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Abstract: This work develops a new two-dimensional depth-integrated non-hydrostatic model for
wave propagation simulation using a weighted average linear/quadratic non-hydrostatic pressure
profile. The model is constructed by modifying an existing non-hydrostatic
discontinuous/continuous Galerkin finite element model with a linear vertical non-hydrostatic
pressure profile. A series of analytical solutions and laboratory experiments verify and validate the
model. The results show that using a weighted average linear/quadratic non-hydrostatic pressure
profile improved the performance of previous depth-integrated models with linear or quadratic non-
hydrostatic pressure profiles.

Keywords: Depth-integrated; Discontinuous Galerkin finite element method; Linear/Quadratic non-
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1. Introduction

In recent decades, the importance of research on wave propagation mechanisms in coastal areas
has increased due to many coastal catastrophes, partly increased by rising sea levels.

Depth-integrated models using the Boussinesg-type equations have traditionally been utilized
to simulate wave propagation. However, the high-order partial derivative terms in the Boussinesq
equations have difficult discretization, cause numerical instabilities, and have a non-negligible
computational cost. Additionally, the Boussinesq-type equations arise from the supposition of no
rotation and no viscosity.

The shallow water models with non-hydrostatic pressure distribution have shown their capacity
for accurately modeling nonlinear and dispersive waves since their introduction by Casulli & Stelling
(1998) and Stansby & Zhou (1998). The vertical momentum is considered in these models by
introducing a non-hydrostatic pressure term into the Reynolds-averaged Navier—-Stokes equations.
The non-hydrostatic models for water waves are classified as single-layer models (two-dimensional
depth-integrated non-hydrostatic) or multi-layer models (three-dimensional non-hydrostatic),
depending on the number of layers in the vertical discretization. Many researchers have
demonstrated the capabilities of the non-hydrostatic models for water waves with single or multiple
layers in the vertical direction (Stelling & Zijlema, 2003; Zijlema et al., 2005; Zijlema & Stelling, 2008;
Zijlema et al., 2011).

Calvo et al. (2021) present a two-dimensional depth-integrated non-hydrostatic model for
simulating wave propagation, breaking, and runup in a finite element framework. As with all
previous non-hydrostatic models, the model uses a linear vertical profile for the non-hydrostatic
pressure. The model is constructed using a combination of continuous and discontinuous Galerkin
methods. Good agreements between numerical results and experimental data showed that the model
adequately simulates wave motions.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Due to the linearization of the vertical momentum equations, it is well known that the depth-
integrated, non-hydrostatic models only apply to the intermediate water depth and weakly nonlinear
cases (Bai and Cheung, 2013). Recently, researchers have focused on increasing the order of the non-
hydrostatic pressure interpolation from a linear to a quadratic vertical pressure profile, showing
improvements in dispersion (Jeschke et al., 2017; Wang et al., 2020 (a), Wang et al., 2020 (b)).

This research aims to develop and validate a new two-dimensional depth-integrated non-
hydrostatic model for simulating wave propagation using a linear/quadratic weighted average
pressure profile. These objectives are achieved by modifying Calvo et al. (2021) existing non-
hydrostatic discontinuous/continuous Galerkin finite element model.

The new model has its dispersive characteristics improved by a linear/quadratic weighted
average non-hydrostatic pressure profile, with the additional advantage of using unstructured
meshes that easily allow local refinement and complex boundaries. Additionally, the utilization of
linear quadrilateral finite elements presents the advantage of requiring fewer nodal variables for a
given area than linear triangular finite elements in a discontinuous Galerkin context (e.g., four nodal
variables instead of six) and with a higher order of interpolation than their triangular counterparts
(e.g., bilinear interpolation). The new method is an interesting alternative for modeling shallow water
waves while avoiding the numerical instabilities caused by the higher-order terms in a Boussinesq-
type model, as well as the increased computational costs arising from a more significant number of
vertical layers in a multi-layer non-hydrostatic model.

2. Description of the Model

The proposed model starts with the non-hydrostatic discontinuous/continuous Galerkin finite
element model presented in Calvo et al. (2021). This two-dimensional, depth-integrated non-
hydrostatic model can simulate wave propagation, breaking, and runup in a finite element
framework.

The non-hydrostatic discontinuous/continuous Galerkin model is constructed using a
combination of discontinuous and continuous Galerkin methods, where the depth-integrated non-
hydrostatic equations are separated into hydrostatic and non-hydrostatic parts. The hydrostatic part
corresponds to the depth-integrated shallow water equations. It is solved with a discontinuous
Galerkin finite element method to simulate discontinuous flows, wave breaking, and runup. The non-
hydrostatic part resulted in a Poisson-type equation, where the non-hydrostatic pressure was
resolved by a continuous Galerkin finite element method for modeling wave propagation and
transformation. The model utilizes linear quadrilateral finite elements for horizontal velocities, water
surface elevations, and non-hydrostatic pressures that permit local refinement and complex
boundaries.

The governing equations in the conservation form for depth-integrated, non-hydrostatic flow in
the Cartesian coordinates system (x, y, and z) are:

aHU+aHUU+aHUV

at dx dy

Hae gn?UVU?%2+V?2 Hadq, qpd(E—h) 1
dx H% 2p 0x 2p Ox 1]

JdHV + JdHUV 4 dHVV
at dx dy
u 0§ gn*VVU2+V2 Haq, q,d(E—h) (2]
=—gH—— _— _ -
oy H% 2p 0y 2p Oy
0H 4 JUH 4 dVH _
ot ox oy

[3]
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ow dp
ot pH 4]

where U, V, and W are the depth-averaged velocity components in the x, y, and z directions; p is the
water density; n is Manning’s roughness coefficient; and g is the gravitational acceleration. The
flow depthis H = ¢ + h, where ¢ is the surface elevation measured from the still water level, and h
is the water depth measured from the still water level. A linear distribution is assumed in the vertical
direction for both the non-hydrostatic pressures and vertical velocities. The non-hydrostatic pressure
on the free surface is zero at the bottom, as g,,. The effects of turbulence, Coriolis force, atmospheric
pressure, and baroclinic pressure gradient are traditionally ignored in the study of non-hydrostatic
wave propagation. However, simulation with these effects is possible. The average vertical velocity,
W,is (wg + wp)/2, where w; is the vertical velocity at the surface, and w,, is the vertical velocity at
the bottom. Because of this linearization of the vertical momentum (Eq. [4]), the depth-integrated
non-hydrostatic models are only appropriate for weakly nonlinear cases.

Using a discontinuous Galerkin method, the solution begins by solving the horizontal
momentum Eq. [1] and [2] without the non-hydrostatic pressure terms. These horizontal momentum
equations, coupled with the mass conservation Eq. [3], can be written in the conservative form of Eq.
[5]:

ou oU OJEWU) 0G(U)
E-l' VF(U)=E+ Ax +—ay =S(U) [5]
The vectors of conserved variables, U, source vector, S, and flux vectors, F(U), are given in Eq.

[6] to [9].
qx

U= !qy} (6]
H

( & gn?UVUZ+V?)
A

S= { g gn?VyU? +V2$ [7]
I—QH@—T

k . ]

F=(E®U),6W)) 8]

q2/H qxqy/H
EWU) = quy/H ,G(U) = qu/H [9]
x y

In these Eq.s, g, and g, are discharges per unit width in the x and y directions and are equal
to HU and HV, respectively.

The discontinuous Galerkin formulation of the governing Eq. [5] is obtained by multiplying it
with a shape function ¢ and integrating it over an element 2,. The flux term F is integrated using
the Gauss theorem, resulting in Eq. [10]. In this Eq. n = (n,,n,) is the outward unit normal vector at
an element boundary TI,.

f goa—Ud.(2+f (pF.ndI"—f FVodd=| ¢Sd2 [10]
Qe ot Te Q¢ Qe

In the discontinuous Galerkin method, the variable vector U is approximated over a

quadrilateral element by:

4
UGY) ~ ) Ugyx,y) [11]
j=1

where U; are nodal values of the variables and ¢;(x,y) are the bilinear approximation functions of
the solution variables, or shape functions. Since in a discontinuous Galerkin context the
discontinuities of variables at the element boundaries are allowed, the intercell flux is taken as
dependent on the values U in each of the two adjacent elements. Thus, the normal flux F.n is not
exclusively defined and is substituted by a numerical flux F(U,Ug), where U, and Uy are the
variables at the left (internal) and right (external) sides of the element boundary in the
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counterclockwise direction, respectively. Consequently, the second integral in Eq. [10] is expressed
as:

f(pF.ndI“=f o Fdr [12]
T, T,

e e

In this analysis, F is chosen to be the common Harten-Lax-van Leer (HLL) numerical flux. The
first step of the solution process ends with the intermediate estimation of the conserved variables g,
and q, from Eq. [10]: gx** and g;**.

Using the continuity Eq. [3], the vertical momentum Eq. [4], and the remaining part of the

horizontal momentum Egs. [1] and [2] including the non-hydrostatic pressure terms:
O0HU Hdq, q,d(—h)
ot 2p0x 2p Ox
0HV H dq, q,0d(—h)
o oy 20 oy
a Poisson Eq. is constructed and solved by a continuous Galerkin method to obtain the non-

hydrostatic pressures g}**.

Once the non-hydrostatic pressures gj**are known, the Eq. [13] are solved on an element to

obtain the final solutions for the discharges g¢*'and q3**. A Galerkin finite element model to solve
the Eq. [13] on an element (2, is:

AtH™ dgqp+t Atgtt (€™ — h)
pqittdn = | @grttdo —f —— do —f @ ————dn
e 0 0, 2p  Ox P 2p dx

AtH™ 9gq}*t Atglt (6™ — h)
n+1dn =f ~n+1dQ _f an _f > 7
Lequy Q¢ Py 2 ¢ 2p 0y 0 ¢ 2p dy
Finally, with the discharges q3, q3, qx*", q3*" and the flow depth H™ known, the unknown
flow depth H™! is determined from the continuity Eq. [3] using the discontinuous Galerkin

formulation in Eq. [10]. Details of the entire solution process can be found in Calvo et al. (2021). A

dn [14]

series of numerical tests were conducted to verify and validate the above model. The tests can be
found in Calvo et al. (2021).

Unlike previous non-hydrostatic models, where the non-hydrostatic pressure is solved at the
bottom, the new model consists of only depth-averaged quantities. A relation between the depth-
averaged non-hydrostatic pressure q and the non-hydrostatic pressure at the bottom g, needs to be
established to close the system. Assuming a linear non-hydrostatic pressure profile, the pressure at
the bottom is simply twice the depth-averaged pressure, or:

qp = 2q [15]
Therefore, the governing Eq. [1]-[4] expressed using depth-averaged variables can be written as:

OHU N OHUU N OHUV u 0§ gn?UVU2+V2 1 (qu ) 6h> 16
ot 0x ay 97 5% H% p\ d0x Tox [16]
oHV N OHUV N OHVV
Jat dx dy
0§  gn*VVU%2+V?2 1 /0Hq oh
~ MGy — (5 ~wg;) W)
y H3 p\dy y
6H+6UH+6VH_ 0 18
ot ox = dy 18]
ow oW oW 2q
=— [19]

—+U——+V—=
at dx dy pH
where the terms U Z—Ij: and VZ—I:: are now included in the vertical momentum Eq. [19]. The linear

assumption can be replaced by a quadratic vertical pressure profile (Jeschke et al., 2017), as shown in
Eq. [20].
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3 1
a =59 +—pH¢ [20]

2
ou
é=—-Vh- <—+(u V)u) u-V(Vh)- -ul21]
In this work, the non—hydrostat1c pressure at the bottom is considered as:

9 =200+ (1-0) (50 +pH9) = (5 +5)a + (1~ 0 oo [22]

Choosing 6 =1, we will have a linear non-hydrostatic pressure profile (Eq. [15]) while taking ©
= 0, we will have a quadratic non-hydrostatic pressure profile (Eq. [20]). Any value 0 < 6 <1 will
give a weighted average linear/quadratic non-hydrostatic pressure profile. Following the above
assumption (Eq. [22]), the governing equations with depth-averaged variables become:

OHU N JHUU N JHUV
at dx dy

B Hag gn U\/U2+V2
= —gH >~

H3

1/0Hq

_;(W_ {qu +(1— e)( q+ 1pH¢>}ah) [23]

O0HV N OHUV N JHVV
at d0x dy

oy H%
1(qu {2 0+ (1 e)( +1 qu)}ah) [24]
23 q q+5p 3y
OH  OUH  OVH _ .
ot ox oy [25]
W v W 1{2 0+ (1 9(3 i1 H)} 26
5t Ep ay ~ pHY ( I\59+7pPH [26]

where the value of © determines the non-hydrostatic pressure profile (linear, quadratic, or weighted
average linear/quadratic).

The governing Eqs. [23]-[26] are solved similarly to the previous model presented by Calvo et
al. (2021) with a linear vertical pressure profile. The solution process is as follows:

e  Solve the horizontal momentum Eq. [23] and [24] without the non-hydrostatic pressure terms
using a discontinuous Galerkin method. The first step of the solution process ends with the
intermediate estimation of the conserved variables q, and q, from Eq. [10]: G;*' and G3*".
This step is identical to the previous model.

e  Find the nodal values of ¢ using a continuous Galerkin solution of Eq. [21].

e  Using the nodal values of ¢ obtained in the previous step, the continuity Eq. [25], the vertical
momentum Eq. [26], the kinematic boundary conditions, and the remaining part of the
horizontal momentum Egs. [23] - [24] including the non-hydrostatic pressure terms:

I 10 G o)
g=_;<%—{2qe+(1—e)< q+1pH¢>} )[27]

construct a Poisson Eq. that is solved by a continuous Galerkin method to obtain the non-
hydrostatic pressures g"™**.

e Once the non-hydrostatic pressures gq"**are known, the Eq. [27] are solved on an element to

obtain the final solutions for the discharges g3*'and q}*'.
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n+1 n+1

e Lastly, with the discharges qz, g3, g™, q;*" and the flow depth H™ known, the unknown
flow depth H™*! is determined from the continuity Eq. [25] using the discontinuous Galerkin
formulation in Eq. [10]. This step is identical to the previous model.

3. Linear Dispersion

The linear dispersion relation of the depth-averaged non-hydrostatic Eqgs. [23]-[26], for the one-
dimensional case, without friction and assuming a constant bathymetry, is given by (Jeschke et al.,

2018):
2 _ SZW 2 28
Wnhweigth = Th)z [ ]
1+ 3 o
2(3+7)

where wnpweigen is the wave frequency of the non-hydrostatic model using the weighted average

. . . . 2w .
pressure profile, c5, = ./gh is the linear shallow water gravity wave speed and k = - is the wave

number. Using © =1, the linear non-hydrostatic pressure profile is applied, leading to the dispersion

relation:
2 1,2

2 sw
wnh,lin - 2 [29]
RGO

whereas, using 6 = 0, the quadratic non-hydrostatic pressure profile is applied, leading to the
dispersion relation:

2 1,2
Csw

2
wnh,quad = 2 [3 0]
1+ G

These same results are given by Cui et al. (2014) for the linear vertical profile and by Aissiouene
(2016) for both profiles. On the other hand, the dispersion relation from the full linearized inviscid
equations (Airy wave theory) is:

Winrun = gk tanh (kh) [31]

These dispersion relations will be used for numerical validation ahead. Equating Eqgs. [28] and

[31], we obtain an expression for © that yields the dispersion relation of the full linearized equations:
3kh — (3 + (kh)*)tanh (kh)

- tanh (kh) — kh
The above equation for 8, which gives the dispersion relation of the linearized equations (Eq.

[32]

[31]), depends on k = 27" and the depth h. The wavelength, A, is provided by Airy’s linear theory:

2= nn (75 133
T2 an < A ) [331]
An explicit formula for the calculation of A, and subsequently 6, is the approximation of Fenton

and McKee (1990):
3

T2 g’ ?
/s
A= 9 tanh VG [34]
2w T

This approximation produces a maximum error of 2% for shallow, intermediate, and deep
depths and can be used to determine © from Eq. [32].

4. Model Validation

The validation of the model was carried out using the analytical solution of a linear standing
wave in one spatial dimension with constant bathymetry:
H(x,t) = h — a sin (kx) cos(kct) [35]
HU(x,t) = ac cos (kx) sin(kct) [36]
with a being the wave amplitude and ¢ the wave phase speed.
The numerical model was applied on a computational domain length equal to one wavelength.
The periodic boundary conditions of Eq. [36] were imposed. The water depth, h, was varied while
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the wavelength 1 = 2% = 20 m and the maximal amplitude a = 0.01 m were held constant to obtain

ratios for % between 0.05 and 1.0, and ratios for % between 0.01 and 0.005. The computational domain

was discretized with a quadrilateral element mesh of sides Ax = Ay =5 cm. Simulation time was one
wave period.

Figure 1 displays the normalized phase velocities resulting from applying the non-hydrostatic
Egs. [23]-[26] with either the linear (© = 1), the quadratic (6 = 0) or the weighted average
linear/quadratic (6 = f(kh)) vertical pressure. Additionally, they are compared to their analytical
reference phase velocities obtained from Eqs. [29] and [30], and the full reference phase velocity
obtained from Eq. [31]. All numerical dispersion relations accurately match the corresponding
analytical ones, highlighting the case of the full linearized equations and the non-hydrostatic Egs.
[23]-[26] where the values of © = f(kh) are calculated by Eq. [32].

09 L full, ref
e full, sim, ©=f(kh)
lin, ref
0.8 e lin,sim
quad, ref
0.7 quad, sim
-===6=0.65
2 — h/A\=0.38
S06
o
0.5
0.4
03 t+ T~
0.2 L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

hik

Figure 1. Periodic standing wave: Comparison of simulated non-hydrostatic phase velocities with analytic

reference values.

In the application of Eqs. [23]-[26] to the cases of variable bathymetry, only values of
O calculated by Eq. [32] in the interval 0 < % < 0.38 were used (Figure 1). This is because averaging
must occur within the limits of the two models (quadratic and linear; 0 < © < 1) whose applicability
is verified. The value of © that minimizes the sum of the absolute deviations from the full reference
phase velocity in the range 0 < % <0.38 is © =0.65, as shown in Figure 1.

For a longer simulation time of 25 seconds, Figure 2 shows a time series of the surface elevation
for the linear, the quadratic, and the weighted average linear/quadratic (6 = 1.58) vertical pressures
profiles evaluated at x =5 m, whereas a ratio of depth to wavelength of 0.5 is employed. As shown
in Figure 2, the linear and quadratic pressure profiles lag behind the analytical solution, in particular
the quadratic profile, while the weighted average linear/quadratic pressure profile can reproduce
precisely the evolution of the water height.
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-0.015 . L L .
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Figure 2. Periodic standing wave: Comparison of the simulated (green, blue, and yellow lines) and analytical
(green dots) surface elevation with linear, quadratic, and weighted average linear/quadratic vertical profile for
a propagation time of 25 seconds at location x =5 m with % =0.5.

5. Beji and Battjes” Experiment of Wave Propagation on a Submerged Bar

Beji and Battjes (1993) conducted physical experiments on the propagation of regular waves on
a trapezoidal bar submerged in a channel 37.7 m long, 0.8 m wide, and 0.75 m deep.

Figure 3 shows the numerical setup of the experiment. The depth of still water is 0.4 m. A 0.3 m
high trapezoidal bar, with a front slope of 1:20 and a back slope of 1:10, is located between 6 and 17
m in the channel. Incident sinusoidal waves with an amplitude of 1.0 cm and a period of 2.02 sec,
corresponding to the parameter kh = 0.67 G =01 1), are generated on the left side based on the

linear wave theory. The boundary of the experiment on the right side is modeled as an open flow
area where a Sommerfeld radiation condition is imposed. The non-hydrostatic pressure g, is
assumed to be zero on the left and right sides. The figure’s 35 m long computational domain is
discretized with a quadrilateral element mesh of sides Ax = Ay = 1.25 cm. At the beginning of the
simulation, the velocity and water surface elevation are zero at all nodes, and a short time interval At
=0.002 sec is used to develop the wave smoothly.

15
wave propagation —» 8 9 10 11

ey 0 —o—o - hv4
£ —
L
< -15 F
o
&

30 F

_45 L L L L L L

0 5 10 15 20 25 30 35

Distance (m)

Figure 3. Numerical configuration for wave propagation over a submerged bar.
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Figure 4 compares simulated and measured free surface elevations at measurement points 8, 9,
10, and 11 in Figure 3. The weighted average linear/quadratic profile using © = 0.65 improves the
comparisons between measured and simulated wave elevations in all four measurement points.

e EXpEriMental e B=0,65 = = B=1 seeees B=0 e Experimental =———©=0.65 = = ©=1 220020

Gauge 8 (x =15.7 m) Gauge 9 (x=17.3 m)

& (cm)

— Experimental ———©=065 = = 61 oo 020 ——Experimental ————©=0.65 = = ©=1 «::eer 020

Gauge 10 (x =19.0 m)

& (cm)

Time (s) Tiﬁle ()

Figure 4. Comparison of simulated elevations and free surface measurements for the case of wave propagation
over a submerged bar. Experiment (black line), linear/quadratic profile: ® = 0.65 (red line), linear profile: 6 =1
(dashed line), quadratic profile: © =0 (dotted line).

6. Whalin’s Wave Diffraction Experiment on a Semicircular Shoal and
Comparison with Experimental Data

Whalin (1971) conducted laboratory experiments on wave refraction over a semicircular sloping
bathymetry. The experiments used a wave tank 25.603 m long and 6.096 m wide (Figure 5). At the
beginning of the tank, the water depth was 0.4572 m, while in the middle portion, 7.622 m < x"<
15.242 m, eleven semicircular steps were regularly spaced, arriving at the shallowest portion with a
water depth of 0.1524 m.
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} } } I
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04572 m
l s

< 30.48 m >|

Figure 5. Bottom configuration for wave propagation over a semicircular shoal used in the experiments of
Whalin (1971) (Source: Young et al., 2009).

The bathymetry was symmetrical to the tank centerline at y* = 3.048 m and was described by:
045720 <x* <1067 -G
(0.4572 + 10.67 — G)

25

h(x*,y*) = 10.67 — G < x* <18.29 — G [37]

0.1542x* <1829—-G
GO = y"(6.096 —y) [38]
where x* and y*are length variables in meters.
Three series of experiments were carried out generating waves with different periods T and
wave amplitudes a:

Case I: T=3.0 sec, a=0.0068m, G = 0.07);
Case II: T=2.0 sec, a = 0.0075m, (% = 0.12);

Case ITI: T=1.0 sec, a = 0.0195m, (% =03 1).

An incoming periodic wave train was generated in a 5 m generation zone. Sponge layers were
applied upstream and downstream to absorb the outward and reflected waves, and solid wall
boundary conditions were applied at the lateral boundaries. A mesh with Ax=5 cm and Ay =10 cm
was used for the case I and II tests. For the test of case III, Ax =2.5 cm and Ay =10 cm were used, as
this was the most intense case. Wave propagation was simulated for 100 sec, and numerical data were
obtained for the last 25 sec. After measuring water surface elevation along the centerline of the shoal,
a harmonic analysis was made to obtain the amplitude of the frequency components. The surface
elevation time series along the midline was analyzed to obtain the amplitudes of the first, second,
and third harmonics considering their spatial evolution. The numerical results were compared with
the experimental data in Figures 6, 7, and 8. These simulations also tested the utilization of parameter
O calculated using Eq. [32] with the wavelength, A, calculated with Eq. [34].
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Figure 6. Periodic waves over a semicircular shoal (Case I): Comparison of simulated and experimental results
for the wave amplitudes of harmonics 1, 2, and 3 along the centerline. Experiment (circles), linear/quadratic
profile: © calculated by Eq. [32] (red line), linear profile: ® =1 (dashed line), quadratic profile: © =0 (dotted

line).
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Figure 7. Periodic waves over a semicircular shoal (Case II): Comparison of simulated and experimental results
for the wave amplitudes of harmonics 1, 2, and 3 along the centerline. Experiment (circles), linear/quadratic

profile: © calculated by Eq. [32] (red line), linear profile: ® =1 (dashed line), quadratic profile: 8 =0 (dotted

line).
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Figure 8. Periodic waves over a semicircular shoal (Case III): Comparison of simulated and experimental results
for the wave amplitudes of harmonics 1, 2, and 3 along the centerline. Experiment (circles), linear/quadratic
profile: © calculated by Eq. [32] (red line), linear profile: ® =1 (dashed line), quadratic profile: © =0 (dotted

line).

For case I, some differences were observed between numerical results and experimental data
(Figure 6). Similar results were observed in preceding studies (Bingham et al., 2009; Tonelli and Petti,
2009; Kazolea et al., 2012) and are usually attributed to reflected waves.

In case II, considerable improvements are observed in the comparisons between observed and
simulated harmonics using the parameter 6 calculated through equations [32] and [34] (red lines in
Figure 7).

For case III (Figure 8), the relatively high %= 0.31 ratio of the incident wave leads to better model
performance using 6 =1 (linear non-hydrostatic pressure profile), particularly at the end of the ramp
(x > 15 m). This could be because wave shoaling decreases wavelength A, resulting in a further
increase in %, in addition to the wave’s nonlinearity in this zone.

7. Wave Transformation over an Elliptic Shoal

The transformation of waves over a submerged elliptical bank is a typical example for evaluating
numerical models that simulate wave refraction, diffraction, and focusing. Non-hydrostatic models
have been applied to simulate the wave transformation on an elliptical shoal. The non-hydrostatic
3D models can simulate wave propagation using a multigrid solver (Li and Fleming, 2021) or a small
number of vertical layers (Stelling and Zijlema, 2003; Yuan and Wu, 2004; Zijlema and Stelling, 2005).

Figure 9 shows the experimental setup of Vincent and Briggs (1989), consisting of an elliptical

shoal. The mathematical expression of the shoal boundary can be defined as:
2

2
(3%) +(3."R) = 1[39]
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Figure 9. Schematic of the elliptical shoal and measurement sections.
And the depth over the elliptical shoal, h,, is given by:

h, = 0.9144 — 0.762\/1 - (3%)2 - (4%)2 [40]

The constant water depth outside the elliptical shoal zone is h, = 0.457 m. 17 incident wave

conditions were investigated, from non-breaking monochromatic waves to breaking directional
spectra. Surface displacements were measured at the six cross-sections shown in Figure 9. A non-
breaking monochromatic incident condition was used in the model simulations. At the incoming
boundary, an incident wave with height H, = 2.54 cm and period T = 1.3 sec was applied,
corresponding to the ratio %= 0.2. At the outgoing boundary, a 5 m absorption zone dissipated

outgoing waves. The free-slip and impermeability boundary conditions were assigned to the
sidewalls. The computational domain was discretized by a mesh with Ax =5 cm and Ay =10 cm.

Figure 10 shows the model results compared to the experimental data regarding the normalized
wave heights (H/H,) at the six cross sections in Figure 9. The calculated wave height was obtained
by averaging the wave heights over five steady wave periods.
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Figure 10. Comparison of simulated elevations and free surface measurements for the case of wave propagation
over an elliptic shoal. Experiment (circles), linear/quadratic profile: © calculated by Eq. [32] (red line), linear
profile: © =1 (dashed line), quadratic profile: 8 =0 (dotted line).

The model accurately predicted the wave concentration behind the bank in section 1, mainly
using the parameter © calculated through equations [32] and [34]. In section 2, the model does not
reach the experimental wave height due to the limitations inherent to vertically averaged models and
the dissipative characteristic of the first-order explicit temporal approximation used in non-
hydrostatic models (Wei 2014, Zijlema et al., 2011). In sections 4 and 6, along the direction of wave
propagation, the wave steepens, and the interaction of the refracting wavefronts creates a maximum
wave height around x = 4 m. After this point, the wave amplitude decreases due to the lateral
propagation of the wave energy in sections 3 and 5. Figure 10 shows that utilizing a calculated ©
parameter generally improved comparisons between measured and simulated wave heights.

8. Conclusions

A new two-dimensional depth-integrated non-hydrostatic model for wave propagation
simulation using a weighted average linear/quadratic non-hydrostatic pressure profile has been
developed. The model is established by altering the non-hydrostatic discontinuous/continuous
Galerkin finite element model with a linear vertical non-hydrostatic pressure profile described in
Calvo et al. (2021).
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A series of numerical tests have been carried out to verify and validate the developed model.
The first case, with an analytical solution, was the simulation of a linear standing wave in one spatial
dimension with constant bathymetry, which validated the model’s dispersive proprieties. The
following three sets of laboratory experiments, which present several nearshore wave propagation
phenomena (wave propagation on a submerged bar, wave diffraction on a semicircular shoal, and
wave transformation over an elliptic shoal), have been used to validate the model’s capability for
nearshore wave simulation.

Using a weighted average linear/quadratic non-hydrostatic pressure profile improved the
performance of previous models with linear or quadratic non-hydrostatic pressure profiles. The
results show that utilizing a weighted average linear/quadratic non-hydrostatic pressure profile,
using a calculated or optimized © weight parameter, enhanced comparisons between measured and
simulated wave heights in depth-integrated non-hydrostatic models.

Future work will continue with further analysis of the model in cases of variable bathymetry
and comparisons with traditional Boussinesq-type models.
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