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Abstract: The growing reliance on autonomy in crewed and uncrewed air vehicles necessitates a
real-time solution for assured contingency landing management during in-flight emergencies. This
paper presents a novel gradient-guided search algorithm for risk-aware emergency landing trajectory
generation with a fixed-wing aircraft loss of thrust use case. This framework integrates a compact
four-dimensional discrete search space with aircraft kinematic and ground risk cost. A multi-objective
cost function is employed, combining flight envelope feasibility, optimal descent, and overflown
population risk terms. To ensure discrete search convergence, a constrained hypervolume definition is
introduced around the destination. A holding pattern identification algorithm is defined to minimize
risk during the necessary flight path angle constrained descent to final approach. Planner effectiveness
is validated through randomly generated case studies over a region of Long Island, NY under steady
wind conditions. Benchmark comparisons with a 3D Dubins solver demonstrate the approach’s
improved risk mitigation and acceptable real-time computation overhead. Future development will
focus on integrating air traffic avoidance into the discrete search-based landing planner.

Keywords: assured contingency landing management; advanced air mobility; discrete search; real-time
risk mitigation; path planning

1. Introduction
Advanced Air Mobility (AAM) will support a combination of Uncrewed Aircraft Systems (UAS)

and larger air taxi platforms flying low over densely populated urban areas. Although electric Vertical
Takeoff and Landing (eVTOL) aircraft are expected to offer a Lift-Cruise configuration [1,2], a variety
of conditions ranging from propulsion module failure to unexpectedly low battery energy or fuel can
render any aircraft unable to remain aloft long-term. A Lift-Cruise eVTOL with low battery energy
can safely fly longer, with more margin, if it remains in cruise configuration rather than converting to
vertical flight. Whether operating in wing lift (cruise) mode due to a fixed-wing configuration or due to
a low energy or eVTOL propulsion unit failure condition, a contingency landing plan can be safest for
aircraft, any onboard occupants (if present), and people on the ground below when this aircraft relies
on wing lift throughout a stable planned descent to land on a nearby runway. Because aircraft can
glide without consuming fuel in wing lift mode, it is the most energy efficient configuration. Gliding is
also feasible regardless of which propulsion unit fails. Therefore, this paper models the aircraft in wing
lift mode during contingency descent to landing. While this work is motivated in part by larger AAM
platforms such as eVTOL air taxis, the underlying approach is equally applicable to smaller-sized UAS
capable of operating in wing-lift mode. The algorithm’s reliance on aerodynamic gliding and discrete
ground risk data enables autonomous onboard planning for drones conducting logistics, surveillance,
or emergency response missions - applications that are becoming increasingly common in densely
populated areas [3–5].

During urgent or emergency landings, the distressed aircraft has priority over other traffic but
must deal with whatever winds and weather are present. This work therefore focuses on consideration
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of steady wind and flight envelope margin and appropriately assumes other aircraft will avoid collision
with the distressed aircraft as it lands. Path planning for urgent or emergency landing requires a
four-dimensional solution that meets strict spatiotemporal constraints and minimizes safety risks.
Along with implementation of degraded aircraft performance constraints for flight safety, ground risk
is quantified by employing discrete population census data in this paper.

Fixed-wing (wing lift/cruise configuration) aircraft have non-holonomic motion constraints that
require maintaining forward motion at a minimum (stall) speed and limiting turn radius. Urgent
landing descent paths must avoid obstacles, minimize risk, and align with suitable runways while
accounting for steady winds in planning and adjusting to actual variable winds during plan execution.
There are several methods for aircraft path planning. However, not all of them are suitable for
constrained minimum-risk path planning in complex environments. For instance, although they
are fast to compute, geometric solutions such as Dubins paths [6–8] solely incorporate path length
and curvature metrics. Despite the success of optimal control (OC) and model predictive control
(MPC), these methods suffer from initial guess dependency, non-convergence, and low computational
efficiency in complex environments [9–13]. In addition, it is difficult to adapt inherently discrete
ground risk metrics to OC and MPC as solutions may become stuck at local minima that may not meet
feasibility constraints. Similarly, Hamilton-Jacobi-Bellman (HJB) reachability does not scale efficiently
due to the curse of dimensionality [14]. Moreover, the HJB value function requires spatial continuous
differentiability [15], a requirement that discrete ground risk cost violates. Even though such metrics
can be approximated by projecting data onto smooth hyperplanes (e.g., Fourier series expansion)
this task increases complexity while reducing the data resolution. Note that dynamic cost metric
updates such as ground risk values derived from mobile phone activity [16] and real-time ground
traffic data [17] render data projection computationally unaffordable for real-time risk quantification
as part of contingency planning.

Tree-search-based path planners are well-suited for diverse, discrete cost metrics such as ground
risk. As example related works, Ref. [18] applies a modified A* algorithm to find a shortest feasible path.
In [19] and [20], Monte Carlo Tree Search was exploited to plan UAS flight paths. A rapidly-exploring-
random tree (RRT) was used in [21–23] to safely navigate a space with obstacles. Ref. [24] used
pre-calculated maneuvers for emergency landing planning for a gliding aircraft. Markov Decision
Process (MDP) formulations in Refs. [25,26] focused on uncertainty in aircraft performance and
prognostics-based margin, respectively, in emergency landing planning. Tree-search over feasible
post-failure maneuver primitives for emergency landing planning was proposed in [27] as an extension
of a Dubins-based geometric solver in [28]. A three-dimensional A* variant in [29] balanced flight path
and landing site risk but faced significant complexity challenges when path length was substantial.
This work advances previous search-based and MDP approaches by integrating risk, kinematic, and
flight envelope constraints within a solver that efficiently generates feasible long-distance 4D landing
paths. This paper’s approach accounts for operational altitude ranges with a minimum-risk loitering
approach and wind effects while maintaining a compact heading-constrained search space.

This article is a revised and expanded version of a paper entitled Gradient Guided Search for
Aircraft Contingency Landing Planning [30] which was presented at the IEEE International Conference
on Robotics and Automation, Atlanta, USA, 19-23 May 2025. The discrete search contingency landing
planner in this paper adopts a priority queue and operators inspired by the Theta* search algorithm [31]
to accommodate flight envelope constraints as a function of steady wind. By fusing feasible path and
population risk cost metrics, the presented method simultaneously considers safety of the landing (e.g.,
path margin) and risk due to a distressed aircraft passing over an urban population. The multi-objective
cost function forms a gradient field that significantly reduces state-space exploration thus to minimize
computational overhead to support real-time implementation. A constrained four-dimensional (4D)
position and heading volume around approach fix is introduced to guarantee search convergence.
Since ground risk is negligible at high altitude, the planner incorporates a three dimensional (3D)
Dubins path solver with a holding point identification scheme to efficiently generate a path to a
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minimum-risk holding pattern that dissipates altitude. The algorithm’s effectiveness is demonstrated
through use cases under steady wind at different initial states. Search-based planning results are
benchmarked against 3D Dubins path solvers, evaluating overflown population risk, deviations from
optimal gliding trajectories, and computational overhead. The key contributions of this work include:

1. Efficient and feasible contingency landing planning with a compact 4D discrete search framework
guided by a cost function with a constraint margin gradient field.

2. A constrained hypervolume definition around an approach fix to ensure discrete search conver-
gence.

3. A real-time minimum-risk aircraft holding pattern placement algorithm and its integration into
contingency landing planning.

4. Assured contingency landing plan generation within a prescribed time limit.

This paper is organized as follows. Section 2 introduces fundamental concepts that this work
builds upon including gliding flight envelope determination of an aircraft in fixed-wing mode, reacha-
bility, and geometric path planning. Section 4 presents the key components of the contingency landing
planner such as the building blocks of the gradient-guided search incorporating flight feasibility and
landing risk assessment with a convergence guarantee. Below, preliminaries and methodology are
followed by use case studies over a Long Island, NY region with a Cessna 182 fixed-wing performance
model serving as a surrogate to a four-passenger AAM aircraft operating in fixed-wing mode.

2. Preliminaries
This section summarizes the principles of fixed-wing aircraft flight, reachability, and geometric

path planning. These concepts are essential for understanding and developing emergency landing
planning procedures.

2.1. Fixed-Wing Aircraft Performance

A fixed-wing aircraft is exposed to three fundamental forces [32]: aerodynamic, gravitational, and
propulsive, as shown in Figure 1.

Figure 1. Fundamental forces acting in the aircraft longitudinal plane.

High wing lift L to drag D ratio is the key to efficient fixed wing or "cruise" mode eVTOL flight [33].
Lift is mainly produced by the pressure difference between upper and lower wing surfaces and requires
forward flight above a minimum stall speed. In cruise flight, forward thrust T generated by propulsion
units must counter drag D while lift L balances total weight W. The four primary forces (L, D, T, W)
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define flight path angle γ, the angle between the ground velocity vg and the horizontal plane, with
γ = 0 in level flight. Aircraft course angle, denoted by χ, is the angle between North and the horizontal
projection of vg.

Best glide flight path angle in forward flight γbg ∈ R+ (1) defines the most shallow descent
possible without thrust. It is defined by the fixed-wing aircraft nonlinear equations of motion f (x, u)
where x and u denote state and control input vectors, respectively.

γbg = arg max
L∈[0,Lmax ]

L
D

s.t. ẋ = f (x, u), T = 0 (1)

Best glide for a two-minute standard constant radius turn γbg,t ∈ R+ under steady wind conditions
is as formulated in Equation (2) where bank angle µ ̸= 0. An additional inequality constraint [34]
on maximum bank angle µmax limits the maximum load factor L/W to meet structural integrity
constraints.

γbg,t = arg max
CL∈[0,CL,max ]

L
D

s.t. ẋ = f (x, u), T = 0, |µ| − |µmax| ≤ 0 (2)

The best-glide angle is important for any emergency situation where an aircraft needs to descend
rapidly, even if the engines are still operational but delivering reduced maximum output.

A good landing begins with a good approach, so it is important to define a stabilized approach
speed. Wing flaps are extendable only below maximum flap extended speed vFE. The steepest flight
path angle γmax ∈ R+ for straight gliding (3) and turning (4) flight are identified to assure airspeed va

is upper bounded by vFE.

γmax = min−γ s.t. ẋ = f (x, u), T = 0, va − vFE = 0 (3)

The steepest gliding angle for turning γmax,t ∈ R+ is per Equation (3) where µ ̸= 0.

γmax,t = min−γ s.t. ẋ = f (x, u), T = 0, va − vFE = 0, |µ| − |µmax| ≤ 0 (4)

The best-glide and steepest descent flight path angle pair of a Cessna 182 (C182) [35] are defined
as functions of wind speed vw and direction χw, and obtained as in [17]. Given no forward thrust
(T = 0), best-glide angle γbg represents the shallowest gliding angle an aircraft can fly at without
stalling. While aerodynamically efficient, this angle is susceptible to stall due to disturbances such as
wind gusts. Conversely, flying at steepest glide angle γmax requires a higher approach speed, leading
to a longer deceleration path. To balance safety and efficiency during emergency approaches, flight
path angle γopt is defined per Equation (5) that lies halfway between γbg and γmax. γopt offers an
optimal safety margin. This value can be adjusted to provide flexibility in the safe landing path descent
profile.

γopt(vw, χw) =
1
2

[
γbg(vw, χw) + γmax(vw, χw)

]
γopt,t(vw, χw) =

1
2

[
γbg,t(vw, χw) + γmax,t(vw, χw)

] (5)

For clarity, flight path angle notation is simplified by omitting their input arguments, i.e., γ· =

γ·(vw, χw). Note that all flight path angles are functions of steady wind conditions as used to define
aircraft turn radius R per Equation (6) [33] for path planning.

R =
v2

a cos γ

g cos µ
(6)

Here, g and µ are gravitational acceleration and wing bank angle, respectively.
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2.2. Reachable Footprint

For emergency landing, potential landing sites must be identified within a reachable area. This
area, known as the reachable footprint [28], is determined by the aircraft’s capabilities and the specific
emergency. For example, a complete loss of thrust limits the reachable footprint to the gliding range,
while a medical emergency prioritizes nearby landing sites that are also close to healthcare facilities
to minimize total transit time. Various methods have been proposed to determine the reachable
area for distressed aircraft landing. Aircraft dynamics analysis [36,37], optimal control theory [38],
Hamilton-Jacobi methods [39,40], and attitude optimization [41] have been employed with different
cost/benefit trade-offs. In this paper, reachability of the target destination is assumed confirmed to
focus this research effort on path planning to a designated site.

2.3. Geometric Aircraft Path Planning

The Dubins path [6] provides a geometric solution for transitioning between two states while
respecting a minimum turning radius constraint. Originally formulated for two-dimensional paths,
assuming constant altitude, this solution has been extended to three-dimensional aircraft path planning
applications [8,42,43]. The literature offers several contingency landing management frameworks with
Dubins paths. Ref. [7] modified the kinematic model of Dubins paths to include transient effects such
as translational and rotational acceleration in emergency path planning. Ref. [28] extends Dubins
paths by incorporating real-time updates for dynamically feasible landing plans under degraded
aircraft performance. Dubins path and RRT* are fused in [44] to create emergency landing procedures.
Ref. [17] incorporated datalink and Dubins path to coordinate distressed aircraft and ground traffic for
road-based emergency landings.

Conventional Dubins path solutions are formed by an initial minimum radius turn segment, a
final minimum radius turn segment, and a straight segment connecting tangents of the initial and
final turns. There are four options for turn-straight-turn type of paths: right-straight-right (RSR),
right-straight-left (RSL), left-straight-right (LSR), and left-straight-left (LSL). Dubins [6] also defined
solutions with intermediate turns (RLR and LRL) but these are not practical for long distance traversals
between arbitrary configurations. Most Dubins solvers typically evaluate all four path types and select
the shortest assuming constant velocity. Path geometry and length derivations can be found in [32].

To enhance discrete search-based path planning, the proposed algorithm incorporates 3D Dubins
path solutions. For instance, Dubins paths can be employed to establish a connection between an
initial emergency state and a designated holding point, as well as to link a discrete search-generated
trajectory to final approach to the landing runway. Also, S-turn Dubins paths [28] are employed for
benchmarking.

Aircraft state is defined as a tuple s = (φ, λ, h, χ) where φ ∈ Φ, λ ∈ Λ, h ∈ R≥0, and χ ∈ [0, 2π)

respectively correspond to latitude, longitude, altitude above mean sea level (MSL), and course angle.
The symbols Φ and Λ denote valid sets of latitude and longitude. The set of all possible aircraft states
S are defined per Equation (7).

S = {(φ, λ, h, χ) | φ ∈ Φ, λ ∈ Λ, h ∈ [0, ∞), χ ∈ [0, 2π)} (7)

Let the initial and final states respectively be s0 ∈ S and sN ∈ S . A contingency landing path P ⊂ S
consists of a sequence of states from s0 to sN where P = {s0, s1, · · · , sN}. A set of Dubins path solutions
between arbitrary states si and sj are denoted by D(si, sj) per Equation (8).

D(si, sj) = {Ptype | type ∈ {RSR, RSL, LSR, LSL}} (8)

The shortest Dubins solution PD is defined in Equation (9) where L(P) is the length of path P .

PD =

arg minP∈D(si ,sj)
L(P), D(si, sj) ̸= ∅,

∅, D(si, sj) = ∅
(9)
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Note that D(si, sj); thus PD , can be an empty set if sj is unreachable given si.

3. Problem Statement
Ensuring a safe and feasible contingency landing for fixed-wing aircraft in emergency scenarios is a

critical problem that demands both efficiency and reliability. The objective of this paper is to present and
analyze a contingency landing planner that minimizes risk to the overflown population while ensuring
timely definition of a feasible path. This problem presents several key challenges. First, the feasibility
of the landing path is constrained by the distressed aircraft’s flight envelope, necessitating a careful
assessment of its aerodynamic limitations given degraded performance. Second, minimizing risk
along the trajectory requires accurate evaluation and incorporation of risk data. Another fundamental
challenge lies in the computational complexity of search-based path planning. The need to explore
a continuous search space with theoretically infinite extent complicates real-time decision-making
and solution convergence guarantees. This trade-off between runtime efficiency, search completeness,
and trajectory risk must be carefully managed to ensure a practical implementation. For this study,
the following assumptions are made. First, designated landing sites are assumed to be within the
aircraft reachable footprint. Second, this paper assumes a known steady wind throughout the descent
to landing.

4. Methodology
This section introduces the contingency landing planner and its building blocks including a

search-based path planning algorithm, a solution identification criterion, and a method to define a
minimum-risk holding pattern.

4.1. Contingency Landing Path Planning

Because a Dubins solution is purely geometric, risk metrics cannot be considered. A low-flying
aircraft in distress poses risk to an overflown population. However, an aircraft at high altitude poses
negligible risk to people on the ground below because it will fly well past its current position before
reaching the ground even in a steep descent. Discrete search with a population risk metric is therefore
only useful when the aircraft descends below a crossover altitude hc ∈ R>0. The handling of high and
low altitude cases is illustrated in Figure 2.

Figure 2. Contingency landing paths for low-altitude, high-altitude, and transition cases. A circular holding
pattern is used for high-altitude cases.

In a low-altitude emergency, a discrete search planner generates a low-risk, energy-managed
path Ps(s0, s′N) from the initial emergency state s0 to the final search state s′N . Final search state s′N is
constrained to lie in a predefined hypervolume around sN . Then, a final turn to join a final approach
path to touchdown state st is computed with a 3D Dubins path PD(s′N , st) considering sN as a fly-by
waypoint. Note that the exact initial and final states of the Dubins path for the final turn are respectively
computed by the Dubins path solver between s′N and sN as well as sN and st, to ensure feasibility with
respect to aircraft dynamics and kinematic continuity. Formally, a low-altitude solution is defined as:

P = Ps(s0, s′N) ∪ PD(s′N , st) (10)
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In a high-altitude emergency, the distressed aircraft must descend at a flight path angle near γopt

before initiating an approach to landing. Altitude dissipation is achieved by defining a circular holding
pattern with inbound state sh← and outbound state sh→. The planner identifies the optimal holding
pattern location using a utility function specified below. It connects s0 to sh← with the shortest Dubins
path PD(s0, sh←). The holding pattern is traversed until reaching sh→ where discrete search is initiated
to find a low-risk low-altitude landing path to s′N . A high-altitude solution can be expressed as:

P = PD(s0, sh←) ∪ Ps(sh→, s′N) ∪ PD(s′N , st) (11)

A transition case arises if h0 > hc yet sh← is unreachable above hc. Similar to high-altitude cases, a
Dubins path is generated from s0 to sh←. The crossover state sc ∈ PD(s0, sh←) at the crossover altitude
on the path to sh← is identified. The search-based planner then generates a low-risk path from sc to s′N .
Then, the solution is finalized with a 3D Dubins path PD(s′N , st). Solution of a transition case is given
by:

P = PD(s0, sc) ∪ Ps(sc, s′N) ∪ PD(s′N , st) (12)

4.2. Search-Based Path Planning

An aircraft flight envelope defines its safe operating limits. These limits include but are not limited
to stall for controllability, load factor and maximum airspeed for structural integrity. Let degraded
aircraft flight envelope A be defined as:

A = {(va, R, γ, γt) | all within safe limits} (13)

For a given aircraft flight envelope A, s0, and sN , the search space per Equation (7) can be identified
using a reachability method. In this study, S is an infinite, continuous, and non-Euclidean space
where the distance between arbitrary states are geodesic distances. Feasible actions for transition from
a parent state to successor states are given by a(s) = {aj(s) | j ∈ Z>0} where ⌈j⌉ is the branching
factor. Each action aj is composed of course angle change ∆χ, path segment length which is great-circle
distance between the parent and successor state ℓ, and optimal straight gliding and turning flight path
angles along segment γ and γt given a known steady wind.

aj(s) = (∆χ, ℓ, γ, γt | ∆χ ∈ X , ℓ ∈ R+, γ ∈ R+, γt ∈ R+) (14)

where X ⊆ [0, 2π] is a set of feasible course angle changes. The set of all feasible actions A is per
Equation (15) where |A| < ∞.

A = {a(s) | s ∈ S} (15)

For a given aircraft flight envelope A, set of actions A, initial and goal states s0 and sN , state
cost function g(s), and steady wind with magnitude vw and direction χw, the 4D search-based path
planning problem T is formulated as in Equation (16) where Ps is a non-ascending emergency landing
path solution.

Ps = {s | s = T (A,A, g(s), s0, sN , vw, χw)} (16)

4.3. Feasible Actions

The action set must consist only of feasible actions considering potentially degraded flight
envelope constraints. For example, while symmetrical lateral maneuverability can be used for left and
right turns considering airspeed and load factor for a single-engine aircraft experiencing loss-of-thrust,
asymmetrical course angle rate limits will be present for aircraft with deteriorated lateral controllability
caused by conditions such as control surface jam [45], structural damage [46], and uneven icing [47].
The minimum segment length for a given arbitrary set of course angle changes is further defined
below.
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A sketch of sequential turns in the horizontal plane is shown in Figure 3. The minimum seg-
ment length ℓmin that can accommodate sequential turns between state si and si+1 is expressed by
Equation (17). When expanding state si, the next state and action are unknown; hence, ∆χi+1 can be
substituted by the highest possible course change value to ensure feasibility.

ℓmin = R
(

tan
∆χi

2
+ tan

∆χi+1

2

)
(17)

The search algorithm uses an adaptive segment length (18) that reduces search resolution at higher
altitudes where ground risk is minimal to improve real-time performance. This function uses hi, the
altitude at si, h ∈ R+, the floor altitude change at the minimum segment length, and m ∈ R+, the rate
of segment length change per unit altitude.

ℓi =

ℓmin + m(hi − h), hi > h

ℓmin, hi ≤ h
(18)

Per Equation (5), γopt and γopt,t are determined within A for given steady wind conditions.
Therefore, a feasible action aj at state s is a function of wind speed vw and wind direction χw.

Figure 3. Planar geometry of sequential turns.

4.4. State Expansions

Successor states are generated by expanding parent states. A successor of parent s resulted from
j-th feasible action aj of s is denoted by sj = (φj, λj, hj, χj). Course angle of a successor state χj is

χj = |χ + ∆χj|2π (19)

where χ ∈ s and ∆χj ∈ aj. The operator | . |α wraps an angle at α. Coordinates of a successor state are
computed by using World Geodetic System 1984 (WGS84) [48] modelW : R>0 ×R× S → Φ×Λ per
Equation (20). Let c(s) : S → Φ×Λ be an operator such that c(s) = [φ λ]⊺. Simply,W is a function
that returns the destination coordinates given a reference state and action variables.

c(sj) =W(ℓj, χj | s) (20)

The altitude of the successor state hj (21) is computed considering turning and straight gliding
traversals where γj

. ∈ aj.

hj = h− ℓturn tan γ
j
opt,t − (ℓ− ℓturn) tan γ

j
opt (21)

Turning traversal is denoted by ℓturn and calculated as in Equation (17). For convenience, the transition
model E : S ×A → S is specified to apply an action to a state, which composes relations (19)-(21).
The set of successors for parent state s is

C(s) = {sj | sj = E(s | aj), aj ∈ A}. (22)
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Reciprocally, the parent of a successor state is s = π(sj).

4.5. Cost Functions with a Constraint Margin Gradient Field

The path planning cost function is constructed by four distinct terms: (1) a gradient function to
prioritize state expansion with an optimal descent path angle, (2) a gradient function to guide search
toward the target location, (3) a gradient function that guides search toward the desired course angle
as the target location is approached, and (4) a term that discourages flight over densely populated
urban areas. The total cost of a state g(s) is given in Equation (23).

g(s) = w1[wd(s)gd,1(s)] + w2[(1− wd(s))gd,2(s)] + w3gχ(s) + w4gp(s),
4

∑
i=1

wi = 1 (23)

Here, gd,1, gd,2, gχ, and gp are respectively optimal descent, direct distance, course angle, and popu-
lation cost functions. Terms wi ∈ R≥0 are weight coefficients while wd(s) : S → [0, 1] is an adaptive
weighting factor. First, common terms used in cost functions are introduced. An approximate shortest
path length to the goal is calculated based on a combination of turn and straight sections.

dmin(s) = dgc(s) + R|θ(s, sN)− χ|π (24)

The function dgc(s) : S → R≥0 represents the great-circle distance from state s to sN , where θ : S ×S →
[0, 2π) returns the bearing angle between two states. The remaining best-glide range dbg(s) ∈ R≥0

given the altitude loss from s to sN is defined as:

dbg(s) =
h− hN
tan γbg

(25)

States with dbg(s) < dmin(s) indicates unreachability and are pruned from further expansion. dopt is
defined as an approximate optimal distance to be flown to descend to goal altitude hN from initial
altitude h0 at optimal glide slope γopt initially estimated based on the relative wind between s0 and sN .

dopt =
h0 − hN
tan γopt

(26)

4.5.1. Optimal Gliding Cost

Two cost functions are employed to encourage progress toward the goal state region. The first
function, gd,1(s) : S → [0, 1] (27), prioritizes the necessary altitude loss to reach the goal state. It serves
as a measure of how efficiently the estimated total path length (the first two terms in the numerator)
compares to the optimal descent path length. Consequently, it penalizes deviations from the optimal
path length caused by deviation from the optimal flight path angle using the heuristic dmin(s).

gd,1(s) =
|ℓ(s) + dmin(s)− dopt|

dopt
(27)

Here, ℓ : S ∪R≥0 → R≥0 is the total path length leading s0 to s as a function of either state s or time t
to reach s per Equation (28).

ℓ(x) =

ℓs(s), x ∈ R4,

ℓt(t), x ∈ R≥0.
(28)

The cost gd,1(s) is proven bounded per Lemma 1.
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Lemma 1. For a non-ascending landing path with γbg ≤ γ, and an aircraft whose optimal glide angle satisfies
tan γopt ≤ 2 tan γbg, the cost function gd,1(s) is bounded within the closed interval [0, 1], ∀s ∈ S .

Proof of Lemma 1. The boundedness of gd,1(s) can be established by analyzing the limits of ℓ(s) +
dmin(s), given that dopt is a constant. Given the path slope γ, γbg ≤ γ, a feasible landing path cannot
exceed the best-glide range dbg; hence, the upper bound is:

ℓ(s) + dmin(s) ≤
h0 − hN
tan γbg

= dbg. (29)

Defining ∆h = h0 − hN and substituting dbg into the expression for gd,1(s), one obtains:

gd,1(s) =
|ℓ(s) + dmin(s)− dopt|

dopt

≤
|dbg − dopt|

dopt

=
∆h/ tan γbg − ∆h/ tan γopt

∆h/ tan γopt

=
tan γopt

tan γbg
− 1.

(30)

Given aircraft flight envelope with tan γopt ≤ 2 tan γbg, it follows that:

tan γopt

tan γbg
− 1 ≤ 1 (31)

Thus, gd,1(s) ≤ 1 is found. Next, the lower bound is examined. The quantity ℓ(s) + dmin(s) attains its
minimum if and only if the initial and goal states coincide in latitude and longitude, i.e., c(s0) = c(sN).
Given these conditions, ℓ(s) = 0 and dmin(s) = 0, leading to:

gd,1(s) =
|−dopt|

dopt
= 1 (32)

By equations (31) and (32), gd,1(s) is found upper bounded by 1. Noting that gd,1(s) is non-negative
due to the absolute value term in its definition, it is concluded that:

gd,1(s) ∈ [0, 1], ∀s ∈ S . (33)

Thus, gd,1(s) is bounded within the closed interval [0, 1], completing the proof.

4.5.2. Direct Distance Cost

Using only gd,1(s) ensures the path follows the optimal length using a heuristic, but it can lead
to wasted potential energy by expanding nodes away from the goal, particularly in high-altitude
emergency cases. To address this, a second function, gd,2(s) : S → [0, 1], a heuristic estimate for the
shortest path to the goal normalized by dopt, is introduced per Equation (34). This function prioritizes
states that are closer to the goal regardless of their descent profile.

gd,2(s) =
dmin(s)

dopt
(34)
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Due to reachability limitations, the optimal flight path angle γopt cannot be determined per
Equation (5) if dmin(s0) > dopt. In such cases, a shallower flight path angle - optimal for the specific
emergency scenario - must be used to ensure reachability such that dbg(s0) ≤ dmin(s0) ≤ dopt. There-
fore, the condition 0 ≤ dmin(s) ≤ dopt < ∞, ∀s ∈ S inherently guarantees the boundedness of gd,2(s)
on closed interval [0, 1], eliminating the need for a separate proof.

By weighting gd,1(s) and gd,2(s), prioritization of expanding states towards the goal and estab-
lishment of the optimal descent profile are balanced. To achieve this balance, upper and lower bound
radii around sN , respectively r̄ and r, are specified to calculate wd(s) to limit outward branching.
Equation (35) defines r̄ while r is a predetermined constant.

r̄ =
1
2
(dopt + dmin(s0)) (35)

The weighting factor is

wd(s) =


0, dmin(s) ≥ r̄
r̄− dmin(s)

r̄− r
, r < dmin(s) < r̄

1, dmin(s) ≤ r

(36)

Equation (36) guides state expansion toward sN by adjusting the influence of gd,1(s) and gd,2(s) based
on the state’s location in the search space. Specifically, according to Equation (23), when s is farther
than r̄ from sN , gd,1(s) is set to zero, preventing outward branching and conserving excess altitude.
This allows the aircraft to later use its potential energy to navigate around densely populated areas.
Conversely, when s is closer than r to sN , gd,2(s) is eliminated, prioritizing the optimal descent path by
managing altitude loss.

To facilitate further analysis, let gd(s) be:

gd(s) = wd(s)gd,1(s) + (1− wd(s))gd,2(s) (37)

Now, the boundedness of gd(s) is established in Theorem 1.

Theorem 1. The weighted sum of gd,1(s) and gd,2(s) is bounded within the closed interval [0, 1], ∀s ∈ S .

Proof of Theorem 1. By Lemma 1, gd,1(s) is bounded within [0, 1]. Additionally, by definition, both
gd,2(s) and wd(s) are constrained within [0, 1]. Since gd(s) is a convex combination of these bounded
functions, it follows that gd(s) remains within [0, 1], ∀s ∈ S . The constant weights w1 and w2 do not
alter the boundedness of the linear combination.

Figure 4 demonstrates the evolution of gd(s) during path planning. The vector field visualizes
the gradient of gd(s), ∇gd(s) = [∂gd(s)/∂λ ∂gd(s)/∂φ]⊺, indicating the preferred direction of state
expansion.

Initially, in the leftmost figure where ℓ(s) = 0 NM, the vector field around state s points away
from the goal state. This outward direction of state expansion occurs as gd(s) forms a repellent,
high-cost region around goal state sN due to dopt > dmin(s0). As the path planning progresses, the
search captures and follows the optimal decent path as in the second and third figures from the left.
Finally, it converges toward sN by following the minimum cost isoline as depicted in the rightmost
figures. If the initial altitude were set lower, the minimum cost region would lie between s0 and sN

due to dopt ≈ dbg, leading state expansion immediately toward sN .
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Figure 4. An evolution of gd(s) with a vector field around the goal state. Red arrows show course angle.

4.5.3. Course Angle Cost

The costs gd1(s) and gd2(s) enable search to reach the goal region yet they do not reward the
desired course angle. It is challenging to match the exact target course with a discrete search. Explicitly
incorporating the course angle difference in a cost function would eventually enforce states to only
expand parallel to the goal course which impedes necessary turns to match the goal location. Thus, a
course angle cost that represents the preferred direction for approaching the goal state in lieu of exactly
matching the landing runway course angle is proposed.

A unit normal vector n⃗χN represented in a North-East-Down (NED) coordinate system and
aligned with the target course χN is used to partition the cost map into regions of higher and lower
cost per Equation (38) whereRNED

(φ,λ) : Φ×Λ→ R×R is the transformation operator from geodetic to
NED coordinate system.

g̃χ(s) = n⃗χN ·
[
RNED

(φ,λ)(c(s))−R
NED
(φ,λ)(c(sN))

]
(38)

It should be noted that the vector operations in Equation (38) must be in a local coordinate system
to eliminate asymmetrical gradient field with respect to χN due to the Earth’s curvature. The scalar
product in Equation (38) evaluates the projection of the vector from an arbitrary state s to sN onto
n⃗χN . A g̃χ(s) value of zero indicates that s lies on the line perpendicular to n⃗χN that passes through
c(sN), bisecting the search map with a vertical plane. Such states require a 90◦ turn to align with the
final course, a common practice in airport traffic patterns for general aviation aircraft. States with
g̃χ(s) < 0 are located in the region behind the bisecting line and require a course change of less than
90◦ to reach the goal. Conversely, states with g̃χ(s) > 0 are penalized, as they necessitate a course
angle change greater than 90◦ to align with the landing site. Equation (38) is exploited to further define
the course angle cost gχ(s) per Equation 39 where κχ > 0 is a normalization constant to ensure the
cost is bounded on the closed interval [0, 1]. The scalar product term is multiplied by distance terms
to ensure that distant states can be explored in any direction, while nearby states are restricted to the
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region behind the bisecting line. The max(., .) operator is introduced to zero out the course angle cost
of states with g̃χ(s) < 0.

gχ(s) =
1

κχ
max

(
0, g̃χ(s)

dopt

dgc(s)

)
(39)

The normalizer κχ can easily be determined based on the maximum course cost value in the search
space S per Equation (40).

κχ = sup
s∈S

g̃χ(s)
dopt

dgc(s)
(40)

Overall, the max(.) operator ensures a lower bound of zero while κχ normalizes to the upper bound to
one, simplifying the need for a boundedness proof for gχ(s) on the closed interval [0, 1].

An illustration of Equation (39) for χN = 132◦ is shown in Figure 5. The green arrow points in the
goal course angle direction, and the vector field of ∂gχ = [∂gχ/∂λ ∂gχ/∂φ]⊺ encourages the search
algorithm to expand states toward regions where gχ(s) = 0, enabling a feasible final approach.

0

0.2

0.4

0.6

0.8

1

Figure 5. A map of the course angle cost. The black dashed line illustrates the state bisecting plane. Red arrows
show course angle.

The function gχ(s) alone is insufficient to guide the search to the solution, as it only provides
guidance for one half of the horizontal cost map. However, stacking gχ(s) on top of gd,1(s) and gd,2(s)
alters the gradient field direction in the vicinity of the goal state, allowing state expansion in the right
direction.

The combined gd,1(s), gd,2(s), and gχ(s) are depicted in Figure 6. In contrast to the solution
shown in Figure 4, the state expansion crosses the bisecting line from g̃χ(s) > 0 to g̃χ(s) < 0 while
simultaneously capturing the optimal descent path.
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Figure 6. Evolution of the total distance and course angle costs with a vector field around a goal state. Red arrows
show course angle.

4.5.4. Population Cost

Population cost is computed by integrating the overflown population density over time. Let the
population density function be η̃ : Φ×Λ→ R≥0. The function η̃ is reformulated as a function of time
for a known state per Equation (41), where ◦ is the composition operator. In this paper, the population
and land area dataset shared by the U.S. Census Bureau [49] is utilized to obtain population density
as a function of time η(t | s, v) which will be denoted by η(t) for convenience. For population risk
estimation, wind effect is ignored; thus, v = va.

η(t | s, v) = η̃ ◦W(vt, χ | s) persons/m2 (41)

To reflect true population risk, a weighting function wp,1(s) (42) is introduced to penalize η under
a lower altitude path.

wp,1(t) =

1− h(t)
min(h0, hc)

, h(t) ≤ hc

0, h(t) > hc

(42)

Here, the crossover altitude hc is used for the ceiling altitude for population risk consideration.
Therefore, population risk is not taken into account for path planning above hc.

In case of an emergency, the population residing under a given destination is not a factor as the
aircraft is supposed to be approaching and landing at an airport runway in this work. Thus, the impact
of population risk is reduced proportionally to the remaining traversal using a quadratic cost wp,2(t)
43.

wp,2(t) =
(

1− ℓ(t)
dopt

)2

(43)
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Time t is the input argument to Equation (28) for integration purposes.
Let the cumulative overflown population risk to reach sj from s in flight time t be the integration

of weighted (41) with respect to time per Equation (44).

gp(sj) =
1
κp

∫ t

0
wp,1(t)wp,2(t)η(t)dt (44)

Here, the flight time t is estimated by ℓj/v. The boundedness of gp(s) depends on the proper scaling
by κp ∈ R≥0 (45).

κp = κwκηt (45)

Per Equation (45), the population risk is time averaged and normalized by the upper bound of the
weight product κw = sup wp,1(t)wp,1(t) and maximum population density κη within the search space
S (46).

κη = sup
s∈S

η̃(c(s)) (46)

The magnitudes of each cost term must be normalized and/or appropriately weighted in path
planning for an unbiased solution. To prove the boundedness of gp(s) in numerical implementations,
two lemmas are provided.

Lemma 2. Population density function η(t) is Riemann integrable on [0, T].

Proof of Lemma 2. A function is Riemann integrable on a closed interval [0, T] if and only if it is
bounded and the lower and upper integrals equal to each other [50].

First, the boundedness of η(t) is established. Since η(t) represents population density, a physical
quantity, it is inherently bounded over finite time interval [0, T]. Next, the discontinuities of η(t) are
taken into account. By its nature, η(t) is piecewise continuous. Consider a partition P = {t0, t1, · · · tn}
on [0, T] such that 0 = t0 < t1 < · · · < tn = T. The norm of the partition P is

||P|| = max
0<i<n

{(ti − ti−1)} (47)

Let the lower sum S(P, η(t)) and upper sum S̄(P, η(t)) of η(t) given the partition P be

S(P, η(t)) =
n

∑
i=1

inf{η(t) | ti−1 < t < ti}(ti − ti−1)

S̄(P, η(t)) =
n

∑
i=1

sup{η(t) | ti−1 < t < ti}(ti − ti−1)

(48)

The function η(t) has a finite number of discontinuities corresponding to discrete transitions (e.g.,
entering or leaving census blocks). Each discontinuity has zero width. Therefore, it is deduced that

lim
∥P∥→0

S(P, η(t)) = lim
∥P∥→0

S̄(P, η(t)) =
∫ T

0
η(t) (49)

η(t) is Riemann integrable on [0, T].

Lemma 3. There exists a point ℓ∗(t) ∈ (0, dopt) at which the product wp,1(t)wp,2(t) attains its maximum
value, denoted as κw ∈ R≥0, for h0 ≤ hc.
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Proof of Lemma 3. Substituting h(t) = h0 − ℓ(t) tan γ into wp,1(t)wp,2(t), the product is expressed in
terms of ℓ(t). To find its maximum, one can take the derivative and equate it to zero:

0 =
∂

∂ℓ(t)
wp,1(t)wp,2(t) =

(
1− ℓ(t)

dopt

)(
tan γ

h0

)(
dopt − 3ℓ(t)

dopt

)
(50)

Solving for ℓ∗(t):

ℓ∗(t) =
dopt

3
(51)

Substituting ℓ∗(t) into wp,1(t)wp,2(t), obtain the upper bound κw is obtained:

κw =
4

27
dopt tan γ

h0
(52)

Thus, wp,1(t)wp,2(t) is bounded by κw, completing the proof.

Theorem 2. The population cost gp(s) is bounded on the closed interval [0, 1], ∀s ∈ S .

Proof of Theorem 2. Since wp,1(t), wp,2(t), and η(t) are nonnegative, it is concluded that gp(s) ≥ 0.
To find the upper bound, consider the magnitude of (44).

|gp(s)| =
∣∣∣∣ 1
κp

∫ t

0
wp,1(t)wp,2(t)η(t)dt

∣∣∣∣ (53)

The function gp(s) is Riemann integrable per Lemma 2; thus, the triangular inequality for integrals can
be applied to Equation (53) [51]:

|gp(s)| ≤
1
κp

∫ t

0

∣∣wp,1(t)wp,2(t)η(t)
∣∣dt (54)

Using the Cauchy-Schwarz inequality,

|gp(s)| ≤
1
κp

∫ t

0

∣∣wp,1(t)wp,2(t)
∣∣|η(t)|dt (55)

Per Lemma 3 and Equation (46),

|gp(s)| ≤
1
κp

∫ t

0
κwκηdt =

1
κp

κwκηt = 1 (56)

This study implements the R∗-Tree [52], a spatial indexing algorithm, to efficiently query popu-
lation density in real time. The process begins by assigning a unique identification number (ID) to
each polygon (i.e., census block) in the dataset. These polygons are then organized hierarchically in
an R∗-Tree. The intermediate nodes store bounding boxes that enclose multiple polygons, allowing
for efficient spatial pruning while the leaf nodes contain the smallest bounding boxes along with the
corresponding polygon IDs.

To perform a query, the R∗-Tree first retrieves the smallest bounding box that contains the query
coordinate, quickly eliminating large portions of the dataset. Then, a ray-casting algorithm is used to
precisely determine which polygon contains the query point among the remaining candidates. Finally,
once the correct polygon is identified, its population and land area values are retrieved from a lookup
table using the polygon’s ID. The normalized density values are then used in trapezoidal integration.
This approach significantly reduces the computational cost of population density queries, making
real-time overflown population risk estimation feasible.
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4.6. Feasible Solution Identification for Discrete Search

In a 4D discrete search space, reaching an exact goal state sN cannot be guaranteed. Therefore,
there are two parts of the proposed search algorithm: (1) discrete search to a feasible region around a
goal state to identify s′N , and (2) a Dubins solver that can always find a geometric solution from the end
of search path to finalize the landing path. Let Z ⊆ S be the solution identification set, defining the set
of feasible final search states. A state s is considered final, s′N , if and only if the following conditions
are met:

1. First, dgc(s) must fall within a defined annulus per Equation (57).

Ri ≤ dgc(s) ≤ Ro s.t. 2Ro ≥ ℓ (57)

This annulus, centered on sN , is independent of altitude. Ensuring that the outer diameter 2Ro is
at least the length of one discrete search segment ℓ guarantees state expansion within the outer
circle. The inner radius Ri ensures the feasibility of a Dubins path connecting the search solution
to the final approach.

2. Second, the flight path angle of the remaining traversal γrem from s′N to sN should adhere to the
constraints specified in Equation (58).

γbg ≤ tan−1 hN − h′N
dgc(s)

≤ γmax (58)

This constraint introduces altitude bounds to Z .
3. Third, s must lie behind sN such that gχ(s) = 0. This effectively excludes states requiring a

significant course angle change to join the final approach.
4. Four, a Dubins path must be feasible from s′N to st.

Formally, the solution identification volume Z is per Equation (59).

Z = {s |s ∈ S , Ri ≤ dgc(s) ≤ Ro, γbg ≤ γrem ≤ γmax, gχ(s) = 0,D(s, st) ̸= ∅} (59)

The first and third conditions are treated as hard constraints, while modifications to the flight paths
are permitted if the second and fourth conditions are not met. If the flight path angle constraints are
satisfied, the optimal flight path angle remains unchanged. Otherwise, the gliding angles of both the
discrete search and Dubins solutions must be adjusted. However, any such adjustments must ensure
that the resulting flight path angle remains within the aircraft’s flight envelope for all segments of the
flight. An example of solution identification set is demonstrated in Figure 7. The volume between
steepest-glide and best-glide surfaces defines the states of Z which holds potential final search state
s′N .
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Figure 7. A representative solution identification set.

4.7. Minimum-Risk Holding Pattern Identification

Optimal holding points identification for aircraft emergencies is based on leveraging census
population data and geospatial analysis. This process also ensures compliance with safety constraints,
such as avoidance of no-fly zones within search space N ⊂ S and sufficient distance from the goal to
enable maneuvering. The developed approach has offline and online parts. The offline part begins
by defining the circular area around the goal state, H (60), to identify candidate holding patterns,
considering optimal glide performance.

H = {∆p | ∆p =
n⋃

i=1

ei, ei = {(φi, λi), (φj, λj)}, A∆p > πR2, ∆p ∩N = ∅} (60)

Here,H is a set of polygons ∆p where e is an edge of polygon with n edges. Each edge is defined by
two vertices in latitude and longitude. The algorithm merges small, scattered polygons into larger
polygons with area A∆p, ensuring that merged areas meet a minimum threshold defined by the aircraft
turn radius so that the holding pattern is completely situated inside the polygon. It is worth mentioning
that simply filtering out polygons with the minimum area constraint does not necessarily ensure that
the remaining polygons can accommodate a holding pattern with a minimum radius of R due to their
arbitrary shapes. However, this heuristic step prunes polygons that are unlikely to fit the required
holding pattern, thereby reducing online computational overhead. A significant aspect ofH is that it
can be processed offline and retrieved in real-time from the flight computer.

The online steps of holding point identification include a real-time optimization to find holding
pattern center coordinates and utility calculation over candidate holding points. Let a circular left-turn
holding pattern be identified with centering state sh ∈ ∆p and ∆p ∈ H. A holding pattern is evaluated
with a utility function per Equation (61). The maximum values of these metrics are found over the
setH.

U(sh) =
ηmax − η̃(c(sh))

ηmax
+

dmax − dgc(sh)

dmax
+

rh(sh)

rmax
+

gp,max − gp(sh)

gp,max
(61)
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The coordinates of sh, c(sh), are determined per Equation (62), which is a real-time optimization solved
using [53] in this work.

c(sh) = arg max
n

∑
i=0
∥c(sh)− ei∥ (62)

The radius rh refers to the largest inscribed circle in ∆p (63).

rh(sh) = min
ei∈∆p
∥c(sh)− ei∥ (63)

The estimated overflown population risk from sh to sN on a straight path is specified by gp(sh) per
Equation (44). The best holding pattern s∗h is identified per Equation (64).

s∗h = arg max
sh∈∆p,∆p∈H

U (64)

This approach ensures an efficient and robust selection of low-risk holding points for emergency
scenarios over urban areas. The holding inbound state is specified in Equation 65.

χh← = θ(s0, s∗h), c(sh←) =W(R, |χh← + 0.5π|2π | s∗h)

hh← = h0 − δh(PD(s0, sh←))
(65)

The function δh : P→ R>0 yields the altitude loss along P ∈ P. Figure 8 visualizes the hold inbound
state determination.

Figure 8. Hold inbound state determination.

First, the holding outbound state sh→ is built by determining its altitude which is set accounting
for the maximum obstacle height h̄o within S , optimal glide distance from s∗h to sN , the holding pattern
floor altitude hh→, and a buffer hbu f f er. The obstacle height data can be found from aeronautical charts.

hh→ = max
(
h̄o, dgc(s∗h) tan γopt, hh→

)
+ hbu f f er (66)

The number of turns n360 and net course change ∆χnet while holding are given in Equation (67),
∆h360 = 2πR tan γopt,t being the altitude loss in a 360◦ turn.

n360 =
hh← − hh→

∆h360
, ∆χnet = 2π(n360 − ⌊n360⌋) (67)

The holding outbound coordinate for a left-hand hold is

c(sh→) =W(R, |θ(s∗h, sh←)− ∆χnet|2π | s∗h) (68)

The outbound course angle, the last element of sh→, is found from |χh← + ∆χnet|2π .
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5. Real-time Contingency Landing Planning Algorithms
This section presents search space discretization and contingency landing planning algorithms.

5.1. Search Space Discretization

Search space S is a continuous infinite set, rendering the search problem T computationally
incomplete. Search over a continuous infinite set is not guaranteed to return a solution Ps. To address
this issue, S can be discretized into Sd using uniform cells, and reduced to a discrete finite set of states.
Approaches for state-based discretization for search can be found in [54,55].

In this work, discretization is performed in horizontal plane, altitude, and course angle dimensions.
Hexagonal prism cells are used to represent the 3D position discrete state-space sd ∈ Sd as illustrated
in Figure 9. This choice ensures efficient tiling of the space, guaranteeing full coverage of S while
providing an upper bound on the size of the discrete search space. However, it is important to note that
each hexagonal prism does not correspond to a single state; rather, a single prism represents multiple
states, each associated with a different discretized course angle. Each continuous state s within a
discrete cell is mapped to a single unique discrete state sd, which is defined as the centroid of the cell.

An upper bound to the total number of states can be estimated considering an optimal packing of
hexagons into a circle, an approximate footprint. The number of layers of hexagonal cells required to
cover the footprint with a radius of rF is per Equation (69) where the circumradius of cells is ℓ/2.

l =

⌈
rF − ℓ

√
3/4

ℓ
√

3/2

⌉
(69)

The total number of latitude-longitude pairs needed to completely cover the footprint is:

n(φ,λ) = 1 + 3l(l + 1) (70)

The number of discrete course angle and altitude ranges are

nψ =

⌈
2π

∆ψ

⌉
, nh =

⌈
h0 − hN
∆h360

⌉
(71)

Therefore, an upper bound to the total number of states is per Equation (72).

ns = n(φ,λ) × nψ × nh (72)

As a finite search space is obtained, a formal proof for guaranteed convergence can be given.

Theorem 3. Given a finite discrete search space Sd, a defined solution identification set Z ⊂ Sd, and assured
reachability between arbitrary states si ∈ Sd and sj ∈ Sd, the discrete gradient-guided search from si to sj is
guaranteed to converge to a final state s′N ∈ Z .

Proof of Theorem 3. The state-space S is discretized into a finite set of states with |Sd| = ns < ∞,
ensuring that the search process operates over a well-defined and bounded space. A solution from si

to sj exists given the reachability assurance.

∃P(si, sj) ⊂ Sd (73)

Given that the search space is finite and a feasible solution exists, the algorithm is guaranteed to
terminate in a discrete feasible state within Z .

lim
k→ns

sk = s′N , s′N ∈ Z (74)

Thus, the discrete gradient-guided search is complete given the conditions.
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Figure 9 illustrates an example of Sd for underestimated best-glide ranges with nh = 3 and nψ = 1.
These values are intentionally chosen for visualization purposes and do not reflect the actual space
discretization used in the algorithm. The red, green, and blue cells represent increasing altitudes, with
n(φ,λ) values are 3, 4, and 5, respectively.

Figure 9. An illustration of a discrete search space in 3D.

Table 1 presents upper bounds on the search space size for an engine-out Cessna 182, considering
various altitude differences and segment lengths. As shown, increasing altitude difference expands
the search space, while the longer segment lengths reduce the number of discrete cells.

Table 1. Upper bounds of discrete search space size for the Cessna 182 experiencing loss of thrust.

h0 − hN [ft] ns for Different Circumradii in ft
500 1000 1500

500 2.88× 105 7.39× 104 2.85× 103

2500 16.75× 106 4.50× 106 2.01× 106

5000 88.44× 106 29.35× 106 14.44× 106

It should be noted that this structured grid is not directly used for search expansions. The search
algorithm expands states based on actions defined in the previous section, and the resulting child
states do not necessarily align with the hexagonal cell centers. Instead, each expanded state is assigned
as the centroid of a newly generated hexagonal cell at an arbitrary position. Once a cell is explored,
its corresponding centroid is stored in a closed list to track visited states and prevent redundant
expansions using a point-in-polygon algorithm.

5.2. Contingency Landing Planner

This section describes a contingency landing planning framework consisting of three sequential
stages. The first stage constructs an initial set of feasible landing paths using a 3D Dubins path planner
formulated with Equation (9) to provide a geometric solution and holding pattern identification
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governed by equations (60) - (68) to ensure safe altitude management. This first stage also performs
gradient-guided search based on standard tree search [56,57] but with a key distinction: it detects
repeated discrete states using a geometrical point-in-polygon algorithm rather than state hashing.

In the second stage, Algorithm 1 implements handling of different altitude cases by conditionally
utilizing the first stage algorithms. Contingent on the initial emergency altitude, a direct search-
based path Ps is computed, followed by a Dubins connection to the landing site. If the aircraft has
sufficient altitude, a holding pattern is first executed to dissipate altitude before transitioning to the
final approach descent via successive search- and Dubins-based trajectories.

Algorithm 1 Altitude-dependent Path Planning

Require: A,A, g(s), s0, sN , st, vw, χw
Ensure: P

if h0 ≤ hc then
Ps(s0, s′N)← T (A,A, g(s), s0, sN , vw, χw)
PD(s′N , st)← arg minP∈D(s′N ,st)

L(P)
P = Ps ∪ PD

else
s∗h ← arg maxsh∈HU
sh← ← Eq. (65)
PD(s0, sh←)← arg minP∈D(s0,sh←) L(P)
if hh← > hc then

sh→ ← Eq. (66)-(68))
PD(s′N , st)← arg minP∈D(s′N ,st)

L(P)
Ps(sh→, s′N)← T (A,A, g(s), sh→, sN , vw, χw)
PD(s′N , st)← arg minP∈D(s′N ,st) L(P)
P ← PD(s0, sh←) ∪ Ps(sh→, s′N) ∪ PD(s′N , st)

else
sc ← arg minsc∈PD(s0,sh←) |h− hc|
Ps(sc, s′N)← T (A,A, g(s), sc, sN , vw, χw)
PD(s′N , st)← arg minP∈D(s′N ,st) L(P)
P ← PD(s0, sc) ∪ Ps(sc, s′N) ∪ PD(s′N , st)

end if
end if
return P

The final stage executes the contingency landing planner in Algorithm 2 which runs two planners
in parallel: (1) the altitude-dependent search-based path planner to define the risk-aware path, (2) a
Dubins-based shortest path solver PD. Since Dubins is a geometrical solution, it enables real-time
response with onboard computing resources for execution as a fallback solution in case the search-
based path cannot be computed in time limit Tmax ∈ R>0. As a result, this framework guarantees an
emergency landing solution can be computed within a prescribed time limit. As described below, the
search-based planner typically identifies a solution in time that improves safety by our cost metrics
relative to Dubins.

6. Use Cases and Algorithm Benchmarking
This section presents use cases demonstrating the capabilities of the contingency landing planner

under varying altitude conditions and steady wind. Descriptive statistics are also provided on the
performance of the proposed method in different initial emergency states over a uniform grid. A
populated residential area, Farmingdale, Long Island, NY, is chosen to simulate emergency landing
scenarios. Therefore, all use cases and tests share the same goal state: a 1 NM final approach fix at 467
ft mean sea level (MSL) altitude to Runway 14 at Republic Airport (KFRG) in Long Island, New York.
Table 2 lists user defined parameters for path planning.
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Algorithm 2 Contingency Landing Path Planner

Require: A,A, g(s), s0, sN , st, vw, χw, Tmax
Ensure: P or fallback path PD

1: Initialize runtime t← 0
2: Initialize path set P ← ∅
3: Initialize status flag flag← False
4: while t ≤ Tmax and ¬flag do
5: Parallel Execution:
6: Run Algorithm 1 on Processor-1
7: Solve (8) and (9) for PD(s0, sN) on Processor-2
8: if P ̸= ∅ then
9: flag← True

10: end if
11: t← t + ∆t
12: end while
13: if flag then
14: return P ▷ Return the minimum-risk path
15: else
16: return PD(s0, sN) ▷ Fallback to default path
17: end if

Table 2. Parameters for altitude-dependent path planning.

Parameter Value Unit
R 1500 ft
hc 5000 ft
X {−30,−15, 0, 15, 30} ◦

h, m 2000, 0.1 ft, -
r 0.5 NM
Ri, Ro 1500, 3000 ft, ft
hh→ 1000 ft
hbu f f er 1500 ft
∆ψ 5 ◦

Weight coefficients as a function of gχ

Condition on gχ Cost Weights
gχ ≥ 0.5 (w1, w2, w3, w4) = (0.2, 0.3, 0.2, 0.3)
10−4 < gχ < 0.5 (w1, w2, w3, w4) = (0.2, 0.3, 0.1, 0.4)
gχ ≤ 10−4 (w1, w2, w3, w4) = (0.2, 0.4, 0.0, 0.4)

Weight coefficients are used to compute g(s) (23) as a function of gχ(s). A state with a high gχ

requires a final approach turn greater than 90◦. To mitigate this, state expansion toward regions where
the final course change remains below 90◦ is prioritized. As gχ decreases, w3 is gradually reduced,
thereby shifting the cost emphasis toward overflown population and distance to the goal.

6.1. Altitude-Dependent Path Planning

The impact of initial emergency altitude on contingency landing solutions is illustrated in
Figure 10, where an emergency scenario is simulated at a randomly selected location within the
aircraft footprint, heading to the East, at altitudes of 2500 ft, 6000 ft, and 10000 ft MSL.
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Figure 10. Contingency landing solutions for varying initial altitudes.

At a low emergency onset altitude of 2500 ft MSL, Algorithm 1 directly computes the search-based
path Ps(s0, s′N) and a 3D Dubins path for the final approach to Runway 14 at KFRG, as the initial
altitude h0 is below the crossover altitude hc. The trajectory effectively avoids residential areas by
following roads, leveraging available altitude for risk mitigation. This path is computed with as few as
80 explored states, dramatically below the upper bound of the search space size of 1.2× 106 for this
case.

At a high emergency altitude of 10000 ft MSL, altitude dissipation is necessary before approach.
A holding pattern is established over a sparsely populated region while maintaining a 0.5 NM no-fly
zone around Runway 14 to prevent conflicts with the airport traffic pattern. A 3D Dubins path is then
generated from s0 to sh← without considering population risk, as exposure risk at high altitude is
minimal due to h0 > hc. The distressed aircraft descends from hh← = 8637 ft to hh→ = 2500 ft over 8.2
full left-hand holding turns. Despite this descent, excess altitude remains as the aircraft approaches
sN . The gradient-guided search subsequently determines a descent path to s′N that avoids densely
populated areas, exploring a total of 72 states. Once the search-based path is generated, a 3D Dubins
path is planned from s′N to st.

At an initial emergency altitude of 6000 ft, a holding pattern is also identified. However, unlike the
10000 ft case, the landing trajectory deviates from the initial Dubins path upon reaching the crossover
altitude hc at sc, as the hold inbound cannot be reached above this altitude. From the crossover state sc,
gradient-guided search is initialized. Similar to the example in Figure 4, gd,1(s) leads the minimum
cost states away from sN due to the aircraft’s higher altitude relative to the remaining horizontal
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traversal, causing state expansion away from sN . This outward expansion is further constrained by
the densely populated area in the Northwest of the map, guiding the landing trajectory along the
boundary separating low- and high-density regions. As altitude decreases, gd,1(s) shifts the minimum-
cost states closer to sN , gradually directing state expansion toward sN . Compared to the low- and
high-altitude cases, the landing path found by the gradient-guided search is significantly longer due
to the higher crossover altitude; however, Ps(sc, s′N) is computed with a total of 110 explored states
whereas ns = 12.3× 106. As with the previous cases, the final segment is completed with a 3D Dubins
path to st. The complete 3D contingency landing solution, along with the explored states for the
transition case, is shown in Figure 11. The low number of state expansions demonstrates the efficiency
of the presented search-based landing planner.

Figure 11. The 3D contingency landing trajectory and explored state coordinates for the transition case, initially at
6000 ft MSL.

6.2. Contingency Landing Planning Under Steady Wind

Recalling equations (5) and (14), a feasible action depends on wind conditions. A nonzero wind
vector alters both the direction and magnitude of the ground speed vector, which in turn affects the
required flight path angle to maintain a given airspeed. For path planning, the flight path angle for
each segment is selected from a dataset derived from equations (1)-(4), taking into account wind speed
and relative direction.

To illustrate the effect of wind on contingency landing planning, two trajectories are compared in
Figure 12.

In this emergency scenario, the aircraft begins at 2500 ft MSL with a 10 knot South wind (vw = 10
kts, χw = 180◦). In windless conditions, the planned trajectory spans 5.41 NM at a constant optimal
flight path angle of 4.4◦. However, with a partial tailwind, the feasible flight path angle range becomes
shallower with an average optimal flight path angle of 4.18◦, leading to an extended trajectory of
5.53 NM. Steady wind is particularly challenging under headwind conditions which requires a steeper
descent. This landing site would not be reachable in case of 10 knots North wind because the feasible
flight path angle range would too steeper, resulting in greater altitude loss per unit distance traveled.
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Figure 12. The impact of tailwind in the contingency landing solution.

6.3. Algorithm Benchmarking on a Uniform Grid

A benchmark study is conducted to evaluate the developed algorithm’s performance in terms
of overflown population risk, optimal flight path angle, and computational overhead. Flight time
comparison is refrained as it conflicts with the optimal descent. For contingency landing solutions,
the implemented framework is compared against 3D and S-turn Dubins paths. To determine the best
Dubins-based solution for low-altitude cases, all possible Dubins path types are evaluated and the
one that minimizes overflown population risk is selected. Specifically, for lower altitudes, four types
of 3D Dubins paths are generated. If additional altitude dissipation is required, S-turn Dubins paths,
extending in both directions, are computed and the one with minimum risk is chosen for comparison.

Test scenarios are distributed across a uniform grid with nine coordinates, four altitude levels,
and four cardinal directions, totaling 144 unique cases. All initial states are ensured to be reachable
from the goal. Algorithm 1 is compared against the minimum-risk Dubins solutions, with results
summarized in Table 3, including descriptive statistics on overflown population risk and flight path
angle deviation from the optimal.

Table 3. Risk and gliding constraint comparison of the gradient-guided search and the minimum-risk 3D Dubins
solutions.

h0 [ft] Method Population Risks γ Deviation [◦]
Min. Max. Median µ σ Max. µ σ

2500 Search 0.0006 0.2157 0.0221 0.0418 0.0451 0.30 -0.06 0.09
Dubins 0.0028 0.2048 0.0620 0.0667 0.0575 0.27 -0.02 0.06

5000 Search 0.0021 0.1183 0.0085 0.0206 0.0260 0.23 -0.07 0.04
Dubins 0.0132 0.1987 0.0704 0.0843 0.0574 0.00 0.00 0.00

6000 Search 0.0010 0.0136 0.0038 0.0046 0.0035 0.29 -0.09 0.08
Dubins 0.0022 0.1317 0.0267 0.0358 0.0373 0.00 0.00 0.00

10000 Search 0.0014 0.0101 0.0045 0.0047 0.0023 0.27 -0.05 0.07
Dubins 0.0021 0.0388 0.0068 0.0106 0.0090 0.00 0.00 0.00

The search-based method consistently outperforms the Dubins-based approach in minimizing
overflown population risk across altitude levels. This is expected as the construction of Dubins paths
does not offer explicit risk mitigation.
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Meanwhile, the Dubins-based paths adhere strictly to their predefined optimal flight path angles,
with deviations close to zero in mid- and high altitude cases. This is because S-turn Dubins paths
can precisely achieve the desired altitude loss in case altitude dissipation is needed. In contrast, the
search-based method exhibits slight deviations. However, it ensures that these deviations remain
within flight envelope and can be further reduced by increasing the discrete search resolution with
shorter segment lengths or tighter constraints.

The framework, along with the benchmarking Dubins path solvers, is programmed in C, with the
exception of R∗-Tree whose source codes are written in C++ [58]. Table 4 provides a detailed runtime
analysis benchmarking search-based path planning against the minimum-risk Dubins solutions. For
higher altitude scenarios, the total elapsed time for optimal holding point identification and the subse-
quent Dubins path solution to the hold pattern, labeled as hold planning, are also tabulated. Despite
being slower than Dubins solutions as would be anticipated, the developed contingency landing plan-
ner exhibits strong potential for real-time implementation. In addition, the separate computation times
gp(s) (44) are provided to highlight its significant contribution to the total computational overhead.
As is evident, a high percentage of the total runtime is attributed to the overflown population risk
estimation despite an efficient R∗-Tree implementation. This overhead could be reduced, albeit with a
trade-off in accuracy due to interpolation, by reducing the integration time step or employing data
projection methods onto uniform grids.

Table 4. Runtime comparison of the gradient-guided search and the minimum-risk 3D Dubins solutions in
C-language.

h0 [ft] Method Total Runtime [ms] Risk (gp) Computation Runtime [ms]
Min. Max. Median µ σ Min. Max. Median µ σ

2500 Search 27.0 764.5 92.2 135.1 128.8 26.0 671.6 89.6 129.3 115.2
Dubins 8.2 121.4 67.9 63.5 28.6 8.1 68.3 34.3 35.7 18.1

5000 Search 133.0 6897.0 441.4 723.1 1140.3 130.3 4963.5 432.4 646.3 820.0
Dubins 99.7 221.2 167.7 162.0 31.6 89.2 210.9 158.9 153.1 31.1

6000
Hold Planning 963.9 1120.8 987.7 1003.4 41.0 24.0 66.4 49.2 48.0 10.4

Search 76.5 1947.3 180.5 314.5 358.7 74.8 1893.8 175.1 305.9 349.1
Dubins 59.9 226.2 94.8 114.0 47.6 42.9 218.8 82.0 100.6 51.8

10000
Hold Planning 976.5 1127.2 1033.8 1034.9 31.9 24.5 69.1 50.2 49.2 11.2

Search 37.8 510.8 175.3 197.1 116.1 36.8 495.5 168.7 190.2 112.3
Dubins 46.0 105.9 73.0 75.6 16.0 15.2 81.8 54.7 53.7 15.4

All experiments are conducted using a single core of Apple M2 chip (3.49 GHz).

Table 5 presents the solution availability of Algorithm 2 across 144 test cases for different solver
time limits. For initial emergency altitudes of 2500 ft and 5000 ft MSL, the planner provides search-
based minimum-risk landing solutions in 67 out of 72 scenarios within the solver time limit of Tmax = 1
second. At higher altitudes, Algorithm 2 predominantly outputs shortest Dubins solutions due to the
hold planning cost, as shown in Table 4. When the solver time limit is increased to Tmax = 2 seconds,
search-based landing solutions are found in 141 out of 144 cases. Only one scenario requires a fallback
Dubins solution when Tmax = 3 seconds is used.

Table 5. Algorithm 2 solution availability for different time limits.

Tmax [s] h0 [ft] Number of solutions
2500 5000 6000 10000 Search-based (P) Fallback Dubins (PD)

1 36 31 0 1 68 76
2 36 35 34 36 141 3
3 36 35 36 36 143 1

7. Discussion
This paper presented a contingency landing planning framework for an engine-out Cessna 182

model, serving as a surrogate for a distressed AAM aircraft in cruise configuration. However, the
proposed approach is adaptable to various emergency scenarios, including but not limited to control
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surface failures and structural damage by defining the set of feasible actions based on the aircraft’s
degraded performance envelope.

To estimate overflown population risk, publicly available population census data is utilized. To
improve risk quantification, an interquartile rule for outlier detection was applied. These values were
then adjusted to the third quartile population density, ensuring a more representative risk assessment.
Alternative population models might be created and updated with real-time data, e.g., from cellular
network call data.

In general, the number of explored states in the presented use cases remains low. However, it
is observed that when the initial emergency state is located in a densely populated area with a high
initial course angle cost, state expansion increases as the algorithm searches for a low-cost trajectory,
leading to longer solution times. Additionally, a greater altitude difference between the initial and goal
states requires a longer landing path, further increasing state expansion. The gradient-guided search
utilizes course angle changes to navigate through narrow low-risk passages. This is not a concern for
aircraft with attitude control authority and modern autopilot systems. However, these solutions can
only reasonably be shared with air traffic control and other nearby air traffic via datalink to assure
coordinated response to separation and collision avoidance.

8. Conclusion
This paper presented a real-time emergency landing planner that combines a novel gradient-

guided discrete search with 3D Dubins paths to generate safe and risk-aware landing trajectories
for fixed-wing aircraft. To further minimize high-altitude risk, a minimum-risk holding pattern
identification algorithm was also introduced. A series of 144 Long Island, New York case studies
demonstrated that the presented method significantly reduces risk compared to standard minimum-
risk Dubins path solvers. While computationally more demanding, the search-based planner achieved
real-time performance, generating minimum-risk landing trajectories within three seconds in 143 out
of 144 cases, with a fallback Dubins path returned only once. Future work must consider other air
traffic in contingency flight planning solutions to minimize risk associated with disrupting or losing
separation with other air traffic. Such solutions will require awareness of commercial and Advanced
Air Mobility airspace corridors and reserved geofence volumes for small uncrewed aircraft system
traffic. To address this, airspace and air traffic avoidance risks will be captured in contingency landing
planning by introducing new cost terms within the gradient-guided search framework.
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