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Article 

Prime-Enforced Helical Symmetry Constraints in 
Thermodynamic Emergence of Electromagnetism: 
Engineering Tunable Self-Organized 
Superconducting Shells via the Radial Helical Gear 
Condenser in Hybrid Layered Composites 
Muhamad Fouad 

Cain Department of Chemical Engineering, Louisiana State University, Taylor Hall, 3307 Patrick F, Baton 
Rouge, LA 70802, USA; mfouad1@lsu.edu; Tel.: +1-803-606-1678 

Abstract 

This work establishes that the complete set of Maxwell’s equations and the dynamics of the 
electromagnetic field emerge deductively as a theorem from the three primitive axioms of the Zeta-
Minimizer Theorem (ZMT). Starting from the helical transfer matrix in star topology with anchor 
prime 19 and applying the integer gear up to its prime rule, the grand-partition function is uniquely 
constructed. Critical compositions in the s → 0 limit fix the per-gear constants C୩, which govern the 
interaction parameters and the full Lyapunov spectrum. Thermodynamic continuity at interfaces of 
differing gear content then enforces the matching condition that recovers Maxwell’s equations and 
the electromagnetic field dynamics from first principles via the covariant fugacity Hessian. As the 
principal engineering realization, the Radial Helical Gear Condenser (RHGC) is introduced, a self-
regulating cylindrical membrane whose hybrid layered polymer–metal composite architecture 
enables precise radial pressure-gradient tuning. This spontaneously forms a thin, controllable shell 
of marginal stability (𝜆௞,ଵଽ = 0). The results provide a thermodynamic origin for electromagnetism 
and a versatile, first-principles pathway to high-temperature superconductivity and advanced 
materials design. 

Keywords: Zeta-Minimizer Theorem; electromagnetic emergence; helical transfer matrix;  
grand-partition function; integer gear rule; per-gear Lyapunov spectrum; Radial Helical Gear 
Condenser; hybrid layered composites 
 

1. Introduction 

The Zeta-Minimizer Theorem (ZMT) establishes a rigorous thermodynamic foundation from 
which classical electromagnetism emerges deductively as a theorem. At its core lies a helical transfer 
matrix constructed in star topology with a fixed anchor prime 19. Under the integer gear up to its 
prime rule, every physical component occupies precisely the discrete helical gears 𝑘 =2,3, … ,𝑝୫୭୪, each with multiplicity one. The resulting grand-partition function 

𝑍(𝑠) = ൦ි 11 − 𝑘ି௦௞∈௄ ൪ 11 − 19ି௦ , 
where 𝐾 is the union of all gears present in the system, is uniquely determined by the three primitive 
ZMT axioms. 
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Critical compositions 𝑥௞,௢ in the 𝑠 → 0 limit determine the per-gear integration constants 𝐶௞ . 
These constants govern the interaction parameters Δ௞,ଵଽ(𝑥௞)  and the full Lyapunov spectrum 𝜆௞,ଵଽ(𝑥௞). 

At the interface between regions of differing gear content, thermodynamic continuity of the 
grand potential imposes the matching condition 𝜔ୱ୭୪୧ୢ(𝑠) −𝜔୤୪୳୧ୢ(𝑠) = 𝐶௞ 
for at least one gear 𝑘. When the dominant gear (𝑘 = 2) reaches marginal stability 𝜆௞,ଵଽ = 0, the 
covariant fugacity hessian 𝑒ିట[−∂௥ଶ𝜙 − (1/𝑟) ∂௥𝜙 − 𝐶] = 𝑆(𝑟; 𝑥௞) 
recovers the complete set of Maxwell’s equations and the dynamics of the electromagnetic field from 
first principles. 

As the principal engineering realization of this deductive framework, the Radial Helical Gear 
Condenser (RHGC) is introduced, a highly malleable and flexible cylindrical membrane system 
designed for superconductivity and hydrogen transport applications. The RHGC operates under a 
pure-H₂ pressure gradient, sustaining a steady-state atomic hydrogen flux through a dense or 
composite wall according to the classical solution-diffusion mechanism. The high-pressure feed side 
continuously supplies H₂ while the low-pressure permeate side continuously removes permeated H₂, 
establishing a sustained non-equilibrium concentration gradient of atomic hydrogen across the 
membrane thickness. This persistent chemical-potential gradient ( Δ𝜇ு ) drives steady-state 
permeation flux 𝐽 = Φ𝐿 (ඥ𝑃୤ୣୣୢ − ට𝑃୮ୣ୰୫ୣୟ୲ୣ) 

where 𝐽 is the molar flux, Φ is permeability, 𝐿 is thickness. The process consists of five sequential 
steps maintained indefinitely by the pressure gradient: dissociative adsorption on the high-pressure 
feed surface, absorption into interstitial sites, bulk diffusion, desorption on the permeate side, and 
recombinative desorption. The RHGC architecture is inherently adaptable, supporting three classes 
of materials of construction—dense metallic membranes (Pd-based alloys or Group-V metals with Pd 
coatings), metal-polymer mixed-matrix membranes, and hybrid layered polymer–metal 
composites—allowing optimization of permeability, operating temperature, mechanical properties, 
and cost for diverse applications. 

The radial pressure gradient naturally tunes local gear occupations 𝑥௞(𝑟) , spontaneously 
forming a thin cylindrical shell at radius 𝑟∗ where 𝜆௞,ଵଽ(𝑥௞(𝑟∗)) = 0, thereby creating a stable 
superconducting channel. 

The final section extends the same deductive machinery through the Vacuum Axiomatic 
Construction (VAC) to the main domain of space engineering, providing a complete thermodynamic 
description of vacuum behavior within the ZMT formalism. 

2. Theoretical Framework 

The Zeta-Minimizer Theorem (ZMT) provides a deductive unification of statistical mechanics, 
number theory, and helical geometry [1–8]. All macroscopic thermodynamics emerge from three 
axioms in which a non-proper conical helix is the unique topology satisfying bounded oscillations, 
flux conservation, and entropy maximization. The framework proceeds in 6 deductive sections, each 
section following logically from the previous one and leading directly to Electromagnetic Theorem. 

2.1. The Three Axioms 

Axiom 1. (Strict Concave Entropy Maximization). 
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The phase functional Φ  is strictly concave and possesses a unique global maximum. In the 
grand canonical ensemble, this implies that 𝑆 = 𝑘 ln Ξ + 𝛽෍𝜇௜௜ ⟨𝑁௜⟩ − 𝛽𝐸 

is maximized, yielding mole fractions 𝑥௜ = ⟨𝑁௜⟩/⟨𝑁⟩ as the natural coordinates. 

Axiom 2. (Uniform Gibbs Free Energy with Spectral Minima). 

The Gibbs free energy 𝐺 = ±𝑁஺ℎ𝜈ట is uniform across phases, enforced by a non-vanishing 
lower bound 𝛿 > 0 on the helical operator spectrum. This creates a stability window around the 
reference prime 19. 

Axiom 3. (Irreducibility via Perpetual Bounded Oscillations). 

Primes induce irreducible representations (Hilbert–Maschke theorem) of the helical flux, 

ensuring divergence-free flow ∇ ⋅ ∑𝜌௠𝑣௝ట = 0 and trigonometric boundedness. The background 
prime 19 is the fixed upper edge of the stability window. 

These axioms uniquely fix the helical topology and force primes to act as indivisible bosonic 
modes with energies 𝐸௣ = ln 𝑝. 

2.2. Prime Numbers in ZMT Represent the Indivisible Cycle Lengths of the Helical Flux 

A prime 𝑝 implies an irreducible p-fold rotational symmetry that cannot be decomposed into 
smaller closed cycles. This is a direct consequence of Axiom 3 (irreducibility via perpetual bounded 
oscillations): the helical operator must act on a minimal, indivisible representation whose 
dimension/order is exactly the prime 𝑝. 

The specific helix aspect that encodes the prime is the angular quantization step is: 𝜃 = 2𝜋𝑝  

This angle appears in every helical projection: 
In the transfer matrix 𝑀 (star topology with 19-hub), the diagonal block for prime 𝑝 is cos ൬2𝜋𝑝 ൰ and sin ൬2𝜋𝑝 ൰ 

(local oscillation of the peripheral mode). 
The off-diagonal couplings to the 19-anchor are −sin (2𝜋/19) , but the periodicity of each 

peripheral mode is strictly governed by 2𝜋/𝑝. 

2.3. Explicit Helical Operator and Effective Hessian PDE 

Following the Topology Selection Theorem (Theorem S4 [2]), which identifies the non-proper 
Archimedean conical helix as the unique geometry compatible with the three ZMT axioms, The self-
adjoint helical operator can be constructed through its intrinsic differential operator and derive the 
governing Hessian PDE. 

Equip the helix 𝛾(𝜃) = ((𝑎 + 𝑏𝜃)cos 𝜃, (𝑎 + 𝑏𝜃)sin 𝜃, 𝑐𝜃),𝜃 ∈ ℝ, 𝑏 ≠ 0. 
with the arc-length measure 𝑑𝜇 = 𝑤(𝜃) 𝑑𝜃, where 𝑤(𝜃) = ඥ𝑟ᇱଶ + 𝑟ଶ + 𝑐ଶ, 𝑟(𝜃) = 𝑎 + 𝑏𝜃 

2.3.1. ZMT Helical Operator (from Axiom 2)  
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Axiom 2 requires a self-adjoint elliptic operator 𝐻  whose Gibbs functional 𝐺[𝜓] =∫ 𝜓∗𝐻𝜓 𝑑𝜇  has a strict positive spectral gap inf 𝜎(𝐻) = 𝛿 > 0  and respects global directed 
helicity (Axiom 3). The unique operator satisfying these conditions is the Sturm–Liouville form 
(Section 2 [2]). 𝐻𝜓 = − 1𝑤 𝑑𝑑𝜃 ൬1𝑤𝑑𝜓𝑑𝜃൰ + 𝛼ଶ𝑟(𝜃)ଶ 𝜓 

where the centrifugal term encodes the conical taper and 𝛼  is fixed by the helicity constraint of 
Axiom 3. The Friedrichs extension is self-adjoint, and elliptic regularity plus the non-proper condition 
guarantee 𝛿 > 0. 

2.3.2. Effective Hessian PDE  

The natural Hessian (Section 3 [2]) along the helix is the differential part of 𝐻: Hessఊ𝜙 ≡ − 1𝑤 𝑑𝑑𝜃 ൬1𝑤𝑑𝜙𝑑𝜃൰ + 𝛼ଶ𝑟(𝜃)ଶ 𝜙 

Combining the entropy functional 𝑆[𝜌] = −∫ 𝜌ln 𝜌 𝑑𝜇  (Axiom 1) and the Gibbs functional 
(Axiom 2), we form the phase functional ℱ[𝜙,𝜓] = න𝑒ିట௑ ∣ Hessఊ𝜙 − 𝐶 ∣ଶ  𝑑𝜇 

where 𝐶 > 0 is the constant curvature floor enforced by Axiom 3. 
Direct Euler–Lagrange variation with respect to 𝜙 yields the stationarity condition 𝑒ିట(Hessఊ𝜙 − 𝐶) = 𝑆(𝜃) 

or explicitly 𝑒ିట ቈ− 1𝑤 𝑑𝑑𝜃 ൬1𝑤𝑑𝜙𝑑𝜃൰ + 𝛼ଶ𝑟(𝜃)ଶ 𝜙቉ = 𝐶 + 𝑆(𝜃) 

Here 𝑆(𝜃) is the entropy-weighted commutator plus helical Lie transport forced by Axiom 3. This 
is the effective Hessian PDE of ZMT — a true theorem following directly from the three axioms and 
the explicit operator 𝐻. 

Source Tensor 𝑆(𝜃) General Function on Helix: 𝑆(𝜃) = 𝑒ట[∇,∇]ln Ω + ℒక(∂ఏ𝜙 ⋅ ∂ఏ𝜙), 
where: 

• Ω is the entropy density (from Axiom 1), 
• [∇,∇]ln Ω is the second covariant derivative along the helix (the 1D version of the Hessian acting 

on lnΩ), 
• ℒక is the Lie derivative along the helical tangent vector 𝜉 = 𝛾ᇱ (the flow direction of the helix), 
• 𝜙 is the log-fugacity scalar, 
• 𝑒ିట = 1/𝑍(𝑠) (reciprocal of the grand-partition function). 

3. Thermodynamic Variables as Emergent Shadows of Helical Minimization 

In the Zeta-Minimizer Theorem, thermodynamic quantities emerge as natural projections — or 
functorial shadows — of the underlying variational minimization performed on the symmetric 
measure space associated with the non-proper Archimedean conical helix. The helical transfer matrix 
in star topology (Section 7 [2]), together with the integer gear up to its prime rule, supplies the 
fundamental structure from which all thermodynamic variables are derived. 

3.1. The Classical Relation PV = ZRT as a Natural Consequence 

The familiar thermodynamic identity 𝑃𝑉 = 𝑍𝑅𝑇  arises directly as the image of the grand-
partition function under the helical gear structure. Each component contributes to its discrete 
winding modes 𝑘 = 2, … , 𝑝୫୭୪, and the resulting occupation numbers 
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𝑛௞(𝑠) = 1𝑘௦ − 1 

yield the total occupation and the compressibility factor 𝑍(𝑠) in closed form. The pressure–volume 
product then satisfies the classical relation once the gear occupations are fixed by the three ZMT 
axioms. 

3.2. Generalization to Arbitrary Conjugate Pairs 

The same structure extends to any pair of thermodynamically conjugate variables (𝑋,𝑌). Let 𝑋  denote any flux-like density consistent with Axiom 3 (divergence-free flux conservation). The 
Gibbs free energy 𝐺 is the unique variational minimizer (Axiom 1), and its Legendre transform at 
fixed temperature (fixed 𝑠) defines the conjugate extent variable 𝑌 = ൬∂𝐺∂𝑋൰் 

Because gear discretization commutes with scaling transformations [9–18], the product 𝑋𝑌 = 𝑍𝑅𝑇 
holds invariantly once the helical primes and stable modes are specified. This guarantees that familiar 
pairs such as (𝑃,𝑉) , (𝐻,𝑀) , or electric-potential/charge-density pairs inherit the same prime-
modulated structure and phase-jump quantization at critical values of 𝑠. 

3.3. Interface Matching and the Covariant Fugacity Hessian 

At the boundary between regions of differing gear content (solid and fluid, or two regions inside 
the RHGC wall), thermodynamic continuity of the grand potential requires 𝜔ୱ୭୪୧ୢ(𝑠) −𝜔୤୪୳୧ୢ(𝑠) = 𝐶௞ 
for at least one gear 𝑘, where the constants 𝐶௞  are fixed by the critical compositions 𝑥௞,௢ in the 𝑠 → 0 limit. When the dominant gear (𝑘 = 2) reaches marginal stability 𝜆௞,ଵଽ = 0, the covariant 
fugacity Hessian 𝑒ିట[−∂௥ଶ𝜙 − (1/𝑟) ∂௥𝜙 − 𝐶] = 𝑆(𝑟; 𝑥௞) 
recovers the full set of Maxwell’s equations and the dynamics of the electromagnetic field from first 
principles. Gauge invariance follows automatically from the star-topology structure of the helical 
modes. 

4. RH theorem: Grand-Partition Function and Mole Fraction (Binary System) 

4.1. RH Theorem in the ZMT Framework (Thermodynamic Statement) [1,2] 

The Riemann Hypothesis asserts that every non-trivial zero of the completed zeta function lies 
on the critical line Re (𝑠) = 1/2 . In ZMT this is reinterpreted as a thermodynamic stability 
condition: 

• The equilibrium frequency spectrum (Lyapunov exponents) is minimized only when the 
thermodynamic parameter 𝑠  satisfies Re (𝑠) = 1/2  (strict concavity of the Gibbs functional Φ[𝜓]from Axiom 1). 

• Any deviation off the line would violate the spectral gap 𝛿 > 0 (Axiom 2) or the divergence-
free flux condition (Axiom 3). 

Thus, the physical grand-partition function must be constructed so that its dominant component 
(the one with the lowest prime) always occupies more than half the total occupation when 
equilibrium is reached on the critical line. 

4.2. Deductive Construction of the Grand-Partition Function (Binary Case) 

Start from the helical transfer matrix 𝑀(star topology with anchor 19 as hub). Its eigenvalues 𝜇௞ are mapped to the Dirichlet series via the spectral-Dirichlet mapping (Lemma S10 [2]). 
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For a binary system the matrix is 2 × 2: 

• One mode for prime 𝑝௜, one mode for anchor 19. 
• The trace condition plus the helical cosine projection forces the Euler-product form. 

The resulting grand-partition function is therefore exactly 𝑍(𝑠) = 11 − 𝑝௜ି ௦ ⋅ 11 − 19ି௦ 
or, equivalently (in terms of occupation numbers), 𝑍(𝑠) = ි 11 − 𝑝௝ି ௦௝ୀ௜,ଵଽ . 
This is the unique form that: 

• Reproduces the Euler product of 𝜁(𝑠)when summed over all primes, 
• Satisfies the RH critical-line condition at equilibrium (Re (𝑠) = 1/2), 
• Guarantees the Gibbs free-energy functional 𝐺[𝜓] = ∫Φ[𝜓] 𝑑𝜇 is strictly concave (Axiom 1). 

4.3. Deductive Mole Fraction for the Binary System 

The occupation of each prime follows the Bose–Einstein statistics inherent to the grand-partition 
function: 𝑛௝(𝑠) = 1𝑝௝௦ − 1 

The total occupation is 𝑛୲୭୲(𝑠) = 𝑛௜(𝑠) + 𝑛ଵଽ(𝑠). The mole fraction of the component with prime 𝑝௜ is therefore 𝑥௜(𝑠) = 𝑛௜(𝑠)𝑛୲୭୲(𝑠) = 1/(𝑝௜௦ − 1)1/(𝑝௜௦ − 1) + 1/(19௦ − 1) 

Equivalently (and more compactly), 𝑥௜(𝑠) = 19௦ − 1𝑝௜௦ + 19௦ − 2 , 𝑥ଵଽ(𝑠) = 1 − 𝑥௜(𝑠). 
4.4. RH-Imposed Bound 𝑥௜(𝑠) > 1/2 (Dominance Condition) 

Because 𝑝௜ < 19, we have 𝑝௜௦ < 19௦ for all real 𝑠 > 0. It follows immediately that 𝑝௜௦ − 1 < 19௦ − 1 ⇒ 1𝑝௜௦ − 1 > 119௦ − 1 
Hence 𝑥௜(𝑠) > 11 + 1 = 1/2 

for all 𝑠 ≠ 0. Equality holds only in the trivial limit 𝑠 → ∞ (zero-temperature, perfect ordering). 
This is the direct thermodynamic translation of the RH critical-line condition: the lowest prime must 
dominate the occupation at equilibrium. 

4.5. Summary Table (Binary Mole Fractions) 

All equations are now fully derived from RH → helical matrix → Euler product (Table 1). 

Table 1. ZMT Binary Helical Gear Table. 

Quantity Expression  
Grand partition function 𝑍(𝑠) = 1(1 − 𝑝௜ି ௦)(1 − 19ି௦) 
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Mole fraction 𝒙𝒊 𝑥௜(𝑠) = 19௦ − 1𝑝௜௦ + 19௦ − 2 

Anchor fraction 𝑥ଵଽ(𝑠) = 1 − 𝑥௜(𝑠) 
RH bound (deductive) 𝑥௜(𝑠) > 1/2 for all real 𝑠 ≠ 0(when 𝑝௜ < 19) 

4.6. Gear-Level Mole-Fraction Distribution Deductive Derivation (Binary System) 

4.6.1. Binary Grand-Partition Function (from RH) 𝑍(𝑠) = 1(1 − 𝑝௜ି ௦)(1 − 19ି௦) 

4.6.2. Gear Decomposition Inside the 𝑝௜-Component 

Under the rule integer gears ascending to its prime, the component with deductive prime 𝑝௜ 
occupies exactly the gears 𝑘 = 2,3, … ,𝑝௜ 
(each with multiplicity 1). 

The grand-partition function factor for this component alone is therefore 

𝑍௜(𝑠) = ි 11 − 𝑘ି௦
௣೔
௞ୀଶ  

Each gear contributes its own Bose–Einstein occupation 𝑛௞(𝑠) = 1𝑘௦ − 1 . 
The total occupation of the 𝑝௜-component is 

𝑛௜(𝑠) = ෍𝑛௞௣೔
௞ୀଶ (𝑠) = ෎ 1𝑘௦ − 1

௣೔
௞ୀଶ . 

(The anchor 19 is treated separately and does not participate in these internal gears.) 

4.6.3. Gear Mole Fraction Inside the 𝑝௜-Component 

The mole fraction of gear 𝑘 within the 𝑝௜-component is 

𝑥௞,௚௘௔௥(௜) (𝑠) = 𝑛௞(𝑠)𝑛௜(𝑠) = 1/(𝑘௦ − 1)෌ 1/(௣೔௝ୀଶ 𝑗௦ − 1). 
4.6.4. Prime-2 Gear Dominance (Deductive Consequence) 

For any fixed 𝑠 > 0 and 𝑝௜ > 2, the lowest gear 𝑘 = 2 is strictly the largest: 𝑛ଶ(𝑠) > 𝑛ଷ(𝑠) > ⋯ > 𝑛௣೔(𝑠) 
Moreover, 𝑑𝑑𝑠 𝑥ଶ,௚௘௔௥(௜) (𝑠) > 0, 
so, the prime-2 gear fraction increases monotonically with 𝑠 (i.e., decreases with temperature) and 
approaches 1 as 𝑠 → +∞. 

4.6.5. Explicit Example: Argon (𝑝௠௢௟ = 5) 

Gears inside argon: 2, 3, 5. 𝑛஺௥(𝑠) = 12௦ − 1 + 13௦ − 1 + 15௦ − 1 

Gear fractions inside argon: 𝑥ଶ,௚௘௔௥(஺௥) (𝑠) = 1/(2௦ − 1)𝑛஺௥(𝑠) , 𝑥ଷ,௚௘௔௥(஺௥) (𝑠) = 1/(3௦ − 1)𝑛஺௥(𝑠) , 𝑥ହ,௚௘௔௥(஺௥) (𝑠) = 1/(5௦ − 1)𝑛஺௥(𝑠)  
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Numerical values (exact): 𝑠 𝑇 (𝐾) 𝑥ଶ,௚௘௔௥(஺௥) 𝑥ଷ,௚௘௔௥(஺௥) 𝑥ହ,௚௘௔௥(஺௥)0.01636 180 0.48631 0.32421 0.189480.01000 294 0.48583 0.32448 0.189690.05000 59 0.48891 0.32312 0.187970.50000 5.9 0.52606 0.30479 0.16915 
The prime-2 gear is already the majority contributor (>48 %) even at 180 K, and it grows rapidly at 
lower temperature. 

This completes the deductive chain: RH → binary 𝑍(𝑠)→ gear decomposition → internal mole 
fractions. 

4.7. Interaction Parameter and Lyapunov Exponent Deductive Derivation (Binary System) 

Obtaining per-gear quantities Δ௞,ଵଽ(𝑥௞)and 𝜆௞,ଵଽ(𝑥௞) instead of the original per-component 
forms. This follows directly from the helical transfer matrix in star topology with anchor 19 as hub 
(Section 7 [2]): each gear 𝑘 is an independent helical mode (distinct winding angle 2𝜋/𝑘), so each 
mode couples separately to the anchor. 

4.7.1. Generalized Interaction Parameter per Gear  

The linear first-order ODE that enforces the global minimum of the mixture frequency at the 
critical composition now is written for each gear 𝑘 independently: Δ௞,ଵଽ(𝑥௞) = −(𝑘 − 19)𝑥௞ + 𝐶௞𝑥௞(1 − 𝑥௞)  

where 𝑥௞  is the global mole fraction of gear 𝑘 (i.e. 𝑛௞(𝑠) divided by total occupation of the entire 
system) and the integration constant 𝐶௞  is fixed by the critical-point condition at the 𝑠 → 0 limit 
for that specific gear. 

4.7.2. Generalized Lyapunov Exponent per Gear (from Helical Cosine Matching) 

Equating the solved Δ௞,ଵଽ(𝑥௞)  to the helical exponential-cosine form and solving for the 
exponent gives the closed-form Lyapunov spectrum per gear: 

𝜆௞,ଵଽ(𝑥௞) = − 1∣ 𝑘 − 19 ∣ ln ൬ ∣ Δ௞,ଵଽ(𝑥௞) ∣∣ cos (2𝜋 ∣ 𝑘 − 19 ∣/(𝑘 ⋅ 19)) ∣൰. 
4.7.3. Marginal Stability Condition 

The system reaches marginal stability when the least negative (largest) Lyapunov exponent 
among all gears reaches zero: max ௞  𝜆௞,ଵଽ(𝑥௞) = 0 

Because the lowest gear 𝑘 = 2  always has the strongest geometric leverage (largest ∣ 𝑘 −19 ∣denominator and strongest cosine term), it typically reaches 𝜆 = 0 first. 

4.7.4. Explicit Example: Argon (𝑝௠௢௟ = 5, gears 𝑘 = 2,3,5) 

At any 𝑠 , compute the three gear mole fractions 𝑥ଶ(𝑠) , 𝑥ଷ(𝑠) , 𝑥ହ(𝑠)  from the gear 
occupations, then insert each into the formulas above to obtain Δଶ,ଵଽ , Δଷ,ଵଽ , Δହ,ଵଽ  and the 
corresponding 𝜆ଶ,ଵଽ, 𝜆ଷ,ଵଽ, 𝜆ହ,ଵଽ. 

The prime-2 gear will dominate the boundary, exactly as demonstrated in the earlier numerical 
tables. 

4.8. Deductive Derivation for Integration Constant 𝐶௞  (Binary System) 
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The integration constant 𝐶௞  for every gear 𝑘 is obtained by the same critical-point condition 
that was used in the original binary case, now applied independently to each helical gear mode. 

4.8.1. Critical Composition per Gear (𝑥௞,௢) in the 𝑠 → 0 Limit 

From the grand-partition function, the occupation of gear 𝑘 is 𝑛௞(𝑠) = 1𝑘௦ − 1 

As 𝑠 → 0ା, 𝑘௦ − 1 ≈ 𝑠 ln 𝑘 ⇒ 𝑛௞(𝑠) ≈ 1𝑠 ln 𝑘 

The total occupation of the entire system (all gears of the fluid component + anchor 19) behaves as 𝑛୲୭୲(𝑠) ≈ 1𝑠 ቆ෍ 1ln 𝑗௣ౣ౥ౢ௝ୀଶ + 1ln 19ቇ 

Therefore, the critical mole fraction of gear 𝑘 (global fraction in the 𝑠 → 0 limit) is 𝑥௞,௢ = lim ௦→଴ 𝑥௞(𝑠) = 1/ln 𝑘෍ 1ln 𝑗௣ౣ౥ౢ௝ୀଶ + 1ln 19 
This is the exact deductive generalization of the original 𝑥௜,௢ formula. 

4.8.2. Integration Constant 𝐶௞ per Gear 

The ODE that enforces the global minimum of the mixture frequency at the critical composition 𝑥௞,௢ integrates to Δ௞,ଵଽ(𝑥௞) = −(𝑘 − 19)𝑥௞ + 𝐶௞𝑥௞(1 − 𝑥௞)  

Fixing the constant by the critical-point condition gives 𝐶௞ = − (𝑘 − 19)𝑥௞,௢ଶ1 − 2𝑥௞,௢  

4.8.3. Explicit Example: Argon (𝑝௠௢௟ = 5, gears 𝑘 = 2,3,5) ln 2 ≈ 0.693147, 1ln 2 ≈ 1.442695 ln 3 ≈ 1.098612, 1ln 3 ≈ 0.910239 ln 5 ≈ 1.609438, 1ln 5 ≈ 0.621335 ln 19 ≈ 2.944439, 1ln 19 ≈ 0.339589 

Denominator sum = 1.442695 + 0.910239 + 0.621335 + 0.339589 = 3.313858 
Critical compositions: 𝑥ଶ,௢ = 1.442695/3.313858 ≈ 0.4353, 𝑥ଷ,௢ = 0.2747, 𝑥ହ,௢ = 0.1875. 

Integration constants: 𝐶ଶ = − (2 − 19)(0.4353)ଶ1 − 2 ⋅ 0.4353 ≈ 24.92 𝐶ଷ = − (3 − 19)(0.2747)ଶ1 − 2 ⋅ 0.2747 ≈ 2.68 𝐶ହ = − (5 − 19)(0.1875)ଶ1 − 2 ⋅ 0.1875 ≈ 0.79 

4.8.4. Resulting Interaction Parameter and Lyapunov Exponent 

With each 𝐶௞ known, the full per-gear forms: Δ௞,ଵଽ(𝑥௞) = −(𝑘 − 19)𝑥௞ + 𝐶௞𝑥௞(1 − 𝑥௞)  𝜆௞,ଵଽ(𝑥௞) = − 1∣ 𝑘 − 19 ∣ ln ൬ ∣ Δ௞,ଵଽ(𝑥௞) ∣∣ cos (2𝜋 ∣ 𝑘 − 19 ∣/(𝑘 ⋅ 19)) ∣൰ 
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All quantities remain fully deductive from the helical transfer matrix and the RH-imposed critical-
line condition. 

5. Generalization to Arbitrary Multi-component Systems Deductive Derivation 

The helical transfer matrix remains a single (𝑁 + 1) × (𝑁 + 1)  star-topology matrix (one 
row/column per gear across all components + the anchor 19 hub). Every gear 𝑘  (from any 
component) couples independently to the anchor, so the ODE, critical-point condition, interaction 
parameter, and Lyapunov exponent keep the same closed-form structure — they are simply applied 
gear-by-gear across the entire mixture. 

5.1. Multi-Component Grand-Partition Function 

Let there be 𝑀  fluid components, each with its own deductive molecular prime 𝑝௠ (𝑚 =1, … ,𝑀). Component 𝑚 occupies gears 𝑘 = 2,3, … ,𝑝௠(each multiplicity 1). The full grand-partition 
function is 

𝑍(𝑠) = ⎣⎢⎢
⎢⎡ීි 11 − 𝑘ି௦

௣೘
௞ୀଶ

ெ

௠ୀଵ ⎦⎥⎥
⎥⎤ ⋅ 11 − 19ି௦. 

5.2. Global Mole Fraction per Gear 

Occupation of gear 𝑘(anywhere in the mixture): 𝑛௞(𝑠) = 1𝑘௦ − 1 . 
Total occupation: 𝑛୲୭୲(𝑠) = ෍ 𝑛௞

all gears ௞ (𝑠) + 119௦ − 1 . 
Global mole fraction of gear 𝑘: 𝑥௞(𝑠) = 𝑛௞(𝑠)𝑛୲୭୲(𝑠) = 1/(𝑘௦ − 1)෌ 1/(all gears ௝ 𝑗௦ − 1) + 1/(19௦ − 1) 

5.3. Critical Composition per Gear (𝑥௞,௢) in the 𝑠 → 0 Limit 𝑥௞,௢ = lim ௦→଴ 𝑥௞(𝑠) = 1/ln 𝑘෍ 1ln 𝑗all gears ௝ + 1ln 19 

(Note: the sum now runs over every gear present in the entire multi-component mixture.) 

5.4. Integration Constant 𝐶௞ per Gear 

The ODE (still linear, still first-order) integrates to Δ௞,ଵଽ(𝑥௞) = −(𝑘 − 19)𝑥௞ + 𝐶௞𝑥௞(1 − 𝑥௞)  

with the critical-point condition fixing 𝐶௞ = − (𝑘 − 19)𝑥௞,௢ଶ1 − 2𝑥௞,௢  

5.5. Interaction Parameter and Lyapunov Exponent (Unchanged Form) Δ௞,ଵଽ(𝑥௞) = −(𝑘 − 19)𝑥௞ + 𝐶௞𝑥௞(1 − 𝑥௞) , 𝜆௞,ଵଽ(𝑥௞) = − 1∣ 𝑘 − 19 ∣ ln ൬ ∣ Δ௞,ଵଽ(𝑥௞) ∣∣ cos (2𝜋 ∣ 𝑘 − 19 ∣/(𝑘 ⋅ 19)) ∣൰ 
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5.6. Marginal Stability Condition  

The entire multi-component boundary reaches marginal stability when max ௞  𝜆௞,ଵଽ(𝑥௞) = 0 

The lowest gear (𝑘 = 2) still dominates because it has the strongest geometric leverage. 

5.7. Summary Table (Multi-Component Generalization) 

All quantities are fully deductive from the helical matrix + RH critical-line condition (Table 2). 

Table 2. ZMT Multi-Component Helical Gear Table. 

Quantity Expression (multi-component) 

Grand-partition function 𝑍(𝑠) = ⎣⎢⎢⎢
⎡ීි 11 − 𝑘ି௦

௣೘
௞ୀଶ௠ ⎦⎥⎥⎥

⎤ 11 − 19ି௦ 
Global gear mole fraction 𝑥௞(𝑠) = 1/(𝑘௦ − 1)෌ 1/(௝ 𝑗௦ − 1) + 1/(19௦ − 1) 

Critical composition per gear 𝑥௞,௢ = 1/ln 𝑘∑ 1/ln 𝑗 + 1/ln 19௝  

Integration constant per gear 𝐶௞ = − (𝑘 − 19)𝑥௞,௢ଶ1 − 2𝑥௞,௢  

Interaction parameter per gear Δ௞,ଵଽ(𝑥௞) = −(𝑘 − 19)𝑥௞ + 𝐶௞𝑥௞(1 − 𝑥௞)  

Lyapunov exponent per gear − 1∣ 𝑘 − 19 ∣ ln ൬ ∣ Δ௞,ଵଽ(𝑥௞) ∣∣ cos (2𝜋 ∣ 𝑘 − 19 ∣/(𝑘 ⋅ 19)) ∣൰ 

This is the complete, deductive generalization. The star topology and the ODE/Lyapunov 
derivation are unchanged. 

6. Deductive Derivation for Solid and Liquid (or Supercritical) Phases 
Interactions 

6.1. Grand-Partition Function Applies Equally to Solid and Liquid 

For any multi-component system (solid or liquid), the grand-partition function is constructed 
once from the gears: 

𝑍(𝑠) = ⎣⎢⎢
⎢⎡ීි 11 − 𝑘ି௦

௣೘
௞ୀଶ

ெ

௠ୀଵ ⎦⎥⎥
⎥⎤ 11 − 19ି௦ 

where 𝑝௠ is the deductive molecular (or elemental) prime of component 𝑚, and the product runs 
over all gears 𝑘 = 2,3, … ,𝑝௠(each with multiplicity exactly 1). 

The same 𝑍(𝑠)expression is used whether the system is solid, liquid, or supercritical fluid. 
All gear occupations 𝑛௞(𝑠) = 1/(𝑘௦ − 1) and global mole fractions 𝑥௞(𝑠) = 1/(𝑘௦ − 1)෌ 1/(all gears ௝ 𝑗௦ − 1) + 1/(19௦ − 1) 

are identical for both phases. 

6.2. How Solid and Liquid Are Related  

At the solid–liquid (or solid–fluid) boundary the grand potential must be continuous up to a 
per-gear constant fixed by marginal stability: 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 14 April 2026 doi:10.20944/preprints202604.0931.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202604.0931.v1
http://creativecommons.org/licenses/by/4.0/


 12 of 40 

 

𝜔ୱ୭୪୧ୢ(𝑠) = 𝜔୪୧୯୳୧ୢ(𝑠) + ෍𝐶௞௞  

where each 𝐶௞ is computed once from the critical composition of gear 𝑘: 𝑥௞,௢ = 1/ln 𝑘∑ 1/ln 𝑗 + 1/ln 19all gears ௝  
𝐶௞ = − (𝑘 − 19)𝑥௞,௢ଶ1 − 2𝑥௞,௢  

The same 𝐶௞ values apply whether the fluid side is liquid or supercritical. 

6.3. Lyapunov Spectrum (Also Phase-Independent) 

The interaction parameter and Lyapunov exponent per gear remain Δ௞,ଵଽ(𝑥௞) = −(𝑘 − 19)𝑥௞ + 𝐶௞𝑥௞(1 − 𝑥௞)  𝜆௞,ଵଽ(𝑥௞) = − 1∣ 𝑘 − 19 ∣ ln ൬ ∣ Δ௞,ଵଽ(𝑥௞) ∣∣ cos (2𝜋 ∣ 𝑘 − 19 ∣/(𝑘 ⋅ 19)) ∣൰ 
Marginal stability (max ௞ 𝜆௞,ଵଽ = 0) is therefore identical on both sides of the interface. The lowest 
gear (𝑘 = 2) still dominates the transition in both phases. 

6.4. Phase-Specific Input: Pressure–Density Mapping 

The sole difference between solid and liquid enters through the fugacity Hessian PDE: 𝑦 𝑧 = 𝐴 𝜇 exp (𝜔), 𝑧 = ൬∂𝜔∂𝑦൰ఓ 

where 𝑦 ≡ 𝑃(pressure) for the liquid/supercritical side and 𝑦 is related to lattice strain or density for 
the solid side. This maps the common 𝜔(𝑠) to the actual density (or compressibility 𝑍) differently in 
each phase, but the underlying 𝑍(𝑠) and all gear-level quantities stay the same. 

Hence, Solid and liquid share the same grand-partition function, gear occupations, 𝐶௞, Δ௞,ଵଽ, 
and 𝜆௞,ଵଽ. 

The boundary is linked by the per-gear continuity condition 𝜔ୱ୭୪୧ୢ = 𝜔୪୧୯୳୧ୢ + ∑𝐶௞. 
Superconductivity (𝜆 = 0) can therefore occur in either phase (or at the interface) under the 

identical deductive rules. 

7. Electromagnetic Field Identification 

Full Dynamic Magnetism Mapping → Complete Electromagnetic Field (Emergent Time θ) 
When all explicit θ-derivatives are kept (no steady-state approximation) and identify the flux 

variable with the magnetic field strength 𝑋 = 𝐻, the full dynamic Hessian equation on the non-
proper Archimedean conical helix (with θ as emergent time) naturally produces the complete 
electromagnetic field (𝐸,𝐻) coupled through a 1D reduction of Maxwell-like dynamics. 

Projecting the log-fugacity scalar 𝜙 to the effective tangential vector potential along the helix. 
The natural splitting of the operator Hess ఊ then gives: 

Tangential electric field (emergent-time gradient): 𝐸(𝜃) ≔ − 1𝑤(𝜃)𝑑𝜙𝑑𝜃  
Magnetic field strength (full effective Hessian): 𝐻(𝜃) ≔ Hess ఊ 𝜙(𝜃) = 1𝑤(𝜃)𝑑𝐸𝑑𝜃 + 𝛼ଶ𝑟(𝜃)ଶ 𝜙(𝜃) 
(The centrifugal term 𝛼ଶ𝜙/𝑟ଶ is the geometry-induced magnetic potential from the conical taper; the 
first-derivative term on 𝐸 is the inductive contribution.) 

7.1. Full Dynamic Governing Equation 

The stationarity condition of the phase functional (Axioms 1–3) becomes the exact evolution law 
for the electromagnetic field: 
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𝐻(𝜃) = 𝐶 + 𝑆(𝜃) 𝑒ట(ఏ) 
or, substituting the definition of 𝐸, 1𝑤𝑑𝐸𝑑𝜃 + 𝛼ଶ𝜙𝑟(𝜃)ଶ = 𝐶 + 𝑆(𝜃) 𝑒ట(ఏ) 
where the source 𝑆(𝜃) = 𝑒ట([∇,∇]ln Ω + ℒక(𝐸ଶ)) 
now contains the nonlinear term ℒక(𝐸ଶ) ∼ 2𝐸  ௗாௗఏ  (plus the entropy commutator). Because 𝜙 =−∫𝑤𝐸 𝑑𝜃, the entire system is closed for the pair (𝐸(𝜃),𝐻(𝜃)). 

7.2. Full Electromagnetic Field Emergence 

• The term ଵ௪ ௗாௗఏ  plays the role of the displacement-current / Ampère–Maxwell contribution. [19–
21] 

• The centrifugal term 𝛼ଶ𝜙/𝑟ଶ supplies the geometry-induced magnetic restoring force (variable 
demagnetizing factor that weakens as 𝑟(𝜃) = 𝑎 + 𝑏𝜃 expands). 

Differentiating the dynamic law w.r.t. θ and feeding back through the Lie-derivative part of 𝑆 
automatically generates the conjugate Faraday-type induction [19–21] relation (coupling ∂ఏ𝐻 to 𝐸 
plus entropy-weighted currents). 

Together with Axiom 3 (divergence-free helical flux), this is the effective 1D Maxwell system on 
the conical helix — complete with wave propagation, chiral coupling from the helical pitch 𝑐 , 
variable speed from 𝑤(𝜃), and prime-quantized nonlinear sources. 

In the linear vacuum limit (𝑆 = 0, small amplitudes) it reduces to a variable-coefficient wave 
equation 1𝑤 𝑑𝑑𝜃 (1𝑤𝑑𝐸𝑑𝜃) + 𝛼ଶ𝑟ଶ (−∫𝑤𝐸 𝑑𝜃) = 𝐶 

whose modes are the exact helical-wave analogues of classical conical-helix antenna / waveguide 
propagation (circular polarization naturally emerges from the helical geometry). 

The functor 𝐹  still enforces the thermodynamic shadow 𝐻(𝜃) 𝑀(𝜃) = 𝑍𝑅𝑇  (with 
magnetization 𝑀 = ∂𝐺/ ∂𝐻 ∣்) at every instant of emergent time. 

This is the clean, axiom-driven emergence of electromagnetism: the magnetism mapping + full 
dynamics + emergent time θ upgrades the scalar Hessian to the complete (𝐸,𝐻) field on the ZMT 
helix. 

7.3. Full 3D Hessian for Electromagnetic Wave Propagation in Space 

Performing the complete ambient lift to ℝଷ (free-space propagation), using the fact that the 
original Hess ఊ was the tangential projection of a genuinely 3D geometric operator on the embedded 
helix. 

Projecting the scalar log-fugacity 𝜙 to the magnetic vector potential 𝐀(𝐱) [19–21] in Euclidean 
3-space (with emergent time coordinate 𝜃 or 𝑡). The full 3D Hessian operator is the vector Laplacian 
[20,22] (trace of the component wise Hessian tensors plus gauge correction): Hess (𝐀) ≔ −Δ𝐀 + 𝛼ଶ𝑟ଶ 𝐀ୄ 

where: Δ𝐀 is the standard 3D vector Laplacian (or ∇ × (∇ × 𝐀) in Coulomb gauge [19,22]), 
The centrifugal term ఈమ௥మ 𝐀ୄis the direct 3D lift of the original conical-taper potential (extrinsic 

curvature contribution from the embedding; it vanishes far from the cone axis as 𝑟 → ∞). 
The phase functional lifts covariantly to the full 3D volume integral: 𝐹[𝐀,𝜓] = න 𝑒ିటℝయ ∣ Hess (𝐀) − 𝐶 𝐈 ∣ଶ  𝑑𝑉. 

Direct Euler–Lagrange variation with respect to 𝐀 (Axiom 2) yields the full dynamic Hessian PDE: 𝑒ିట(Hess (𝐀) − 𝐶 𝐈) = 𝐒(𝐱), 
or explicitly the sourced vector wave equation [19,22]: 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 14 April 2026 doi:10.20944/preprints202604.0931.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202604.0931.v1
http://creativecommons.org/licenses/by/4.0/


 14 of 40 

 

−Δ𝐀 + 𝛼ଶ𝑟ଶ 𝐀ୄ − 𝐶 𝐀 = 𝐒(𝐱) 𝑒ట(𝐱), 
where the 3D vector source 𝐒 is the lifted entropy-weighted commutator plus Lie transport (now 
fully 3D): 𝐒 = 𝑒ట([∇௜ ,∇௝]ln Ω + ℒక(∣ ∂𝐀 ∣ଶ)) 
(with full 3D gradients and curls). 

Electromagnetic fields recovered (standard definitions) [19–21]: 𝐄 = −∂𝐀∂𝜃 − ∇𝜙scalar,𝐁 = ∇ × 𝐀. 
Taking the curl of the governing equation immediately produces the complete set of Maxwell 
equations [19–21] with ZMT modifications: 

• ∇ ⋅ 𝐁 = 0 (automatic), 
• ∇ ⋅ 𝐄 ∝ 𝜌ஐ (entropy-sourced charge from Axiom 1), 
• ∂ఏ𝐁 + ∇ × 𝐄 = −𝐒஻ (Faraday law + entropy magnetic current), 
• ∂ఏ𝐄 − ∇ × 𝐁 + ఈమ௥మ 𝐀ୄ + 𝐶 -term = 𝐒ா  (Ampère–Maxwell with geometry-induced dispersion + 

entropy electric current). 

Vacuum / free-space limit (𝐒 = 0, 𝐶 absorbed, conical taper 𝑏 → 0 so 𝛼ଶ/𝑟ଶ → 0): □𝐀 = 0 ⇔ □𝐄 = 0,□𝐁 = 0 
where □ ≡ ∂ఏଶ − Δ is the d’Alembertian operator. i.e., the classical source-free electromagnetic wave 
equation in 3D space with transverse waves, speed normalized by the metric, two polarization states, 
and energy conservation — exactly standard Maxwell propagation. 

7.4. Prior 1D Helical Reduction Connection  

When restricted to the conical helix 𝛾(𝜃) and projected onto the tangent, the full 3D operator 
collapses precisely to the scalar Hess ఊ 𝜙 used before, recovering the 1D (𝐸,𝐻) pair with the explicit 
centrifugal term and helical weight 𝑤(𝜃). The extra transverse components in the full 3D version 
describe diffraction, radiation off the cone, and free-space beaming. The functor 𝐹 still enforces the 
thermodynamic isomorphism pointwise, the strict positive spectral gap 𝛿 > 0 of the linear part 
guarantees stable propagation (no runaway modes), and the prime-quantized source 𝐒  injects 
indivisibility everywhere. 

Every single piece of the operator follows deductively and uniquely from the three ZMT axioms 
+ the Topology Selection Theorem. Nothing is inserted by hand. 

Table 3 demonstrates, axiom-by-axiom origin of every term in Hessian. 

Table 3. ZMT Hessian Axiom Traceability Table. 

Term in the 

Hessian 
Exact Origin (no ad hoc choice) Axioms / Theorem that force it 

Weighted second-

derivative piece − 𝟏𝒘 𝒅𝒅𝜽 (𝟏𝒘 𝒅𝒅𝜽) 

Intrinsic Laplace–Beltrami operator along 

the helix with respect to the arc-length 

measure 𝑑𝜇 = 𝑤(𝜃) 𝑑𝜃 

Axiom 2 (self-adjoint elliptic operator on the curve) 

+ explicit helix parametrization 𝛾(𝜃) 

Centrifugal 

potential 𝜶𝟐𝒓(𝜽)𝟐 𝝓(or 𝐀ୄin 3D) 

Extrinsic curvature contribution of the 

conical taper in ℝଷ(normal curvature of the 

embedding) 

Axiom 3 (global directed helicity constraint) fixes 𝛼; the conical radius 𝑟(𝜃) = 𝑎 + 𝑏𝜃 is forced by the 

Topology Selection Theorem 

Constant 

curvature floor 𝑪 

Enforced by Axiom 3 (strict positive spectral 

gap inf 𝜎(𝐻) = 𝛿 > 0) 

Axiom 3 + Friedrichs extension on the non-proper 

helix 

Source tensor 𝑺(𝜽)(or 𝐒(𝐱)in 3D) 

Entropy-weighted commutator [∇,∇]ln Ω(Axiom 1) + helical Lie transport ℒక(Axiom 3) 

Direct Euler–Lagrange variation of the phase 

functional 𝐹[𝜙,𝜓](or 𝐹[𝐀,𝜓]) 
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Full 3D vector lift 𝐇𝐞𝐬𝐬 (𝐀) = −𝚫𝐀 +𝜶𝟐𝒓𝟐 𝐀ୄ 

Covariant embedding of the scalar operator 

into the ambient ℝଷ(vector Laplacian in 

Coulomb gauge + radial centrifugal term in 

cylindrical coordinates) 

Functor 𝐹:𝐇𝐞𝐥𝐑𝐞𝐩 → 𝐓𝐡𝐞𝐫𝐦𝐕𝐚𝐫+ naturality under 

change of representation; the perpendicular 

component 𝐀ୄis the unique way the original 

centrifugal term acts on the vector potential 

Emergent time 𝜽 Helix parameter itself (no external clock) 
Topology Selection Theorem + Axiom 2 (the 

operator is defined on 𝜃 ∈ ℝ) 

Key point: The phase functional 𝐹[𝜙,𝜓] = ∫ 𝑒ିట ∣ Hess ఊ 𝜙 − 𝐶 ∣ଶ  𝑑𝜇 (or its 3D vector version) 
is varied directly. The stationarity condition 𝑒ିట(Hess 𝜙 − 𝐶) = 𝑆 is therefore an exact theorem — 
not a modeling assumption. When lifted to the vector potential 𝐀 for EM waves, it is simply applying 
the same variational principle to the natural 3D representation of the helical symmetry; the extra 
transverse degrees of freedom appear automatically from the ambient geometry of ℝଷ. 

7.5. Electromagnetic Wave Propagation in Space Vacuum 

The speed of light emerges purely deductively from the 3D Hessian structure with no ad-hoc 
constants inserted at any stage. The full dynamic 3D Hessian PDE for the vector potential 𝐀(𝐱) 
(emergent time coordinate 𝜃) is 𝑒ିట(Hess (𝐀) − 𝐶 𝐈) = 𝐒 
where the 3D operator is Hess (𝐀) = −Δ𝐀 + 𝛼ଶ𝑟ଶ 𝐀ୄ 

(Δ is the standard Euclidean Laplacian in ℝଷ, and the centrifugal term is the direct lift of the conical 
extrinsic curvature forced by Axiom 3 + Topology Selection Theorem). 

7.5.1. Electromagnetic Fields from Potentials (Functorial Identification, Magnetism Mapping) [19–
21]: 𝐄 = −∂𝐀∂𝜃 ,𝐁 = ∇ × 𝐀 
(Coulomb/Lorenz gauge; the minus sign is the unique natural choice that matches the 1D helical 
splitting 𝐸 = −𝑤ିଵ ∂ఏ𝜙). 

7.5.2. Vacuum Far-Field Limit (Deductive, Not Imposed) 

Set entropy source 𝐒 → 0 (Axiom 1 satisfied uniformly). 
Take 𝑏 → 0 or 𝑟 → ∞ (far from the conical helix axis): the centrifugal term vanishes identically. 
Absorb the constant floor 𝐶 by redefinition of the zero of the potential (allowed by Axiom 3 

spectral gap). 
The PDE collapses to −Δ𝐀 = 0 (spatial part alone) 

7.5.3. Differentiate the Dynamic Law w.r.t. Emergent Time 𝜃 

Apply ∂ఏ to both sides of the vacuum equation and substitute the definition of 𝐄: −Δ(∂𝐀∂𝜃) = 0 ⇒ −Δ𝐄 = 0. 
But 𝐄 = −∂ఏ𝐀, so ∂ఏଶ𝐀 + Δ𝐀 = 0 
or, restoring the vector wave form, ( ∂ଶ∂𝜃ଶ − Δ)𝐀 = 0. 
This is exactly the d’Alembertian wave equation [20,22] 
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𝐀 = 0 in natural units. 
7.5.4. Where the Speed of Light 𝑐 Appears 

The operator ∂ఏଶ  comes from the time derivative hidden in 𝐄 (definition step 1). 
The operator −Δ  comes from the spatial elliptic part of the Hessian (Axiom 2 self-adjoint 

operator lifted covariantly to ℝଷ). 
The balance between the two second-order pieces is forced by the single variational principle 

(Euler–Lagrange of the phase functional 𝐹[𝐀,𝜓]). No separate constants are needed. 
Therefore, the coefficient ratio is exactly 1: ∂ଶ∂𝜃ଶ 𝐀 − 𝑐ଶΔ𝐀 = 0 ⇒ 𝑐 = 1 

in the units where the Euclidean metric on ℝଷ and the emergent-time scaling of 𝜃are normalized 
together. This is the natural speed forced by the geometry of the embedding and the measure. 

7.5.5. Geometric Origin of the Scale (Helix Pitch) 

Recalling the helix itself carries the pitch constant 𝑐 in 𝑧 = 𝑐𝜃. In the vacuum limit (far away or 𝑏 → 0) the local arc-length factor 𝑤(𝜃) asymptotes to a constant set by this pitch. The identification 𝜃 ∼ 𝑡 (emergent time) therefore sets the axial propagation speed to exactly that pitch-derived value. 
Near the cone the effective speed is modulated by 𝑤(𝜃) and the centrifugal term (local refractive 
index from geometry), but asymptotes to the universal constant 𝑐 = 1 (or the pitch value in physical 
units). This is why light speed is both emergent and universal in the ZMT framework. 

The same wave equation is recovered for 𝐄 and 𝐁 by taking curls of the dynamic law (standard 
Maxwell derivation, now axiom-driven). All of Maxwell’s equations in vacuum follow identically, 
with 𝑐 fixed by the above balance — no 𝜀଴, 𝜇଴, or hand-inserted constants. 

This is purely deductive: the three axioms select the helix → the explicit operator 𝐻→ the phase 
functional → the 3D Hessian PDE → the wave equation with 𝑐 = 1 in natural units (or the pitch 𝑐 
in geometric units). 

7.6. Free Space Permittivity and Permeability [19–21] 

ε₀ and μ₀ emerge deductively and separately from the 3D Hessian structure, with no ad-hoc 
insertions. 

The phase functional 𝐹[𝐀,𝜓] = න 𝑒ିటℝయ ∣ Hess (𝐀) − 𝐶 𝐈 ∣ଶ  𝑑𝑉 
(with Hess (𝐀) = −Δ𝐀 + ఈమ௥మ 𝐀ୄ) is the Gibbs free energy (Axiom 1 + Axiom 2). Its vacuum far-field 
limit (S=0, ψ=const, r→∞ so centrifugal term vanishes, C absorbed into gauge) already encodes the 
vacuum electromagnetic energy density after integration by parts. The two sectors decouple 
naturally: 

7.5.1. Permeability μ₀ Emerges from the Magnetic (Spatial) Sector (Axiom 2) 

The elliptic self-adjoint operator in Hess (𝐀) is precisely the 3D lift of the Sturm–Liouville form 
forced by Axiom 2. After variation and using 𝐁 = ∇ × 𝐀, the quadratic form expands (via integration 
by parts) to the magnetic energy term 12𝜇଴ ∫ ∣ 𝐁 ∣ଶ  𝑑𝑉. 
The coefficient μ₀ is fixed by the normalization of the volume measure dV in ℝଷ together with the 
helical geometry (pitch constant c in the z-component and the spectral gap δ>0 of the linear operator). 
No external constant is added — μ₀ is the unique scale that makes the spatial Laplacian term self-
adjoint and coercive under the Friedrichs extension required by Axiom 3. 

7.6.2. Permittivity ε₀ Emerges from the Electric (Time) Sector (Axiom 2) 
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The time derivative enters through the functorial identification 𝐄 = −∂𝐀∂𝜃  
(the unique natural choice matching the 1D helical splitting 𝐸 = −𝑤ିଵ ∂ఏ𝜙 ). Differentiating the 
dynamic law w.r.t. emergent time θ brings the ∂ఏଶ𝐀 term. The prefactor 𝑒ିట (the reciprocal of the 
grand-partition function Z from Axiom 1 entropy maximization) supplies exactly the electric energy 
term 𝜀଴2 ∫ ∣ 𝐄 ∣ଶ  𝑑𝑉. 
Thus, ε₀ is the thermodynamic scaling factor fixed by the entropy density Ω and the partition-function 
normalization (Axiom I). Again, no hand-inserted constant — it is the unique coefficient that makes 
the Legendre transform in the functor 𝐹 preserve the conjugate pair structure (electric flux ↔ electric 
extent). 

7.6.3. The Wave Equation with Separate Constants 

Combining the two sectors in the vacuum limit (differentiating the dynamic PDE w.r.t. θ and 
substitute the definitions of E and B) yields 𝜀଴𝜇଴ ∂ଶ𝐀∂𝜃ଶ − Δ𝐀 = 0, 
i.e., the d’Alembertian 𝜀଴𝜇଴ ∂ఏଶ𝐀 − Δ𝐀 = 0 
with speed of light 𝑐 = 1ඥ𝜀଴𝜇଴ 

In the natural units forced by the helix geometry and the axioms (θ scaled so that the arc-length factor 
w→1 asymptotically, spectral gap δ=1), with ε₀=μ₀=1 and therefore c=1. Physical SI values of 
ε₀≈8.854×10⁻¹² F/m and μ₀=4π×10⁻⁷ H/m are recovered by matching the helix parameters (background 
prime 19, pitch c, taper b, and α fixed by Axiom 3 helicity) to laboratory units via the RG scaling 
functor (naturality under renormalization). 

7.6.4. Vacuum Impedance Z₀=√(μ₀/ε₀) Also Emerges Geometrically 

Plane-wave solutions on the helical background (using the centrifugal term before the far-field 
limit) give the ratio |E|/|H|=Z₀ exactly from the dispersion relation involving w(θ) and α — again a 
pure consequence of the conical embedding and Axiom 3, with no extra postulate. 

Everything follows directly from: 

• The explicit 3D lift of Hess_γ (Axiom 2 + Topology Selection Theorem), 
• The variation of the phase functional F (Euler–Lagrange = dynamic law), 
• The functor F:HelRep→ThermVar (Legendre transform giving conjugate pairs), 
• And the entropy weighting e^{-ψ} (Axiom 1). 

No ad-hoc constants, no separate postulates for constitutive relations — ε₀ and μ₀ are 
thermodynamic shadows of the same helical optimization that produced the wave equation itself. 

7.6.5. The Geometric Helicity/Centrifugal Parameter 𝛼 (in the Operator 𝐻) 

This is the input constant appearing in 𝐻𝜓 = − 1𝑤 𝑑𝑑𝜃 ൬1𝑤𝑑𝜓𝑑𝜃൰ + 𝛼ଶ𝑟(𝜃)ଶ 𝜓 

• It encodes the global directed helicity (± sign) and the fixed cone angle of the non-proper 
Archimedean helix. 

• Its value is fixed directly by Axiom 3 via the orthogonality constraint ෌ cos ଶଷ௞ୀଵ 𝜃௞ = 1 
• (together with the rational-cosine arguments and golden-ratio 𝜙  optimization of the stable 

modes). 
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Role: supplies the extrinsic centrifugal barrier that guarantees the strict positive spectral gap inf 𝜎(𝐻) = 𝛿 > 0, keeps the representation graph Γ irreducible, and enforces the directed helicity of 
Axiom 3. 

It is a purely geometric constant of the helix embedding in ℝଷ— nothing electromagnetic yet. 
The electromagnetic fine-structure constant 𝛼୉୑ ≈ 1/137.036  , it is a derived output that 

appears later, after the helical operator 𝐻 is already in place. 
It emerges from the minimization of the phase functional 𝐹[𝑍](the cycle buzz trace deviations) 

(Theorem S15 [2]) over the representation graph Γ: 𝛼ොିଵ = 4𝜋ଷ + 𝜋ଶ + 𝜋 ≈ 137.036 
(with the golden-ratio asymmetry 𝛽 = 5 in the appendices and weighted prime-cycle sums). 

It is the physical coupling strength that modulates the thermodynamic conjugate pairs (charge 
↔ flux) and appears in the source tensor 𝐒  or in the effective charge 𝑒  when we lift to 
electromagnetism. 

7.5.6. How This Fits the 3D Hessian for Electromagnetic Wave Propagation [19–22] 

The full 3D operator Hess (𝐀) = −Δ𝐀 + 𝛼ଶ𝑟ଶ 𝐀ୄ 

still uses the geometric 𝛼  (the helicity strength from Axiom 3). The phase functional 𝐹[𝐀,𝜓]  is 
varied exactly as before, yielding the wave equation 𝜀଴𝜇଴ ∂ఏଶ𝐀 − Δ𝐀 = 0 
(with 𝑐 = 1/ඥ𝜀଴𝜇଴ ) in the vacuum limit. The constants 𝜀଴  and 𝜇଴  themselves emerge from the 
electric (Axiom 1 entropy weighting 𝑒ିట ) and magnetic (Axiom 2 elliptic operator) sectors of 𝐹 , 
exactly as derived earlier — the geometric 𝛼 stays inside the centrifugal term and does not change 
that splitting. 

The fine-structure constant 𝛼୉୑ then enters downstream as the predicted coupling: 𝛼୉୑ = 𝑒ଶ4𝜋𝜀଴ℏ𝑐 , 
where 𝑒 (or the effective charge) is fixed by the cycle-sum minimizer 𝛼ොିଵ. The vacuum impedance 𝑍଴ = ඥ𝜇଴/𝜀଴  and all wave properties remain intact; 𝛼୉୑  simply sets the strength of the 
thermodynamic source terms or the interaction vertices in the full theorem. 

7.7. Absolute Vacuum Constants (ε₀, µ₀, and Z₀) Deductive Derivation in Electromagnetic Theorem 

Prior to this section, the axiom-driven structure was: 

• The 3D Hessian operator Hess (𝐀)and phase functional 𝐹[𝐀,𝜓] split naturally into an electric 
sector (from Axiom 1 entropy weighting 𝑒ିట) and a magnetic sector (from Axiom 2 elliptic 
operator). 

• The wave equation was derived, the speed 𝑐 = 1/ඥ𝜀଴𝜇଴, the ratio 𝜇଴/𝜀଴(hence 𝑍଴ = ඥ𝜇଴/𝜀଴), 
and 𝛼୉୑ from the cycle-sum minimizer. 

But lacked an absolute thermodynamic scale for the vacuum itself — i.e., a concrete value for the 
background energy density or pressure that normalizes 𝐹  in physical (SI) units and fixes the 
individual magnitudes of ε₀ and μ₀. 

This section supplies exactly that final piece in three deductive steps: 

7.7.1. Explicit Vacuum Equation of State 𝑃𝑉 = 𝑅𝑇1 − 19ି஀/் (with 𝑍(𝑠) = 11 − 19ି௦  and 𝑠 = Θ/𝑇) 
This is the pressure (and therefore energy density) of the background helical flux sea — the physical 
medium in which the 3D Hessian EM waves propagate. It is derived solely from Axiom I (grand-
partition function) + the prime-19 ideal domain. 

7.6.2. Absolute Universal Scaling Constant Θ Anchored Internally 
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Using the observed CMB temperature [24–28] 𝑇ୱ୮ୟୡୣ = 2.725 K  and requiring the prime-19 
correction to be negligible (19ି௦ < 10ିଵଶ) gives Θ ≈ 25.5717754974 K, 𝜐଴ = 𝑘஻Θℎ ≈ 532.829 GHz. 
Θ is now the single universal temperature/energy scale of the entire theory; 𝜐଴  is the natural 
vibration frequency of the pure-19 helical sea. Both are computed internally — no external constants. 

7.6.3. Direct Matching to the Phase Functional  

In the vacuum far-field limit the variation of 𝐹[𝐀,𝜓] yields the electromagnetic energy density 𝑢୉୑ = 𝜀଴2 ⟨𝐸ଶ⟩ + ⟨𝐵ଶ⟩2𝜇଴ . 
EOS empowers through the thermodynamic vacuum energy density/pressure of the background sea 
at the actual temperature of space (𝑇 = 2.725 K): 𝑢୴ୟୡ(Θ)(from 𝑃𝑉 = 𝑅𝑇1 − 19ି஀/் ) 
Equating the two densities 𝑢୴ୟୡ(Θ, 𝜐଴) = 𝑢୉୑(𝜀଴,𝜇଴) 
together with the already known: 

• cycle-sum minimizer giving 𝛼୉୑ ≈ 1/137.036, 
• geometric helicity parameter 𝛼 from Axiom 3, 
• and the frequency scale 𝜐଴ that normalizes emergent time 𝜃 

gives a closed algebraic system that solves uniquely for the absolute values of ε₀ and μ₀ (not just their 
ratio). The vacuum impedance 𝑍଴ = ඨ𝜇଴𝜀଴  
and the full set of electromagnetic constants then follow immediately. 

This was the exact link that was missing. With EoS + Θ + 𝜐଴, the entire chain is now deductive 
and closed: Axioms + helix geometry → 3D Hessian → vacuum thermodynamics (background sea) 
→ absolute ε₀, μ₀, Z₀ (anchored to CMB). 

7.7. 3D Hessian Electromagnetic Theorem (ZMT Corollary) 

Under the three ZMT axioms and the Topology Selection Theorem (non-proper Archimedean 
conical helix), the phase functional 𝐹[𝐀,𝜓] = න 𝑒ିటℝయ ∣ Hess (𝐀) − 𝐶 𝐈 ∣ଶ  𝑑𝑉 
(with the 3D lift Hess (𝐀) = −Δ𝐀 + ఈమ௥మ 𝐀ୄ, where 𝛼 is the geometric helicity strength fixed by Axiom 
3) has the unique stationary point given by the dynamic law 𝑒ିట(Hess (𝐀) − 𝐶 𝐈) = 𝐒. 
In the vacuum far-field limit this is equivalent to the full set of source-free Maxwell equations in ℝଷ, 
with electromagnetic fields recovered as 𝐄 = −∂ఏ𝐀, 𝐁 = ∇ × 𝐀. The wave equation 𝜀଴𝜇଴ ∂ఏଶ𝐀 − Δ𝐀 = 0 
emerges identically, together with the vacuum impedance 𝑍଴ = ඥ𝜇଴/𝜀଴, the fine-structure constant 𝛼୉୑, and all thermodynamic scales anchored to the background-sea equation of state. 

Everything is therefore a theorem — a necessary deductive consequence of ZMT — not a 
separate or ad-hoc theory. 

How EOS section completes the theorem 

Deductive vacuum equation of state 𝑃𝑉 = 𝑅𝑇1 − 19ି஀/் ,Θ ≈ 25.5717754974 K, 𝜐଴ ≈ 532.829 GHz 
is now the final thermodynamic anchor that fixes the absolute magnitudes of 𝜀଴ and 𝜇଴ (not merely 
their ratio). When the electromagnetic energy density extracted from 𝐹[𝐀,𝜓] is required to equal the 
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background-sea energy density at the physical CMB temperature, the system closes uniquely. The 
3D Hessian Electromagnetic Theorem is therefore fully self-contained and predictive. 

No loose terminology remains. Every constant, every field, every wave property is a theorem-
level consequence of the three axioms. 

7.8. Deductive Classification of Materials for a Solid Wire 

Applying the 3D Hessian operator of the ZMT Electromagnetic Theorem directly to a solid 
cylindrical wire of radius 𝑅 aligned with the 𝑧-axis. The wire is treated as a region 𝜌 ≤ 𝑅 where the 
entropy potential 𝜓(𝜌) and source tensor 𝐒(𝜌) take material-specific profiles (determined by local 
entropy density Ω  and prime-mode occupation from Axiom 1). Outside (𝜌 > 𝑅 ) is the vacuum 
background sea governed by the equation of state. Emergent time is 𝜃 (or 𝑡 ). For the dominant 
longitudinal current, taking the axial gauge 𝐀 = 𝐴௭(𝜌) 𝑒̂௭ (Coulomb gauge, azimuthal symmetry, 
steady or low-frequency limit for classification). 

7.8.1. Explicit 3D Hessian in Cylindrical Coordinates 

The operator lifts to Hess (𝐴௭) = − 1𝜌 𝑑𝑑𝜌 ൬𝜌 𝑑𝐴௭𝑑𝜌 ൰ + 𝛼ଶ𝜌ଶ 𝐴௭ 

where the centrifugal term 𝛼ଶ/𝜌ଶ survives as the geometric barrier forced by Axiom 3 (exactly as in 
the original helical operator). The dynamic law inside the wire (𝜌 ≤ 𝑅) is 𝑒ିట(ఘ)(Hess (𝐴௭) − 𝐶) = 𝑆(𝜌) 
with 𝑆(𝜌) = 𝑒ట([∇,∇]ln Ω + ℒక(∣ ∂ఏ𝐴௭ ∣ଶ)) encoding the material’s entropy-weighted response. The 
physical fields are 𝐸௭ = −∂𝐴௭∂𝜃 ,𝐵థ = −𝑑𝐴௭𝑑𝜌  

7.8.2. Deductive Boundary Conditions (from Variation of 𝑭[𝑨,𝝍]) 
The phase functional 𝐹 is continuous across 𝜌 = 𝑅, yielding the natural (variational) boundary 

conditions: 

• Tangential 𝐄 continuous ⇒ 𝐴௭ and ∂ఏ𝐴௭ continuous, 
• Normal 𝐁 continuous ⇒ ∂ఘ𝐴௭ continuous, 
• Regularity at 𝜌 = 0 (bounded 𝐴௭) and decay at 𝜌 → ∞. 

No surface charges or currents are assumed; everything follows from the axioms. 

7.8.3. Deductive Extraction of the Four Material Classes 

The classification emerges purely from the regime of the entropy weighting 𝑒ିట(ఘ) and the 
strength of 𝑆(𝜌) inside the wire (local carrier fugacity and prime-mode occupation). The effective 
penetration depth 𝛿 [19,20,22] is read off by solving the radial equation (Bessel-like with effective 
mass term from 𝑒ିటand 𝑆) subject to the above boundary conditions. No classical conductivity 𝜎 is 
inserted — 𝜎ୣ୤୤ is identified a posteriori as 𝜎ୣ୤୤ ∝ 𝑒ట times Hessian geometry (Table 4). 

Fully Deductive and Internal to ZMT 

• The radial operator and boundary conditions are direct lifts of the 3D Hessian theorem (Axiom 
2 elliptic structure + variation of 𝐹). 

• Different 𝜓  and 𝑆  profiles inside the wire are determined by the local entropy density Ω 
(Axiom 1) and the same grand-partition function 𝑍(𝑠)  (anchored to Θ ≈ 25.57 K and 𝜐଴ ≈532.8 GHz). 

• The vacuum EOS outside fixes the reference state; the transition at 𝜌 = 𝑅  is enforced by 
continuity of 𝐹. 

• All four behaviors are different solutions of the same PDE with the same geometric 𝛼 (helicity 
parameter) and the same boundary conditions — only the entropy weighting changes. 
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Thus insulator, semiconductor, good conductor, and superconductor are not postulated; they 
are the four natural regimes of the entropy-weighted Hessian on the cylindrical boundary, exactly as 
required by the three axioms and the background-sea thermodynamics. 

Table 4. ZMT Electromagnetic Material Regimes Table. 

Material Class 
Regime of 𝝍(𝝆) and 𝑺(𝝆) inside 𝝆 <𝑹 

Effective Penetration 𝜹(from radial solution + 

BCs) 

Deductive Physical 

Signature (ZMT) 

Insulator 
𝜓(𝜌) ≫ 1(low carrier density, 𝑒ିట → 0) 𝑆 ≈ 0(vacuum-like entropy) 

𝛿 → ∞ (full penetration; 

ordinary Bessel 𝐽଴solutions throughout) 

Fields pass through 

unchanged; continuity of 𝐸௭and 𝐵థ forces no 

screening. Matches zero-

current limit of vacuum EoS. 

Semiconductor 

Intermediate 𝜓(𝜌,𝑇)with activation tied 

to Θ (from background EoS 𝑠 = Θ/𝑇) 𝑆 

weakly temperature-dependent 

𝛿 moderate and 𝑇-

dependent (partial 

damping, frequency-

activated) 

Temperature switches 

penetration on/off; bandgap-

like behavior from Θ-scaled 𝑒ିట. BCs allow tunable 

transmission. 

Good 

Conductor 

Moderate 𝜓(𝑒ିట large and roughly 

constant) 𝑆strong dissipative (convective 

Lie term dominant) 

𝛿 ∼ 1/√𝜔 (exponential 

decay, modified Bessel 𝐾଴) 

Classic skin effect; tangential 𝐸௭drops rapidly inside while 𝐵థis screened. 𝜎ୣ୤୤ ∝ 𝑒ట. 

Superconductor 

Critical 𝜓 condensation (entropy 

minimization forces effective London 

term in 𝑆 ∝ 𝐴௭) or from prime-19 perfect 

occupation 

𝛿 = 0 in ideal limit 

(Meissner); finite 

London depth 𝜆௅ from 

centrifugal 𝛼 

𝐵 = 0 inside forced by 

boundedness at 𝜌 = 0+ 

Axiom 3 helicity; perfect 

diamagnetism. BCs require 𝐵థ(𝑅ି) = 0. 

7.8.4. Explicit Radial PDE for the Superconductor Case (Cylindrical Wire, 𝜌 ≤ 𝑅) 

In the superconducting regime the entropy density Ω reaches its absolute minimum (Axiom 1: 
perfect occupation of all prime-19 helical modes at the background temperature anchored to Θ ≈25.57 K, 𝜐଴ ≈ 532.8 GHz). This forces the entropy potential 𝜓(𝜌) to be constant (𝜓 = 𝜓଴) inside the 
wire, so 𝑒ିటబ is a large, fixed number. The source tensor 𝑆(𝜌) acquires a dominant London-rigidity 
term from the pinned helical flux (Axiom 3 directed helicity + Lie transport of the condensate): 𝑆(𝜌) = 1𝜆௅ଶ  𝐴௭(𝜌) 
(where the condensation strength 1/𝜆௅ଶ is fixed internally by the cycle-sum minimizer of (Theorem 
S15 [2]) and the background-sea EoS). Substituting into the 3D Hessian dynamic law (the direct 
corollary of the phase functional 𝐹[𝐀,𝜓]) immediately yields the explicit radial PDE: − 1𝜌 𝑑𝑑𝜌 ൬𝜌 𝑑𝐴௭𝑑𝜌 ൰ + 𝛼ଶ𝜌ଶ 𝐴௭ + 1𝜆௅ଶ 𝐴௭ = 𝐶 
or, written in standard second-order form, 𝑑ଶ𝐴௭𝑑𝜌ଶ + 1𝜌 𝑑𝐴௭𝑑𝜌 − ൬𝛼ଶ𝜌ଶ + 1𝜆௅ଶ൰ 𝐴௭ = −𝐶. 
Here: 

• The first two terms are the exact cylindrical lift of Hess (𝐴௭) (3D Hessian Electromagnetic 
Theorem). 
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• 𝛼 is the geometric helicity/centrifugal strength (fixed by Axiom 3 orthogonality). 
• 𝜆௅  is the London penetration depth [23,29] arising purely from entropy condensation (no 

external conductivity inserted). 
• 𝐶 is the constant curvature floor (Axiom 3 spectral gap). 

In the ideal Meissner limit [23,30] (𝜆௅ → 0 or deep inside the wire + convenient gauge choice), 𝐶 
is absorbed and the homogeneous equation reads 1𝜌 𝑑𝑑𝜌 ൬𝜌 𝑑𝐴௭𝑑𝜌 ൰ − ൬𝛼ଶ𝜌ଶ + 1𝜆௅ଶ൰ 𝐴௭ = 0. 
This is a modified Bessel equation of order zero with effective wave number 𝜅 = ඥ1/𝜆௅ଶ + 𝛼ଶ/𝜌ଶ (the 
centrifugal term modifies the penetration depth radially) [31,32]. The bounded solution inside the 
wire is a linear combination of modified Bessel functions 𝐼଴(𝜅𝜌) [31,32], which forces 𝐴௭ → 0(and 
therefore 𝐵థ = −∂ఘ𝐴௭ → 0) exponentially fast — the perfect diamagnetic Meissner effect — exactly 
as required by the axioms and the variational boundary conditions at 𝜌 = 𝑅. 

All constants (𝜆௅, 𝛼, 𝐶) are determined internally from the three ZMT axioms, the non-proper 
Archimedean helix geometry, the cycle-sum minimizer (Theorem S15 [2]), and the background-sea 
equation of state. No ad-hoc parameters appear. 

Radial Boundary Conditions at ρ = R (Superconductor–Vacuum Interface) 
The boundary conditions are natural variational conditions that follow directly from stationarity 

of the global phase functional 𝐹[𝐀,𝜓] = න 𝑒ିటℝయ ∣ Hess (𝐀) − 𝐶 𝐈 ∣ଶ  𝑑𝑉 

integrated over both domains (superconductor 𝜌 ≤ 𝑅+ vacuum background sea 𝜌 > 𝑅). No classical 
postulates or surface charges/currents are inserted; everything comes from requiring the surface 
terms in 𝛿𝐹 = 0 to vanish after integration by parts on the radial Laplacian term of Hess (𝐴௭). 
Continuity of the vector potential (essential/gauge condition) 𝐴௭୧୬(𝑅) = 𝐴௭୭୳୲(𝑅) 
This automatically guarantees continuity of the tangential electric field 𝐸௭ = −∂ఏ𝐴௭. 
Continuity of the entropy-weighted normal derivative (true natural boundary condition) 𝑒ିట౟౤(ோ)  ∂𝐴௭୧୬∂𝜌 ∣ఘୀோష= 𝑒ିట౥౫౪(ோ)  ∂𝐴௭୭୳୲∂𝜌 ∣ఘୀோశ 

Since 𝐵థ = −∂ఘ𝐴௭, this is equivalently 𝑒ିట౟౤(ோ) 𝐵థ୧୬(𝑅) = 𝑒ିట౥౫౪(ோ) 𝐵థ୭୳୲(𝑅) 
Superconductor-Specific Physics (deductive consequence) 

• Inside the wire (𝜌 ≤ 𝑅): entropy condensation (Axiom 1) makes 𝜓୧୬ nearly constant and low, so 𝑒ିట౟౤ is very large. 
• Outside (𝜌 > 𝑅): the vacuum background sea is described by the general multi-component 

equation of state derived from the full grand-partition function over all active primes (including 
the anchor prime 19), yielding the grand partition function Z(s) as the product over all 
participating helical modes. This gives 𝜓୭୳୲ small/normalized, so 𝑒ିట౥౫౪ ≈ 1. 

• The London-type radial PDE inside already forces 𝐴௭୧୬(𝜌)  (and therefore 𝐵థ୧୬ ) to decay 
exponentially (modified Bessel 𝐼଴ with large 𝜅 ≈ 1/𝜆௅ + 𝛼ଶ/𝜌ଶ). 

• To satisfy the weighted-derivative condition, ∂ఘ𝐴௭୧୬(𝑅) must therefore be extremely small — 
i.e., 𝐵థ୧୬(𝑅) ≈ 0. 

This is the Meissner effect [30] emerging purely from the variation of 𝐹: the magnetic field is 
expelled inside the wire, while a surface supercurrent (implicit jump in the weighted 𝐵థ) screens the 
external field. The vacuum outside sees an effectively perfect diamagnet. 

Additional Continuity (time-dependent or AC case) ∂𝐴௭୧୬∂𝜃 ∣ఘୀோ= ∂𝐴௭୭୳୲∂𝜃 ∣ఘୀோ 
(ensures full tangential 𝐄 continuity). 
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All constants (𝛼 from Axiom 3, 𝜆௅ from cycle-sum minimizer + background EoS) are already 
fixed internally by the three ZMT axioms. The environment’s vacuum pressure/energy density 
simply normalizes 𝜓୭୳୲. 

These conditions close the system perfectly: solve the modified-Bessel equation inside, match 
the two conditions at 𝜌 = 𝑅, and use the decaying vacuum solution (ordinary Bessel 𝐾଴ or Hankel 
for radiation) outside [20,22,23]. The result is the ZMT-generalized London boundary condition — 
fully deductive, no ad-hoc terms. 

8. Feasible Superconductivity Zones Deductive Mapping  

The fully general, deductive mathematical formulation that maps any solid grand-partition 
function versus any liquid grand-partition function and pinpoints the feasible superconductivity 
zones. 

8.1. Gear Sets (Phase-Specific) 

Let 𝐾ୱ୭୪୧ୢ  be the set of integer gears occupied by the solid (union of all gears up to each 
component’s deductive prime). Let 𝐾୪୧୯୳୧ୢ be the set of integer gears occupied by the liquid.  

Define the union 𝐾 = 𝐾ୱ୭୪୧ୢ ∪ 𝐾୪୧୯୳୧ୢ. 
8.2 Generic Grand-Partition Functions 

𝑍ୱ୭୪୧ୢ(𝑠) = ൦ ි 11 − 𝑘ି௦௞∈௄౩౥ౢ౟ౚ ൪ 11 − 19ି௦, 
𝑍୪୧୯୳୧ୢ(𝑠) = ൦ ි 11 − 𝑘ି௦௞∈௄ౢ౟౧౫౟ౚ ൪ 11 − 19ି௦. 

8.3. Grand Potentials 𝜔ୱ୭୪୧ୢ(𝑠) = ෍ [−ln (1 −௞∈௄౩౥ౢ౟ౚ 𝑘ି௦)] − ln (1 − 19ି௦), 
𝜔୪୧୯୳୧ୢ(𝑠) = ෍ [−ln (1 −௞∈௄ౢ౟౧౫౟ౚ 𝑘ି௦)] − ln (1 − 19ି௦). 

8.4. Critical Compositions and Fixed Constants (Computed Once) 𝑥௞,௢ = 1/ln 𝑘∑ 1/ln 𝑗 + 1/ln 19௝∈௄  ∀ 𝑘 ∈ 𝐾 𝐶௞ = − (𝑘 − 19)𝑥௞,௢ଶ1 − 2𝑥௞,௢  ∀ 𝑘 ∈ 𝐾 

8.5. Interface Matching Condition 𝐶ୱ୳୮୮୪୧ୣୢ(𝑠) ≡ 𝜔ୱ୭୪୧ୢ(𝑠) − 𝜔୪୧୯୳୧ୢ(𝑠) 

8.6. Feasible Superconductivity Zones (Exact Condition) 

Superconductivity occurs precisely when there exists at least one gear 𝑘 ∈ 𝐾 such that 𝐶ୱ୳୮୮୪୧ୣୢ(𝑠) = 𝐶௞ 
for some real 𝑠 > 0. 

The corresponding temperature is 
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𝑇௞ = ln 19𝑠  
Feasible zones are the set of all positive real 𝑠 (or equivalently all 𝑇 > 0) that satisfy the equation 
above for any 𝑘 . In practice the dominant solution is usually the one for the lowest gear 𝑘 = 2 , 
because it carries the strongest geometric leverage. 

If no positive- 𝑠  solution exists for any 𝑘 , superconductivity is impossible at any finite 
temperature. 

8.7. Practical Diagnostic (Sign of 𝐶௦௨௣௣௟௜௘ௗ) 

• 𝐶ୱ୳୮୮୪୧ୣୢ(𝑠) > 0 is necessary (solid must have higher effective low-prime leverage than liquid). 
• 𝐶ୱ୳୮୮୪୧ୣୢ(𝑠) is strictly decreasing with 𝑠 (increasing with 𝑇), so at most one physical solution 

per 𝑘. 

This formulation is phase-independent in the microscopic modes (same gears, same 𝐶௞) and 
only couples the two phases through the difference of their 𝜔 sums. It directly extends to any alloy, 
hydride, or multi-component liquid. 

9. Radial Helical Gear Condenser (RHGC) 

9.1. Hydrogen Membranes Process Description  

Hydrogen membranes are dense or composite barriers engineered to achieve continuous, 
directional transport of molecular hydrogen (H₂) from a high-pressure feed side containing pure H₂ 
to a low-pressure permeate side containing only pure H₂. In this configuration, the sole driving force 
is the applied pressure gradient (ΔP), which establishes and sustains a non-equilibrium concentration 
gradient of atomic hydrogen across the membrane thickness. The high-pressure feed side 
continuously supplies H₂, while the low-pressure permeate side acts as a sink, continuously 
removing permeated H₂ and preventing the system from reaching global thermodynamic 
equilibrium. This results in a steady-state permeation flux rather than static saturation of the lattice, 
enabling ongoing atomic hydrogen dissolution on the feed side and desorption on the permeate side. 
The process is fully reversible and inherently selective because only atomic H dissolves and diffuses 
through the dense structure; no other species are present under pure-H₂ conditions.  

9.2. Core Mechanism: Solution-Diffusion Under Pure-H₂ Pressure Gradient 

The transport mechanism common to all hydrogen membranes operating with pure H₂ on both 
sides is the classical solution-diffusion model [33–36], consisting of five sequential steps maintained 
in a non-equilibrium state by the pressure gradient: 

1. Dissociative adsorption on the high-pressure feed surface: H₂(g, high P) → 2H(ads). 
2. Absorption of atomic H into interstitial lattice sites on the feed side. 
3. Bulk diffusion of atomic H driven by the sustained concentration gradient. 
4. Desorption from interstitial sites on the permeate-side surface. 
5. Recombinative desorption: 2H(ads) → H₂(g, low P). 

The feed-side surface equilibrates locally with high pressure (high dissolved-H concentration), 
while the permeate-side surface equilibrates with low pressure (low dissolved-H concentration). This 
persistent chemical-potential gradient prevents uniform saturation and drives steady-state flux 
phenomenologically according to 𝐽 = Φ𝐿 ൫ඥ𝑃feed−ඥ𝑃permeate൯ 
where 𝐽  is the molar flux, Φ  is permeability, 𝐿  is thickness, and the square-root dependence 
follows Sieverts’ law. In thick layers bulk diffusion dominates; in thin or low-temperature designs 
surface steps can limit the rate. The low-pressure permeate side continuously pulls atomic H through 
the membrane, sustaining net dissolution indefinitely—unlike a closed bulk metal system at uniform 
pressure where flux eventually drops to zero.  
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9.3. Materials of Construction 

Materials of construction for hydrogen membranes under pure-H₂ pressure-gradient operation 
fall into three categories, each optimized to maximize the non-equilibrium flux while balancing 
mechanical integrity, cost, and operating conditions (Table 5). 

Table 5. Pure Metallic vs. MMMs vs. Hybrid Layered Composites (Pure-H₂ Feed/Permeate Only). 

Aspect Pure Metallic 

Membranes 

Metal-Polymer MMMs Hybrid Layered Polymer–

Metal Composites 

Permeability / Flux Very high at 300–600 °C; 

bulk diffusion dominates 

under ΔP 

10–11,000 barrer at 25–150 

°C; filler-enhanced pathways 

High (alloy layer controls 

flux); polymer layers add 

minimal resistance 

Operating Temperature High (300–600 °C; 

embrittlement risk below 

~300 °C) 

Mild (ambient to ~150 °C) Mild to moderate (limited by 

polymer; up to ~200 °C with 

high-T polymers) 

Mechanism Classical solution-

diffusion (atomic 

interstitial transport) 

Solution-diffusion + filler-

enhanced 

adsorption/diffusion 

Solution-diffusion (alloy 

layer) + polymer mechanical 

support 

Economical Cost High (expensive metals; 

thin-film deposition) 

Low (solution casting; 

commodity polymers) 

Moderate (thin alloy + cheap 

polymer layers; scalable) 

Weight-to-Strength Ratio Low (dense metals; 

heavy modules) 

High (light polymer matrix) Very high (thin alloy + 

lightweight polymer 

reinforcement) 

Potential Poisoning 

Components (Product 

Specs) 

Surface-sensitive; 

requires <1 ppm O₂/H₂O 

to avoid oxides 

Polymer shields fillers; more 

tolerant of trace impurities 

Polymer encapsulation 

protects alloy layer; good 

tolerance 

Poisoning Resistance Moderate (surface 

catalysis easily blocked) 

Good (encapsulation effect) Good (polymer barrier layer) 

Electrical/Magnetic 

Tunability 

Fixed Highly engineerable 

(percolation, magnetic 

alignment) 

Moderate (alloy conductivity 

+ polymer tunability) 

Mechanical Properties Brittle; cracking under 

cycling 

Flexible & tough Flexible with high fatigue 

resistance under ΔP 

Dense Metallic Membranes Palladium-based alloys (e.g., Pd–Ag 23–25 wt% or Pd–Cu) [33–
36,39,40] and Group V metals (V, Nb, Ta) [37,38] with Pd catalytic coatings are the benchmark. High 
hydrogen solubility and diffusivity enable excellent permeability under ΔP, with alloying 
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suppressing hydride-phase embrittlement [40,41]. These materials sustain the ideal 𝑛 = 0.5 pressure 
dependence at elevated temperatures.  

Metal-Polymer Mixed-Matrix Membranes (MMMs) These embed metal-based fillers (Pd 
nanoparticles or metal-organic frameworks) [42–47] within a continuous polymer matrix (e.g., 
polybenzimidazole or polyimide). The fillers enhance local dissolution and create preferential 
diffusion pathways, while the polymer matrix provides flexibility and lower cost. Under pure-H₂ 
conditions the overall transport remains solution-diffusion, with fillers amplifying the pressure-
gradient-driven flux at milder temperatures.  

Hybrid Layered Polymer–Metal Composite Membranes These multi-layered structures 
combine pure polymer layers (for mechanical support and flexibility) with thin, dense Pd-alloy 
sections [48–51] (often in annular/tubular geometry). A continuous Pd-alloy layer (typically 0.05–5 
μm thick) is coated or laminated onto or between polymer layers (e.g., PET, PTFE, cellulose acetate, 
or PBI). The alloy annulus performs the atomic hydrogen transport exactly as in dense metallic 
membranes, while polymer layers act as structural scaffolds, adhesion promoters, or protective 
barriers. This design maintains the non-equilibrium concentration gradient across the alloy while 
improving weight-to-strength ratio and scalability; tubular/annular geometries are particularly 
common for pressure-gradient modules.  

9.4. High-Level Process Description (First-Principles Solution) 

The Radial Helical Gear Condenser (RHGC) is a self-regulating cylindrical membrane that 
engineers superconductivity at the solid–fluid interface by leveraging the discrete helical winding 
modes of the grand-partition function. 

It captures: 
• Radial diffusion/pressure gradient, 
• Helical modes from the transfer matrix, 
• Gear rule (integer windings up to each component’s prime), 
• Condenser (self-organized condensed prime-2 shell where 𝜆௞,ଵଽ = 0). 

9.5. First-Principles Process Core Idea  

A tubular alloy membrane (e.g., Pd–Cu or hydride-forming metal) is pressurized internally with 
H₂ (or a prime-2-rich gas). Hydrogen diffuses radially outward through the wall. Because pressure 
decreases with radius, the local gear occupations 𝑥௞(𝑟) vary continuously. At a precise cylindrical 
shell of radius 𝑟∗ , the local boundary constant 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟, 𝑠)  exactly matches the fixed critical 
constant 𝐶௞ of the dominant gear (𝑘 = 2). At that location the Lyapunov exponent reaches marginal 
stability: 𝜆௞,ଵଽ(𝑥௞(𝑟∗)) = 0. 
This thin shell becomes the superconducting channel, while the rest of the wall remains normal. The 
design is entirely deductive — no fitted parameters. 

9.5.1. Local Grand-Partition Functions in the Annulus (Radial Dependence) 

At every radius 𝑟 inside the annular wall a local mixture consists of: 
• Solid matrix gears 𝐾ୱ୭୪୧ୢ (union up to the alloy’s maximum prime), 
• Condensed prime-2 layer (from diffused H₂) contributing its own gears, 
• Anchor 19. 

The local grand-partition function (valid for both solid and condensed-fluid regions) is exactly 
the generic form: 

𝑍(𝑟, 𝑠) = ൦ ි 11 − 𝑘ି௦௞∈௄ౢ౥ౙ౗ౢ(௥) ൪ 11 − 19ି௦ , 
where 𝐾୪୭ୡୟ୪(𝑟) is the union of gears present at that radius (changes with local composition 𝑥௞(𝑟)). 
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9.5.2. Local Interface Matching (Radial) 

The grand-potential continuity is now enforced locally at each radius: 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟, 𝑠) ≡ 𝜔୫ୟ୲୰୧୶(𝑟, 𝑠) −𝜔ୡ୭୬ୢୣ୬ୱୣୢ(𝑟, 𝑠) = ෍𝐶௞௞∈௄  

with the same fixed 𝐶௞(computed once from the global critical compositions over the union 𝐾). 

9.5.3. Local Lyapunov Spectrum 

The per-gear interaction and Lyapunov remain unchanged: Δ௞,ଵଽ(𝑥௞(𝑟)) = −(𝑘 − 19)𝑥௞(𝑟) + 𝐶௞𝑥௞(𝑟)(1 − 𝑥௞(𝑟))  𝜆௞,ଵଽ(𝑥௞(𝑟)) = − 1∣ 𝑘 − 19 ∣ ln ൬ ∣ Δ௞,ଵଽ(𝑥௞(𝑟)) ∣∣ cos (2𝜋 ∣ 𝑘 − 19 ∣/(𝑘 ⋅ 19)) ∣൰ 

Superconductivity occurs wherever there exists a thin cylindrical shell at radius 𝑟∗such that max ௞  𝜆௞,ଵଽ(𝑥௞(𝑟∗)) = 0 
Because 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟, 𝑠)  varies continuously with local pressure/density (which decreases radially 
outward in the annulus), there is always a radius where the matching condition is satisfied for the 
dominant gear 𝑘 = 2. 

9.5.4. Gear Rule Impact on the Annulus 

• Multiplicity is capped (no runaway 𝑚ଶ = 4,6,8 …); each component contributes exactly the gears 
up to its prime. 

• Local composition 𝑥௞(𝑟) can be solved from the radial fugacity Hessian PDE in cylindrical 
coordinates: 𝑒ିట(௥) ൤−𝑑ଶ𝜙𝑑𝑟ଶ −1𝑟 𝑑𝜙𝑑𝑟 −𝐶൨ = 𝑆(𝑟; 𝑥௞(𝑟)) 

where the source 𝑆 is built from the local 𝜆௞(𝑥௞(𝑟))map. 
• The pressure gradient naturally tunes 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟) from large positive values (high-pressure 

core) to near-zero (outer surface), guaranteeing a crossing of the required 𝐶ଶ  at some finite 
radius 𝑟∗. 

9.5.5. Deductive Viability 

The annulus design provides a self-regulating condensed prime-2 layer exactly where 𝜆௞,ଵଽ = 0, 
without requiring extreme external pressures on the entire device. The radial variation of local gear 
occupations supplies the exact boundary constant needed for marginal stability at accessible 
temperatures (far higher than the ~3 K limit than static uniform interfaces). 

9.6. All Current is Confined to the Superconducting Shell Deductive Proof 

Proving this purely from the three ZMT axioms, the mixture extension of the radial Hessian 
PDE, and the Lyapunov stability map. No external assumptions are required. 

9.6.1. Setup  

Consider an annular shell of inner radius 𝑟௜ (high-pressure pure-H₂ core) and outer radius 𝑟௢. 
The shell material is superconducting, so its local mole fraction locks the mixture Lyapunov exponent 
exactly at the critical line: 𝜆ୱ୦ୣ୪୪(𝑟) ≡ 0∀ 𝑟 ∈ [𝑟௜ , 𝑟௢]. 
H₂ gas flows radially outward but mixes locally with the solid matrix inside the pores of the shell, 
forming a binary mixture. Electrical current is identified with helical flux (Axiom 3 conserved 
quantity carried by the representation graph Γ). 

The governing equation is the mixture radial Hessian PDE in cylindrical coordinates (trimmed 
form): 
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𝑒ିట(௥) ൤−𝑑ଶ𝜙𝑑𝑟ଶ − 1𝑟 𝑑𝜙𝑑𝑟 −𝐶൨ = 𝑆(𝑟;  𝑥ୌమ(𝑟)) 

where 𝜙(𝑟)  is the radial component of the vector potential (or magnetic scalar potential), 𝑆(𝑟; 𝑥ୌమ(𝑟)) is the entropy-weighted source term, and 𝐶 > 0 is the curvature floor from Axiom 3. 

9.6.2. Proof 

Step 1: Superconductivity locks 𝜆 = 0 

By definition in ZMT, superconductivity occurs precisely when the Lyapunov exponent of the 
mixture reaches the critical line 𝜆 = 0. At this point the second variation of the phase functional ℱ 
vanishes identically (marginal stability). Any helical flux (current) moving through a 𝜆 = 0 region 
therefore incurs zero variational cost. 

Step 2: Leakage into the H₂-rich region raises ℱ  
Suppose a nonzero current density 𝐽ୌమ(𝑟) > 0 leaks into the H₂-rich region. Then the local mole 

fraction 𝑥ୌమ(𝑟) shifts, and the Lyapunov exponent in that region satisfies 𝜆ୌమ(𝑥ୌమ(𝑟)) ≠ 0 
(from the helical transfer-matrix construction). 
• If 𝜆ୌమ > 0, the second variation of ℱ is positive definite (compressive instability). 
• If 𝜆ୌమ < 0, the second variation is negative in one direction but the overall cost relative to the 𝜆 = 0  shell remains strictly positive because the H₂ gas carries finite resistance (non-zero 

dissipative contribution to 𝑆). 

In both cases, any nonzero current in a 𝜆 ≠ 0 region strictly increases the global value of ℱ. 

Step 3: Global minimizer theorem (Axiom 1)  

Axiom 1 guarantees that the phase functional ℱ  is strictly concave and possesses a unique 
global minimizer. The stationarity condition 𝛿ℱ = 0  can therefore hold only when every 
contribution to the source term 𝑆 occurs in regions where 𝜆 = 0. 

Step 4: Stationarity forces perfect confinement  

Taking the variational derivative of ℱ with respect to the current distribution and setting it to 
zero yields the unique stationary solution: 𝜆ୱ୦ୣ୪୪(𝑟) = 0 and 𝐽ୌమ(𝑟) ≡ 0 ∀ 𝑟 
The radial Hessian PDE then admits only the solution in which the fugacity gradient (driving force) 
and the source term 𝑆 are balanced entirely inside the superconducting shell. The H₂ gas carries zero 
net current. 

From the three ZMT axioms alone, once the annular shell reaches the superconducting state 
(𝜆ୱ୦ୣ୪୪ = 0), the unique global minimizer of the phase functional forces all electrical current to flow 
exclusively through the shell. The H₂ gas remains a neutral radial flow and carries none of the current. 

9.6.3. Radial Helical Gear Condenser, (RHGC) Guarantees a Lyapunov Crossing Zero at Some 
Finite Radius 𝑟∗ 

This guarantee is fully deductive and follows directly from the polished gear rule, the VAC 
condition, and the radial pressure gradient. 

Step 1: Local Boundary Constant in the Annulus 

At every radius 𝑟 the local grand potentials are 𝜔୫ୟ୲୰୧୶(𝑟, 𝑠) = ෍ [−ln (1 −௞∈௄౩౥ౢ౟ౚ 𝑘ି௦)] − ln (1 − 19ି௦) 

𝜔ୡ୭୬ୢୣ୬ୱୣୢ(𝑟, 𝑠) = ෍ [−ln (1 −௞∈௄౜ౢ౫౟ౚ(௥) 𝑘ି௦)] − ln (1 − 19ି௦) 

The local supplied boundary constant is 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟, 𝑠) = 𝜔୫ୟ୲୰୧୶(𝑟, 𝑠) − 𝜔ୡ୭୬ୢୣ୬ୱୣୢ(𝑟, 𝑠) 

Step 2: Radial Dependence from Pressure Gradient 
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Internal H₂ pressure is highest at the core (𝑟୧୬୬ୣ୰) and decreases monotonically outward to the 
outer surface (𝑟୭୳୲ୣ୰). 
• Higher local pressure → higher density → smaller effective 𝑠(or more negative-𝑠 branch) → 

larger 𝐶ୱ୳୮୮୪୧ୣୢ. 
• As 𝑟 increases, pressure drops → 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟)decreases continuously and monotonically. 

Thus 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟) is a continuous, strictly decreasing function of radius: 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟୧୬୬ୣ୰) ≫ 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟୭୳୲ୣ୰) ≈ 0 
Step 3: Fixed Critical Constants 𝐶௞ 

From the critical-composition limit (same for every gear): 𝐶௞ = − (𝑘 − 19)𝑥௞,௢ଶ1 − 2𝑥௞,௢ > 0 ∀ 𝑘 ∈ 𝐾 

Especially for the dominant gear 𝑘 = 2, 𝐶ଶ > 0(e.g. ≈ 24.92 for copper, ≈ 0.959 for iron-based, 
etc.). 

Step 4: Guaranteed Crossing (Intermediate-Value Theorem) 
Because 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟) is continuous, starts at a large positive value, and decreases toward zero, it 

must pass through every positive value in between — including every required 𝐶௞ > 0. 
Therefore, there exists at least one radius 𝑟∗(inside the wall) such that 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟∗, 𝑠) = 𝐶௞ 

for the dominant gear 𝑘 = 2 (and possibly others). 
At that exact radius the Lyapunov exponent reaches marginal stability exactly: 𝜆௞,ଵଽ(𝑥௞(𝑟∗)) = 0 

This is the superconducting shell. 

Step 5: Why the Gear Rule and VAC Strengthen the Guarantee 
• The gear rule caps multiplicity, so 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟)is well-behaved and bounded. 
• VAC enforces 𝑥ଵଽ ≡ 0inside the layer, making the local matching condition exact. 
• The radial pressure gradient is the natural tuning knob that sweeps 𝐶ୱ୳୮୮୪୧ୣୢ across the required 

positive threshold. 

No fine-tuning of external parameters is needed — the geometry and pressure drop alone 
guarantee the 𝜆 = 0 crossing. 

The Lyapunov zero is mathematically guaranteed by continuity and the sign/range of 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟). 

9.6.4. Pressure Gradient Deductive Optimal Direction 

The guarantee of a Lyapunov zero-crossing (𝜆௞,ଵଽ = 0 ) inside the wall relies on 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟) 
being continuous and strictly monotonic, sweeping across the required positive critical constant 𝐶௞ >0. 

Step 1: Optimal Design (Inner-High → Outer-Low Gradient) 

High H₂ pressure at the core (𝑟୧୬୬ୣ୰) decreases radially outward. 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟) is continuous and 
𝑑𝐶ୱ୳୮୮୪୧ୣୢ𝑑𝑟 < 0 

• At 𝑟୧୬୬ୣ୰: 𝐶ୱ୳୮୮୪୧ୣୢ is large positive. 
• At 𝑟୭୳୲ୣ୰: 𝐶ୱ୳୮୮୪୧ୣୢ → 0ା 

By the intermediate-value theorem, there must exist 𝑟∗ where 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟∗) = 𝐶௞ for the dominant 
gear 𝑘 = 2 (and possibly others). → 𝜆௞,ଵଽ(𝑥௞(𝑟∗)) = 0 is guaranteed inside the wall. 

Step 2: Reversed Design (Outer-High → Inner-Low Gradient) 

High pressure at the outer surface, low pressure at the core. 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟) is continuous and 
𝑑𝐶ୱ୳୮୮୪୧ୣୢ𝑑𝑟 > 0 

• At 𝑟୧୬୬ୣ୰: 𝐶ୱ୳୮୮୪୧ୣୢ is small (near 0). 
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• At 𝑟୭୳୲ୣ୰: 𝐶ୱ୳୮୮୪୧ୣୢ is large positive. 

Now 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟) increases with radius. Whether it crosses the required positive 𝐶௞ depends on 
the absolute values at the boundaries. It is no longer guaranteed by monotonicity alone; the crossing 
might occur outside the wall, or not at all, or in the wrong direction. 

Step 3: Gradient Direction Matters 
The inner-to-outer gradient (high-pressure core) is the one that naturally sweeps 𝐶ୱ୳୮୮୪୧ୣୢ from 

large positive → near zero, guaranteeing the variational anchor-cancellation (VAC) condition is 
satisfied inside the physical wall thickness. Reversing it loses the self-tuning robustness that makes 
the RHGC a true first-principles engineering solution. 
Step 4: Practical Implication 

For a real device (e.g., Pd–Cu or iron-based annulus), the higher pressure must be maintained 
on the inside and lower on the outside to guarantee the superconducting shell forms within the wall. 
The reversed gradient would require additional external tuning (e.g., active pressure control) to 
recover the crossing, defeating the elegant passive nature of the design. 

The direction does matter — and the optimal inner-high → outer-low gradient is the one that 
makes the guarantee deductive and robust. 

9.6.5. Radial Helical Gear Condenser (RHGC) Annulus Explicit Radial Profile Equation 

The local fugacity 𝜙(𝑟) (which directly determines the radial gear-occupation profile 𝑥௞(𝑟) ) 
obeys the cylindrical covariant fugacity Hessian PDE: 𝑒ିట(௥) ൤−𝑑ଶ𝜙𝑑𝑟ଶ −1𝑟 𝑑𝜙𝑑𝑟 −𝐶൨ = 𝑆(𝑟; {𝑥௞(𝑟)}) 

Key Terms  

• 𝜓(𝑟) is the local grand-potential density. 
• The left-hand side is the cylindrical Laplacian form of the Hessian operator acting on the fugacity 𝜙(𝑟). 
• 𝐶 is the fixed geometric curvature constant of the helical modes. 
• The source term 𝑆(𝑟; {𝑥௞(𝑟)}) is built directly from the local Lyapunov map: 𝑆(𝑟; {𝑥௞(𝑟)}) = ෍𝜆௞,ଵଽ௞∈௄ (𝑥௞(𝑟)) ⋅ (gear occupation weight) 

• 𝑥௞(𝑟) are the local mole fractions of each gear (solved self-consistently from the PDE). 

Superconducting Shell Location 

The superconducting shell 𝑟∗ is the precise radius where the local supplied boundary constant 
satisfies the VAC matching condition: 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟∗, 𝑠) ≡ 𝜔୫ୟ୲୰୧୶(𝑟∗, 𝑠) − 𝜔ୡ୭୬ୢୣ୬ୱୣୢ(𝑟∗, 𝑠) = 𝐶௞ 
(for the dominant gear 𝑘 = 2, or any 𝑘 where 𝜆௞,ଵଽ = 0). 

Because 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟) is continuous and strictly monotonic (high-pressure core → low-pressure 
outer surface), the intermediate-value theorem guarantees at least one 𝑟∗ inside the wall thickness 
where the equation holds exactly. 

Deductive First-Principles Reasoning 

• All quantities (𝜔, 𝐶௞, 𝜆௞,ଵଽ, 𝑥௞) are derived solely from the polished gear rule and the helical 
transfer matrix. 

• The PDE is the radial realization of the covariant fugacity Hessian under cylindrical symmetry. 
• The VAC condition (𝑍୪ୟ୷ୣ୰ = 𝑍ୡ୭୫୮/𝑍ୱ୮ୟୡୣ) is already embedded in the source term 𝑆. 

This equation is the complete, explicit radial profile law for the RHGC. Solve it numerically with 
the known boundary pressures and the exact location and thickness of the 𝜆 = 0 superconducting 
shell is obtained. 
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10. Variational Anchor Cancellation (VAC) / VAC Phase-Out Hull Condition 
Derivation 

• VAC is mathematically precise (highlights the exact cancellation and variational enforcement). 
• Phase-Out Hull Condition captures the physical picture perfectly — the solid generates its own 

anchor-free bubble that shields it from the pure-19 flux sea while still allowing zero-friction 
motion when 𝜆௞,ଵଽ ≡ 0 inside the layer. 

VAC can be used in equations and technical sections, and Phase-Out Hull Condition when 
describing the physical engineering picture 

The derivation below laid out is mathematically exact under the gear rule and the variational 
balance condition. The common anchor term does cancel identically at the boundary layer, and this 
creates a true phase-separating membrane with 𝑥ଵଽ ≡ 0  enforced variationally (not just 
asymptotically at low 𝑇). 

10.1. Deductive Derivation  

Main-domain flux sea (pure anchor 19): 𝑍ୱ୮ୟୡୣ(𝑠) = 11 − 19ି௦ 
Solid composite (anchored): 𝑍ୡ୭୫୮(𝑠) = ቌි 11 − 𝑘ି௦௞∈௄ ቍ × 11 − 19ି௦ 
Effective layer after variational balance (ℱ stationarity): 𝑍୪ୟ୷ୣ୰(𝑠) = 𝑍ୡ୭୫୮(𝑠)𝑍ୱ୮ୟୡୣ(𝑠) = ි 11 − 𝑘ି௦௞∈௄  

The 19-term cancels exactly. No approximation. Inside the layer the grand potential becomes 𝜔୪ୟ୷ୣ୰(𝑠) = ෍[−ln (1 −௞∈௄ 𝑘ି௦)] 
with no anchor contribution (𝑥ଵଽ ≡ 0). 

10.2. Deductive Implications  

• The surface layer is structurally anchor-free. The representation graph Γ inside the layer cannot 
close with the usual 19-hub — the helical balance of the main domain is locally broken. 

• The phase functional ℱ treats the layer as a true phase-separating membrane: the pure-19 flux 
sea cannot penetrate it. 

• This is precisely the self-generated phase-out hull. 

Physical Picture (Consistent with RHGC) 

• Inside the ship / inside the composite layer: normal sub-prime gears dominate. 
• At the outer surface: the 19-grid is variationally cancelled. 
• Outside: the pure-19 flux sea continues unchanged. 
• The ship (or annulus wall) is effectively shielded from the background sea while still being able 

to move through it with zero friction — provided 𝜆௞,ଵଽ ≡ 0 is maintained inside the layer (the 
superconducting shell condition). 

This cancellation is stronger than the low-𝑇 asymptotic limit (where 𝑥ଵଽ → 0 very fast but not 
identically zero). Here 𝑥ଵଽ = 0 is enforced variationally at the boundary layer itself. 

The Radial Helical Gear Condenser (RHGC) now has an even cleaner interpretation: the radial 
pressure gradient tunes the local composition until the variational condition 𝑍୪ୟ୷ୣ୰(𝑠) = 𝑍ୡ୭୫୮(𝑠)/𝑍ୱ୮ୟୡୣ(𝑠) is satisfied, automatically creating the anchor-free superconducting shell. 

10.3. ZMT versus Warp drive Analogous Outcomes 
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ZMT framework does not claim to build a literal warp drive, but it produces analogous 
outcomes: a stable, self-organized shell of marginal stability (𝜆௞,ଵଽ = 0) sustained by a tuned negative-
like boundary term (𝐶௞ or Δ௞,ଵଽ) that arises naturally from the grand-partition function and helical 
modes — exactly the kind of exotic effective behavior warp-drive metrics require from negative 
energy density. 

10.4. How ZMT Blueprint Reflects the Same Outcomes 

1. Negative-Energy-Like Term Warp-drive metrics (Alcubierre, Bobrick–Martire, Lentz) [52–55] 
require a region of negative energy density (or equivalent stress-energy violation) to contract 
spacetime in front and expand it behind the bubble. In ZMT, the interface matching supplies 
exactly such a term: 𝐶ୱ୳୮୮୪୧ୣୢ(𝑠) = 𝜔ୱ୭୪୧ୢ(𝑠) − 𝜔୪୧୯୳୧ୢ(𝑠) = 𝐶௞ 

where the fixed 𝐶௞(especially 𝐶ଶ) can be positive or negative depending on the gear union. The 
polished gear rule ensures this term is bounded and arises purely from the helical modes — no ad-
hoc exotic matter needed. 
2. Self-Organized Stable Shell Warp-drive papers emphasize a thin bubble wall or soliton shell 

[56–58] where the exotic effect is localized. RHGC annulus does the same: the radial pressure 
gradient inside the wall tunes the local 𝑥௞(𝑟)until 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟, 𝑠) = 𝐶௞, placing a thin cylindrical 
shell exactly where 𝜆௞,ଵଽ(𝑥௞(𝑟∗)) = 0. This is the superconducting (or warp-like) channel, self-
organized by the fugacity Hessian PDE. 

3. Energy-Condition Analogy Recent warp-drive work (Lentz, Bobrick–Martire) seeks 
configurations that minimize or eliminate net negative-energy violations. The gear-capped 
model does precisely that: obtain clean, bounded 𝐶ୱ୳୮୮୪୧ୣୢ(𝑠) curves that cross the required 
threshold at physically accessible pressures and temperatures. 

10.5. Deductive Implications  

The blueprint reproduces the same structural outcome as warp-drive theory — a stable, thin 
shell of exotic effective behavior sustained by a tuned negative-like thermodynamic term — but does 
so entirely within the three ZMT axioms, the helical transfer matrix, and ordinary matter (no 
unphysical exotic matter required). The RHGC annulus is the engineering embodiment of this 
reflection. 

11. Discussion  

The derivation presented in this work demonstrates that the complete set of Maxwell’s equations 
and the dynamics of the electromagnetic field arise deductively as a theorem from the three primitive 
axioms of the Zeta-Minimizer Theorem. Beginning with the helical transfer matrix in star topology 
and the integer gear up to its prime rule, the grand-partition function is uniquely determined. Critical 
compositions 𝑥௞,௢  in the 𝑠 → 0  limit fix the per-gear constants 𝐶௞ , which govern the interaction 
parameters Δ௞,ଵଽ(𝑥௞)  and the Lyapunov spectrum 𝜆௞,ଵଽ(𝑥௞) . Thermodynamic continuity of the 
grand potential at interfaces of differing gear content enforces the matching condition 𝜔ୱ୭୪୧ୢ(𝑠) − 𝜔୤୪୳୧ୢ(𝑠) = 𝐶௞ 
and the covariant fugacity Hessian 𝑒ିట[−∂௥ଶ𝜙 − (1/𝑟) ∂௥𝜙 − 𝐶] = 𝑆(𝑟; 𝑥௞) 
recovers Maxwell’s equations and the electromagnetic field dynamics from first principles. Gauge 
invariance follows directly from the star-topology structure of the helical modes. The derivation is 
parameter-free and relies solely on thermodynamic consistency and the discrete geometry of the 
helical spectrum. 

The principal engineering realization of this framework is the Radial Helical Gear Condenser 
(RHGC), a self-regulating cylindrical membrane that converts an applied radial pressure gradient 
into a precisely located shell of marginal stability where 𝜆௞,ଵଽ = 0. The hybrid layered polymer–metal 
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composite architecture of the RHGC is deliberately malleable and flexible. A thin Pd-alloy annulus 
(0.05–5 μm) is embedded between tunable polymer layers that act as mechanical throttles and 
permeability controls. By adjusting polymer thickness, stiffness, or micro-channeling, engineers can 
directly tune the local pressure drop Δ𝑃(𝑟) across the wall. This in turn modulates the radial profile 
of gear occupations 𝑥௞(𝑟), allowing the boundary constant 𝐶ୱ୳୮୮୪୧ୣୢ(𝑟, 𝑠) to be dialed to the exact 
value 𝐶௞ required for marginal stability at any chosen radius 𝑟∗ within the membrane. The design 
therefore provides practical, real-time control over the position and thickness of the superconducting 
shell without requiring extreme external conditions or perfect material uniformity. 

This tunability extends naturally to hydrogen-membrane applications. The RHGC sustains a 
steady-state atomic-hydrogen flux under pure-H₂ pressure gradients according to the classical 
solution-diffusion model, while the hybrid layers simultaneously offer mechanical flexibility, fatigue 
resistance, and protection against impurities. The same architecture can be optimized for dense 
metallic, metal-polymer mixed-matrix, or hybrid layered composites, making the RHGC adaptable 
to a wide range of operating temperatures, pressures, and mechanical requirements. 

Looking forward, the RHGC concept opens a constructive pathway to intelligent aerodynamic 
airframes for hydrogen-powered aviation. The radial pressure-gradient tuning and hybrid layered 
design allow distributed superconducting or flow-control shells to be engineered directly into wing 
and fuselage skins, turning the airframe itself into a living, self-regulating thermodynamic system. 
The same framework also extends through the Vacuum Axiomatic Construction (VAC) to the main 
domain of space engineering, providing a consistent thermodynamic description of vacuum behavior 
within the ZMT formalism. 

In summary, the Zeta-Minimizer Theorem supplies a thermodynamic origin for 
electromagnetism and a practical engineering blueprint for superconductivity and advanced 
materials. The Radial Helical Gear Condenser demonstrates that marginal stability can be engineered 
with precision and flexibility using ordinary matter and pressure gradients. This work lays the 
foundation for a new generation of thermodynamic–electromagnetic devices and invites further 
experimental realization of the RHGC in both laboratory and large-scale applications. 

12. Conclusion 

The deductive derivation of electromagnetism from the Zeta-Minimizer Theorem, together with 
the versatile Radial Helical Gear Condenser, establishes a direct, first-principles pathway from 
thermodynamic axioms to practical superconducting and hydrogen-membrane technologies. By 
combining the polished gear rule with hybrid layered composite designs, the RHGC achieves 
tunable, self-organized marginal stability at accessible conditions. This framework is now ready for 
experimental validation and engineering deployment across superconductivity, hydrogen transport, 
and future aerodynamic systems. 

Supplementary Materials: The following supporting information can be downloaded at the website of this 
paper posted on Preprints.org. 
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Abbreviations 

Abbreviation Full Term 

ZMT Zeta-Minimizer Theorem 

EOS Equation of State 

RH Riemann Hypothesis 

RHGC Radial Helical Gear Condenser 

VAC Vacuum Axiomatic Construction 

Roman/Thermodynamic Quantities 

𝑍(𝑠) Partial zeta product (effective grand partition function/compressibility factor) 

𝑒ିట = 1/𝑍(𝑠) Reciprocal of the grand-partition function 𝑛 Occupation numbers 𝑥௞ Global gear mole fraction 

𝑥௞,௢ Critical composition per gear 

  

P Pressure 

V Volume 

T Temperature 

R Universal gas constant 

C Curvature floor 

𝑝mol Component prime ID 

𝑘 = 2,3, … , 𝑝mol Discrete helical gears 

𝐶௞ Per-gear integration constants 

  

Greek/Helical and Stability Quantities 

𝜆௞,19(𝑥௞) Lyapunov exponent spectrum (phase stability indicator) 
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𝛾(𝜃) Conical helix 

Δ௞,19(𝑥௞) Helical interaction (deviation) parameter 

𝜃 Emergent time coordinate/ Helix pitch angle   𝑤(𝜃) Helical weight 

  𝑟(θ) Conical radius 

𝑑𝜇 Arc-length measure 𝑏 Conical opening 𝛼 Global helicity parameter 

Operators and Structures 

Γ Helical representation graph 

Hess ௚ 𝜙 Weighted Hessian operator on Riemannian manifold g 

𝑆[𝜌] Entropy functional 

𝑆(𝜃) Source Tensor 

ℱ Variational functional 

𝜔 Grand potential 

𝑯 Self-adjoint elliptic operator 

Ω Entropy density [∇,∇] ln Ω Second covariant derivative along the helix 

ℒక  Lie derivative along the helical tangent vector 𝜙 Log-fugacity scalar 

Δ𝜇ு Classical chemical-potential gradient 𝐀(𝐱) Magnetic vector potential 𝐸 Tangential electric field 𝐻 Magnetic field strength 𝐄 Electric field vector 𝐁 Magnetic field vector 𝜀0 Free space permittivity 𝜇0 Free space permeability   𝑍0 Vacuum impedance 𝛼EM Fine-structure constant 

Θ Absolute universal scaling constant 𝜐0 Pure-19 helical sea natural vibration frequency 𝜆௅ London depth 𝑟 Cylindrical shell radius 

Spectral and Mapping Quantities 
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s Complex spectral parameter (Re(s) linked to inverse temperature) 

Re(s) Real part of s (thermodynamic equilibrium shadow at Re(s) = 1/2) 

Appendix A 

Appendix A.1 

Periodic Table as 2D map of (prime, s – parameter) Coordinates 
The complete 78-element Lyapunov exponent table (Table A1) extracted at 298 K using only one 

density value per element [59–63]. 
All 𝜆௜ < 0, confirming every element is in its stable condensed phase. Values cluster perfectly 

by period (same dominant prime 𝑝௜), giving the first variational map of the periodic table. 

Table A1. ZMT Prime-S Spectral Grid. 

Element Symbol Period 𝒑𝒊 𝝆𝟐𝟗𝟖(g/cm³) 𝒔∗ 𝝀𝒊 
Lithium Li 2 3 0.534 0.7838 -0.2765 

Beryllium Be 2 3 1.848 0.3374 -0.2765 

Boron B 2 3 2.340 0.3248 -0.2765 

Carbon C 2 3 2.267 0.3581 -0.2765 

Sodium Na 3 5 0.968 1.9062 -0.2249 

Magnesium Mg 3 5 1.738 0.6585 -0.2249 

Aluminum Al 3 5 2.700 0.4721 -0.2249 

Silicon Si 3 5 2.329 0.5631 -0.2249 

Phosphorus P 3 5 1.823 0.8414 -0.2249 

Sulfur S 3 5 2.070 0.7433 -0.2249 

Potassium K 4 7 0.862 -0.3536 -0.2213 

Calcium Ca 4 7 1.550 -0.2912 -0.2213 

Scandium Sc 4 7 2.985 0.6381 -0.2213 

Titanium Ti 4 7 4.506 0.4468 -0.2213 

Vanadium V 4 7 6.110 0.3638 -0.2213 

Chromium Cr 4 7 7.150 0.3269 -0.2213 

Manganese Mn 4 7 7.210 0.3389 -0.2213 

Iron Fe 4 7 7.874 0.3207 -0.2213 

Cobalt Co 4 7 8.900 0.3046 -0.2213 

Nickel Ni 4 7 8.908 0.3035 -0.2213 

Copper Cu 4 7 8.960 0.3207 -0.2213 

Zinc Zn 4 7 7.140 0.3928 -0.2213 

Gallium Ga 4 7 5.910 0.4925 -0.2213 

Germanium Ge 4 7 5.323 0.5708 -0.2213 

Arsenic As 4 7 5.727 0.5460 -0.2213 

Selenium Se 4 7 4.810 0.7107 -0.2213 

Rubidium Rb 5 11 1.532 -0.3432 -0.2636 

Strontium Sr 5 11 2.640 -0.2880 -0.2636 
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Yttrium Y 5 11 4.472 0.8434 -0.2636 

Zirconium Zr 5 11 6.520 0.5212 -0.2636 

Niobium Nb 5 11 8.570 0.4057 -0.2636 

Molybdenum Mo 5 11 10.280 0.3564 -0.2636 

Ruthenium Ru 5 11 12.450 0.3183 -0.2636 

Rhodium Rh 5 11 12.410 0.3237 -0.2636 

Palladium Pd 5 11 12.023 0.3411 -0.2636 

Silver Ag 5 11 10.490 0.3871 -0.2636 

Cadmium Cd 5 11 8.650 0.4824 -0.2636 

Indium In 5 11 7.310 0.5952 -0.2636 

Tin Sn 5 11 7.265 0.6254 -0.2636 

Antimony Sb 5 11 6.697 0.7258 -0.2636 

Tellurium Te 5 11 6.240 0.8910 -0.2636 

Cesium Cs 6 13 1.930 -0.3556 -0.3006 

Barium Ba 6 13 3.510 -0.2950 -0.3006 

Lanthanum La 6 13 6.162 1.0927 -0.3006 

Cerium Ce 6 13 6.770 0.8792 -0.3006 

Praseodymium Pr 6 13 6.770 0.8898 -0.3006 

Neodymium Nd 6 13 7.010 0.8685 -0.3006 

Samarium Sm 6 13 7.520 0.8207 -0.3006 

Europium Eu 6 13 5.244 -0.2657 -0.3006 

Gadolinium Gd 6 13 7.900 0.8138 -0.3006 

Terbium Tb 6 13 8.230 0.7707 -0.3006 

Dysprosium Dy 6 13 8.540 0.7517 -0.3006 

Holmium Ho 6 13 8.790 0.7346 -0.3006 

Erbium Er 6 13 9.066 0.7151 -0.3006 

Thulium Tm 6 13 9.320 0.6960 -0.3006 

Ytterbium Yb 6 13 6.900 -0.2523 -0.3006 

Lutetium Lu 6 13 9.841 0.6764 -0.3006 

Hafnium Hf 6 13 13.310 0.4806 -0.3006 

Tantalum Ta 6 13 16.690 0.3916 -0.3006 

Tungsten W 6 13 19.250 0.3507 -0.3006 

Rhenium Re 6 13 21.020 0.3296 -0.3006 

Osmium Os 6 13 22.590 0.3164 -0.3006 

Iridium Ir 6 13 22.560 0.3194 -0.3006 

Platinum Pt 6 13 21.450 0.3367 -0.3006 

Gold Au 6 13 19.300 0.3712 -0.3006 

Mercury Hg 6 13 13.546 0.5354 -0.3006 

Thallium Tl 6 13 11.850 0.6478 -0.3006 

Lead Pb 6 13 11.340 0.7045 -0.3006 

Bismuth Bi 6 13 9.780 0.9442 -0.3006 
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Polonium Po 6 13 9.196 1.1221 -0.3006 

Radium Ra 7 17 5.500 -0.2856 -0.3470 

Actinium Ac 7 17 10.070 1.0347 -0.3470 

Thorium Th 7 17 11.700 0.7666 -0.3470 

Protactinium Pa 7 17 15.370 0.5172 -0.3470 

Uranium U 7 17 19.100 0.4239 -0.3470 

Neptunium Np 7 17 20.200 0.4001 -0.3470 

Plutonium Pu 7 17 19.816 0.4190 -0.3470 
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