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Abstract

We present and compare six mathematically exact formulations of the Sieve of Eratosthenes, ranging
from arithmetic expressions with the floor function to elegant algebraic products using roots of unity,
primorials, and factorials. We demonstrate their algebraic equivalence as primality indicators and
exact prime-counting formulas. Examples, computational remarks, and a complexity comparison are
provided to clarify their pedagogical and mathematical value.
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1. Introduction

The Sieve of Eratosthenes is a foundational method in number theory for generating all prime
numbers up to a given limit. Over the centuries, it has inspired efficient algorithms and beautiful
algebraic identities. This article synthesizes six exact formulations of the sieve—both classical and less
well-known—and reveals their algebraic equivalence. These formulations serve as didactic bridges
between arithmetic, algebra, and complex analysis.

2. Six Exact Formulations
2.1. Floor-Function Indicator

Forn € N:

Iﬂoor(n) = Lﬁj (1 - {

k=2

El IR
[
+
—_—
=
|
—_
|
N———

Inoor(n) = 1if n is prime, 0 otherwise [1-3].

2.2. Roots-of-Unity (Complex Exponential) Indicator

Let o
1°& .mn
S(k,n) = T mZ::o exp (27‘[1T>
Then
[v7]
Lunity(n) = [ ] [1 —0(k,n)]
k=2

Again, Lynity(n) = 1iff n is prime [4-6].
2.3. Primorial and GCD Model
Let P ; denote the product of all primes p < Vv

1 if ged(n, P ) =1

0 otherwise

Iprimorial (Tl) -

A number is prime if it is coprime to its local primorial [2,3].
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2.4. Wilson’s Theorem (Roots of Unity)

Using Wilson's theorem, (n — 1)! = —1 (mod n):

1=l ((n=1D"+ 1k
() = 1 ep (2 =210
k=0

Iwitson (1) = 1if n is prime, 0 otherwise [3,7].

2.5. Aggqregated Fermat Test

Define: X
ne
S(n)=Y_ a" 'modn
a=1
nis prime iff S(n) =n—1 (mod n) [8,9].
2.6. Discrete Derivative (Prime Counting)

The exact prime counting function:
n
n(n) =Y I(k)
k=2

where (k) can be any of the above indicators. The difference
PIDN(n) = n(n) — n(n —1)
is a primality indicator [2,10].

3. Numerical Examples

For illustration, we compute the indicator for n = 7 (prime) and n = 8 (composite) for each
formulation:

e  Floor-Function:
Inoor(7) = (1= [7/2] + [6/2])(1 — |7/3] + [6/3])

= (1-343)(1-242)=(1)(1) =1
Inoor(8) = (1-4+43)(1-2+2) = (0)(1) =0

~— ~—

*  Roots-of-Unity: lunity(7) = 1, Lunity(8) = 0 (by evaluation of the exponential sums).

e  Primorial GCD: Pﬁ =2x3=6;gcd(7,6) =1—1,gcd(8,6) =2 — 0.

e  Wilson: (6! +1)mod7 =720+1=721mod7 =0 —1, (7! +1) mod 8 = 5041 mod 8 =1 #
0—0.

e Aggregated Fermat: S(7) =6 (mod 7) =6, 5(8) # 7.

e Discrete Derivative: PIDN(7) = n(7) — w(6) =4—3=1,PIDN(8) = n(8) — m(7) =4—4 =0.
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4. Complexity Comparison Table

Table 1. Comparison of dominant operation and efficiency. All are exact, but vary widely in practical utility.

Formulation Dominant Operation Practical Efficiency
Floor-function Division, floor O(y/n)

Roots of unity Exponential sum O(y/n) (slower constants)
Primorial GCD List of primes up to y/n, GCD O(y/n)

Wilson Factorial, sum O(n) (factorial cost)
Aggregated Fermat Exponentiation O(n) (not efficient)
Discrete Derivative As above As above

5. Discussion

These six formulas are mathematically equivalent: all encode, in their own language, the principle
that a number is prime if it is not divisible by any smaller prime (or, for Wilson/Fermat, if certain
congruences hold). Their main value is didactic and conceptual, not computational: while the floor-
function and GCD versions are moderately efficient, the Wilson and Fermat types are beautiful but
slow for large n.

This synthesis aims to unify classic results under a common pedagogical roof, making the structure
of primality visible from multiple angles.

6. Conclusions

The Sieve of Eratosthenes can be expressed in multiple algebraic and arithmetic forms, all
exact and fundamentally equivalent. Presenting these side by side deepens both the theoretical
and educational understanding of primality.
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