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Abstract: Given the variety of focus measure operators, selecting an appropriate one based on scene
requirements is critical. Based on the evaluation of the focusing curve morphology and considering
the accuracy and robustness of metrics, four metrics were designed: the steep region width (W), the
steep to gentle ratio (Rs), the curvature of peak point (Cy), and the relative root mean square error
(RRMSE). Several typical focus measure operators were chosen for experimental evaluation. The
results demonstrate that the proposed metrics effectively characterize the performance and features
of various operators. These metrics serve as a valuable reference for selecting appropriate operators
and provide a theoretical foundation for designing new ones.
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Highlights

This study proposes a method for determining the cutoff point between steep and gentle regions
of focusing curves using multipoint linear fitting, significantly improving adaptability to diverse
curve morphologies. Four quantitative metrics namely, Ws, Rsg, C» and RRMSE were designed to
evaluate focus measure operators based on focusing curve morphology were designed to
systematically evaluate the sensitivity, robustness, and noise resistance of focus measure operators.
These metrics provide a theoretical foundation for optimizing operator selection in autofocus systems
and offer insights for designing novel focus algorithms.

What are the main findings?

e  Multipoint linear fitting is adopted, and the intersection of fitting lines is used as the cutoff point
between the gentle and steep regions of the focusing curve.

e  When designing evaluation metrics, considerations were given to the issues of accuracy and
robustness of these metrics.

What is the implication of the main finding?

e The method proposed to determine the cutoff point between gentle and steep regions is
relatively robust and can adapt to different shapes of focusing curves.

e Provides a theoretical foundation for selecting the optimal focus measure operator and the
designing new focus measure operators.

1. Introduction

The focus measure operator, namely focusing function, recognized as a critical tool for assessing
image sharpness, has been extensively utilized within the domains of automatic focusing systems
and three-dimensional surface reconstruction[1]. Selecting an appropriate focus measure operator
based on scene characteristics and system requirements is challenging due to the variety of available
operators.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Selecting a focus measure operator requires consideration of multiple factors, such as image
content characteristics, real-time performance requirements of the focusing algorithm, and sensitivity
to various image quality metrics. The performance of different operators varies significantly under
identical scenarios, highlighting the need for objective assessment methods. Frans C.A. Groen and
colleagues conducted experimental comparisons of 11 distinct autofocus functions, analyzing them
based on metrics such as unimodality, accuracy, repeatability, range, and generality[2]. Similarly,
Sun and colleagues compared 18 different focusing algorithms for microscopic images, proposing
metrics such as accuracy, range, number of false maxima, width, and noise level to evaluate and rank
the performance of operators[3]. Sun and collaborators analyzed the computational speed and
operational efficiency of various focus measure operators, utilizing the sharpness of focusing curves
as a measure of their sensitivity[4]. Zhai and colleagues conducted an in-depth analysis of focus
measure function curves and proposed six quantitative metrics—steep region width, sharpness ratio,
steepness, fluctuation in gentle regions, local extremum factor, and sensitivity—to assess operator
performance, selecting 12 focus measure operators for comparative measure[5]. Similarly, Said
Pertuz and his team explored the application of different focus measure operators in depth recovery,
employing these operators in conjunction with depth information to reconstruct three-dimensional
topographies, and further evaluated the reconstructed topographies using metrics such as root mean
square error in combination with various focus measure operators|[6].

Improving existing focus measure operators is also an important research direction[7,8]. This
involves using appropriate quantitative metrics to measure the performance of improved operators.
Some researchers have designed quantitative metrics from the perspective of focusing on the shape
of focusing curve. But the focusing curve will change with the change of the image scene. This may
lead to changes in the evaluation index, or even the evaluation index cannot correctly reflect the
performance of the operator. Therefore, when designing the evaluation index, the adaptability of the
index to the curve shape change should be comprehensively considered to ensure the accuracy and
robustness of the index. On the basis of comprehensive consideration of the above issues, this paper
designs a quantitative index to measure the performance of focus measure operators.

2. Design of Quantitative Metrics

2.1. Selection of the Cutoff Point

The focusing function value changes rapidly near the focus, resulting in a steep curve, while it
changes slowly away from the focus, leading to a relatively flat curve. Therefore, the focusing curve
can be segmented into steep region near the focus and gentle region away from the focus, as
illustrated in Figure 1.

Left cutoff point Right cutoff point

lGentle region! Steep region | Gentle region’
Figure 1. Diagram of the focusing curve.

Determining these cutoff points between the gentle region and the steep region is a critical issue.
The focusing curve in the gentle and steep regions has approximately linear sections. These sections
can be fitted with straight lines, and the intersection of these lines can be used to determine the
horizontal coordinates of the cutoff points. The points on the focusing curve with the same horizontal
coordinates as these intersections can then be used as the cutoff points between the gentle and steep
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regions, as shown in Figure 2. Due to the adoption of multipoint linear fitting, this method of
determining the cutoff point has good stability.

Maximum value Focusing curve

Fitted straight line

kipsF (kicp)
Intersection point

Gentle region

Figure 2. Diagram of the left and right cutoff points.

The Mean Square Error (MSE) between the focusing curve and the fitted straight line serves as
a metric for evaluating the fitting accuracy. For the steep region, the slope is much larger than that of
the gentle region, resulting in a significantly larger MSE. This poses challenges when using MSE as a
metric in practical applications. In general, as the curve value increases, the slope of the fitted straight
line typically increases initially and then decreases. There is a region where the fitted straight line has
the maximum slope. This region usually overlaps with the linear region of the steep region. Even if
the fitted straight line and the steep region do not completely overlap, the difference in their slopes
is minimal. Therefore, the slope of the fitted straight line can serve as a discriminative basis for
measuring the fitting accuracy of the steep region. The fitted straight line with the largest slope is
considered the fitted straight line of the steep region.

The horizontal coordinates of the intersection points are denoted as kip and krp, and the focusing
function values are denoted as F(kip) and F(krep). Since the focusing curve only takes values at discrete
points, and kip and ki are not integers, F(kip) and F(krp) cannot be directly obtained. The method of
linear interpolation is used to obtain the values of F(kip) and F(krp).

2.2. Steep Region Width (Ws)

The steep region width (Ws) is an important feature of the focusing curve. A narrow Ws indicates
high sensitivity to focus changes, while a wider width suggests lower sensitivity. The Wsis defined
in equation (1),

WY = krcp - klcp (1)

2.3. Steep to Gentle Ratio (Rsg)

The focusing curve is significantly different in steep and gentle region. Generally, the flatter the
gentle region is, the steeper the steep region is. In order to comprehensively measure this
morphological feature of the focusing curve, the steep to gentle ratio (Rs) is proposed, which is
defined in equation (2),

B 2F (k)= F (K
" F(k,,)-F(k

max Imin

) Fl)
Y+ F k)~ F k) 2)

In equation (2), F(kma) is the peak point of the focusing function. F(kisn) and F(krsm) are the lowest
points in the left and right steep regions, respectively. F(kma) and F(kma) are the highest points in the
left and right gentle regions, while F(kmin) and F(kmin) are the lowest points in those same gentle
regions. The Rs; serves as a sensitivity index: a higher value indicates better ability to distinguish
between clear and blurred images.

It should be noted that the number of collected images affects the Ry index. Therefore, this paper
stipulates that the number of collected images should be more than twice the Ws. Generally, as long
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as this requirement is met, increasing the number of collected images will not significantly change
the Rs index.

2.4. Curvature at Peak (Cp)

For applications such as autofocus systems and shape from focus (SFF), the sensitivity of the
focusing function to focus position shift is crucial. The shape of the focusing curve directly reflects
the operator's ability to detect focus position shift. Generally, a steeper focusing curve at its peak
indicates greater sensitivity to focus position shift. The peak point of the focusing curve and the focus
position generally do not coincide, as shown in Figure 3.

Focus position
Peak point

Figure 3. Peak point out of focus.

Due to the variability in the distance between the peak point and the focus during each
measurement, methods that assess the sensitivity of the focusing function by calculating the distance
or slope between the peak point and its neighboring points are not sufficiently robust. Noting that
the second-order difference at the peak point changes in the same direction as the absolute value of
the first-order difference between two adjacent points, this paper proposes to use the curvature at
peak (Cp) to measure the sensitivity of the focus measure operator at the focus, as defined equation

@),

e
e ®

F (kmax) is the first derivative of the focusing curve at the peak point, as shown in equation (4); F
“(kmax) is the second derivative of the focusing curve at the peak point, as shown in equation (5),
F(k +1)=F(k —1)

F'(kmm,) — max 2 max (4)

F'(k_)Y=F(k, +1)-2F(k, )+F(k,  —1) )

max max max max

The Cy describes the bending degree of the focusing curve at the focus. The greater the Cy, the
higher the sensitivity of the operator near the focus is.

2.5. Relative Root Mean Square Error (RRMSE)

During the focusing process, the complexity of the image acquisition environment and image
noise can cause the focusing function value to change. To evaluate the performance of different
focusing functions under noise, Gaussian white noise was added to the image sequence. After noise
processing, the focusing function values generally deviate from the original values, as shown in
Figure 4.
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Curve added noise

Original curve

= Image number————

Figure 4. Comparison of curve added noise and original curve.

A larger deviation between the original curve and the curve added noise indicates reduced
robustness of the focusing function. Therefore, this paper proposes using the relative root mean
square error (RRMSE) to measure the robustness of the focus measure operator. RRMSE is defined
in equation (6).

_1
F(k )

max

N
RRMSE = \/%;[w) ~F(P (6)
In equation (6), Fu(k) represents the focusing function value after noise processing, and N
represents the total number of images. Specifically, a smaller RRMSE indicates stronger resistance to
noise interference, suggesting better robustness in practical applications. It should be noted that due
to the randomness of noise, the RRMSE may vary with each calculation, but the variation is generally
small and negligible.

3. Focus Measure Operators

Focus measure operators based on the spatial domain assess image sharpness by calculating the
difference or gradient of a pixel's gray value. These operators are characterized by low computational
effort and good real-time performance [8], making them ideal for real-time applications. In this paper,
we select eight spatial-domain focus measure operators that are currently in common use, and use
the proposed metrics for quantitative measure.

(1) SMD

The Sum of Modified Differences (SMD) function evaluates the sharpness of an image by
summing the absolute values of gray differences between adjacent pixels in the horizontal and
vertical directions[9].

F=) [110ny) = 1(x+1Ly) |+ 1(x, )~ 1(x,y+ D] @)

(2) Roberts

The squared sum derived from the cross subtraction of the grayscale values of four adjacent
pixels is adopted as the gradient value at each pixel in the Roberts operator[10]. The gradient values
of all pixels are then summed up to obtain the value of the measure function, as shown in equation

().

F= YU G+13) = 1= 1) + [y + )~ [0y =DF ®)

(3) Tenengrad

The Tenengrad focus measure function can be viewed as a treatment of Sobel enhancement,
which calculates the horizontal and vertical gradients of the image by the Sobel operator, which in
turn measures the sharpness of the image edges[11]. Equation (9) and (10) are the horizontal gradient
Gx and vertical gradient Gy of the image by the Sobel operator, respectively.
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G,=0 0 0 [*I(x,») (10)
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The * in equation (9) and (10) represents the convolution symbol, and the Tenengrad focus
measure operator is shown in equation (11).

F=Y G (x.)+G,(x.y) (11)

(4) Brenner
The Brenner focus measure operator is a simple and effective method for image sharpness
measurement, which obtains the focus measure value by squaring the difference of adjacent 2-unit
image pixel[12].
F:Z[I(XJ) -I(x+2, )] (12)
X,y
(5) EOG
Energy of Gradient (EOG) focus measure operator is an image focus measure method based on
gradient energy[13]. by calculating the square sum of the difference between the grey values of
adjacent pixels in the x and y directions in the image as the evaluation value of each pixel as shown
in equation (11).
F=3 {[I(x+1Ly) =100+ (x,y +1D) = 1(x, )]} (13)
(6) EOL
The EOL focus measure function is based on the Laplace operator, which is used as the focus
measure function by calculating the square of the difference between the center point and the
grayscale values in the four directions[14]. as shown in equation (14):
F= Y1+ 1y) + 1(x=1y) +1(ny + D+ 1(x,y =D = 4 (x, )] (14)
xy
(7) SML
The SML focus measure operator is an improvement upon the EOL operator. It measures image
sharpness by calculating the square of the sum of the absolute values of the second-order differences
in the horizontal and vertical directions[15]. As shown in equation (15).
F= 112106 y) = 1(x=Ly) = I(x+Ly)|+[20(x, ) = 1(x,y =) = 1 (x, y + D[ (15)
Xy
(8) Variance
The Variance function is used to measure the degree of dispersion in the distribution of image

gray values[16]. and is achieved by calculating the squared cumulative deviation of each pixel's gray
level from the mean value as shown in equation (16).

F=3(xy) 1T (16)
In equation (16), I represents the mean gray value of the image.
4. Experimental Analyses

4.1. Image Acquisition

d0i:10.20944/preprints202504.0006.v1
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To validate the performance of different focus measure function metrics, this study constructed
a microscopic imaging system, which adopts reflective lighting mode, as shown in Figure 5. The
camera used in the setup is the Hikvision MV-CA(050-10GM black-and-white camera. The objective
lens uses Mitutoyo M Plan APO 10X/0.28. The computer used in the setup runs on the Windows
11(64bit) operating system, equipped with an Intel Corei5-10210U CPU (2.11 GHz) processor.

Figure 5. Microscopic imaging system.

In the industrial sector, planing and grinding are two common machining processes, and the
surface textures produced by these processes show significant differences. The texture of planed
surfaces is more complex and irregular. In contrast, the texture of ground surfaces appears as more
regular micro-textures in images, with stronger directionality and a gentler overall surface. Utilizing
these two types of machined surfaces helps to evaluate the performance of different algorithms when
processing various surfaces. In this paper, 90 images were captured from both planed and ground

surfaces; some examples are shown in Figure 6.
(a) ()
(d) (f)

(b)

(e)
Figure 6. Planed surface image:(a)lst, (b)45th, (c)90th; Ground surface image: (d)1st, (e)45th, (f)90th.

4.1. Analysis of Results

In order to facilitate the comparison of the performance of different focusing functions, it is
generally necessary to normalize the function values. This study employs individual function
normalization, which each focusing function is divided by its maximum value.

The normalized focusing curves derived from the planed surface images using different focus
measure operators are illustrated in Figure 7.


https://doi.org/10.20944/preprints202504.0006.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 April 2025

o
©

o

3

)

kS

©

© © ©o © © o o
&

Normalized Focus measure

o

0 10 20 30 40 50 60 70 80 920
Number of Images

Figure 7. Focusing curves from the planed surface images.

The normalized focusing curves derived from the ground surface images using different focus
measure operators are illustrated in Figure 8.
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Figure 8. Focusing curves from the ground surface images.

The metrics proposed in Section 2 are used to analyze different focus measure operators. The
fitted straight line consists of 7 points. In order to verify the RRMSE index, Gaussian white noise with
variance of 5 is added to the images.

The metrics from the planed surface images are shown in Table 1.

Table 1. Metrics comparison of different operators (Planed Surface).

SMD  Roberts Tenengrad Brenner EOG EOL SML  Variance
W 30.18 31.82 32.19 24.44 23.92 21.21 21.34 35.83
Rsg 3.8391 3.4109 3.0901 4.6899 5.1242 6.6608 6.7004 2.2664
Cy 0.0159 0.0156 0.0153 0.0085 0.0307 0.0303 0.0489 0.0500

RRMSE 0.1679 0.0756 0.0400 0.0375 0.0949 0.4133 0.3687 0.0041

The metrics from the ground surface images are shown in Table 2.

Table 2. Metrics comparison of different operators (Ground Surface).

SMD  Roberts Tenengrad Brenner EOG EOL SML  Variance
W 40.00 40.90 41.20 36.75 36.00 31.53 31.75 41.73
Rsg 3.4043 2.8756 2.6686 4.7012 5.3235 6.3045 6.2466 2.2776
Cp 0.0123 0.0122 0.0121 0.0091 0.0250 0.0241 0.0381 0.0395

RRMSE 0.1278 0.0521 0.0247 0.0594 0.0991 0.3998 0.3505 0.0050

Based on their metrics, the focus measure operators can be divided into two main groups: SMD,
Roberts, Tenengrad, and Variance in one category, and Brenner, EOG, EOL, and SML in the other.
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The former show wider Ws and smaller Rs; and Cp, while the latter show narrower Ws and larger Rsg
and Cp. The former reduces the nonlinear amplification effect brought by the squaring operation,
making it less sensitive but more robust. The latter amplifies the effect of gradient changes by
squaring operation, thus highlighting the edges and details of the image more. These operators are
more sensitive to changes in the sharpness of the image, with higher sensitivity.

A side-by-side comparison of the three operators (SMD, Roberts, and Tenengrad) reveals that
there is little difference in Cy and Ws. The Rs; metric of SMD operator is large, and the RRMSE metric
of Tenengrad operator is small. The Variance operator exhibits the largest Ws metric among all
operators, the best RRMSE metric, and the worst Rsg and Rpg metrics.

The four operators Brenner, EOG, EOL and SML can be categorized into two groups. Brenner
belongs to one group with EOG. EOL and SML belong to one group. The former has better
robustness, while the latter has higher sensitivity.

The sensitivity indices of the Brenner and the EOG operators shows no significant difference.
The EOG holds a slight advantage in Rs. In contrast, in the RRMSE index, the Brenner operator
demonstrates a greater advantage.

The SML operator is an improved form based on the EOL operator, which avoids the problem
of positive and negative difference cancelation by calculating the gradient change in the horizontal
and vertical directions separately, and adding the absolute value operation to the second-order
difference in each direction. It can be seen that the difference between the EOL operator and the SML
operator is very small in terms of the sensitivity index, but the SML operator is better than the EOL
operator in terms of the RRMSE index, which indicates that the SML operator has a better robustness.
In general, both of them have outstanding sensitivity but poor robustness.

In summary, the EOL and SML operators exhibit the highest sensitivity but demonstrate limited
robustness. The performance of the Variance operator is more extreme, showing the best robustness
but poor sensitivity. The Brenner and Tenengrad operators strike a relatively good balance between
sensitivity and robustness.

From the experimental results, it can be seen that, although the application scenarios are
different, the results of the proposed metrics are basically consistent on both the planed and ground
surfaces. Combined with the analysis of the algorithmic principles of various focus measure
operators, the proposed metrics are reasonable and can effectively distinguish the differences
between different focus measure operators. Researchers can weigh the sensitivity, robustness, and
computational complexity of operators based on scene requirements, enabling optimal selection of
focus measure operators using the proposed metrics. Meanwhile, these metrics also provide a
theoretical foundation for designing new ones.

5. Conclusions

This study quantitatively assesses the performance of focus measure operators by analyzing the
shape of the focusing curve. The focusing curve can be divided into steep and gentle regions, with
the division method being a critical aspect. A method to divide the steep and gentle regions was
proposed. Four metrics, namely, Ws, Rs;, Cp, and RRMSE were designed. To validate their
effectiveness, commonly used operators were selected for experimental testing. The results show that
the proposed metrics are basically consistent in different scenarios. They can effectively evaluate the
performance of different operators. These metrics provide a theoretical foundation for the selection
of appropriate operators in tasks such as autofocus systems.
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