation. Therefore the aim of this paper is to fill this gap, that is, if (1 (fg) < oo
then we present new transform that transforms (E) into canonical form. Thus, the results obtained
here are new and complement to that of in [5,20,21]. Examples are provided to show the novelty and
significance of our main results.
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2. Main Results
For simplicity, we employ the following notation:
Oy () = /°° L omn) = [T 6y
! eoas) o 0a(s)
S (HOF (1) 52(£)03, () g(t)
t) = ———+—, t) = ——=—, z(t) = .
Al O (1) 2(t) M (1) ) M (1)
We begin with a theorem that is adopted from [12] but presented with a different proof.
Theorem 1. If
M1 (ty) < oo, )
then the semi-canonical operator £ has the following unique canonical representation
1 8(H)03 (1) (a1 (D) gt \\'Y
= . 4
&% Qzl(f)( M (t) ( O (1) (Ql(t)) ) ) @

Proof. By a direct calculation, we have

RO (OO (L)) = 0uman@0F ) + 00800 + 0,

O (1) Qo1 (t)
or
1 6003 (1) (6(HOF(H) 1 T(1) V' 1 Y
Qzl(t)< : 01(3 ( 1021(1) <Ql(t)> ) ) e0) [021(t)52(t)(51(t)€ ®)

!/

+ ()8 (DT (1) + (1))

= G a0 (a0(a070)) —an (anro)

/

+ @ (Emrm) -0+ 0] = (20 (6070) )

Next, we show that (4) is in canonical form, that is,

() L[ _Ou()
o 02(H) Q% () t S1(H)OF(t)
Now,
© () /°° 1 : 1 1
— 5t = d = lim - =00
o G2(t)03,(t) fo <021(t)) t=e0 O1(t)  On(to)
Further,

© Qp() . 1
b 51(5;)%@)’# - /to Qﬂ(t)d(ﬁ(t))

by (Hs). However, Trench proved in [24] that there exists only one canonical representation of £ (up to
multiplicative constants with product 1) and so our canonical form is unique. The proof of the theorem


https://doi.org/10.20944/preprints202408.2187.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 August 2024 d0i:10.20944/preprints202408.2187.v1

40f11

is complete.
O

Based on Theorem 2.1, one can write (E) in the canonical form as
, AN
(B2()(BL(1)Z (1) ) + w2 (x(t) =0, t > 1o, (E0)
where w(t) = 17(t)Qy1 (£)Qf (7(t)), and the following results are immediate.

Theorem 2. Let (3) holds. Then the semi-canonical equation (E) possesses a solution {(t) if and only if the
canonical equation (E.) has the solution z(t).

Corollary 1. Let (3) holds. The semi-canonical equation (E) has an eventually positive solution if and only if
the canonical equation (E.) has an eventually positive solution.

Corollary 2.3 simplifies significantly the investigation of (E) since for (E.), we deal with only two
classes of an eventually positive (nonoscillatory) solutions (see, Lemma 2 [14]), namely, either

z(t) >0, L1z(t) <0, Loz(t) >0, L3z(t) <0,
and in this case, we say z € Dy or
z(t) >0, L1z(t) > 0, Loz(t) >0, L3z(t) <O,
and in this case we denote that z € D,, where
Loz(t) = z(t), Liz(t) = Bi(t) (ﬁi,lz(t))/, i=12, Lsz(t) = (Loz(t)).
Theorem 3. Let (3) holds. Assume that there exists a function o € C'([to, ©)) such that
a(t) >0, o(t) > t, g(t) =1(c(c(t))) < t. (5)
If both the first-order delay differential equations
w'(£) + Qu(H)u"(t(t)) =0 6)

and
u'(£) + Qa(t)u"(g(t)) =0, ?)

where

T(t) 1 s 1 «
Qi(t) = w<t)(/t1 Bi(s) Ju 7’32(51)51515&)
1 " 1

o o(s)
QZ(t) ﬁl(t)/; ,32(5)/5 w(sl)dslds

forall t1 > to, are oscillatory, then equation (E) is oscillatory.

Proof. Let {(t) be an eventually positive solution of (E). Then by Corollary 2.3, z(t) is also a positive
solution of (E.) and either z(t) € Dy or z(f) € D, forall t > t1 > f.
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First assume that z(t) € D,. Then using the fact that £,z(t) > 0 and decreasing, we have

Loz(s |
L1z(t) >/ ,Bz(s ds > Lrz(t) /t1 mds

2(t) > Loz(t) t/ﬁz

Integrating again from #; to f, we get

z(t) > Loz(t) /tlt [311(5) (/: ﬁ2(151)d51)ds. 8)

Let u(t) = L5z(t). Then combining (8) with (E.), we see that

or

7(t) s o
u’(t)—i—w(t)(/tl t ﬁll(s) [ ﬁz(lsl)dslds) W (z(t) <0

for t > t;. Integrating the latter inequality from ¢ to co, we have
0> [ Qi) (x(s))ds
t

for t > t1. The function u(t) is clearly decreasing on [t;,0) and hence by Theorem 1 in [18], we
conclude that there exists a positive solution u(t) of (6) with lim;_,« #(t) = 0, which contradicts the
fact that (6) is oscillatory.

Next, assume that z(t) € Dy. Integrating (E.) from t to o(t) gives

Loz(t) > /t "0 ()2 (v(s))ds > 28 (z(c (1)) /t " o(s)ds.
Then

s < 2(e(1) e
(Br1(0Z'(1)' = =5 5 /t w(s)ds.

Integrating last inequality from ¢ to o'(t), we get

o(s)
—2/(t) > 2 (s ())/t ﬁls)/s( w(sy)dsyds.

Finally, integrating from ¢ to co yields

s)) (o) 1 pols)
t 181(5) /5 ﬁz(sl) /51 w<52)d52d51ds.

Set the right hand side of the last inequality by u(t), we have z(t) > u(t) > 0. Then, it is easy to see
that

0 =u'(t) + Qa(t)z"(8(1))
0> u'(t) + Qa(t)u(g(t))-
Since u(t) is a positive bounded solution of the last inequality, then by Corollary 1 of [18], we see that

the corresponding differential equation (7) has also a positive solution. This is a contradiction to our
assumption, and we conclude that (E) oscillates. The proof of the theorem is complete. [


https://doi.org/10.20944/preprints202408.2187.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 August 2024 d0i:10.20944/preprints202408.2187.v1

60f 11

Employing criteria for oscillation of (6) and (7), we immediately obtain explicit criteria for oscilla-
tion of (E) for different value of «.

Corollary 2. Let (3) holds. Assume that there exists a function o € C'([tg, o)) such that (5) holds. If & = 1,

t 1
lim inf ds > - 9
lim in T(t)Ql(S) s>~ )
and
im i f/t Qa(s)ds > (10)
Pt (b) 2 e’

then (E) is oscillatory.

Proof. Application of Theorem 2.1.1 of [9] with (9) and (10) imply that the equations (6) and (7) are
oscillatory. Now, the proof follows from Theorem 2.4. This ends the proof. O

Corollary 3. Let (3) holds. Assume that there exists a function o € C'([ty, 0)) such that (5) holds. If
O<a<l .
Qi (H)dt = oo (1)

Ex

and o
Qa(t)dt = o0 (12)

[

forall t, > ty, then equation (E) is oscillatory.

Proof. Application of Theorem 3.9.3 of [9] with (11) and (12) imply that the equations (6) and (7) are
oscillatory. Now, the proof follows from Theorem 2.4. This ends the proof. O

Corollary 4. Let (3) holds. Assume that there exists a function ¢ € C!([to, o)) such that (5) holds. Further
assume that « > 1, T(t) = 01t, o'(t) = 65(t), 01 € (0,1), 02 > 1 and g(t) = 05(t) with 63 = 6,03 < 1. If
there exist

AM>—Ina/In6;, Ay > —Ina/Inbs (13)
such that
lim inf[Q; (1) exp(—t1)] >0 (14)
—» 00
and
lim inf[Qy(t) exp(—t'2)] > 0 (15)
—o0

hold, then (E) is oscillatory.

Corollary 5. Let (3) holds. Assume that there exists a function o € C'([to, o)) such that (5) holds. Further
assume that o > 1, T(t) = t9, o (t) = 1%, 0, € (0,1), 0 > 1 and g(t) = t% with 03 = 0, 03 < 1. If there

exist
A >—Ina/Inb;, Ay > —Ina/Inb; (16)
such that
tlim inf[Q1 () exp(—(Int)M)] >0 (17)
—00
and
tlim inf[Qs () exp(—(Int)*2)] > 0 (18)
—00

hold, then (E) is oscillatory.
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The proofs of Corollary 2.7 and Corollary 2.8 follow by using Theorem 4 and Theorem 5 of [23]
with Theorem 2.4, respectively.

Next, we present another criteria for the oscillation of (E) whena = 1and o < 1.

Theorem 4. Let (3) and o = 1 hold. If

}LI]; sup / © / ,32 / sz)dszdsl>ds >1 (19)

and

t—oc0

t

liminf [ Qq(s)ds > 1, (20)
T(t) e

then equation (E) is oscillatory.

Proof. Let {(t) be an eventually positive solution of (E). Then proceeding as in the proof of Theorem
2.4, we see that z(t) is a positive solution of (E.) and belongs to either Dy or D, for all t > t; > £.

If z(t) € D,, then as in the Proof of Corollary 2.5, we obtain a contradiction with (20) and so

Z(t) € Dy
Integrating (E.) from s to t gives

(B1(s)Z'(s))’

Y

/321(5) /st w(s1)z"(T(s1))ds1

z¢(T(t) !
B2(5) /Sw(sl)dsl.

Again integrating the inequality twice from s to t, we have

2(s) > 2*(x(t) / ﬁl / e / (59)dsadsy ) dsy.

Letting s = 7(t) and &« = 1, we obtain a contradiction with (19). Hence we conclude that (E) is
oscillatory. This completes the proof. O

Theorem 5. Let (3) and 0 < a < 1 hold. If

tlLr?o sup/ ﬁ1 / [32 / sz)dszds1)ds =00 (21)

and o
lim Qi(s)ds = (22)

t—=o0 Jt

forall t1 > to, then equation (E) is oscillatory.

Proof. Let {(t) be an eventually positive solution of (E). Then proceeding as in the proof of Theorem
2.4, we see that z(t) is a positive solution of (E.) that belongs to either Dy or D, for all t > t1 > t.

First assume that z(t) € D,. In view of condition (22) and by Corollary 2.6, we get that D, is
empty and so z(t) € Dy. Thus proceeding as in the proof of Theorem 2.9, we obtain

2 (1)) > / [51 / 56 / (s2)dsadsy ) ds. (23)
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Since z(t) is decreasing and « < 1, we see that zZ'=%(7(t)) < Mforall t > t; > tg, and using this in
(23), one gets a contradiction with (21). The proof of the theorem is complete. [J

Remark 1. Here, we use the canonical equation (E.) to get oscillation criteria of (E). Therefore, it is clear that
one may use the results in [1-3,6,11,15,16] to get several oscillatory and asymptotic behaviors of (E.) which in
turn imply that of (E). The details are left to the reader.

3. Examples

In this section, we present some examples to show the importance of the main results.
Example 1. Consider the semi-canonical third-order linear delay differential equation
(KL (1)) + g (A) =0, t>1, (24)
where g > 0and A € (0,1).

Here 01(t) = 2, 6,(t) = t, n(t) = 1o, T(t) = At and & = 1. By a simple calculation, we have
1 1 Lo
O () = T Oy (t) = . Bi(t) =t B2(t) =1and w(t) = % The transformed equation is

(t ()" + %z()\t) =0, t>1,

which is in canonical form. The condition (3) is clearly satisfied. Choose o(t) = pt with1 < u < \%

and g(t) = Ap®t < t, we see that

1 1 InA  Int
QO =m(F -5z~ 7 ")

Q) = (1% n

The condition (9) becomes

Q| =

win(2) >

and the condition (10) becomes

%(1— ;) Inpln (/\;2) > %.

Therefore, by Corollary 2.5, the equation (24) is oscillatory if

o > max { L At }
0 , .
eln (%) (y—1)Inuln (%}42)
Example 2. Consider the third-order semi-canonical sub-linear delay differential equation
(P B) +not3 (M) =0, £21, 25)

where g > 1and A € (0,1).
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Here (52( ) =1,61(t) = 13, 5(t) = not, T(t) = Atand « = 1. By a simple calculation, we have

O () = O (t) = %, Bi(t) = Ba(t) = %, w(t) = 77— where 177 = 170( ) . The condition (3)

227 t3
clearly holds and the transformed equation is
(1) + L =0, t>1,
t3

which is in canonical form. With a further calculation, we see that
1
Qi (t) = 2370.

Choose o(t) = putwith1 < pu < %, we see that ¢(t) = At < t and so condition (5) holds. Also

w\»#

Qa(t) = T~ 1),

The conditions (11) and (12) are clearly hold. Therefore, by Corollary 2.6, the equation (25) is oscillatory
forall o > 0.

Example 3. Consider the third-order semi-canonical super-linear delay differential equation

(B 1) + 0% P (3) =0, 121, (26)

where g > 0.

Here 61(t) = t4, 6,(t) = 1, 57(t) = not'?, T(t) = i and « = 3. By a simple computation, we see
that

M (t) = and Oy (t) =

1
313 612
and hence condition (3) is satisfied. The transformed equation is
1, ! 23t
— —_ = >
(tz (t)) +npte’ z (4) 0, t>1,

10(4)°

3t‘ we have g(t) = zif and so condition (5) hold. With a further

. Choose o(t) = St ie

calculation, we see that

where 177 =

Qi(t) = 5o t%", Qa(t) = 1 (4% — 1363 4 0).

9(63) 36
In3 In3 . . .\
Let A1 =1,thenl > na and let A, = 2, then 2 > " so conditions in (13) holds. The condition
In ( 9 )
(14) becomes
s o 10( 22—t
Jim inf 85t (¢")] >0,

that is, condition (14) holds. The condition (15) becomes

lim inf [’37; (4e16f2 13e1t +9et2) } > lim 12 (3e?ﬂ2 19— 16e—f2) >0,

t—o0 t—y00 36

that is, condition (15) hold. Therefore, by Corollary 2.7, the equation (26) is oscillatory.
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4. Conclusions

In this paper, by using a new canonical transform, we changed the shape of the equation (E) into
a canonical type equation. This significantly simplifies the examination of the equation (E). Therefore,
the results obtained here are new and complement to the existing results.
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