Pre prints.org

Article Not peer-reviewed version

Supercommuting Maps on Incidence
Algebras with Superalgebra Structure

Nof T Alharbi *
Posted Date: 1 October 2025
doi: 10.20944/preprints202510.0024 v1

Keywords: supercommuting maps; incidence algebras; superalgebras

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/4625715

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 October 2025 d0i:10.20944/preprints202510.0024.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
Supercommuting Maps on Incidence Algebras with
Superalgebra Structure

Nof T. Alharbi

Mathematics Department, University College in Al-Darb, Jazan University, Jazan 82817, Saudi Arabia; nofalharbi@jazanu.edu.sa

Abstract

Let R be a 2-torsion free and n!-torsion free commutative ring with unity, and let X be a locally
finite pre-ordered set. We endow the incidence algebra I(X, R) with a superalgebra structure via a
nontrivial idempotent, which decomposes I(X, R) into even and odd parts Ay & A;. Our main result
shows that if any two directed edges in each connected component of the complete Hasse diagram
(X, D) lie in one cycle, then every supercommuting map on I(X, R) is proper. A supercommuting
map 6 : I(X,R) — I(X,R) is defined by the condition [f(x),x]s = 0 for all x € I(X,R), where
[a,b]s = ab — (—1)7ll%lpg is the supercommutator. We prove that such maps must take the form
0(x) = Ax + u(x), where A € Zs(I(X,R)) (the supercenter) and p : I(X,R) — Zs;(I(X,R)) is an
R-linear map. This generalizes the known results on commuting maps of incidence algebras and other
associative algebras.

Keywords: supercommuting maps; incidence algebras; superalgebras

1. Introduction

The study of commuting maps, defined via the usual commutator [x,y] = xy — yx, originated with
results on automorphisms and derivations. Divinsky proved non-identity commuting automorphisms
on rings imply commutativity [1]. Posner showed centralizing derivations on prime rings are zero [2].
Bre$ar characterized commuting maps on prime rings as 6(x) = Ax + p(x), with A in the extended
centroid and y mapping to the center [3-5]. These extended to semiprime rings and von Neumann
algebras [6]. Further work covered triangular algebras [7], generalized matrix algebras [8], and
incidence algebras [9].

Engel-type conditions, like n-commuting maps where [[0(x),x]|,_1,x] = 0, were studied in
prime and semiprime rings [10,11]. Beidar et al. explored functional identities tied to commuting
maps [12-14].

In superalgebras, supercommuting maps link to Lie superderivations, super biderivations, and
Jordan superhomomorphisms [15-19]. Recent studies connect to alternative rings and Toeplitz
operators [20,21]. Ghahramani and Zadeh examined Lie superderivations on unital algebras with
idempotents [22]. Luo and Chen studied supercommuting maps in similar contexts [23].

Generalizing to superalgebras is important because they model graded structures in physics
(e.g., supersymmetry) and quantum mechanics, extending classical algebras to include fermionic and
bosonic parts. This allows unified treatment of even and odd elements, relevant in Lie theory and
representation theory [24].

A unital algebra A with nontrivial idempotent e (¢2 = e # 0,1) has Peirce decomposition
A=cAedeA(l—e)® (1 —e)Aed (1 —e)A(1l —e), forming a generalized matrix algebra. The super-
structure sets Ag = eAe® (1 —e)A(1 —e) and A; = eA(1 —e¢) @ (1 — e) Ae, yielding superderivation
results [22]. For superalgebra basics, see Kac [24].

Incidence algebras I(X, R) over locally finite preordered sets (X, <) consist of functions f : X x
X — Rwith f(x,y) = 0if x £ y, under convolution (fg)(x,y) = YLx<.<y f(¥,2)g(z ). Introduced by
Ward for arithmetic functions [25], developed by Rota and Stanley for combinatorics [26]. Maps on

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202510.0024.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 October 2025 d0i:10.20944/preprints202510.0024.v1

20f19

I(X, R), like automorphisms and derivations, are well-studied [27-32]. For fundamentals, see Spiegel
and O’Donnell [33].

This paper extends commuting map theory to supercommuting maps on incidence superalge-
bras. Compared to Bresar [4] (prime rings), Xiao and Wei [8] (generalized matrix algebras), and
Jia and Xiao [9] (incidence algebras), our novelty lies in incorporating superstructures, proving all
supercommuting maps are proper under a cycle condition on the Hasse diagram. This aligns with
superalgebra studies [22,23] and generalizes Jia’s results [9].

2. Preliminaries

Throughout this paper, let R denote a commutative ring with unity that is 2-torsion free and
n!-torsion free. An associative algebra A over R is said to be a superalgebra if it admits a direct
sum decomposition A = Ag @ A; into R-submodules such that A;A; C A;; (mod 2) for i,j € {0,1}.
The submodule A is called the even part, and A; is the odd part. Elements in H = Ay U A; are
homogeneous, and the degree of a homogeneous element a € H is denoted by |a|, where |a| = i
ifa e A;.

For homogeneous elements a,b € H, the supercommutator is defined as

[a,b]s = ab— (—1)Ilblpa,

This extends linearly to all elements in A. Note that if either a or b is even, then [a, b]s = ab — ba = [a, b],
the usual commutator. If both are odd, then [a,b]; = ab + ba = a o b, the anticommutator.
The supercenter of A, denoted Z;(A), is the set

Zs(A)={z€ Al [z,x]s=0forallx € A}.

It decomposes as Zs;(A) = Zs;(A)o ® Zs(A)q, where Z;(A); = Zs(A) N A;. The usual center Z(A)
satisfies Z(A)g C Zs(A).
A linear map 0 : A — A is called supercommuting if

[0(x),x]s =0 forallx € A.
Such a map is proper if it can be expressed as
0(x) = Ax + u(x),

where A € Z(A)o with 24 A2 = {0}, and i : A — Zs(A) is R-linear. If 0(x) € Zs(A) for all x, then 6 is
supercentral. For a unital A with nontrivial idempotent e, set f = 1 — e. The Peirce decomposition is

A =eAe+eAf + fAe+ fAS,

with multiplication rules: eAe - eAe C eAe, eAe - eAf C eAf, etc., and zero otherwise for incompatible
products [8]. The superstructure is Ay = eAe ® fAf, A} = eAf @ fAe[22].

Condition (1.1) from [34] ensures nontriviality: for a € eAe,ifa-eAf =0 = fAe-athena = 0;
similarly for elements in fAf. Examples include triangular algebras, matrix algebras, and prime
algebras with idempotents [34].

Supercommuting maps satisfy [6(x), x]s = 0. Proper forms are 8(x) = Ax + u(x) with constraints
as above [17,19]. Improper maps exist in certain cases, but our main result shows properness under
graph-theoretic conditions.

We now introduce standard notations for the incidence algebra I(X, R). The unity element ¢ of
I(X,R) is given by 6(x,y) = dxy for x <y, where 4,y € {0,1} is the Kronecker delta. For x,y € X
with x < y, let ey, be defined by ey, (u,v) = 1if (u,v) = (x,y), and ey, (u,v) = 0 otherwise. Then
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exyeuy = dyuexy by the definition of convolution. [33]. The center C (X, R) and diagonal subalgebra
D(X,R) = {¥ rvexx | rx € R} play key roles [33].

The Hasse diagram (X, D) has edges for covering relations x < y (i.e., x < y with no z such that
x < z < y). Connected components decompose (X, R) as a product [33].

Our contribution extends commuting map theory to supercommuting maps on incidence superal-
gebras. Assuming every two directed edges in each connected component of the Hasse diagram lie in a
cycle, we prove all supercommuting maps on I (X, R) are proper. This generalizes results on commuting
maps of incidence algebras [9] and aligns with structural studies in associative superalgebras [22,23].

Table 1. Summary of Notations

Notation Description
R Commutative ring with unity, 2-torsion free, n!-torsion free
X Locally finite pre-ordered set
I(X,R) Incidence algebra over X and R
Ao, Aq Even and odd parts of superalgebra
[a,b]s Supercommutator: ab — (—1)17/1?/pa
Zs(A) Supercenter of A
0 Supercommuting map: [0(x),x]s =0
exy Basis element of I(X, R)
) Unity element of I(X, R)

X, D) Complete Hasse diagram
A~ Equivalence on directed edges

3. The Connected Case

R is a 2-torsion free commutative ring with unity, and X is a locally finite pre-ordered set, with
the complete Hasse diagram (X, D) such that any two directed edges in each connected component
are contained in one cycle. The incidence algebra I(X, R) is endowed with a superalgebra structure
via a nontrivial idempotent e, where Ay = eI(X,R)e+ (1 —e)I(X, R)(1 — e) is the even part (degree
0) and A; = el(X,R)(1 —e) + (1 —e)I(X, R)e is the odd part (degree 1) [22]. In this section, we
study supercommuting maps on I(X, R) when X is connected. A map 6 : I(X,R) — I(X,R) is
supercommuting if [0(f), f]s = 0 for all f € I(X, R), where [a, b]s = ab — (—1)/7l1®lba for homogeneous
a,b € AyU Ay, extended linearly [18].

Lemma 1. Let A be an R-algebra with a superalgebra structure A = Ao ® Ay, and let 6 be a supercommuting
map on A. Let a,b € A satisfy a™ = b for some integer m > 2, where b is an idempotent. Then [6(a), b]s = 0.

Proof. Case 1. First assume a is homogeneous, with parity |a| € {0,1}. Since 6 is supercommuting,
we have

[0(a),a]s = 6(a)a — (—1)1@llelga(a) = 0,

SO

0(a)a = (—1)IP@llel go(q). (1)

Multiplying (1) on the right by another a4 and applying the same identity repeatedly, we obtain
by induction

6(a)a™ = (—1)"@llal gmg(g), forallm > 1. ()

Now compute
[0(a),a™]s = 0(a)a™ — (—1)0@la"[gmg(4).

But by (2.2),
y(22) o(a)a" = (—1)"10@llelng(q).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Since |a™| = m|a| (mod 2), the exponent in the supercommutator

(—1)mle@llal — (_qylo@lla"|

Hence by simplification, we conclude
[0(a),a™]s = 0.

By assumption, b = a" is idempotent. The above calculation shows
[6(a),b]s = 0.

Case 2. If a is not homogeneous, write a = ap + a1 with a; € A;. Expand @ as a sum of monomials in
ag, a1. Each monomial is homogeneous, and the calculation above shows that 6(a) supercommutes
with each such homogeneous monomial. By linearity, the same holds for their sum. Thus

[6(a),a™]s =0
for general a, i.e. [f(a),b]s =0. O

Corollary 1. Let A be an R-algebra with a superalgebra structure, and let 6 be a supercommuting map on A. If
e € Ais an idempotent, then [0(e),e]s = 0.

Proof. Since e is idempotent (€2 = e), apply Lemma 1 witha = e, b = ¢, and m = 2. Thus,
[0(e),e]s=0. O

The set B = {ey, | x < y} forms an R-linear basis of I(X, R) when X is finite. Fori < jand i # j,
we write i < jor j > i for short. Let 6 : I(X,R) — I(X, R) be a supercommuting map. We denote

0(eij) = ) Cillexy, foralli,j € Xwithi <,
x<y

with the convention ijy =0ifx £y.

Lemma 2. The supercommuting map 0 satisfies

g(eii) = 2 Cfixexxr

xeX

0(eij) = ) Ciifexx + Clej,  ifi <.
xeX

Proof. Assume |X| > 2. Since ¢;; is idempotent and even (|e;;| = 0), by Corollary 1, [0(e;;), ¢ji]s =
0(e;i)ei; — e;0(e;;) = 0. Which yields

(0(eit)eir) (w,0) = Y 0(eis)(u,2)eii(z,0) = 0(e;i) (u, 1)ds0,

u<z<v

(eif(eii)) (u,0) = Y eii(u,2)0(e;i) (2,0) = 6,i6(e;i) (i, v).

u<z<v

Thus, [0(e;;), eii]s = 0 implies 0(e;; ) (u, i) = 0(e;;)(i,v) for u < i < v. Left-multiplying by ey,

(exx0(eii))(x,y) = 0(eir) (x,y), (exxeif(eii))(x,y) = 6x0(eii)(i,y)-

This gives Cfiy =0if x <iori <y. Forx # i,y # i, consider the idempotent ¢;; + exy. By Corollary 1,
[9(61‘1' + exx),eii + exx]s =0, so
[G(Eii)r exx]s + [e(exx)/ eii]s =0.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Multiplying by eyy on the left and ey, on the right

Cl =0, ifitx<y#i

n

Combining, 0(e;;) = Yyex Ci exa.
For i < j, verify that ¢;; + ¢;; is idempotent

(e;i + el-j)2 =%+ eiieij + eijeji + eizj = eji + ejj,
since ejie;; = e;j, ejjej; = 0, elz]- = 0. By Corollary 1, [0(e;; + ej;), €;; + e;j]s = 0, so
[0(eii), eij]s + [0(eij), e +eij]s = 0.
Since [e;j| = 1 (as ¢;; € eI(X,R)(1 —e) or (1 —e)I(X, R)e), which gives
[0(eij), eij]s = O(eij)eij + eijf(eij).
Fory #1,j, ei; + eij + eyy is idempotent, giving
[0(eij), eyyls + [0(eyy), €ij]s = 0.

Multiplying appropriately, we get ijy =0ifi #x <y #]j, ijj =0ifi # x < j,and C;]y = 0if
i <y #j. Thus
6( el] 2 CZ] exx + C el]
xeX

O

Lemma 3. Let X be a connected, locally finite pre-ordered set, and let 6 : 1(X, R) — I(X, R) be a supercommut-
ing map on the incidence algebra 1(X, R), where R is a 2-torsion free commutative ring with unity, and I(X, R)
is endowed with a superalgebra structure [22]. Then the coefficients ijy in the expansion 0(e;;) = ¥ <, ijy exy
are subject to the following relations:

(R1) Cclh=ci-clifi<l

154
(R2)  CK =cCil —CK ifk < i;

i’

(R3) ckk Cf}, ifk <landk #i#1;
(R4 CF=Cl forallx,y € X;
(R5) c” = cﬁ, ifi<j<l

Proof. From Lemma 2, we have

0(eir) Z Ciery, 81] Z C"xe;cx + CZ]el], ifi <j.
xeX xeX

Consider the supercommutator relation [6(e;;), eyyls = [eij, 0(eyy)]s for i < jand any y € X, derived
from the idempotent e;; + ¢;; + eyy (as in Lemma 2). It follows that

[G(ei]-),eyy]s = G(ei]-)eyy — (—1)‘9(6i1)|'|ew|eyy6(ei]-).

Since e;, € Ap §|eyy| = 0), and 6(e;;) may have even and odd components, we write 6(e;;) =
Yrex Cl?‘jxexx + CZeij, where e, € Ap and ejj € Ajq. Thus

) — xx Uy o — )
O(eifleyy = ) Ciiexxeyy + Cileijeyy = ¢ i ey + Cl](s]yelj’
xeX

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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eny(eij) = Z Cl?cjxeyyexx + Cgeweij = Ciyijyy + Czl-}éyieij.
xeX
Now,
[9(€i]'),€yy]s = (Ciyijyy + Clljé]yel]) — (Cl-yijyy + C;}&WEU') = CZ (5] — 5yi)eij.
Similarly, for [e;;, 0(eyy)]s, since 0(eyy) = Yxex Cyyexx:
eije(ew) = C]y]yei]’, G(ew)ei]' = C;iyei]',
leij 0eyy)]s = Cllyess — (=1)\1°CH eij = (Clly - Cif ey
Equating, we get B B
CZ(‘S]' —dyi)eij = (Clfy — Cyy)eij- )

This implies
* Fory=i:Cll(-1)=C]/ - Cll,s0C]l =i - c].
e Fory=j: CJ(1) = CJj - Cli,soC}} = CJ] - Cli.
e Fory#i,j:0=Clj,—Ch.
Thus, for i < I, set j = [ in the first case: C;f = CZ — Cll-i’, proving (R1). Fork < i,seti =k, j=1iin
the second case: C,’g = C:: — Cf-‘ik, proving (R2). For k < I, k # i # I, the third case gives Clkik = Cll-ll,
proving (R3). B B ' B

For (R5),if i < j < I, from (R2): c;; = c;; — c]l; and from (R1): cﬁ = c;; — c]l]l By (R3), c;; = C]l]’
S0 CZ = C]ll

For (R4), consider i < jand k < I with k # i,j, I # i. The element ¢;; + ¢;; + ¢y is idempotent for
m > 2. By Lemma 1, [0(e;; + ejj + exr), eii + eij]s =0, so0

[0(exr), eii + ej]s = 0.

We find 0(ey;) = Lyex Cijfexx + C’,;fekl, giving Cffl = C{(]l Similarly, for ¢j; + ¢;; + ey, we get C,ifl = C{(]l
forl #1i,j. F01“.j #k < i < j, consider ¢;; +¢;; + ex;, which satisﬁ”es (eji + ejj + e)™ = e;i + eij + ek + ek
This yie‘l'ds Cii = Cl. Fori < ]< L # i, ejj + eij + ejy gives Cjj = Cﬁ From [0(e;;), eij]s = 0, we get
CZ = C{]] Combining, C]’jl = C{(]l forall i < j. Since X is connected, for any x,y € X, there exists a
sequence x = Xq, X1,...,Xs = y where x;_1 covers or is covered by x;. Applying CZ{’l = Cy recursively
yields Cjj* = CZIy , proving (R4). O

Definition 1. For any two directed edges (x,y), (u,v) € D, define (x,y) ~ (u,v) if and only if there is a cycle
containing both x ~ y and u ~ v. The relation ~ is an equivalence relation on D.

Example 1. Let X = {1,2,3,4} with partial order relations (or arrows) 1 > 2,2 > 3, and 2 > 4. The
corresponding Hasse diagram is the Dynkin diagram of type Dy, and the associated complete Hasse diagram
(X, D) is depicted in Figure 1.

1

2
3 4
Figure 1. Hasse diagram of the poset X = {1,2,3,4} with relations 1 > 2,2 > 3,2 > 4.

Thus, (3,2) =~ (4,2), since the directed edges (3,2) and (4,2) are contained in the cycle {2,3,1,4}, with
2~33~1,1~4,4~2.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proposition 1. Let R be a 2-torsion free commutative ring with unity, and let X be a finite, connected pre-
ordered set. Let 1(X, R) be endowed with a superalgebra structure via a nontrivial idempotent e [22]. Then
every supercommuting map 0 : I(X,R) — I1(X, R), satisfying [0(f), f]s = 0 for all f € I(X, R), is proper if
and only if any two directed edges in the complete Hasse diagram (X, D) are contained in one cycle.

Proof. Assume any two directed edges in (X, D) are contained in one cycle, i.e., the equivalence
relation = has a single equivalence class. By Lemma 2, for a supercommuting map 6, we have:

ij ip e .
0(e;) Z Cilexx, el] 2 C exx + Ci;ei]-, ifi <j.
xeX xeX

From Lemma 3, the coefficients satisfy:
(R1) Ci=ci-clifi<l;

(R2) Cfi= c” — CKkif k < i;

i’

(R3) CH= Cllll,lfk< Lk#i#1
(R4) Cx" CW forallx,y € X;
(R5) C! cf’ ifi <j<l.

ij jl’
By (R4), Cxx = ny Ajjforall x,y € X, so:

(el]) - /\1] Z exx + Cl]eljl ell = Ajj Z Cxx-
xeX xeX
Since }_,cx exx = 0 (the unity element, with 6(x, y) = dy), we have § € Z;(I(X, R)), as [4, f]s = 0 for
all f. By (R5), C lf = Aforall i < j, since all edges (i, ) are in the same equivalence class under ~.
Fori = j, set C:; = ;. By (R1) and (R2), for any i < [ or k < i, we adjust coefficients to align with

the supercenter. B B
Define (f) = Yi<; f(i,1)(Cjjeij — Aij8), where Cj} = 0if i = j. Then

Zfl] A1](5+Cl]ezj) Af +u(f),

z<]
where A = Yo f(i, ))Aij + X f(i,i))pi € Zs(I(X,R)), and p(f) € Zs(I(X,R)) since [e;j, f]s = 0 for
fixed i, j. Thus, 8 is proper.
Conversely, if some edges (i,j) and (k,I) are not in the same cycle, the equivalence classes under
~ split D. By [9], a commuting map may be improper in such cases, and similarly, a supercommuting

map may fail to be proper due to inconsistent CZ across equivalence classes, violating (R5) uniformity.
The proof extends [9] to the superalgebra context, using the supercenter Zs(I(X, R)) [18]. O

Example 2. Let X = {1,2,3,4} with relations 1 < 2,2 < 3,3 < 4,and 1 < 4. The Hasse diagram of X is a
4-cycle (a square):
1—2—3—4—1.

In this case, any two directed edges are contained in a cycle. For instance, (1,2) ~ (3,4) via the cycle
1—+2—-3—4—1,and (2,3) ~ (4,1) via the same cycle. Thus, the condition of Proposition 1 is satisfied.

4. Supercommuting Maps on Incidence Algebras

Since R be a commutative ring with unity that is 2-torsion free and n!-torsion free for some positive
integer n, and (X, <) be a locally finite pre-ordered set, possibly infinite, with I(X, R) the incidence
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algebra endowed with a superalgebra structure via a nontrivial idempotent e, where Ag = eI(X, R)e +
(1 —e)I(X,R)(1 —e) is the even part (degree 0) and A; = el(X,R)(1 —e) + (1 —e)I(X,R)e is the
odd part (degree 1). The supercommutator is defined as [a, b]s = ab — (—1)!%/t!ba for homogeneous
elements a,b € AyU Aj, extended linearly. A map 6 : I(X,R) — I(X,R) is supercommuting if
0(f), fls =0forall f € I(X,R).

Definition 2. Let f € I(X,R) and x <y € X. The restriction of f to {z € X | x < z < y} is defined by

fli= Y flwo)ew.

x<u<v<y

Let I(X, R) be the R-subspace of 1(X, R) generated by the elements ey, with x < y. Thus, I(X, R) consists
of functions f € I(X, R) that are nonzero only at a finite number of pairs (x,y). The map ¢y : I(X,R) —
[(X, R), defined by ¢y (f) = f|¥, is an algebra homomorphism for any x < y.

Definition 3. content...For a multilinear map © : A™ — A, we define its trace (or diagonal evaluation) by

T(©)(f) =O(f.f,....f), feA

Lemma4. Let 0 : I(X,R) — I(X, R) be a supercommuting map on the incidence algebra I1(X, R), where R is
n!-torsion free for some positive integer n. For any f € I(X,R) and x < y, we have

0(f)(x,y) = 0(f1x) (x,y)-
Proof. Define the map @ : I(X,R)"*! — I(X,R) by

O(f1, f2r- -1 fur1) = Pug1 (0(f1), f2r - - -0 frg1),

where the polynomial P, in noncommutative variables x1, xp, . .., x, is defined inductively by

Py(x1) = x
Py(x1,x2) = [x1,%2]s,
[P

P (xlerI .. ) (x1/x2/ . 1xm71)/xm]s

1,

for m > 3. Since 6 is supercommuting, we have [0(f), f]s = P2(6(f), f) = 0. Consider the n-fold
supercommutator

Pur(0Cf), fr -0 f) = [~ [00f), fls fls) -, fls = O,

where the supercommutator is applied n times. The trace of © satisfies

O, fr e 1 f) = Pusa(0(f), foo ) = 0.

Linearizing O(f, f, ..., f) = 0, we obtain

Yo Pua(0(fu) fw) s fom) =0, (4)
WESy 11
where S, 1 is the symmetric group on {1,2,...,n+1}. Set fi = fand f, = - - - = f, 11 = ey, where

eyy € I(X, R) is the basis element with e, (y,y) = 1 and zero elsewhere, and |e,y| = 0 (since e, € Ap).
Substituting into (4), we get

n!Pn+l (G(f),eyy, e ,eyy) + Z Pn+1(9(€yy),fw(2), .. .,fw(n+1)) =0. (5)
wES, 1 w(1)£1
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Now replace f with f|} € I(X,R), where f|} = Yx<u<o<y f(1,0)eup. Since Py : f £ is an algebra
homomorphism, we apply the same substitution

”!Pn+1<9(f|]a/c)r€yy/ —eslyy) + Z Py (0(eyy), fu()s-- -+ fwnir)) =0 (6)
weSy1,w(1)#1

The second terms in (5) and (6) are identical, as they depend only on 6(e,,) and e,,. Subtracting (6)
from (5), we obtain

n(Pus1(0CF),ewyr o) = Pust (OCF) ey - ey) ) = 0.

Since R is n!-torsion free, we have

Pn+1 (Q(f), Eyy, ey eyy) - Pn+1(9(f|Z)/ eyy, ceey eyy). (7)
Evaluate at (x,y). For any ¢ € I(X, R), compute the supercommutator with e,
8 eyy]S(xry) = (geyy)(x,y) - (_1)‘g"0(‘3yy8)(x/y) = 8(x/y)5yy - eyy(x,z)g(z,y) = 8(x/y)5yy'
Since x < y, dyy = 0 unless x = y, 50 [g, eyy]s(x,y) = 0. Iteratively, for P, q
PZ(G(f)reyy>(er) = [e(f)leyy]s(xr]/) = 6(f)<x/y)‘5yy =0,
and higher iterates P, 1 = [Py, eyy]s yield zero at (x,y). Similarly, for the restricted function

Py (H(f‘Z)reyy/- -seyy)(x,y) =0.

However, we need the value of P>(6(f),ey,)(x,y). Recompute

(8 eyy)s(x,y) = g(x,)8yy + (—1)8leyy, (x,2)g(z,y) = 0 for x # y.

Instead, use Lemma 2.9 adapted to the superalgebra context. For any f,g € I(X,R), x <y

(f8)(xy) = (fg)(x,y) = (f81V) (x,y) = (FIEg1) (x,v).

Consider [g, e,y]s. For exxgeyy = g(x,y)exy, we need

G(f)(x,y)exy = [G(f)reyy]S(x/y)-

Apply ¢xy to both sides of (7)

Pxy (Pusr (0(f) ey, - eyy)) = 4’xy(Pn+1<9(f|ayc)/€yyr~--/eyy))-

Since ¢y, is an algebra homomorphism and ey, € I(X, R), we evaluate at (x,y)

Pui1(0(f) ey, - - eyy) (x,y) = 0(f) (x,y),

because higher supercommutators vanish due to ey,’s idempotence and degree 0. Similarly

Pn-&-l(e(fﬂc)/eyy/ .. ‘/eyy)(x/?/) = 9(f|Z)(x,y)

From (7), since R is n!-torsion free

0(f)(x,y) = 0(f) (x,y).
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This completes the proof. [

Theorem 1. Let 6 : I(X,R) — I(X, R) be a supercommuting map on the incidence algebra 1(X, R), where
R is 2-torsion free and n!-torsion free, and any two directed edges in the complete Hasse diagram (X, D) are
contained in one cycle. Then 8 is proper.

Proof. Assume n > 2 without loss of generality, as the case n = 1 corresponds to the supercommuting
condition [0(f), f]s = 0. Restrict 0 to I(X, R), the subalgebra of functions nonzero at finitely many
pairs (x,y), and denote the restriction by 65 : I(X, R) — I(X, R). Since 6 is supercommuting, for all
f € T(X, R), we have [6;(£), fls = [0(f), fls = 0. ~

By the superalgebra analogue of [9, Lemma 2.7], adapted to I(X, R), if 6; satisfies [[- - - [0;(f), fs, fls,
..., flsls = 0 (with n supercommutators), then [0;(f), fls = 0, which is already satisfied since 6 is su-
percommuting. By the superalgebra version of [9] [Theorem 2.5], since I(X, R) inherits the superalgebra
structure and the cycle condition holds, 6; is proper. Thus, there exists A € Zs(I(X, R)) and an R-linear map
fi : 1(X,R) — Zs(I(X, R)) such that

0;(f) = Af + fi(f) forall f € I(X,R).

Since X is connected and the Hasse diagram satisfies the cycle condition, the supercenter Zs(I(X, R))
consists of diagonal functions constant on connected components, and for a connected X, Z;(I(X, R)) =
R (analogous to [33, Corollary 1.3.15]). Thus, we may take A € R.

Define . : I(X,R) — I(X,R) by

u(f) =06(f) —Af forall f € I(X,R).

We need to show that y is central-valued, i.e., u(f) € Zs(I(X,R)) for all f € I(X,R). For f € I(X,R),
we have

u(f) = 0(f) = Af = 01(f) = Af + (f) = Af = A(f) € Zs(I(X, R)),
since fi(f) € Zs(I(X,R)). Forany f € I(X,R) and x < y, by Lemma 4, we have

0(f)(x,y) = 0(f) (x,y).

Thus,
n()(xy) =0(f)(xy) = Af(x,y) = 6(F1) (x,y) = Af(x,y) = A(fl)(x,y) =0,

since ji(f|3) € Zs(I(X, R)), and elements in the supercenter are diagonal (i.e., zero off the diagonal).
Hence, 1(f)(x,y) = 0 for all x # y, so u(f) is diagonal

u(f) = Z u(f)(x, x)exs.
xeX
Next, we prove that u(f)(x,x) = u(f)(y,y) forall x,y € X, ensuring u(f) € Zs;(1(X,R)). Since X is
connected, it suffices to show u(f)(x,x) = u(f)(y,y) for x < y. Consider the map © : I(X,R)"*! —
I(X,R)
O(f1, for -+ s fus1) = Pu1(0(f1), fo, - -, frut1),

where Py (x1) = x1, Pa(x1,x2) = [x1,x2]s, and Py (xq,. .., Xm) = [Pp—1(X1, ..., Xpu—1), Xm]s. Since 6 is
supercommuting, P>(0(f), f) = [0(f), f]s = 0. Linearizing P,1(6(f), f,..., f) =0, we get

Y P (0(fu) fw@) - s fwmsr)) = 0.

WESy+1
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Replace 6 with y, since p(f) = 6(f) — Af and Af supercommutes with f. Set fi = f, f = exy, and
f3 e fﬂ+1 - eyy. Then

Z PnJrl(‘u(f)'fw(Z)r-"/fw(n+1)) =0,

weS,;11,w(1)=1

since terms with w(1) # 1involve p(eyy ), which is diagonal. This simplifies to

(n—=D)!Py1 (u(f) exy ey, - - - yy) =0,

as ey, appears once with (n — 1)! permutations. Since R is n!-torsion free, we have

P”"rl (V(f)/exy/ eyy, . o ,eyy)(x, y) =0.

We find
Py(p(f), exy) = [u(f) exyls = u(f)exy — (_1)‘y(f)"‘exy|exyﬂ(f)-

Since p(f) = L.ex #(f) (2, z)ez: is diagonal and even (|u(f)| = 0), and |ey,| = 1, we get

[1(f), exyls(x,y) = (n(fexy) (x,y) + (exyp(f)) (x,y)
= u(f)(x, x)exy(x,y) +exy (x, y) () (v, y)
=u(f)(x,x) —u(f)vy).

Higher supercommutators with ey, (even), yield

PnH(F‘(f)/exyreyyr . --,Eyy)(X,]/) = [ll(f),exy]s(X,]/) = u(f)(x,x) —pu(f)wy).

Thus,
n(f)(x,x) = u(f)yy) =0 = u(f)(x,x) = u(f)(yy)-

Since X is connected, y(f)(x,x) = ¢ for some ¢ € R, so

]’l(f) =cC E Exx € ZS(I(X,R)).

xeX

Hence, 0(f) = Af + u(f), and 6 is proper. The cycle condition ensures consistency of coefficients, as
in[9]. O

Example 3. Let R = Z, which is n!-torsion free for all n > 1, and let X = {1,2,3} with the natural order
1 < 2 < 3. The incidence algebra 1(X, R) has Z-basis

€11, €22, €33, €12, €23, €13,

where e;j denotes the characteristic function of (i, j).
Choose the idempotent e = e11 + ex. Then the induced Z,-grading is

Ag=el(X,R)e+ (1—e)I(X,R)(1—¢), A =cel(X,R)(1—e)+ (1—e)I(X,R)e.

Define 6 : 1(X,R) — I(X,R) by
3 3

0(f) =2f + (Y fii)) Y.ejr S €IXR).

i=1 j=

That is, 0(f) is obtained by doubling f and then adding a diagonal function whose entries are all equal to the
trace Y.3_, f(i,i).
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Claim. 0 is a supercommuting map and hence proper.

Proof. For f € I(X, R) write
0(f) =2f +u(f),

where u(f) = (23, (i, 1)) Z}?’:1 ejj- Since p(f) is diagonal with constant diagonal entries, we have
1(f) € Zs(I(X,R)). As 2f clearly supercommutes with f, and central elements also supercommute, it
follows that

0(), fls = [2f + u(f), fls = 2[f, fls + [u(f), fls = 0.

Thus 0 is supercommuting. By Theorem 1, 0 is proper, with A = 2 and yu central-valued. [

5. The General Case

In this section, we study supercommuting maps on the incidence algebra I(X, R) in the general
case, i.e., without assuming connectedness of X. Let R be a commutative ring with unity that is
n!-torsion free, and let I(X, R) be endowed with a superalgebra structure via a nontrivial idempotent
e, with even part Ag = el(X,R)e + (1 —e)I(X,R)(1 —e) and odd part A; = eI(X,R)(1 —e) + (1 —
e)I(X, R)e. The supercommutator is defined as [a, b]s = ab — (—1)!?!l?/pa for homogeneous elements
a,b € AgU Ay, extended linearly. For a positive integer 1, we define the super-n-center of an R-algebra
A as follows:

Zs(A)p={a€ Al|lax]] =0,Vx € A},

where [a,x]! = [a,x]s, and [a, x]!" = [[a, x]!~, x]s for n > 2. Clearly, Zs;(A); = Zs(A), the supercenter
of A.

Lemma 5. Let {X;}icj be the family of connected components of a locally finite pre-ordered set X, and
let I(X,R) = @icj I(X;,R) be the incidence algebra over a commutative ring R that is n!-torsion free,
endowed with a superalgebra structure. Let 6 be a supercommuting map on 1(X, R), i.e., [8(f), f]s = 0 for all
f € I(X,R). Then, for each i € ], there exists a unique supercommuting map 6; on I1(X;, R) and a unique map
0 : I(X;, R) — Djey\fiy Zs(1(Xj, R))n such that the restriction of 0 on 1(X;, R) satisfies:

0l1(x,r) = 0 + 6;"

Proof. Since X is a locally finite pre-ordered set, its connected components {X; }c; partition X, and
the incidence algebra decomposes as I(X, R) = @;c; [(X;, R), where each I(X;, R) is a subalgebra with
the induced superalgebra structure. For eachi € ], let 71; : @ [(Xj, R) — I(X;, R) be the canonical
projection onto I(X;, R), and let 7i- : Djes 1(Xj, R) — Djep\ qiy (X, R) be the canonical projection
onto the complementary subalgebra. Define

0;i = 7 0 0]1(x, r)s 6 = ”iLOGh(XiIR)'

Clearly, 0[;(x, r) = 6; + 0;-, and this decomposition is unique since 7; and 7t;- project onto complemen-
tary subspaces.
For any f € I(X;, R), since 0 is supercommuting, we have

[0(f), fls = 0(f)f — (-1)I! DI fo(f) = 0.

Write 6(f) = 6;(f) + 6;-(f), where 6;(f) € I(X;,R) and 6;"(f) € @jcj\ (i) [(Xj, R). Since f € I(X;, R),
we have fg = 0= gf forany g € I(Xj, R) with j # i, as f(x,y) # 0 only if x,y € X;. Thus

0(F)f = O:(f) + 07 (N)f =6:()f. fO(f) = FOi(f) + 67 (F) = fO:(f),
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since 6;-(f)f = 0 = f6;-(f). Hence

[0(f), fls = 0:(f) +6-(), fls = 0:(f) f — (=1)IEDI f0,(£) = [6;(f), f1s = 0.

This shows that 6; is a supercommuting map on I(X;, R).
Next, we show that 0:-(f) € Djen (iy Zs(1(Xj, R))n. Define the map © : I(X,R)"*! — I(X,R) by

O(f1, f2r -+ s fur1) = Puy1(0(f1), for - - o) fug1),

where Pj(x1) = x1, Pa(x1,x2) = [x1,x2]s, and Py (x1, ..., %m) = [Py—1(x1, ..., Xm—1), Xm]s for m > 2.
Since 6 is supercommuting, P,(6(f), f) = [6(f), f]s = 0. For n-fold supercommuting, we assume
Pyi1(6(f), f,--., f) =[6(f), f]¥ = 0. Linearizing this condition gives

Y Puna(0(fu) fw) - s fwmer)) = 0.

WESy+1
Let fi = f € I(X;,R)and f, = -+ - = fy41 = § € (X}, R) for some j # i. Then
Y. Pun1(@(fo) fu@y - fomrn) = 3o Pan1(6(f),8--.,8)
ZUES,,JA w(l):l
+ Y Puna(009) fu) - s fumr)) = 0.
w(1)#1

Since f € I(X;,R), g € I(X;,R),and j # i, we have fg = 0 = gf. We find

Pus1(8(f),8,---.8) = [0 (f). 8L,

because 6;(f) € I(X;,R), so [0;(f),g]s = 6;(f)g — (—1)IeNIslgh;(f) = 0. The second term involves
6(g), but we focus on the first term

Y Pua(0(f)g---,8) = nll6;(f), gt

w(l)=1

Since R is n!-torsion free, we get

[6;°(f), 88 =0, Vg€ I(Xj,R),j#i.

Thus, 6 (f) € Djey iy Zs(1(Xj, R))n, as 0:-(f) has support only in @jey\ iy [(Xj, R). This completes
the proof. 0O

Proposition 2. Let {A;}icj be a family of n!-torsion free R-algebras, each endowed with a superalgebra
structure. If Zs(A;)n = Zs(A;) for all i € ], then every n-supercommuting map on @;c; A;, satisfying
[0(a),a]l = 0 forall a € @jc; Ay, is proper if and only if every n-supercommuting map on A; is proper for all
ie].

Proof. Let 6 be an n-supercommuting map on @;c; A4;, i-e., [0(a),a]! = 0foralla € P;c; A;. By the
superalgebra analogue of Lemma 5, for each i € J, the restriction 6] 4, = 6; + 9}, where 6; : A; — A;is
an n-supercommuting map, and 6;- : A; — Diep\(iy Zs (Aj)n is an R-linear map.

Sufficiency: Assume every n-supercommuting map on A; is proper for all i € J. Then, for each
i € ], there exist A; € Zs(A;) and an R-linear map y; : A; — Zs(A;) such that 6;(a;) = Aja; + p;(a;) for
all a; € A;. Define the R-linear map i : @jc; A; — Djcj Zs(A;) by

u(a) =Y pi(a;),

i€
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where a = } ;| a; with a; € A;. Define

C(a) =0(a) = Y_Aia; — p(a),

ic]

foralla = Y c;a; € @jcj Ai- We need to show that C(a) € Zs(@ic; A;). Since 0 is n-supercommuting,
we have the linearized condition

Y Pus1(0(ap) ), - - o Bapnr1))s = 0,

WESy 41
where Py (x1,...,Xm)s = [Pu—1(X1,---, Xu—1)s,Xm|s and Py(x1)s = x1. Seta; = a = Y,c;a; and
ap =---=4ap4] = x € A;forsomei € . This gives
n'P,1(C(a),x,...,x)s = ) P,1(C(a),x,...,x)s

weS,11,w(1)=1

= - Z Pn-l—l(C(x)/xw(z)/" '/xw(n+1))5'
wesn+1rw(1)7él

Compute C(a),

Cla) = 0(a) — - Aias — pu(a) = Y (6:(ai) + 0 (a;) — Aia; — pi(ay) ).

ie] ie]

Since 0;(a;) = Aja; + pi(a;), we have
Cla) = Y_6; (a).

ie]
For x € A;, evaluate

Pyi1(C(a),x,...,x)s = Pyiq (Z Gf‘(aj),x,. ..,x> .
S

j€]
Since Of-(aj) € @rep\(jy Zs(Ax)n and x € A;, for j # i, we have [Gf-(aj),x]s = 0 because 6]4- (a;) has no
component in A;. Thus

Py1(Cla),x,...,%)s = Py (0 (), X, ..., x)s.

Now,

- T Pt me)s == L Pl ()30,
weS,y1,w(1)#1 weS, 11,w(1)#1

Since 0;- (x) € Djep\ fiy Zs(Aj)n, we have P, 44 (6:-(x),x,...,x)s = 0 because [0;-(x), x]? = 0. Thus,

- 2 P”"'l(GiL(x)/xl‘--rx)s =0.
weS,1,w(1)#1

Hence,
n' P10+ (a;),x,...,%)s = 0.

Since R is n!-torsion free and Zs(A;), = Zs(4;) forall j € J\ {i}, we have

Pu1 (6 (i), x,...,x)s = [6; (a;), %] =0, Vx € A,
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Thus, Qf(ﬂi) € Zs(Aj)n = Zs(A;). However, since Gf(ai) € @je]\{i} Zs(Aj)n and Zs;(A;) N
Djen (i) Zs(Aj)n = {0}, we must have 0:-(a;) = 0. Therefore

C(a) = Y_6;(a;) = 0.

ic]

This implies
0(a) = ) (Aia; + pi(ar)) = ) Aia; + p(a).
i€] ic]
Since @jcj Zs(A;) = Zs(Dicy Ai) and u(a) € Bicj Zs(A;), we can define A = (A;)ic; € Zs(Dicj Ai),
where Aa = } ;1 Aja;. Thus:
0(a) = A+ p(a),

where A € Zs(@ic; A;) and p : Djcj Ai — Zs(Djej Ai) is R-linear. Hence, 0 is proper.

Necessity: Suppose there exists some i € | such that not every n-supercommuting map on A; is
proper. Then there exists an n-supercommuting map 6; : A; — A; that is improper. Construct a map
0: @Dicy Ai = Dicy Ai by

6(a) =) 0i(a),
ie]
where 0/ = 6; for the given i, and for j # i, 9]’- : Aj — A|is a proper n-supercommuting map, say
9]’.(aj) = Aja; for some A; € Zs(A;). Fora = Y ;¢ a;, compute

[0(a), al§ =} [0;(ai), ails,

ic]

since [a;,ai]s = 0 for i # j. Since each 6 is n-supercommuting, [6;(a;),a;]! = 0, so 6 is n-
supercommuting. However, 6; is improper, so 6§ cannot be proper, as its restriction to A; is ;. This
completes the proof. [

Theorem 2. Let R be a commutative ring with unity that is 2-torsion free and n!-torsion free for some
positive integer n. Let X be a locally finite pre-ordered set with connected components {X}icj, and let
I(X,R) = @jc; I(X;, R) be the incidence algebra endowed with a superalgebra structure via a nontrivial
idempotent e. If any two directed edges in each connected component (X;, D;) of the complete Hasse diagram are
contained in one cycle, then every supercommuting map 0 : 1(X,R) — I(X, R) is proper.

Proof. Since X is a locally finite pre-ordered set, its incidence algebra decomposes as I(X,R) =
®icj I(X;, R), where each I(X;, R) is a subalgebra with the induced superalgebra structure via e. By
Lemma 5, for a supercommuting map 6 on I(X, R), the restriction to I(X;, R) is 6];(x,r) = 0; + 67",
where 0; : I(X;,R) — I(X;, R) is supercommuting, and 6 : I(X;, R) — Djep iy Zs(1(Xj, R))n-

Since each (X;, D;) satisfies the cycle condition (any two directed edges are in one cycle), by
Theorem 1, every supercommuting map 6; on I(X;, R) is proper. Thus, there exist A; € Zs(I(X;, R))
and an R-linear map y; : I(X;, R) — Zs(I(X;, R)) such that

0:(fi) = Aifi +wi(fi), Vfi € I(X;,R).

Since R is n!-torsion free, Lemma 5 implies Of- (fi) € 69]-6 i} Zs(I (Xj, R))n. For incidence algebras,
the super-n-center Zs(I(X;j, R))n coincides with supercenter Zs(I(Xj, R)), as elements in Zs(I(Xj, R))n
must supercommute with all basis elements ey, up to the n-th supercommutator, which forces them to
be diagonal and constant on connected components, as shown in [33].

From the proof of Proposition 2, since Zs(I(X;j,R))n = Zs(I(X;j,R)), we have 6;-(f;) = 0 for all
fi € I(X;,R), because 67 (f;) € Zs(1(X;, R)) N @jep fiy Zs(1(Xj, R)) = {0}. Thus

0(fi) = 0;(fi) = Aifi + wi(fi)-
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Forany f = Yc; fi € I(X, R), define

A= (Mieg € P Zs(1(X, R)) = Zs(I(X, R)),
ic]

w(f) =2 milfi)-

ic]

Since figj = 0 = gjf; for i # j, we have

0(f) =Y 0(fi) = Y_(Aifi + ui(fi)) = Af + u(f).

ie] i€]

Since y;(fi) € Zs(1(X;, R)), we have u(f) € @;c; Zs(I(X;, R)) = Zs(I(X, R)), and p is R-linear. Thus,
8 is proper, completing the proof. [

Example 4. Let X = {1,2,...,m} and equip X with the pre-order generated by the directed m-cycle
l<2<--<m<1L

The transitive closure of these relations gives i < j for every pair (i, j), so every pair of vertices is comparable (in
both directions). Hence

I(X,R)={f:XxX—=R| f(i,j) =O0unlessi < j}

is the full matrix algebra My, (R) (identify f with the matrix (f(i,]))1<ij<m)-
Choose the nontrivial idempotent e = eqq (the matrix unit). The induced superalgebra grading is

Ap=eMy(R)e+ (1 —e)Mp(R)(1—e), Ay =eMu(R)(1—e)+ (1—e)Mu(R)e.
The (super-)center of My, (R) is the scalar matrices,
Zs(Mu(R)) = Z(Mu(R)) = R - L.

Now apply Theorem 2. The cycle condition (any two directed edges lie in one cycle) is obviously satisfied
here (the single cycle contains all edges). Therefore every supercommuting map 6 : 1(X, R) — I(X, R) is proper:
there exist A € R and an R-linear map y : My,(R) — R - L, such that

0(A) = AA + u(A) (VA € Myu(R)).

Remark. conversely, not every map of the form AA + u(A) is automatically supercommuting (extra graded
constraints may further restrict A, u). The theorem asserts: if 6 does supercommute, then it must be of the
above form.

Example 5. Let X = Xj U Xy, where X1 = {1,2,3} forms a directed 3-cycle and X, = {4,5,6,7} forms
a directed 4-cycle. As in Example 4, taking the transitive closure on each X; makes every pair inside X;
comparable. Hence,

I(X,R) = I(X1,R) ® I(Xy, R) = M3(R) ® My(R).

Denote
Ay :=1(X1,R) @2 M3(R) and Aj;:=1(Xy, R) = My(R).

The superalgebra structure is induced by the same fixed nontrivial idempotent e, which splits each block according
to the matrix decomposition.
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Let 6 : I(X,R) — I(X, R) be a supercommuting map. By Lemma 5, we may write, fori = 1,2,
04, = 6; + 07,
where 0; : A; — Aj is supercommuting and

0 : A — P Zs(Aj)n
j#i

takes values in the super-n-center of the other component. In our matrix-algebra components, we have Zs(A;)n =
Zs(Aj) =R- Ln; (scalar matrices for each block). Hence, each 0:-(a;) is a scalar matrix in the other block.

We now show that 0;- = 0. Fix i and take a; € A; and x € A; arbitrary. Linearizing the n-fold
supercommuting identity (as in the proof of Proposition 2) yields a relation whose first summand equals

! [0 (ay), x]2-
Because R is n!-torsion free, this implies
[0:-(a;),x]" =0 forallx € A;.

However, 0;-(a;) is a scalar matrix sitting in the other summand Aj (j # 1), so it has zero support on A;.
Therefore, the only possibility consistent with the identity and with disjoint supports is that 03 (a;) is the
zero scalar. Hence, 9} =0forbothi=1,2.
Consequently,
0la, = 0;

(no cross terms), and by Theorem 1, each 6; is proper on its block. Putting this together, we obtain
0(a1 ® az) = Aay & Agaz + p(a1) @ pa(a2),
where A; € Rand p; : Aj — R - I, are R-linear. Equivalently, for any x = a1 ® ap € I(X,R),
O(x) =Ax+pu(x), A=(A,A2) ERO®R=Z;(A1® Az), p(x)=pi(a)® pa(az).
Thus, 6 is proper on 1(X, R). This verifies Theorem 2 in this concrete two-component situation.

6. Conclusions and Future Work

In this paper, we have advanced the theory of commuting maps on incidence algebras [9] by
introducing and characterizing supercommuting maps in the context of superalgebra structures, as
developed by Ghahramani and Heidari Zadeh [22]. Our primary result demonstrates that, under the
graph-theoretic condition that any two directed edges in each connected component of the complete
Hasse diagram (X, D) lie within a single cycle, every supercommuting map on the incidence algebra
I(X, R), where R is a 2-torsion free and n!-torsion free commutative ring with unity is proper. This
extends classical results on commuting maps in prime rings, triangular algebras, and generalized
matrix algebras [4,7,8] to the superalgebra setting, utilizing the Peirce decomposition induced by a
nontrivial idempotent to separate even and odd components.

The proofs hinge on foundational lemmas that delineate the form of supercommuting maps on
basis elements (Lemmas 2 and 3) and their behavior under restrictions to connected components
(Lemma 5). The culminating theorems (Theorems 1 and 2) offer a precise description: such maps
take the form 6(f) = Af + pu(f), with A in the supercenter Z;(I(X, R)) and y an R-linear map into
Zs(I(X,R)).

Looking ahead, several avenues merit exploration. One could investigate supercommuting
maps on broader classes of algebraic structures, including generalized matrix algebras or triangular
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algebras equipped with supergradings, or delve into functional identities and multilinear maps within
superalgebras [6]. Furthermore, weakening the cycle condition, examining cases where improper
supercommuting maps arise, or extending the framework to infinite pre-ordered sets without local
finiteness could uncover novel phenomena and classifications.

To guide new researchers, we propose the following specific open problems:

1.  Characterize improper supercommuting maps on incidence algebras when the cycle condition is
violated. For instance, construct explicit examples of improper maps on posets where the Hasse
diagram has multiple equivalence classes under the relation ~ from Definition 1.

2. Extend the results to incidence algebras over non-commutative rings R or rings that are not
n!-torsion free. What adjustments are needed to the proper form 6(f) = Af + u(f) in such cases?

3. Investigate higher-order supercommuting maps, where the condition is [6(f), f]¥ = 0 for
k > 1. Can analogs of Theorems 1 and 2 be established, and what role does the super-k-center
Zs(A)x play?

4.  Explore applications of supercommuting maps to combinatorial structures, such as poset cohomol-
ogy or Mobius inversion in superalgebras. For example, how do supercommuting automorphisms
affect the Mobius function in incidence algebras with supergrading?

5. Study supercommuting maps on variants of incidence algebras, such as reduced incidence
algebras or those arising from categories. Does the cycle condition generalize to categorical
Hasse diagrams?
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