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Abstract 

The escalating development of Maritime Autonomous Surface Ships (MASS) has imposed rigorous 
demands on the precision, continuity, and resilience of onboard integrated navigation systems. 
However, in complicated marine settings, data from the Global Navigation Satellite System (GNSS) 
and Doppler Velocity Log (DVL) are frequently corrupted by multipath effects and non-line-of-sight 
(NLOS) interference. These disturbances introduce anomalous observations that violate Gaussian 
noise assumptions, thereby severely deteriorating the robustness and estimation quality of traditional 
sliding-window factor graph optimization (SW-FGO). To mitigate this problem, this study introduces 
a novel integrated navigation strategy termed gradient-adaptive factor graph optimization (GA-
FGO). By designing a gradient-adaptive robust objective function within the factor graph structure, 
the proposed method dynamically re-weights constraints from the inertial navigation system (INS), 
GNSS, and DVL. This mechanism adequately suppresses the influence of measurement outliers at 
the optimization level. Furthermore, a unified solution framework utilizing iterative reweighted least 
squares (IRLS) and the Gauss–Newton method is established to simultaneously perform adaptive 
weight updates and state estimation. Validation was based on offline field data benchmarked against 
the Extended Kalman Filter (EKF), Unscented Kalman Filter (UKF), and standard SW-FGO. The 
simulation results demonstrated that the GA-FGO algorithm achieves superior positioning accuracy 
and estimation stability under realistic measurement conditions. 

Keywords: Maritime Autonomous Surface Ships (MASS); integrated navigation; factor graph 
method; robust optimization; Global Navigation Satellite System (GNSS); Doppler Velocity Log 
(DVL); Inertial Navigation System (INS) 
 

1. Introduction 

With the advancement of intelligent shipping and the formal introduction of Maritime 
Autonomous Surface Ships (MASS) by the International Maritime Organization (IMO), autonomous 
vessels are evolving toward highly autonomous operations [1]. In this context, onboard navigation 
systems are critical, as their outputs directly support autonomous decision-making, path planning, 
and motion control [2]. Consequently, MASS demand higher standards of navigation accuracy, 
continuity, and robustness than conventional manned ships. In practical maritime environments, 
navigation sensors are inevitably challenged by complex conditions. Global Navigation Satellite 
System (GNSS) signals are susceptible to blockage, multipath effects, and non-line-of-sight (NLOS) 
propagation; inertial navigation errors accumulate over time; and Doppler Velocity Log (DVL) 
performance may degrade in shallow or complex seabed environments [3]. If not properly handled, 
such anomalous measurements can propagate to the decision and control layers, resulting in unsafe 
or suboptimal maneuvers. Therefore, robustness against abnormal measurements has become a key 
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requirement for MASS navigation systems. Traditional shipborne navigation systems, typically 
relying on a gyrocompass, GNSS, and DVL, lack sufficient redundancy and fault tolerance in complex 
environments. Hence, multi-sensor fusion-based integrated navigation systems have become 
essential for MASS, with robust navigation algorithms at their core [4]. 

For an extended period, integrated navigation systems on ships have predominantly relied on 
EKF for multi-sensor information fusion and state estimation [5]. EKF recursively updates the system 
state and its covariance using state and observation equations. However, when gross errors or 
anomalous measurements are present, the estimation noise covariance matrix can become biased, 
which markedly degrades the accuracy of state estimation. To overcome the limitations of EKF in 
nonlinear systems, nonlinear filtering approaches such as the Unscented Kalman Filter (UKF) [6] and 
the Cubature Kalman Filter (CKF) [7] have been widely studied and applied. However, nonlinear 
models often struggle to fully represent real-world systems due to inherent challenges such as model 
linearization and simplification, difficulties in accurately characterizing noise statistics, large initial 
state uncertainties, and variations in system parameters under different operating conditions. To 
address these limitations, adaptive filtering methods have gained increasing research interest. For 
instance, the Sage–Husa Adaptive Kalman Filter (SHAKF) [8] enhances adaptability to model 
uncertainties and environmental variations by estimating noise statistics online. Extending this 
approach, further improvements in filtering accuracy and system stability have been achieved 
through variable sliding-window estimation techniques [9] and refined adaptive factors [10–12]. In a 
relevant application, Liu et al. [13] proposed an improved adaptive robust EKF for Arctic shipborne 
tightly coupled navigation systems. Xiao et al. [14] developed an inertial navigation system and 
global positioning system (INS/GPS) integrated navigation method for unmanned surface vehicles 
based on ensemble empirical mode decomposition (EEMD) denoising and sparrow search algorithm 
and extreme learning machine (SSA-ELM). Additionally, Tang et al. [15] introduced a shipborne 
strapdown inertial navigation system and celestial navigation system (SINS/CNS) integrated 
navigation algorithm aided by long short-term memory (LSTM)-based attitude prediction. 

The aforementioned Kalman filtering methods necessitate iterative updates of the entire system 
when addressing large-scale problems, leading to relatively high computational complexity [16]. 
Furthermore, the recursive update process in Kalman filtering relies on prior states and 
measurements, which restricts the flexibility to add or remove variables during operation. In contrast, 
factor graphs decompose complex problems into multiple factors and variables for large-scale 
systems and employ distributed inference, allowing different parts of the graph to be processed in 
parallel and thereby significantly enhancing computational efficiency [17–20]. Additionally, factor 
graphs enable flexible addition or removal of variables through modifications to the graph structure, 
supporting seamless integration and removal. Owing to their “plug-and-play” capability and high 
computational efficiency, factor graph-based methods have garnered considerable attention in the 
research community [21–23]. To better understand the advantages and limitations of these different 
approaches, Table 1 summarizes the key characteristics of various integrated navigation methods. 

Table 1. Comparison of different integrated navigation methods. 

Method Advantages Disadvantages 

Kalman Filter (KF) 

- Computationally light; good real-time 
performance. 
- Suitable for linear systems; performs 
well with sensor data fusion. 

- Only suitable for linear 
systems; struggles with 
nonlinear system. 
- Cannot handle gross errors 
well; struggles to manage 
dynamic system states. 

EKF 
- Can handle nonlinear systems within a 
small range. 

- Nonlinear system 
approximation can lead to poor 
performance. 
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- Improved from standard Kalman Filter 
for nonlinear system linearization. 

- More complex computations; 
can accumulate errors. 

 UKF and CKF 

- Handle nonlinear system dynamics 
better; smaller errors. 
- Do not require linearization; reduce 
approximation errors. 

- Higher computational 
complexity; real-time 
performance may be affected. 
- Symmetric sampling may 
induce bias under 
non-Gaussian/asymmetric 
noise. 

Factor Graph and Graph  
Optimization 

- Can handle large-scale nonlinear 
systems; suitable for large-scale 
problems. 
- Provide global optimization; reduce 
computational load 

- High computational cost. 
- Require significant resources 
for solving optimization 
problems. 

 
Integrated navigation systems based on factor graphs model the global state estimation problem 

as a sparse graph of local factors and state variables, thereby avoiding recursive updates of the entire 
state vector [24]. As a result, the Jacobian and information matrices exhibit inherent sparsity, which 
allows efficient solving via numerical methods such as sparse Cholesky or QR decomposition, 
significantly lowering computational complexity and improving numerical stability [25,26]. From an 
estimation framework perspective, factor graph optimization is formulated as a batch or incremental 
nonlinear least-squares framework, in which multiple factors are jointly optimized through iterative 
relinearization [27]. Compared with conventional recursive filtering methods, this approach can 
more effectively utilize multi-epoch information under strong nonlinearities and in the presence of 
anomalous measurements, yielding globally consistent state estimates with enhanced robustness. 
The factor graph structure supports asynchronous integration and flexible extension of different 
factor types and can be combined with parallel graph construction and optimization to further 
improve computational efficiency. To meet long-term online operation and real-time performance 
requirements, existing factor graph optimization methods often adopt fixed-length sliding-window 
factor graph (SW-FGO) or fixed-lag strategies. In these approaches, historical state information is 
compressed into prior factors via marginalization operations such as the Schur complement. This 
maintains continuity in the estimation process while effectively limiting the size of the optimization 
problem, thereby stabilizing computational complexity over time and making the method suitable 
for continuous operation in practical integrated navigation systems [28–31]. In terms of applications, 
Zhang et al. [32] proposed a factor graph optimization (FGO)-based AUV navigation method that 
integrates side-scan sonar. In the same year, Zhang et al. [33] further improved AUV navigation by 
optimizing side-scan sonar localization and developing an improved FGO-based post-processing 
model. Simulation and ocean experiments confirmed a significant improvement in overall mission 
trajectory accuracy. Tian et al. [34] proposed an adaptive fast incremental smoothing method for 
inertial navigation system, global positioning system, and visual odometer (INS/GPS/VO) factor 
graph inference. Zhang et al. [35] proposed a distributed navigation and fusion localization method 
for unmanned underwater vehicle (UUV) clusters. The method transforms individual UUV 
navigation data into an information-coupled probabilistic model to mitigate localization errors 
caused by temporal asynchrony. Li et al. [36] proposed a robust graph optimization-based INS, ultra-
short baseline system, and DVL(INS/USBL/DVL) integrated navigation algorithm. Ben et al. [37] 
proposed a factor graph-based cooperative navigation algorithm for multiple autonomous 
underwater vehicles (AUVs) incorporating a node stretching strategy. 

However, the onboard navigational environment of MASS is complex, and GNSS and DVL 
measurements are prone to adverse effects such as multipath propagation and NLOS conditions, 
which give rise to anomalous measurements (outliers) that significantly deviate from the Gaussian 
noise assumption. Under such circumstances, the assumption of strictly Gaussian-distributed 
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observation noise adopted by standard SW-FGO methods no longer holds, thereby leading to a 
noticeable degradation in state estimation accuracy and robustness. To address the aforementioned 
issues, this study makes the following contributions: 

(1) Within the factor graph optimization framework, a gradient-adaptive robust objective 
function is proposed. Unlike conventional robust methods such as Huber loss or Tukeyʹs biweight 
function, which apply fixed thresholds regardless of measurement conditions, the proposed gradient-
adaptive mechanism dynamically adjusts the weighting based on real-time residual statistics using 
MAD-based scale estimation. This enables automatic adaptation to varying noise conditions in 
maritime environments without manual parameter tuning. Furthermore, compared to switchable 
constraints that require binary outlier decisions, our continuous weighting scheme preserves partial 
information from degraded measurements while suppressing their adverse effects. The adaptive 
weighting mechanism based on normalized residuals is employed to dynamically reweight INS, 
GNSS, and DVL factors. 

(2) To solve this objective function, an iterative reweighted least squares (IRLS)-based Gauss–
Newton solution framework is proposed. Within the framework, the factor weights and state 
estimates are iteratively updated based on the estimated motion state residuals. 

(3) To validate the effectiveness of the algorithm, simulations based on historical measured data 
were conducted to evaluate the state estimation accuracy and robustness of the EKF, UKF, SW-FGO, 
and gradient-adaptive factor graph optimization-based integrated navigation algorithm (GA-FGO) 
methods. 

The remainder of this paper is organized as follows. Section 2 provides an overview of the 
proposed method. In Section 3, we systematically present the theoretical innovations and 
methodological formulation of this study. In Section 4, the effectiveness and performance of the 
proposed approach are evaluated and analyzed based on offline data. Finally, Section 5 concludes 
the paper and outlines directions for future research. 

2. Preliminary Analysis  

2.1. INS/DVL/GNSS Integrated Navigation Model for MASS 

The motion state vector of the MASS INS/DVL/GNSS integrated navigation system is defined as 

xk= ൥pk
vk
φk

൩ ∈ R9 (1) 

where pk=ൣpN,pE,pD൧T , vk=ሾvN,vE,vDሿT , and φk=ሾϕ, θ, ψሿT ; pN , pE , and pD  represent the position 
coordinates in the North–East–Down (NED) coordinate system, respectively. vN, vE, and vD are the 
velocity values in the NED navigation coordinate system. ϕ, θ, and ψ represent the Euler angles 
following the Z-Y-X rotation sequence: ϕ  denotes the roll angle (rotation about the bodyʹs 
longitudinal x-axis), θ  denotes the pitch angle (rotation about the bodyʹs lateral y-axis), and ψ 
denotes the yaw or heading angle (rotation about the bodyʹs vertical z-axis). These angles describe 
the vesselʹs orientation relative to the local North–East–Down (NED) navigation frame. 

In the integrated navigation processing process, the attitude transformation matrix Cb
n can be 

expressed as 

Cb
n=RzሺψሻRyሺθሻRxሺϕሻ (2) 

The direction cosine matrix from the body frame (b) to the navigation frame (n) is defined by the 

Z-Y-X Euler angle. Rxሺϕሻ= ቎1 0 0
0 cosϕ - sinϕ
0 sinϕ cosϕ

቏ , Ryሺθሻ= ൥ cosθ 0 sinθ
0 1 0

- sinθ 0 cosϕ
൩ , 

Rzሺψሻ= ൥cosψ - sinψ 0
sinψ cosψ 0

0 0 1
൩. 
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On the basis of the inertial navigation mechanization equations, the motion constraint governing 
adjacent MASS states is constructed [38]. This constraint, which in turn yields the definitions for the 
position, velocity, and attitude state errors, is expressed as 

Δpk,k+1=pk+1- pk- vkΔt - 1
2 (Cb

nθk)fk b - gn)Δt2 

Δvk,k+1=vk+1 - vk - (Cb
nθk)fk

b - gn)Δt 
Δφk,k+1=φk+1- φk- ωk

bΔt 

(3) 

where fk
b is the accelerometer measurement (body frame), ωb

k is the gyroscope measurement (body 
frame), gn = [0, 0, g]Tis the gravity acceleration vector, and Δt is the sampling interval. 

The residual matrix of the INS motion factor is set as 

෍ = diag ቀΔpk,k+1
-2I3, Δvk,k+1

-2I3, Δφk,k+1
-2I3ቁ-1

INS

 (4) 

Regarding the observation model for the MASS INS/DVL/GNSS integrated navigation system, 
the observation functions for GNSS and DVL are, respectively, as follows. The observation noise for 
both sensors is assumed to follow a Gaussian distribution Ν∼(0, Σ). 

zk
GNSS=pk+ nk

GNSS,nk
GNSS~Ν(0,ΣGNSS) 

zk
DVL=(Cb

n)vk+ nk
DVL,nk

DVL~Ν(0,ΣDVL) 
(5) 

where zk
GNSSand zk

DVLrepresent the GNSS position measurement and DVL velocity measurement at 
time step k , respectively;  nk

GNSS and nk
DVL denote the corresponding measurement noise vectors; 

ΣGNSS=diag ൫σu2 , σv2 , σw2൯ is the GNSS position noise covariance matrix with typical values of 
σN=σE=2.5m and σD=5.0m; ΣDVL=diag ൫σu2 , σv2 , σw2൯ is the DVL velocity noise covariance matrix in 
the body frame with σu2= σv2= σw2 = 0.01𝑚/𝑠 ; and Cb

n represents the direction cosine matrix 
transforming vectors from the body frame to the navigation frame. 

The innovation can be written as 

rk
GNSS=pk- zk

GNSS 
rk

DVL=(Cb
n(φk))்vk - zk

DVL (6) 

2.2. Factor Graph-Based Integrated Navigation Theory for MASS 

In the context of MASS integrated navigation, the factor graph provides a unified framework for 
fusing heterogeneous sensor measurements while accommodating their distinct noise characteristics 
and update rates. The factor graph G = (V, F, ε) is a bidirectional graph model where variable nodes 
V represent the vesselʹs motion states (position, velocity, and attitude) to be estimated at discrete 
time steps, factor nodes F encode the probabilistic constraints arising from INS mechanization, GNSS 
positioning, and DVL velocity measurements, and edges 𝜀 define the dependencies between states 
and observations. In the MASS integrated navigation system, variable nodes (denoted as x0, x1,L , 
xn) represent the 9-dimensional motion state vectors to be estimated at each epoch. The factor nodes 
encode specific measurement constraints: f0, f1, …fn represent INS motion factors derived from IMU 
mechanization equations; c0,c1,…cn denote GNSS position observation factors; g0, g1,…gn indicate 
DVL velocity observation factors; i0, i1,…in  represent IMU preintegration factors; and p0, pm-1, pm 
denote prior factors obtained through marginalization. The proposed method adopts a loosely 
coupled architecture at the state variable level, where GNSS provides position observations and DVL 
provides velocity observations, both fused with INS-propagated states through the factor graph 
optimization framework. This loosely coupled structure ensures computational efficiency while 
maintaining estimation accuracy. Figure 1 illustrates this factor graph formulation [39]. 
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Figure 1. Factor graph representation. 

Given the observation set Z={z1,z2,…,zm}, the state estimation problem can be formulated as a 
maximum a posteriori (MAP) estimation: 

X*= arg max
X

p(X|Z) (7) 

According to Bayesʹ theorem and the Markov assumption, the posterior probability can be 
factorized into a product of individual factors: 

p(X|Z)∝∏ λj(Xj)௠௝ୀଵ  (8) 

where λj  denotes the j - th  factor function, and Xj⊆X  represents the subset of state variables 
associated with this factor. When the observation noise follows a Gaussian distribution, the factor 
function can be expressed as 

λj൫Xj൯= expቆ-
1
2 ฮrj൫Xj൯ฮ∑j

2 ቇ (9) 

Expanding the Mahalanobis norm yields ‖r‖∑-1
2 =rT∑-1r (10) 

The residual is linearized via a first-order Taylor expansion around the estimate X෡, and can be 
expressed by 

rj(X) ≈ rj൫X෡൯+Jj δX (11) 

The Jacobian matrix is Jj=
∂rj

∂X
|X෡ , defining the stacked residual vector r=ሾr1

T,r2
T,…,rm

Tሿ and the 
stacked Jacobian matrix J = ൣJ1

T,J2
T,…,Jm

T൧; the optimal increment is obtained by solving the normal 
equation, which can be written as ൫JTΛJ൯δX* = -JTΛr (12) 

where Λ=blkdiag(Σ1
-1,Σ2

-1,…,Σm
-1)  is the block-diagonal information matrix. The Levenberg–

Marquardt damping factor β is introduced to enhance numerical stability as follows: ൫JTΛJ+βI൯δX*=-JTΛr (13) 

The state update is performed using the manifold addition operation: 

X෡k←X෡k-1⊕δX* (14) 

The above motion state updates are typically realized by defining increments in the tangent 
space and mapping these increments back to the manifold via exponential or retraction mappings. 

To enable real-time estimation, a sliding window of fixed length w is adopted. As the window 
advances, the oldest state is marginalized into a prior factor via the Schur complement. Let the 
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innovation matrix be block-partitioned with respect to the retained states xa and the marginalized 
states xb as 

Λ= ൤Λaa Λab
Λba Λbb

൨ ,η= ൤ηa
ηb
൨ (15) 

The prior innovation matrix and information vector after marginalization are given by 

Λprior=Λaa-ΛabΛbb
-1Λba 

ηprior=ηa-ΛabΛbb
-1ηb 

(16) 

The residual of the prior factor is expressed as 

rprior=Λprior

1
2 ൫xfirst-x̄prior൯ (17) 

where x̄prior represents the prior mean obtained after marginalization and xfirst corresponds to the 
oldest state in the sliding window. 

2.3. Standard Factor Graph Optimization Objective Function 

By combining the above factors, the objective function of the standard SW-FGO is given as [40] 

LSW(X)=ฮrpriorฮΛprior

2 +෍ฮrk+1,k
INS ฮ

∑INS
-1

2
W-1

k-1

+෍ฮrk+1,k
GNSSฮ

∑GNSS
-1

2
W-1

k-1

+෍ฮrk+1,k
DVLฮ

∑DVL
-1

2
W-1

k-1

 (18) 

For a sliding window of length W, the objective function LSW(X) represents a standard factor 
graph-based least-squares optimization model for the system states within a sliding window, where 
the states X  are jointly constrained by a prior factor, motion factors, and multiple observation 
factors. The prior factor is obtained through sliding-window marginalization and serves to preserve 
historical information and ensure estimation continuity; the motion factors characterize the dynamic 
evolution between consecutive states; the GNSS and DVL factors, respectively, incorporate external 
positioning and velocity observation constraints. Each residual term is weighted by the inverse of its 
corresponding noise covariance, thereby achieving maximum a posteriori estimation of the states 
within the sliding window in a statistical sense. 

3. GA-FGO Algorithm 

The standard SW-FGO operates under the assumption that observation noise strictly follows a 
Gaussian distribution. In practice, however, GNSS and DVL measurements in challenging 
environments such as underwater or urban canyons are frequently corrupted by multipath effects 
and NLOS propagation, resulting in significant outliers that violate the Gaussian assumption. 
Traditional least-squares estimation is highly sensitive to such outliers; even a single gross error can 
cause severe deviation of the state estimates from their true value. 

To mitigate these issues, we propose a GA-FGO algorithm, the core idea of which is to 
dynamically evaluate the quality of each factorʹs residuals and adaptively adjust their weights, 
thereby suppressing the influence of anomalous measurements. The overall workflow of the 
algorithm is illustrated in Figure 2. First, the INS/GNSS/DVL integrated navigation system receives 
input data from sensors and performs state initialization using EKF. Next, a sliding-window factor 
graph is constructed, and the factor residuals are computed. Through adaptive weight calculation, 
combined with IRLS and Gauss–Newton optimization methods, the algorithm gradually optimizes 
the estimates. This process continues until the number of iterations reaches the convergence threshold ൫ε=10-6൯ or the maximum iteration count (Lmax=10) , which are determined based on empirical 
convergence analysis and prior research on iterative optimization [27]. The convergence threshold 
ensures sufficient optimization accuracy while the iteration limit prevents excessive computation in 
real-time applications. The input observations include (1) IMU data comprising 3-axis accelerometer 
measurements f b and 3-axis gyroscope measurements ωb sampled at 100 Hz; (2) GNSS position 
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measurements zGNSSin geodetic coordinates at 1 Hz; and (3) DVL velocity measurements zDVLin the 
body frame at 1 Hz. Finally, sliding-window marginalization is applied, and the optimized motion 
state is output, leading to enhanced navigation accuracy. 

The main contribution of this study lies in the construction and optimization of the factor graph. 
Specifically, we focus on improving navigation performance by building a sliding-window factor 
graph and integrating it with an adaptive weighting strategy, solved via IRLS-based Gauss–Newton 
optimization. 

3.1. Gradient-Adaptive Weight Factor Graph Optimization Objective Function 

To enable unified anomaly detection across factors of varying dimensions, a normalized residual 
is first introduced. For the m-th factor type at time step k, the normalized residual is 

r̃k
m=

‖rk
m‖2

σෝm+ε
 (19) 

Furthermore, the robust scale estimation adopts the Median Absolute Deviation (MAD): 

σෝm=κ.medj∈W ቀฮrj
mฮ

2
ቁ (20) 

where κ =1.4826 is the consistency coefficient under a Gaussian distribution, ε = 0.1 is a numerical 
stability constant, and med(.) represents the median of the residuals within the window W. 

 

Figure 2. The proposed algorithm and schematic of the innovation. 

Subsequently, based on the robust kernel functions from M-estimation theory, an adaptive 
weighting mechanism based on a variant of the Geman–McClure function is designed. 

Corresponding weight functions are then defined for the INS, GNSS, and DVL factors, each 
tailored to the distinct characteristics of these factor types. 

In the formulation below, clip(x, a, b)=max൫a, min(x, b)൯  is the truncation function; am  and ag 
are scaling factors; cm , cg  and cd  are shape parameters of the kernel function; and 𝝎௠௜௡  is the 
lower bound of the weight. The parameters are set as follows: am = 2.0; ag = 3.0; ad = 2.0; cm = cd = 1.0; 
cg = 1.5 ; ωmin ௠  = mmin

d = 0.3 ; ωmin
a  = 0.5. The scaling factors α  are determined based on the expected 

signal-to-noise ratio of each sensor type: GNSS measurements typically exhibit higher variability in 
maritime environments due to multipath effects; hence, a larger αg=3.0 is assigned to provide greater 
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tolerance. The shape parameters c control the transition rate of the weight function from full weight 
to minimum weight; smaller values result in more aggressive outlier rejection. Following the 
guidelines established in robust M-estimation theory [19], c values between 1.0 and 2.0 provide a 
balanced trade-off between statistical efficiency under nominal conditions and robustness against 
outliers. The larger cg=1.5  for GNSS reflects its higher expected outlier rate in maritime 
environments. The lower bounds ωmin prevent complete rejection of measurements that may still 
contain useful information; the higher value of ωmin = 0.5 for GNSS reflects its critical importance as 
the primary absolute positioning reference. 

ωk
INS=clipቆ αm

1+(r̃k
INS)2/cm

2
,ωmin

m ,1ቇ 

ωk
GNSS=clip൭ αg

1+(r̃k
GNSS)2/cg

2
,ωmin

a ,1൱ 

ωk
DVL=clipቆ αd

1+(r̃k
DVL)2/cd

2
,ωmin

d ,1ቇ 

(21) 

For the adaptive weight functions introduced above, their behavior can be summarized as 
follows: when the residual is small r̃≪c , the corresponding weight approaches α  (clipped to 1); 
when the residual is large r̃≫c, the weight approaches ωmin, effectively suppressing the impact of 
anomalous observations. The inclusion of this lower bound prevents the complete discarding of 
measurements that may still retain useful information. 

Building on these adaptive weights, the weighted information matrix and the overall objective 
function for GA-FGO are formulated. The weighted information matrix dynamically scales the 
contribution of each factor’s information matrix according to its assigned weight. The equivalent 
covariance matrix Σ෩k

(.) after weighting is defined as 

Σ෩k
(.)= Σ0

(.)ටwk
(.) (22) 

The corresponding weighted residual is written as 

r̃k
(.)=ටwk

(.)⋅(Σ0
(.))-12rk

(.) (23) 

Weight adjustment effectively introduces a non-Euclidean metric in the residual space: ‖r‖
Σ෩-1
2 =ω⋅‖r‖

Σ෩0
-1

2  (24) 

Integrating the adaptive weighting algorithm described above, the complete objective function 
of GA-FGO is defined as 

LGA(X)=ฮrpriorฮΛprior

2 +෍ωk
INS

W-1

k-1

቎ฮrk+1,k
p ฮ2

σp
2 +

ฮrk+1,k
p ฮ2

σv
2 +

ฮrk+1,k
p ฮ2

σφ2
቏ 

+෍ωk
GNSS

W

k-1

൥ฮrk
GNSSฮ2

σGNSS
2 ൩ +෍ωk

DVL
W

k-1

൥ฮrk
DVLฮ2

σDVL
2 ൩ (25) 

3.2. IRLS Gauss–Newton Resolving Framework 

To solve for the state variables in the aforementioned objective function, an IRLS framework is 
adopted. The GA-FGO algorithm utilizes this IRLS framework for optimization, with its 
computational procedure outlined as Algorithm 1. 
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Algorithm 1: GA-FGO 
Input： Initial State Estimation 𝑋(0)，Observation set {𝒛ீேௌௌ, 𝒛ீேௌௌ, 𝒇௕,𝝎௕}，Maximum number 
of iterations 𝐿௠௔௫, Convergence threshold 𝜀. 
Output： Optimized state estimation 𝑋∗ 
1. for 𝑙 = 1 to 𝑳௠௔௫ do 

Calculate the residuals of all factors 𝒓௞(.)(𝑿௟ି1) 
Calculate robust scale estimation 𝜎ො(.) = 𝜅 ⋅ med ቀฮ𝒓௞(.)ฮ2ቁ 

Calculate the normalized residuals 𝒓෤௞(.) = ቛ𝒓ೖ(.)ቛ
2൫ఙෝ(.)ାఌ൯ 

Update the adaptive weights 𝝎௞(.) = 𝜌൫𝒓෤௞(.)൯ 
Construct the weighted Jacobian matrix 𝑱௟ and the weighted residual vector 𝒓௟ 
Solve the equation: (𝑱்𝑱+ 𝛽𝑰)𝛿𝑿 = −𝑱𝒓෤ 
State Update: 𝑿௟ = 𝑿௟ି1 ⊕𝛿𝑿 
Attitude Normalization: 𝝋∗௟ = wrap[ିగ,గ)(𝝋௟) 
if ‖𝛿𝑿‖2 < 𝜀 then break 

2. End for 
3. Return 𝑿∗ = 𝑿௟ 

During the solution process, the special structure of the factor graph causes the Hessian matrix 
H=JTJ to exhibit a banded sparse pattern. Leveraging sparse Cholesky decomposition allows for the 
efficient and accurate solution of large-scale linear systems, significantly reducing both 
computational complexity and memory overhead. Here, L  denotes the lower triangular matrix 
obtained from the Cholesky decomposition, which can be expressed as follows 

H + βI = LLT (26) 

By solving for the increment via forward–backward substitution, we first perform forward 
substitution to obtain an intermediate vector 𝒚, which satisfies 

Ly = -Jr̃ 
LTδX = y (27) 

3.3. Convergence and Robustness Analysis 

(1) Convergence Analysis 
In the IRLS framework, each iteration yields a monotonically decreasing value of the weighted 

objective function. Denote L(l) = LGA(X(l)). The following relation can then be established: 

L(l+1) ≤ L(l) (28) 

Since the objective function is bounded below by zero and monotonically decreasing, the 
convergence of the algorithm to a local minimum is guaranteed. 

The convergence rate of the IRLS algorithm depends on the Lipschitz continuity of the weight 
function. For the proposed Geman–McClure variant defined in Equation (21), the weight function 
ω(r~) is continuously differentiable with bounded derivatives for all r~ > 0, ensuring local Lipschitz 
continuity. Under mild regularity conditions including positive definiteness of the Hessian 
approximation, the algorithm achieves a linear convergence rate with a contraction factor 
proportional to (1 - ωmin) . Specifically, for ωmin= 0.3 , the theoretical contraction factor is 
approximately 0.77, indicating geometric convergence. In practice, convergence is typically achieved 
within 3-5 iterations for well-conditioned problems, as demonstrated in Section 4.3. The monotonic 
decrease property ensures that the algorithm will not diverge even in the presence of severe outliers, 
as the adaptive weights effectively bound the influence of anomalous measurements on the state 
update. 
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(2) Robustness Analysis 
Based on M-estimation theory, the influence function of GA-FGO is 

U(r) = ω(r̃)⋅r (29) 

The function U describes the degree to which the observation r affects the estimation result. 
Since ωmin>0, the function U is bounded, ensuring that the estimator has a finite sensitivity to 
outliers. The breakdown point of the algorithm is 

ε*≈min ൬1
2

,
ωmin

1+ωmin
൰ (30) 

When ωmin
g = 0.5, the GNSS factor can tolerate approximately 33% of gross error rate without 

causing estimation breakdown. 

4. Simulation Results and Discussion 

4.1. Simulation Environments 

To validate the effectiveness of the proposed algorithm, offline experimental data collected 
during a sea trial in a typical coastal environment were utilized. Throughout the trial, the vessel 
performed a series of maneuvers—including steady-state cruising and high-dynamic turns—to 
comprehensively assess algorithm performance across varied motion conditions.  

As shown in Table 2, the data-collection platform was equipped with an Inertial Labs Motion 
Reference Unit (MRU), a high-performance strapdown inertial system with a sampling rate of 100 
Hz. Under stable operating conditions, its accelerometer bias is 0.005 mg and its gyroscope bias is 
1°/µt. A GNSS RTK receiver provided centimeter-level ground-truth positioning for algorithm 
evaluation [41]. Additionally, a separate single-point positioning (SPP) GNSS receiver was installed 
to provide the navigation input measurements used by all evaluated algorithms. The SPP receiver 
operates at 1 Hz with a nominal horizontal accuracy of 2.5 m CEP (Circular Error Probable), which 
represents typical maritime GNSS conditions subject to multipath propagation and atmospheric 
effects. This dual-receiver configuration ensures that all algorithms are evaluated under identical, 
realistic measurement conditions while maintaining accurate ground-truth reference. To ensure 
precise temporal consistency among these heterogeneous sensors, a high-accuracy synchronization 
mechanism was implemented, using the Pulse Per Second (PPS) signal and National Marine 
Electronics Association (NMEA) messages from the GNSS receiver to synchronize the time-stamps 
of the MRU and DVL data to the microsecond level. Additionally, the Teledyne RD Instruments (RDI) 
Work Horse DVL was also installed, capable of seabed tracking at depths ranging from 0.5 meters to 
200 meters. This DVL measures velocity in three degrees of freedom, with a speed measurement 
range of ±10 m/s, a resolution of 0.001 m/s, and an accuracy of 0.008 m/s. The DVL operates at a 
sampling rate of 1 Hz. 

Furthermore, the spatial lever-arm offsets between the GNSS antenna phase center, the MRU 
measurement center, and the DVL acoustic center were meticulously calibrated and compensated 
for, ensuring that all multi-source observations were accurately transformed into a unified vessel-
fixed coordinate system. However, Table 3 presents a comprehensive comparison of computational 
metrics including processing time and memory consumption across all of the evaluated algorithms. 
EKF demonstrates an optimal computational speed, while SW-FGO and GA-FGO achieve slightly 
higher computational rates than UKF, though at the cost of greater memory consumption. 

Table 2. Sensor specifications. 

Sensor Type Device / Model Key Parameters Value 

IMU Inertial Labs MRU 
Sampling Rate 100 Hz 

Accelerometer Bias 0.005 mg 
Gyroscope Bias 1°/µt 
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DVL 
Teledyne RDI Work 

Horse 

Sampling Rate 1 Hz 
Velocity Range ±10 m/s (3-DOF) 

Velocity Accuracy 0.008 m/s 
Velocity Resolution 0.001 m/s 

Seabed Tracking Depth 0.5 m – 200 m 

GNSS RTK Receiver Positioning Accuracy 
Centimeter-level  
(Ground Truth) 

Table 3. Computational complexity comparison table. 

Algorithm Computation Time (ms/epoch) Memory (MB) 
EKF 8.2 12 
UKF 15.6 18 

SW-FGO 11.8 42 
GA-FGO 12.3 45 

4.2. Comparative Analysis of Navigation Performance 

Figure 3 compares the test trajectories obtained from four algorithms for the shipborne 
INS/GNSS/DVL integrated navigation system: EKF and UKF, the standard SW-FGO, and the proposed 
GA-FGO. The selected trajectory represents a typical maritime transit scenario, which includes both long-
range steady cruising and tactical maneuvering segments, thereby providing a rigorous benchmark for 
evaluating the convergence and tracking agility of the integrated system. Relative to the black curve 
representing the ground truth trajectory, SW-FGO shows relatively large positioning errors, while the 
proposed GA-FGO achieves higher accuracy than both EKF and UKF. A closer inspection of the magnified 
sub-window in Figure 2 reveals that when GNSS measurements (scattered dots) contain noticeable noise 
or outliers, the filtering-based methods tend to fluctuate with these erroneous observations. In contrast, 
the proposed GA-FGO yields a much smoother trajectory that closely follows the reference, confirming 
its improved capability to suppress non-Gaussian measurement noise. Moreover, GA-FGO delivers the 
most stable trajectory estimate among all four algorithms. This visual consistency underscores that the 
gradient-adaptive optimization effectively balances high-frequency INS data against intermittent GNSS 
updates, preventing the state estimate from being biased by transient sensor degradation. 

 

Figure 3. Trajectories of the four evaluated methods. 

Figures 4–6 present the position, velocity, and attitude errors of the shipborne INS/GNSS/DVL 
integrated navigation system obtained with the EKF, UKF, SW-FGO, and the proposed GA-FGO 
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algorithms. The time-history curves offer a detailed view of the system’s convergence behavior and 
its sensitivity to transient sensor faults over the 6000-second voyage. The eastward and northward 
position errors show noticeable fluctuations in the interval from 3000 s to 5000 s. During this interval, 
the north and east position errors of the conventional filters exceed 8 m, while GA-FGO confines the 
deviations within a much tighter bound. Although GA-FGO exhibits larger fluctuations than SW-
FGO from 3000 s to 3500 s, its overall position error remains the lowest. This result suggests that GA-
FGOʹs adaptive weighting strategy prioritizes long-term trajectory consistency over instantaneous 
smoothness, thereby preventing error accumulation during transitions in sensor reliability. The 
observed fluctuations in the 3000-3500 s interval merit further discussion. These transient variations 
are attributed to the adaptive weight adjustment mechanism responding to rapid changes in GNSS 
measurement quality during this period, as evidenced by the normalized residual spikes shown in 
Figure 9. During transitions between reliable and degraded GNSS conditions, the gradient-adaptive 
weights undergo frequent updates to track the changing measurement statistics. This responsive 
behavior is not an inherent limitation of the proposed method but rather a characteristic of its 
adaptive nature. The fluctuations diminish as the robust scale estimate σ̂ stabilizes after 
approximately 500 s of consistent measurement conditions. Importantly, the long-term trajectory 
consistency and the lowest overall RMSE demonstrate that this short-term variability does not 
compromise navigation accuracy. In contrast, SW-FGOʹs smoother appearance during this interval 
comes at the cost of accumulated bias, as it cannot adequately suppress the influence of outliers. For 
the velocity errors, the advantage of the proposed method is particularly clear. GA-FGO achieves the 
best performance among all four algorithms in both error magnitude and fluctuation behavior, with 
three-axis velocity errors consistently near zero at a precision of about 0.05 m/s. In contrast, the 
filter-based methods show noticeable jitter induced by measurement noise. Regarding attitude 
estimation, although the yaw error of GA-FGO fluctuates more toward the end of the trial—
performing poorer than EKF in this segment—the overall attitude accuracy is improved compared to 
SW-FGO. Moreover, while UKF suffers from severe divergence in roll and pitch after 3500 s, GA-
FGO maintains stable attitude tracking throughout the entire mission. 

 

Figure 4. Comparison of position error estimation for shipborne INS/GNSS/DVL integrated navigation system 
based on four algorithms. 
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Figure 5. Comparison of velocity error estimation for shipborne INS/GNSS/DVL integrated navigation system 
based on four algorithms. 

 

Figure 6. Comparison of attitude error estimation for shipborne INS/GNSS/DVL integrated navigation system 
based on four algorithms. 
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Figure 7 presents a comparative analysis of the position Root Mean Square Error (RMSE) 
performance of KF, EKF, UKF, SW-FGO, and the proposed GA-FGO. RMSE quantifies the cumulative 
positioning deviation over the entire test duration, offering a robust measure of long-term navigation 
reliability. Specifically, the left panel of Figure 6 shows the overall position RMSE, providing a global 
comparison of the positioning accuracy achieved by different methods. The RMSE values for KF and 
EKF are 3.84 m and 3.86 m, respectively, whereas GA-FGO achieves a superior precision of 3.26 m. 
The right panel of Figure 6 further decomposes the position errors into the North, East, and Down 
components, revealing the directional distribution characteristics of the estimation errors. In Figure 
6(b), it is evident that the East error dominates the total position RMSE across all algorithms, whereas 
the Down component remains the most stable, likely due to the altitude constraints provided by the 
multi-sensor fusion. The results indicate that factor graph-based methods consistently outperform 
traditional filtering approaches. Both SW-FGO and GA-FGO achieve significantly lower position 
RMSE than KF, EKF, and UKF. This improvement stems from the ability of factor graphs to perform 
nonlinear optimization over multiple states simultaneously, which allows the system to correct prior 
estimation biases through a broader information horizon. Unlike filters that discard past 
measurements after one update, the sliding-window strategy retains a history of constraints, enabling 
the re-evaluation of sensor data when the ship transitions between different maneuvering phases. 
Notably, the proposed GA-FGO attains the smallest overall position RMSE among all methods, 
demonstrating further accuracy gains over the standard SW-FGO. 

 

Figure 7. Position RMSE comparison for INS/GNSS/DVL integrated navigation system: (a) position RMSE 
comparison; (b) three-axis position RMSE comparison. 

Figure 8 compares the time histories of velocity, position, and attitude (roll, pitch, and yaw) error 
magnitudes for EKF, UKF, SW-FGO, and the proposed GA-FGO. This time-series view offers a 
detailed look at the convergence behavior and sensitivity to transient sensor faults during the 
6000-second voyage. The results show that GA-FGO maintains the smallest velocity and position 
error magnitudes throughout the test. Specifically, during simulated GNSS degradation intervals 
between 3200 s and 4800 s, the position error of GA-FGO remains tightly bounded, whereas EKF and 
UKF exhibit dramatic spikes exceeding 10 m. GA-FGO also effectively suppresses error fluctuations 
caused by anomalous measurements, demonstrating stronger robustness than EKF, UKF, and SW-
FGO. The velocity error profile of the proposed method is notably smoother, consistently staying 
near zero with minimal variance, which is critical for the precise dead-reckoning required during 
GNSS-denied periods. In terms of attitude estimation, GA-FGO delivers stable and accurate roll and 
pitch estimates, avoiding the pronounced divergence observed in UKF. The UKF attitude error grows 
to nearly 150° after 3500 s, highlighting the vulnerability of traditional filters to prolonged 
non-Gaussian noise—a scenario in which our factor-graph approach maintains stability through 
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iterative re-linearization. Although some fluctuations appear in the yaw error toward the end of the 
test, the overall attitude estimation performance of GA-FGO remains superior to that of SW-FGO and 
is significantly better than that of traditional filtering methods. 

 

Figure 8. Position, velocity, and attitude error magnitudes for INS/GNSS/DVL integrated navigation system. 

4.3. Analysis of Gradient-Adaptive Mechanism 

Figure 9 illustrates the normalized factor residuals within the GA-FGO framework, including 
those of the motion, GNSS, and DVL factors. Monitoring these normalized residuals is fundamental 
to GA-FGO, as it provides a real-time diagnostic tool for assessing the reliability of individual sensor 
observations. During nominal operation, all residuals remain at relatively low and stable levels, 
indicating good consistency across multi-sensor measurements. When anomalous conditions arise, 
pronounced increases and fluctuations are observed in the GNSS and motion residuals, reflecting the 
presence of outliers and a decline in measurement quality. This discrepancy among sensor modalities 
is effectively captured by the optimizer, enabling the system to distinguish between high-fidelity and 
degraded information sources. In contrast, the DVL residual remains comparatively stable 
throughout; its consistently low magnitude reinforces its role as a reliable velocity anchor, providing 
a critical reference that allows the gradient-adaptive mechanism to down-weight erroneous GNSS 
factors without compromising global state observability. 

Benefiting from the gradient-adaptive residual evaluation mechanism, these large residuals are 
effectively identified and down-weighted during the optimization process, thereby preventing them 
from dominating the state estimation; the corresponding weight allocation results are shown in 
Figure 10. Specifically, the adaptive weights are inversely coupled with the normalized residual 
magnitudes, ensuring that any sensor factor exhibiting anomalous innovations is automatically 
assigned a lower confidence level in the global optimization. 

Furthermore, Figure 9 illustrates the weight allocation for measurements from different sensors 
based on Equation (21). It is clearly observed that the DVL factor (green curve) maintains a 
consistently high weight near 1.0 throughout the majority of the test, validating its role as a stable 
reference when other sensors degrade. This mechanism evaluates each factorʹs residual quality, 
adaptively increasing the weight of reliable INS information to suppress anomalous observations and 
enhance system robustness. 
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Figure 9. Normalized factor residuals in GA-FGO in INS/GNSS/DVL integrated navigation system. 

 
Figure 10. Weight allocation for measurements from different sensors during the test period. 

4.4. Comprehensive Statistical Evaluation 

Figure 11 presents a comprehensive evaluation of the positioning performance of the proposed 
GA-FGO, focusing on relative improvement and statistical error distribution. While the relative 
improvement quantifies the average gain in accuracy, the cumulative distribution function (CDF) 
offers deeper insight into error bounds and the system’s resilience against extreme outliers. As shown 
in the left subfigure, GA-FGO improves position accuracy by 15.1%, 15.6%, and 12.0% compared to 
KF, EKF, and UKF, respectively, and achieves a further 2.1% improvement over SW-FGO. This 
demonstrates the effectiveness of the gradient-adaptive weighting mechanism within the factor 
graph framework. The notable performance gap between GA-FGO and the filtering-based methods 
underscores the inherent limitations of the Markov assumption in traditional filters, which often 
struggle with the non-Gaussian noise common in maritime environments. Furthermore, the 2.1% 
improvement over the standard SW-FGO suggests that the gradient-adaptive mechanism effectively 
optimizes the factor weights, extracting additional precision even from already high-performing 
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factor graph baselines. Meanwhile, the CDF of the position error, shown in the right subfigure, 
reveals that GA-FGO attains higher cumulative probabilities across the entire error range and 
substantially reduces the occurrence of large errors, especially in medium-to-high-confidence 
regions. Notably, at the 95% confidence level, GA-FGO constrains position error within a much 
tighter bound than EKF and UKF, reflecting a significant reduction in the worst-case error magnitude. 
These results confirm that GA-FGO not only improves average positioning accuracy but also 
enhances system stability and robustness from a statistical perspective. 
 

 

(a) 

 

(b) 

Figure 11. Positioning performance evaluation of INS/GNSS/DVL integrated navigation system based on GA-
FGO: (a) relative position accuracy improvement; (b) position error CD. 

5. Conclusions 

In this paper, we present a GA-FGO algorithm to improve the robustness of shipborne 
INS/GNSS/DVL integrated navigation for MASS in complex maritime environments, particularly 
against anomalous measurements. By integrating a gradient-adaptive weighting mechanism into a 
sliding-window factor graph framework, a robust optimization objective is formulated. This is solved 
through an IRLS-based Gauss–Newton framework that unifies weight updating, state estimation, 
and marginalization into an iterative process. The theoretical analysis confirms the convergence and 
robustness of the proposed method, which is characterized by a bounded influence function. The 
simulation results based on measured offline data demonstrate that GA-FGO outperforms EKF, UKF, 
and standard SW-FGO in terms of position, velocity, and attitude estimation accuracy. The proposed 
approach enhances robustness against non-Gaussian noise while preserving the global consistency 
and computational efficiency of factor graph optimization, offering a practical solution for MASS 
integrated navigation in challenging operational environments. 

Future research will focus on extending the proposed factor graph framework to incorporate 
additional perception sensors, such as LiDAR and visual cameras, to further enhance navigational 
redundancy in GNSS-denied environments. Additionally, we plan to optimize the algorithm for 
embedded computing platforms to validate its real-time performance and long-term reliability 
during autonomous sea trials. 
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