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Abstract: The current developments in the theory of quantum static triplet correlations and their
associated structures (real r-space and Fourier k-space) in monatomic fluids are reviewed. The main
framework utilized is Feynman’s path integral formalism (PI) and the issues addressed cover
quantum diffraction effects and zero-spin bosonic exchange. The structures are associated with the
external weak fields that reveal their nature, and due attention is paid to the underlying pair level
structures. Without the pair level one cannot fully grasp the triplet extensions in the hierarchical
ladder of structures, as both the pair and the triplet structures are essential ingredients in the triplet
response functions. Three general classes of PI structures do arise: centroid, total continuous linear
response, and instantaneous. Use of functional differentiation techniques is widely made and, as a
bonus, this leads to identify an exact extension of the “classical isomorphism” when the centroid
structures are considered. In this connection, the direct correlation functions, as borrowed from
classical statistical mechanics, play a key role (either exact or approximate) in the corresponding
quantum applications. Additionally, as an auxiliary framework, the traditional closure schemes for
triplets are also discussed, owing to their potential usefulness for rationalizing PI triplet results. To
illustrate some basic concepts, new numerical calculations (path integral Monte Carlo PIMC and
closures) are reported. They are focused on the purely diffraction regime and deal with supercritical
helium-3 and the quantum hard-sphere fluid.

Keywords: Quantum triplets; quantum fluids; path integral Monte Carlo; triplet closures;
Ornstein-Zernike treatments

1. Introduction

The study of the correlations between the particles of a system is key to the understanding of its
behavior, classical or quantum. Without trying to be exhaustive, one may mention the following main
lines in which are involved: (a) equilibrium thermodynamics [1-13]; (b) time-dependent phenomena
[12-22]; (c.1) the experimental [23-31] and/or (c.2) computational [7-13,17,32-46] techniques for their
practical determinations; and (d) the fundamental questions related to entanglement and separability
[47-53]. Each of these lines forms a whole body of knowledge with direct/indirect practical
applications, ranging from phase equilibria and stability to quantum networks and information.
Furthermore, all of them taken together display useful and revealing intersection areas. In this
connection, the present article will focus on statistical mechanics issues at the intersection between
lines (a) and (c.2), by selecting the somewhat forgotten topic of the triplet correlations in equilibrium
quantum monatomic fluids (in 3-D space) at nonzero temperatures. This situation contrasts sharply
with that of the classical fluid, for which insightful theoretical and computational developments have
been available in the literature for a long time (see for instance References [37,38,41-45]).

As a convention, the concept “monatomic fluids” can imply either actual fluids composed of
atoms or model fluids composed of structureless particles (one-site). In this work, both terms atom
and particle will be used indistinctly. Also, it is convenient to stress that in a broad sense the general
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concept of equilibrium “correlations” encompasses the usual fluid structures g,, in the real r-space
and the response functions S™ in the reciprocal Fourier k-space (1 refers to the number of particles
involved in their formulations). Both types of static structures are connected essentially through
Fourier transforms, which are far from trivial for n > 3 [3,7,9,11,41]. One also notes that an extended
use has assigned the names correlation functions and structure factors to the g, and the S™,
respectively. This is the convention followed in this article, although depending on the context
“correlations” or “structures” will be used occasionally in the global sense.

For homogeneous and isotropic monatomic fluids, at the pair level (n = 2) one deals with 2-D
structural functions, whilst at the triplet level (n = 3) one deals with 4-D structural functions.
Contrarily to the pair functions, the triplet functions cannot be extracted from radiation scattering
experiments, because the triplet contribution to the scattering intensity is negligible as compared to
the rest of the contributions that shape the differential cross section [24]. Therefore, a comprehensive
quantum fluid triplet study, which goes beyond the time-honored closure-theory attempts [3,39,40],
entails an appropriately developed theoretical framework, which must be complemented with very
powerful computational means. In this way, one can perform the extensive numerical calculations
needed (the experiments here). From recent path-integral Monte Carlo plus approximate closure
works by the present author [54-60], one may feel that the time is becoming ripe to start undertaking
the triplet topic. As in the classical domain the interest in this quantum task does justify by itself, if
only because it makes statistical mechanics go beyond the usual pair level. But for those more
application-orientated, one may point out that there are many questions which can benefit from such
development (e.g., further fluid structural characterizations of the fluid-solid transition [6,41,61,62],
phonon-phonon interactions in superfluids [40], time-dependent phenomena [16-23,33,34] (see
Reference [24] to infer the possible connections), colloid suspension properties [63,64], etc.). In
relation to this, it may be motivating to mention the empirical relationships found for the maxima of
the equilateral correlations in r-space of the quantum hard-sphere (QHS) fluid along the
crystallization line [59], and the surprising success of closures in capturing significant quantum fluid
triplet features [59,60]. The reader should be aware however that the quantum fluid complexity is far
greater than that of its classical fluid counterpart, as will be discussed in detail in this article.

The outline of this article is as follows. Section 2 is devoted to giving an introductory global
description of the context in which the quantum triplet topic is inserted, together with its current
state of development. Section 3 contains a condensed presentation of the pair and triplet structures
in classical statistical mechanics. Why? Because, although there are radical differences between the
classical and the quantum domains, both share a good deal of the general notations involved, plus a
significant number of basic concepts and tools used (e.g., functional differentiation and closures).
This excursion into the classical background is expected to ease the way to the quantum fluid
discussion. Section 4 reviews the basic theory of Feynman’s path integrals PI in (thermal) imaginary
time [4,7,9]. When complemented with computer simulations (resembling somehow the classical
ones), PI can be utilized for the complete study of quantum fluid static triplets (r-space and k-space)
in the diffraction and the bosonic exchange regime (more on the exchange issues later). Section 5
focuses upon the higher complexity of the quantum fluid structures as revealed by PI, concentrating
on the quantum diffraction regime by reason of its fundamental role. Thus, one finds that the single
structural class present in the classical domain, C, composed of pairs {g,,S™} o SPplits into three
different structural classes, namely instantaneous ETn, {g,,S (")}ET, total continuous linear response
TLRn, {G,, S (")}TLR, and centroids CMn, {g,, S (")}CM [7,9,11]. The discussion focuses on n =3,
although paying due attention to n = 2, by reason of its importance when studying triplets. The
parallel extension to zero-spin particles and bosonic fluids is deferred to an Appendix. To illustrate
some of the main points discussed, a set of various results are included in this Section 5. The studied
systems are helium-3 under supercritical conditions, and the quantum hard-sphere fluid on its
crystallization line. For helium-3 the results are related to the r- and k-spaces, while for quantum
hard spheres are on k-space. Section 6 gives a summary description of the systems, and the methods
used to facilitate the understanding of the reported results. The methods are path integral Monte
Carlo simulations (PIMC) and a significant number of closures, such as Kirkwood superposition
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(KS3) [37], Jackson-Feenberg (JE3) [40], the intermediate AV3 =(KS3+JF3)/2 [59], Barrat-Hansen-
Pastore (BHP3) [41], and Denton-Ashcroft [65]. Section 7 contains a series of final remarks together
with directions for future research. Finally, two Appendices, I the boson fluid and II a list of acronyms
and basic associated references for the reader’s convenience, close this work.

2. Setting Quantum Fluid Triplets in Their Context

Before entering the mathematical formulations, it seems useful to give an introductory guide for
situating the triplet topic in its statistical mechanics context. This will also serve the purpose of
introducing some basic concepts and notations. Unrestricted reference to the classical domain is made
in what follows. By doing so, the fundamental quantum departures from the common ground are
expected to be fully grasped by readers not very familiar with the structural issues.

2.1. The Tackling of the Classical and the Quantum Domains

The use of computers has given a definitive impulse to every aspect of modern research
activities. As regards condensed matter physics, the related computer applications have been guided
by the numerical implementations of two central lines of thought: approximate theories about the
fluid behavior (e.g., see References [2-6]), and the powerful simulation techniques which started from
the works by Metropolis et al. (Monte Carlo MC) [66] and Alder and Wainwright (molecular
dynamics MD) [67]. In fact, all these methodologies have made it possible to circumvent both
theoretical and experimental difficulties that impeded further developments in statistical mechanics.
In this connection, suffice it to recall two examples directly relevant to the triplet question: (a) the
practical solution of the problem posed by the hierarchical nature of the n-particle correlation
functions g, in r-space (i.e., the exact Bogolyubov-Born-Green-Kirkwood-Yvon BBGKY hierarchy
[2-6]), enabling one to compute via simulations the g, independently of one another [13,42]; and (b)
the possibilities of devising computational alternatives for remedying the lack of experimental
techniques [24] to determine structure factors S in k-space (and thus g,, correlation functions in
r-space) beyond the pair level n = 2.

The approximate theories in their most useful forms utilize closures, which allow one to tackle
the calculations of the g, andthe S(™ functions. These two types of objects are in general connected
through nontrivial Fourier transforms [3,7-9,11,13,24,41]. Closures in r-space hypothesize
relationships between a correlation function of order n, g,, and the set of lower-order correlation
functions (e.g., KS3 [37], JF3 [40], or other choices [26,27,38]). To compute the S™, which are far
more complicated objects, additional correlation functions in r-space are introduced. The latter are
the so-called direct correlation functions c¢,, which are based on Ornstein-Zernike OZn
concepts [1,68] (e.g., for c,: Percus-Yevick [5,69-71], hypernetted chain [6,69-71], or Baxter’s
partition [72]; and for c3;: Barrat-Hansen-Pastore [41], or Denton-Ashcroft [65]). Nowdays the
relative importance of closures has obviously decreased in favor of simulation, but one should not
adopt a cavalier attitude towards them. Indeed, these closure-theories may yield, at a much lower
cost, excellent results as compared to simulation or experiments for key pair quantities (e.g., classical
and quantum k-space pair structure factors S®)) [13,46,72] and, also, insightful pictures of the
complex structural problems at the triplet level [37-41,58-60,65].

The two basic simulation techniques, MC and MD, exploit the properties of the statistical
mechanics ensembles using a finite sample to model the real fluid behavior (e.g., in the canonical
ensemble (Ns, Vs, T), Ns =number of particles, Vs =volume of the simulation box, T = temperature)
[2,5,6,12,13,17,71]. These applications are consistent with the concept of thermodynamic limit, T —
lim: for {Ns, Vs} = o, such that ﬁ—j = finite # 0, the intensive quantities are independent of the

system size [5] (surface effects from a container are not considered). MC is an elaborate stochastic
Markov process that generates particle configurations compatible with the equilibrium state of the
fluid being modelled. MD is based on the solving of the equations of motion (e.g., Newton's) for the
particles in the modelled fluid, either in equilibrium or in nonequilibrium states. MC provides “exact”
results, since it is essentially a multi-dimensional numerical integration method, and it can be
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extended to deal with quantum many-body systems at non-zero temperatures [9,13,16]. However,
the MD reliability is different depending on the classical or the quantum nature of the application.
Thus, although for the time-evolution in classical fluids MD provides a perfectly defined calculational
framework [13,17], the same does not occur for quantum fluids because of Heisenberg’s uncertainty
principle. Hence, the related quantum dynamics applications are of limited validity, this being a
general issue that remains an open problem. (See the appealing formulations and results, based on
the PI formalism [4], reported in References [18,19,21,22,33,34]). It must be stated that within the
quantum domain PI is the theoretical framework that has led to the implementation of the most
powerful simulation techniques to date for investigating equilibrium states. The two basic techniques
are path-integral Monte Carlo (PIMC) and path-integral molecular dynamics (PIMD), the latter being
an equilibrium construction that bears no connection with the actual time evolution of the system
[7,9-11,35,36,46,73-97]. All these developments of Feynman’s PI owe much to the pioneering works
by Barker [73], Chandler and Wolynes [7], Berne et al. [16,74,81], and Ceperley and Pollock [9,77,78].
It is worthwhile to mention that, in addition to the diffraction and the bosonic exchange regimes
[9,35,36,78], a further PI extension involving Wigner’s formulation (WPIMC) has been used recently
by Filinov et al. to study in a practical way fermionic exchange [98,99], an issue that remained far
from accurate PIMC computations owing to the so-called “sign problem” [98,100,101].

2.2. Hamiltonians and Interparticle Potentials

Any of the foregoing computer applications must incorporate as a key ingredient a model for
describing the interactions between the actual particles composing the fluid. These models are built
by employing any (or all) of the following methods [13,102-118]: geometrical arguments (e.g., hard
spheres), experimental data, and quantum mechanical reasoning/computations. In this regard, it is
well-known that the Born-Oppenheimer approximation (BOA) [119], aided again by the availability
of increasing computational resources, has been instrumental in developing the quantum study of
real systems. Among its many applications, those of interest in the structural study of fluids may be
listed as follows: interatomic/intermolecular interactions [102-109], molecular properties in
condensed phases [109-112], properties of atomic/molecular clusters or far larger assemblies, etc.
[113-118]. Note that for an isolated polyatomic system BOA defines its electronic energy (including
obviously the nuclear repulsions) as the potential energy for the motions of the nuclei within the
overall atomic structure. Consequently, for a set of N atoms, from the consideration of a number of
geometries of the nuclei at fixed positions q; in 3-D space, operational forms of the global potential
energy V™ can be determined quantum mechanically as sums of n-body contributions (two-body,
three-body, etc.) that depend only on the positions q;. The point is that a quantum average over the
electronic coordinates is to be performed, and this leads to a model of the polyatomic system in which
the effective centers for the interactions are placed at the positions of the nuclei, i.e., the non-
collapsing and tempered function V™ (qy,qy, ..., qy) [5].

Therefore, for an isolated monatomic fluid one can write the model Hamiltonian in the
conveniently simplified form:

2
HEY = K +v ™ = S0, 2L 4 v(qy,qy, ., qn), (1)

where p; is the momentum of atom j and m is the atom mass. (The p; and q; are to be interpreted
as classical dynamical functions or as quantum operators, depending on the application; explicit spin
interactions are disregarded). Among the V(™ constructions, the success of the pairwise approach,
V™ =3, v(r;), has been fundamental. The latter form usually contains “averaged” many-body
effects in the “pair” potential v(rjl), T = |q i~ ql|, [13] and has yielded a thorough understanding
of fluid systems. Particularly, this is true of monatomic fluids at equilibrium, regardless of their
classical or quantum behavior [9,13,17]. One also notes that the use of explicit many-body sums for
V™ becomes necessary when the relative orientations of three [102,103,108] or more atoms (or
particles in general) play an important role, as for example at very high densities in the solid state
[115-117], or when the fixing of the n-body terms is strictly individualized with the use of quantum
chemical computations [108,114].
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The final test of an interaction model is the comparison with experiment of the calculated
properties (e.g., for fluids: the pair structures S @ (k) and g,(r), the internal energies E, the
pressures p, etc.). In this regard, one must realize that the form Equation (1) for the Hamiltonian is
perfectly suited for comparisons of the related fluid pair structures, fixed via computations, with
those determined through radiation scattering experiments (X-ray, neutron diffraction) [5,6,23,28—
30]. In turn, from these comparisons one can improve the predictive power of the interaction model
via further fittings of its parameters [13].

Also, it is important to point out that although the fluid particle correlations are induced by the
particle interactions (including those coming from quantum symmetries), both concepts are generally
not the same thing. Thus, the many-body correlations may not be specifically associated with an
explicit inclusion in the calculations of three-body or higher-order potential energy contributions.
Note, for example, that in a monatomic gas described with just a pair potential v(r;;), one can identify
correlations of any order between the atoms. Within such a context, a key fact that may guarantee the
high quality of the computed triplet structures is associated with the fluid description achieved via
v(r;;), albeit this might not be sufficient and evaluations with alternative interaction models, or
calculations of special fluid properties involving these structures [3,40,44], could be necessary to settle
the question.

2.3. Classical Calculations

As mentioned earlier, the classical and PI-quantum applications share several basic features and
problems (thermodynamic evaluations can be carried out alongside those of the equilibrium
structures and/or utilize the latter [9,13]). Therefore, consideration is given first to the classical case,
and the specific quantum characteristics will be discussed afterwards.

The equilibrium classical developments have focused mainly on the pair and the triplet levels,
the two basic sets being: {gz(r);S(z)(k)}C, {95(r,s,1); S® (ky, ky, cos q,’))}c [13,24,41-45,120-124].
The distances 7, s, and u define a triplet configuration of three generic atoms: r = |q; — q3|, s =
lq; — qz|, u = |q; — q3]|. The k variables of the response Fourier functions are the wavenumbers k =
|k| of the related (elastic) momentum transfers Ak from an external weak field to the fluid (¢ is the
angle between k; and k;, and can be used in lieu of cos¢ inS (3)) [5,6,41]. Recall that in going
from n=2 to n=3 the expected computational load must increase greatly, since the
dimensionality of the problem goes from 2-D to 4-D.

The classical pair level can be solved via simulation to a high degree of accuracy. However, the
g2 calculations are more affordable and straightforward than those of § @, which encounter some
difficulties. The latter are brought about by the necessity of: (a) scanning wavevectors k
commensurate with the simulation box, i.e., for the usual cubic box k = (ZTT[) (kx, ky, kz), with
k. ky, k, integers and L the box length; and (b) the use of equal-modulus sets of vectors {k,,} for a
given value k = |K,,|. Accordingly, the S® — simulation task is far more expensive than that of g,
and, more critically, does not permit the direct calculation of the k = 0 component, which is a central
thermodynamic quantity: the dimensionless isothermal compressibility, S®(k = 0) = pyksTxr,

V \op
statistical mechanics practitioners and, instead of employing extended simulation schemes looking
for reliable (and unnecessarily expensive) k — 0 extrapolations, one can utilize methods based on

where py is the bulk (number) density and y; = —i(a—v) [13]. These features are well known by
T

the direct MC/MD simulation of g, complemented with well-grounded closure procedures
[13,71,72,125-127]. The latter involve the OZ2 framework, which yields the pair direct correlation
function c¢,(r), a function that shows a very rapid decay to zero with increasing distances. This
function is decisive in circumventing the difficulties mentioned above and provides, through its
Fourier transform, a highly accurate and cost-effective answer to the whole pair structure factor
problem: thatis S® (k) for k > 0.

As regards triplets, the whole situation is not so well developed. The simulation techniques are
certainly possible in this context [41,42,44,45,120-124], albeit the abovementioned drawbacks at the
pair level are clearly augmented. To diminish the cost of full 4-D computations in both r-space and
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k-space, the triplet studies have concentrated mainly on the considered as the most characteristic
features, namely the statistical properties of the equilateral and isosceles features. The descriptions
so obtained are not complete, but one can expect them to be sufficiently informative for many
practical purposes [41,120-124]. However, if more detailed triplet results are needed, they can be
fixed for g; in r-space through affordable simulations [44], albeit for S® in k-space the
computational load increases largely. At this juncture one might think of using a combination of
simulation and closures [41,120-124], as achieved at the pair level, that is, using the simulated g3
(and g,!) to fix S®. Nevertheless, the computations of g;(r,s,u) would have to be quite complete
over the three spatial dimensions for the Fourier transforms to be obtained accurately [120,121]. In
addition, the alternative based on OZ3 direct correlation functions, i.e., Baxter’s c, hierarchy [68],
remains in general uncertain due to the lack of a univocal formulation that cuts the hierarchy in a
generally significant way [41,65,68,128,129]. Despite these difficulties, the use of closures is a very
useful source of information (e.g., for g;: Kirkwood superposition KS3 [37], Jackson-Feenberg JF3
[40], the intermediate AV3 =(KS3+JF3)/2 [59], and/or for c5: Barratet al. BHP3 [41], Denton-Ashcroft
DAS3 [65]).

For the current purposes, it seems natural to characterize the structural complexity associated
with a classical monatomic fluid by the class Cn = {g,; S™} o Such class might be extended to
include c,, thus separating the two ways to obtain S™ (simulation and direct correlation
functions), but given the direct relationships between the c, and the S™ that measure does not
seem necessary. By doing so, the comparison with the quantum case is expected to be clearer by
avoiding unnecessary complications to the essence of the related discussion. Moreover, direct
correlation functions in the quantum case do not have the same general status as in the classical
domain, which makes their absence from Cn a reasonable choice.

2.4. Quantum Calculations: Path Integrals

The consideration of the structural study of quantum monatomic fluids at equilibrium is in order
now. The classical approach is an idealization in which thermal quantum effects can be neglected at
sufficiently high temperature T. However, as T is lowered, the quantum diffraction regime becomes
non-negligible, its importance being greater with diminishing temperatures and increasing densities.
Furthermore, for sufficiently low T quantum exchange regimes (Bose-Einstein or Fermi-Dirac spin
statistics) show up and must be taken into account [9,36,98,99]. All the classical simulation difficulties
are also present in this context, with the added intricacies arising from the variety of quantum effects.
In this regard, diffraction effects and zero-spin bosonic statistics can be tackled, broadly speaking,
along lines of thought that are somewhat parallel. These are the subjects of the present article, whose
interest is clear if one considers that every fluid can undergo diffraction effects, and that helium-4 as
being composed of zero-spin particles is a paradigm for boson superfluids. Nevertheless, the
treatment of quantum fluids with non-zero spin statistics is far more complex, owing to the roles that
can be played by: (a) the multiplicity of spin states, (b) the intrinsic half-integer spin statistics
difficulties (fermionic fluids), or (c) the magnetic interactions with external fields. All these more
general cases will not be addressed in this work, which is focused on the current state of equilibrium
triplet structure studies.

To begin with, the quantum monatomic fluid under diffraction effects displays three structural
classes, which can be seen as arising from the particle delocalizations that produce a splitting of the
classical Cn. These new classes are associated with three different forms of linear response from the
quantum fluid to an external weak field. This means that if the structural complexity of the classical
monatomic fluid is taken as a reference, the complexity of this quantum counterpart is (at least) three
times higher. These quantum classes are revealed by the PI formalism [7,9,18,19,55,84,130], and are
known as: instantaneous (ETn), total continuous linear response (TLRn), and centroids (CMn). The
general scheme for any of them is just the same as before, correlation functions and structure factors,
but with TLRn involving self-particle correlations; such a fact makes this latter class a distinct one.

For notational convenience [11] these quantum classes will be denoted as: ETn = {gETn;Sg)} ,
Q
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TLRn = {GTLRn; S;’ZL}Q, and CMn = {gCMn ; Sg‘l,,)}Q. Their connections with external weak fields are as

follows: (a) as ETn is a close “analogous” to Cn, then the corresponding fields are those of elastic
neutron scattering or X-ray diffraction [23,28]; (b) TLRn arises from the action of continuous fields
[11]; and (c) CMn is a particular case of the latter and corresponds to a field of constant strength
[19,130], also showing a truly deep classical-like character [55,130]. On the one hand, the first two
classes can be measured experimentally at the pair level n = 2, that is, ET2 and TLR2; from a wider
perspective, these measurements also show connections with dynamic quantities via sum rules
[23,29,30]. On the other hand, CM2 cannot be fixed directly through experiments, although it is very
useful as an auxiliary object for theoretical developments [18,19,33,34,130-137]. (Beyond n = 2 recall
that no structural measurement is experimentally obtainable today).

To get a first feeling of the Pl-origin of these classes, a simple image will suffice [4]. Under
diffraction conditions at temperature T every actual particle with mass m delocalizes in the form of a

h
J2mmkgT *

Accordingly, there are many possibilities for defining interparticle distances, but within the current

thermal packet, its size being related to the thermal de Broglie wavelength Az =

response context three sorts of physically significant PI interparticle distances arise [7,9,11,84,130],
each associated with one of the three PI classes. Although their exact nature will be discussed in
Section 5 of this article, just for visualization purposes notice that the CMn class is built on the
distances between the thermal packet centers, which are termed centroids or “centers of mass”. The
other two classes involve more elaborate forms of distances between the particle thermal packets.
Although the higher complexity of the structural quantum case should be clear at this point, there is
still more to this issue that deserves consideration, as the following PI calculational facts reveal.

The quantum PI simulations in the diffraction-effects regime (PIMC, PIMD) describe the
delocalized atoms in real 3-D space through a statistical distribution of (closed) elastic “necklaces”
with P “beads” apiece (i.e., the thermal packets: one P-necklace per actual atom) [4,7,9]. P is a
positive integer, greater than 1, which is to be optimized and represents a compromise between
statistical convergence and theoretical accuracy. The latter is given by the Trotter’s limit P — oo
[138], in which necklaces transform into continuous closed paths in Euclidean (imaginary) time fh =
h/kgT, and an exact representation of the actual atoms and the fluid is retrieved [9]. (There is an
alternate and equivalent PI formulation based on the Fourier expansions of the paths [139,140], but it
will not be analyzed in this work). An actual fluid composed of N atoms is thus modelled by a set of
N X P beads. Therefore, P plays a decisive role in the simulation studies of the quantum structures
(of course, using a reduced sample Ng X P): it makes them far more expensive than those of the
classical case where P = 1. Furthermore, apart from such an increase in the computational effort just
to generate the equilibrium configurations, and of the usual N-dependences of any of the n-th order
structure calculations [2,13], to obtain the structures it is crucial to point out that: the instantaneous
(ETn) calculations scale as P, the total continuous linear response (TLRn) do as P", and the centroid
(CMn) do as in the classical case.

As stressed, when diffraction effects dominate the fluid behavior, and thus exchange interactions
can be neglected, the PI necklaces are closed. However, if quantum exchange cannot be neglected,
one faces complicated mixtures of closed and open necklaces, the latter interlinking with one another,
in response to the corresponding permutations among atoms [7,9,35,36,78]. Within the PI-description,
the physically significant interparticle distances are defined by specific inter-bead distances (ETn and
TLRn), or by constructions that use the bead positions (CMn), as will be shown in detail in Section 5
(diffraction effects) and Appendix I (zero-spin bosonic exchange) [9,35,130,132-135].

Therefore, the quantum structural complexity extremely exceeds in practice that of the classical
case. Even if one only wishes to perform a full structural study including up to the triplet level, the
PI computational effort appears today as a daunting task. As an aside, one may mention the
approximate frameworks arising from the exact PI formalism (i.e., Feynman-Hibbs potentials [4,140]
and their generalizations [141,142]), which can be utilized to carry out thermodynamic and structural
studies of fluids with weak quantum behavior [11,131,143-145]. Although their applicability is
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certainly limited, they are far from being computationally expensive, and turn out to be very useful
due to the intuitive structural pictures they provide at both the pair and the triplet levels [11].

2.5. Quantum Calculations: Closures

As regards closure-theories, their applications to quantum fluids may be carried out by
following/adapting the same methodologies as those employed for classical fluids in both the r-space
and the k-space. Actually, these adaptations have gone both ways (classical <> quantum), which has
been a normal practice throughout the years [3,37-41,65,68-72,125-128]. However, the related
theoretical quantum grounds deserve especial consideration, which becomes clear when applying
OZn schemes.

Thus, by focusing on diffraction effects, it is very interesting that OZn turns out to be a rigorous
framework for the centroid class CMn [55], albeit OZn is only approximate for ETn and TLRn [11].
Surprisingly, despite such mathematical observation, excellent results, as compared to experiment
and simulation, have been obtained when fixing the three pair structure factors, S ézT)(k), S;ﬂe k),
and ng (k), by OZ2-treating the corresponding Pl-simulated correlation functions
[11,46,55,60,62,131,136,144,145]. The OZ2 calculations are much less demanding than those carried
out with PIMC in k-space, and the results for k > 0 obtained with PIMC and OZ2 are almost
indistinguishable from one another [46]. Moreover, the OZ2 evaluations of the k = 0 components
are obtained with great accuracy as part of the whole S@(k) determinations. Furthermore,
according to the extended compressibility theorem [130], there is the exact formulation of the
isothermal compressibility yr of the fluid that can be achieved with OZ2 through the centroid
component Séf} (k = 0) = pykpT xr. This implies that the OZ2 applications to the CM2 correlations
gemz2(R) produce, in principle, exact values for y;r (within the accuracy and precision of the
calculations performed) [130,136]. For the cases ET2 and TLR2, which in rigor must share that same
centroid k = 0 value [130], one can obtain approximate, though very valuable, y; estimates via
0OZ2 [46,60,62]. As regards triplet closures, the question is open and must be settled through
comparison with exact PIMC/PIMD results. Although uncertainties larger than in the classical
domain might be expected here, some promising results have been obtained lately [58-60] as
summarized below. In relation to bosonic exchange, even though closures were employed in the past
to deal with zero-spin/charged fluids [3,39,40,69], their use is not so straightforward, and some
consideration will be given in Appendix L.

2.6. Some Recent Quantum Triplet Facts

To close this overview, three motivating pieces of information on quantum fluid triplets in the
diffraction regime, obtained recently with PIMC and closures, may be worth giving here.

(i) For the quantum hard-sphere fluid on the crystallization line [59], the PIMC absolute
maximum amplitudes of the instantaneous (ET) and centroid (CM) pair and equilateral structures,
ie, g;(ry) and gs(ry, Ty, 7w), do follow empirical behaviors of the type ay ™, where y = pyA3 is
the degeneracy parameter, and a and b are positive constants.

(if) A preliminary PIMC triplet study of liquid para-hydrogen in k-space [58] suggests that on
the quantum crystallization line there might exist an almost “constancy” (i.e., values in a relatively
narrow interval) of a salient trait in the centroid triplet structure factor (e.g., the maximum of the
equilateral components Sg} (ky, kM,g) or an isosceles amplitude located nearby). If confirmed, this
could be a parallel to the quantum freezing constancy observed at the pair level of the centroid
maximum amplitude Sc(.,zv? (ky) for a given fluid [62]. (At the pair level there is no general quantum
extension of the classical Hansen-Verlet rule [6] for the centroid maximum amplitudes Sc(.,zv? (km))-

(iii) The applicability of closures to quantum triplets could have a broader scope than suspected
and be very helpful to provide physically significant pictures of the different quantum triplet
behaviors in cost-effective ways. Even though the available information on closure applications to
quantum triplets is scarce [54—60], for a wide range of quantum diffraction conditions (quantum hard
spheres [59] and supercritical helium-3 [60], the intermediate triplet closure AV3 = (KS3+JF3)/2 in r-
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space captures significant features of the correlation functions ggr3(r,s,s) and geys(r,s,s).
Consequently, improvements on the AV3 closure, e.g., via adaptations of Abe’s expansion [38],
should be well-worth exploring.

3. Equilibrium Classical Fluid Triplets

A homogeneous and isotropic classical monatomic fluid is considered, which will serve as a
reference for basic notations, concepts, and tools, when presenting the quantum fluid discussion. A
summary description of both the pair and the triplet levels is given because a complete study of the
triplet level (n = 3) already involves the consideration of the pair level (n = 2) [37-41]. The grand
canonical ensemble (u,V,T) is employed in all the derivations, with the mean number density being
py = (N)/V, and the interatomic distances denoted by r; = |q 5 — ql|. The partition function reads as

(2]:
N
Ec = Znz0€Xp(BUN)Zy o (N, V, T) = Tyzo =y  dr” x exp[-BV ™ (rM)], 2)
where p is the chemical potential, § the inverse temperature k:TT' Zy the partition function of the

canonical ensemble (N,V,T), z the activity Ag°exp(Bu), and dr" =drydr,..dry is the 3N-
dimensional element of volume for N atoms. Throughout this article, the ensemble averages are
denoted by (...), which in their definitions contain the division by the corresponding partition
function.

3.1. r-Space Correlation Functions

The one-point density dynamical function is simply givenby ¥;8(r; — q,), its ensemble average
being p,E,l)(ql) = py. The pair g, and triplet g; correlation functions are probability density

functions (not normalized to unity) derived from the partition function Z; [2]. These functions can
be defined with the help of Dirac’s § as [5]:

P’ (@1, 02) = Pf92(a1, 82) = PRg2(rio) = (Bjer 8(5 — a1)0( — @) = (32)
2o Tz [ drY X exp[—V )] X 80 8( — )8 — az),  (3b)

PIEIS) (41,92,93) = piv95(A1, 92, 93) = pig3(112,713,723) = (4a)
i (Xjerem=j 6(17 — 41)8(r, — 42)8(r — q3)) = (4b)

o Znao 7 J AT X exp[ =BV ()] X Tama; 8(15 = 42)8(x — 4206 — q). (4)

Note that g, and g; are intensive quantities which depend on py and T and, essentially, they
are given by the ensemble averages of the two- and three- point density dynamical functions (notice
the avoidance of self-contributions). Their normalizations read as [2]:

pi J da.dq, go(11;) = (N(N = 1)), (5)

px J dq,dq,dqs 93(7'12:7'13,7'23) =(N(N = 1)(N - 2)). (6)

A powerful alternate way to formulate the foregoing correlation functions is based on the use of
the functional differentiation of InZ, with respect to the variations §¥ in an external weak field ¥,
which acts on every particle as W(r") =3;¥(r;) [56,146-148]. The resulting equations are
somewhat involved, but they lead to the physical interpretation of these functions as directly related
to the response from the fluid to W. By starting from Z;(¥) given by

ZN

Ec(¥) = Znzo XP(BUN)Zy c(¥) = Tzo o7  dr™ x exp [ (VOO ) + w(r™))|, ()
one obtains the following set of equations:

SInEc(W¥P)
—ksT ;P(fh) = pl(vl)(qlikp) =T(q; W), (8a)
_ 2 8Pnsc(W) _ Sri(qu¥) _ .
(—kgT) @)Y kBT—SLP(qZ) =T(q1,q2; ), (8b)
_ 3 83InEc(¥) _ 8T2(q1,92%) _ .
ChsT) S aswiasw@ — T vy 13(0n 02 G35 P). o)

The foregoing development can be easily generalized to obtain the hierarchy of functionals
{[,,(¥)}, which can be seen as the recursive definition of the properties I; (¥) of the inhomogeneous
fluid in the presence of the external field ¥. By letting ¥ — 0, the I}, functionals/properties on the
right-hand sides of Equations (8a)-(8c) transform into properties of the isolated fluid


https://doi.org/10.20944/preprints202409.2079.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 September 2024

10

Ii(q;¥=0)= pz(vl)(%ikp =0) = (Zﬂyﬂ 5(1}' - ‘h)) = Pn, (9a)
B az:¥ = 0) =((ZL6(5 —a1) — ) Cli 6 —a) —pn)),  (9b)
[3(41,92, 93 = 0) =

((Z?]:l 5(1}' - (h) - PN)(Z{V=1 o(r —qz) — pN)(Z%:l S5y — q3) — py)). (9¢)
which, as shown in Equations (9b)-(9c), give the two- and three- body spontaneous fluctuations of
the fluid density. The explicit formulas for I, and I3 are standard knowledge in classical statistical
mechanics [41,146-148], and for brevity are not written here. It is easy to see, however, that I
contains contributions of the I, type. Note that the pair correlation function g, is contained in the
formula of T;(qy,q;; ¥ =0), and that both correlation functions g, and g5 are in that of
I3(qy, 92,93, W = 0). As an aside, note that for the canonical component Zy . (¥) the following
complementary identities hold:

2
[ dq;dg, et =

2 W(ql)azg‘};)z_ (:v)
J 492495 5 Sy = O (%)
which is the expected behavior of this type of integrals, since there are no fluctuations in the number
of particles in a canonical ensemble. The analogous integrals involving InZ;(¥) are nonvanishing
and are related to the true number fluctuations, which are consistently defined in a grand canonical
ensemble. In this connection, given the formal equivalence between the structural classes classical Cn
and PI-centroid CMn [55,130], the explicit I, and I3 formulas and many other features are deferred
to the treatment of such PI quantum correlations. Hence, only some important facts and consequences

(9d)

are to be considered in what follows.

3.2. k-Space Structure Factors

By approximating the right-hand sides of Equations (8) by the zero-field Equations (9) and
Fourier transforming, one obtains the response functions in k-space from the fluid to the action of ¥
at the pair and the triplet levels [6,41]. These functions are the static structure factors that read as:

SAK) = SA(k) = jrm(k; Y =0)= @(IZ,—”:l exp(ik 1,)|*) — 2m)3py6(K) = (10a)

1+ py [drexp(ik-1) (g,(r) — 1), (10Db)
1
5(3)(k1,k2) = 5(3)(’(1; ky, cos(ky, kp)) = p_r(3)(k1; k,;W=0)=
N
L(Z?’ﬂ Y, Yy expli(ky 1+ Ky o1 — (Ky + Kp) - 1p)|) — {8(K) — terms}. (11)

(N)

In writing Equations (10) and (11) use of the homogeneity and isotropy of the fluid is made. The
response functions S@ and S® are thus related to the density-density and the density-density-
density correlation functions of the isolated fluid, respectively.

Note that in a broad sense one enters a general linear response framework when takes ¥ = 0
on the right-hand sides of the hierarchy and carries out the Fourier transforms on both sides of the
equations. In this regime, the fluid “does not know” if what is being undergone is due to an external
field or is just the result of its own spontaneous fluctuations. Therefore, each of the (variations in the)
fluid properties T™(¥) in k-space can be formulated in terms of its corresponding isolated fluid
property I,(W = 0) in r-space, and in such a way that the functional dependence on the external
field is linear [5,6]. In this connection, for clarity, it is worth writing here the well-known relationship
at the pair level [6,148]: 6,0,&,1) (kW) = sTO(k; W) ~ —BpyS@(K)6W(K), and also that at the triplet
level: 6T®(ky, Kk, W) ~ —BpyS® (ky, kp)8W(K, + k,). The static structure factors, or response
functions, are thus the proportionality factors between the variations in the properties and the
variations in the external field. Accordingly, the associated wavenumbers k, ki, and k, are the
moduli of the wavevectors that define the (elastic) momentum transfers py from the field to the
fluid i.e., py = fik. These characteristics linked to the use of the linear response regime will be
maintained when studying the quantum domain.

Some important points to be noticed are the following:

(i) S@(k) can be determined experimentally, while S®(k;,k;) cannot [24].

(i) SP(k) and S®(ky,k;) are real-valued quantities [41].
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(iii) The general form of S®(k; k;) expanded in terms of the Fourier transforms of the
different contributions built with g,(r) and gs(ry,,113,723) is quite involved and will be given in
connection with the quantum CMn discussion.

(iv) For its direct theoretical and experimental interest, note that the §(k) —term in S® (k)
Equation (10a) represents the subtraction of the forward scattering of radiation (elastic scattering).
This operation is an integral part of the complete definition of this pair structure function (note that
S@(k) - 1 for large wavenumbers). Obviously, a generalization of this operation also applies to the
S®) case, as will be shown later on.

Some Concomitant Problems and Their OZ Solutions

In this connection a deeper consideration is necessary. Note that the §(k) —term subtraction in
Equation (10a) is also linked to the theoretical asymptotic value of g,(r), i.e., g,(r) > 1 for r —» o
in the grand canonical ensemble [2], which gives full meaning to the Fourier transform in Equation
(10b). Moreover, it is customary in simulation work to omit this &§(k) —term, as the k=10
component is strictly unattainable due to the finite sample size (i.e., finite Ny and/or V), which
imposes commensurability with the simulation box on the wavevectors to be scanned (clearly, this
also negatively affects the calculation of the low-k region). Such omission is acceptable when dealing
with the simulation techniques but neglects the key fact that the k = 0 component makes the
connection with the thermodynamics of the fluid [3,6,13], since S@(k = 0) = pykgTxy, as stressed
earlier. The previous connection yields an appealing way to determine the equation of state of the
fluid via yr integration, an operation that is formally independent of the many-body form selected
to represent the potential energy V) (obviously, g,(r) doesneed V™) tobe calculated). However,
in calculating S®(k) via Equation (10b) one faces the problem of the long-ranged oscillations of
g2(r) about unity [2], which forces one to have a knowledge of the pair correlations over a
sufficiently long range of interparticle distances Otherwise, accuracy in the Fourier transform is
doomed to fail [13] (e.g., unphysical estimates for yr can result from that naive use of the transform).
In addition, as the optimal determination of g,(r) is accomplished via simulation, this already poses
a practical problem derived from the need for more expensive computations by increasing the
simulation sample sizes [13]. Furthermore, although the canonical ensemble is a very convenient
calculational tool, the necessarily finite Ny combined with the intrinsically bad asymptotic behavior

of g,(r) in this ensemble, i.e., g,(r » ©) » 1+ 0( ) [2,3], present one with another important

1
N
drawback to be dealt with.

The same discussion, but with augmented difficulties, applies to the computation of S® (ky,k;),
in which the {§(k) — terms} in Equation (11) involve k; and/or k,. Under these circumstances,
irrespective of the mighty computational facilities at one’s disposal, targets that appear as most
desirable are: the saving of electrical power, the shortening of the time to get answers through more
rapid calculations, and the possibilities of obtaining physical pictures of the underlying processes.

The obvious advantage of using functional techniques is that they give the physically complete
answers of the classical structural problems at one stroke, although, inevitably, some problems stand
out and others arise. Nevertheless, there is more to using functional techniques in this context, since
they can be employed to build insightful solutions to these drawbacks. In relation to this, the
additional role played by the inverse functional derivatives (e.g., 0¥(q,)/d p,(vl)(ql)) in the
derivation of the Ornstein-Zernike (OZn) equations is to be highlighted [41,65,68-72,146,147]. The
OZn equations define a further type of structural functions: the direct correlation functions c¢,(r),
c3(112, 113, 123), etc. By restricting up to the triplet level for simplicity, ¢, and c; yield compact and
efficient formulations of the structure factors S® and S®. The key point is that the direct
correlation functions are short-ranged (i.e., they decay to zero rapidly with increasing distances),
which allows one to fix very accurately the Fourier transforms involved.

Given that the OZn framework at the pair and the triplet levels will be considered in detail when
dealing with the isomorphic PI-centroid CMn class, for brevity, the classical situation may be
summarized here in the following basic equations [1,41,68]:

- 0OZ2 equation
hy(ri2) = c(r12) + py f drs hy(r13)c3(123); ha(112) = g2(r12) — 1, (12)
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where the total correlation function h,(ry,) is introduced and a convolution integral over the
positions of a generic third particle is included. (Although c,(r) may show oscillatory tails [149], the
observed behavior is that the decay c,(r) = 0 for increasing distances occurs effectively).

- OZ2 pair structure factor

SAO®K) = (1 - pye, (), (13a)
- 2\_ 2
S@k =0) = (1 - pycy(k = 0))  =pykpTyr =& ZNE’“ ) (13b)

where ¢,(k) is the Fourier transform of (the short-ranged) c,(ry,). (Note that even at the critical
point ¢,(k = 0) remains finite, its value being py* [5,6]).

- Baxter’s hierarchy related results

% = [dq3¢3(91,92,q3); T = constant, (14a)
N
&;T(kl) = c¢®(k,,k, = 0); T = constant, (14b)

N

where ¢, ((h,(h) = ¢3(112), €3 ((h,(h: (I3) = 3(112, 113, 723), and c®(ky, Ky) = ¢® (ky, ks, cos (Ky, k)
is the Fourier transform of c¢3(ry5, 113, 723)-
- OZ3 triplet structure factor

S®(ky, ky) = 5(2)(1(1) 5@ (kz)s(z)(|k1 + k2|){1 + pic®(ky, kz)}' (15)

Some further comments are in order now. First, the OZ2 equation takes a single form, whereas
one finds four different, though equivalent, versions of the OZ3 equation [70]. Second, the
6(K) —terms appearing in Equations (10a) and (11) are fully included in their reformulations given
by Equations (13) and (15). Therefore, the k = 0 incompleteness associated with simulation schemes
appears formally OZn-circumvented. Third, note the important role of the pair level in k-space, as
shown in the triplet Equations (14)-(15) where the pair quantities give a solution to the simulation-
intractable situations at k; = 0 and/or k, = 0 (also k; = —k;), and are indispensable building
blocks. Fourth, however, the OZn equations are void in themselves, and they need further
approaches (closures) to be solved. This is easy to grasp by observing the structure of the Equations
(12) and (14): both are integral equations for the unknown ¢, and c;, which add new difficulties to
the whole structural question [24,26,27,37-41,45,65,68-72,121-129]. Further formal considerations
(triplet symmetries and asymptotics, consistency relationships, etc.) and analyses to fix the pending
issues (e.g., closures, the vexing canonical g,(r;,) long-range behavior, etc.) are given in the next
subsections.

3.3. Grand Canonical Triplet Symmetries and Asymptotic Behaviors

(i) In r-space, by renumbering the atom labels, the triplet g; and c; functions satisfy the
following symmetries:

93112, 713, 123) = g3(T12, 123, 113) = G3(123, 112, T13) = *+, (16a)
c3(T12,T13,T23) = €3(T12, 123, T13) = €3(123, 712, T13) = (16b)

or using vector notation (e.g., rj, = u, r;3 =s) [41]:
93w, s) = gs(s,u) = gs(—u,s —u), (16c¢)
c3(u,8) = c3(s,u) = c3(—u, s —u). (16d)

Also, when two particles get very close together the triplet function g; obviously vanishes
[150,151]. Technically, one writes

lim g3(ri2,113,723) = 0, (17a)
l91-q2|-0

although, as at the pair level, the zero value is reached for interparticle distances greater than zero.
The g; asymptotic behaviors are [2,151]:

|q13i|r2w 93112, 113, 123) = 92(112), (17b)
| lim g3(r5m3,1m23) = 1, (17¢)

qzl.lq3|-

|92—q3|-

(conventionally, one may take particle 1 as the origin of coordinates for the three generic
particles). For the equilateral and isosceles correlations these conditions are usually written as
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lim g;(r,s,s) = g,(r), (17d)
$—00
lim g;(r,r, 1) =1, 17e)
T—00

In the canonical ensemble Equation (17e) and its analogous at higher orders are not so neat
because of terms 0(%) [2,3], but this theoretical feature is not central at this stage. (More on
asymptotic properties later).

(ii) In k-space the symmetries of interest are [41]

c®(ky, k) = c®(ky k) = c®(ky, —k; —Ky), (18a)

5(3)(1(1' k;) = 5(3)(k2,k1) = 5(3)(1(1' —k; —Kk;). (18b)

(iii) Note that for c¢; inr-space one expects a decay to zero when any of the particles increasingly
separates from the other two, because this is a reasonable physical behavior that can be drawn from
Equations (14). However, for ¢® and S® in k-space their explicit behaviors may become involved,
since they depend on the angles between k; and k, (e.g., for k —» o, S®(k,k,m/3) > 1 is the
observed behavior).

3.4. The Interplay between Simulation Techniques and Closures

There are well known MC and MD simulation techniques to obtain g,, g5,S@® and S®
[13,17,41-45,120-124], and they will not be described here. Rather, the interest is to be focused on
some significant facts that show the interplay and complementarity between the simulation
calculations and the approximations that can be obtained via closures.

(i) In the OZ2 case there are highly accurate methods that yield c,(r) and S @ (k)
[5,6,13,71,72,125-127,152]. It is useful to point out that the knowledge of the latter functions allows
one to extend the range of distances obtained for g,(r) via simulation which, for instance, using a
cubic box is limited to half the box length L/2. In addition to Equations (13), the basic formulas are:

c@ (k) = %fom dr r c,(r) sinkr, (19)
g(r) =1+ ﬁ Jo> die k(S@ (k) — 1) sinkr; 7> 0. (20)

As stressed earlier, the access to the fluid equation of state via c,(k = 0) and y; is a key OZ2
feature. Moreover, the knowledge of ¢ (k), and hence of an extended g,(r), is useful for further
studies, such as especial asymptotic decay properties of the pair correlations (pure exponential and
exponentially damped oscillatory decays) [153-155] or some triplet correlation evaluations [3,41,156].

Among the OZ2 methods, Baxter’s partition of Equation (12) deserves especial attention [72,125],
since it per se does not need any explicit knowledge of the underlying u(r) interactions between the
particles: the only input parameters to carry out calculations are {g,(r),py } (and T to extract the
actual value of xr) [46,130,136]. This contrasts sharply with typical OZ2 approaches, such as Percus-
Yevick or the hypernetted chain [5,6,71,152], and makes Baxter’s applicability more general and
powerful. Although the latter is a theoretical development in classical statistical mechanics, a good
deal of its applications have been performed in the context of fluids with quantum behavior.
Therefore, for the quantum purposes of this work, it is convenient at this point to give some specific
details of Baxter’s partition [72] and its practical implementation, which involving a minimization
procedure [125] (BDH = Baxter-Dixon-Hutchinson) also needs a further analysis of its results
[46,60,62,127,131,136].

Baxter’s partition for a disordered fluid and its practical implementation (BDH) are based on: (a)
c,(r) vanishes for distances greater than a cut-off distance r > Rcp; (b) h,(r) obtained via
simulation is known for r < Rgp; () R¢o is limited by the range of distances set by half the
simulation box length L/2, and is fixed through a minimization procedure that preserves the
continuity of h,(r) at such cut off; (d) the minimization yields in general a set of possible cut-off
distances {Rz,}y=1,,. v(m) Which are the “zeros” of an auxiliary function; a practical convergence of
the observable property, i.e.,, S@(k), occurs within an upper subset of these zeros; (e) there are ways
to treat the situation in which no zeros arise [125] and, also, to extract the physically significant
information from the upper Rz, zeros [46,62,136]. Clearly, the longer the L value is, the better the
OZ2 results should be. In this connection, to minimize the defects of the g,(r) fixed with a finite Ng
size in a simulation (e.g., canonical ensemble calculations), an additional combination of OZ2 and
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simulation is highly recommended. As a matter of fact, the iterative improvement on g,(r) with
grand-canonical corrections [126,127] leads to a better-defined S @ (k) convergence along the
Rz, —sequence. An example of the latter iterations can be summarized in the useful algorithm put
forward by Baumketner and Hiwatari (BHw) [127]:

ggGC)(r;n +1) =g,() (1 + %:O;n)), n=0,12,..., (21)

where the initial conditions (n =0) are the N; —simulated g,(r) and its associated OZ2-
S@(k = 0;n=0) that yield the first correction gg“) (r;n +1 = 1), which in turn is OZ2 analyzed to
obtain its S@(k =0;n=1) giving the second correction gg“) (r;n+1=2) and so on, until
convergence in S @)(k = 0) is reached. When using OZ2-(BDH+BHw), the S @ (k = 0;n) value can
be fixed at every step as the mean value of the S®(k = 0) arising from the upper set associated with
the resulting Ry, zeros [136]. For further applications (e.g., triplet calculations [41,55,60]) involving
a specific single function as an intermediate quantity, i.e., c,(r) or S@(k), the selection within the
final upper Rg,-range of convergence of one of them as a representative is sufficient to give perfectly
consistent results.

(if) For OZ3 the situation involves the design of accurate closure methods for obtaining
93 (112,713, T23), OF c3(112,713,733) and S®(ky, k;), which still remains a non-closed problem. For the
gz functions key closures are:

- Kirkwood superposition (KS3) [37]

Iks3 (112,713, 723) = 2 (112)92(113) g2 (123). (22)
- Jackson-Feenberg convolution (JF3) [3,40]

9jr3 (M2, 713, 723) = Gis3(T12, 113, 723) — R (r12) Ry (r13) Ry (rp3) +
PN f dqy hy(r14)hy (124) Ry (134). (23)
- The intermediate average (AV3) [59,60]

Gav (ri2,7113,123) = ‘(9K53(7'12’7'13'7’23) + 9jr3 (7’12'7'13'7'23)) (24)

The interesting point is that KS3 and JF3 are pivotal references in general triplet studies. In this
regard, one may distinguish between triplets in r-space and triplets in k-space: KS3 plays a central
role in r-space [38-41,121,150,151], whereas JF3 does it in k-space because c;p3(712,713,723) = 0.
[41,70]. The forms adopted by the KS3 and JF3 triplet structure factors can be found in Reference [41],
from which the case AV3 is a trivial matter (note that for JF3 the S® formula reduces to the product
of the three S@ factors in Equation (15)). KS3 was derived in the context of classical statistical
mechanics, while JF3 was in the context of quantum statistical mechanics. Despite these different
conceptual frameworks, these two closures have been applied to both classical and quantum fluids
indistinctly [26,27,32,37-41,54-60,121,150,151]. (In relation to this, recent results for fluids with
quantum behavior show that AV3 performs very well as compared to KS3 or JF3 [59,60]). As regards
their behaviors under limiting conditions, note that KS3 and JF3 satisfy the long range Equations
(17b)-(17e); KS3 also satisfies the short-range Equation (17a), whilst JE3 fails to describe this latter
situation [150,151].

Other triplet closures are orientated towards k-space [41,65,122-124,128]. Among them the
insightful Barrat-Hansen-Pastore (BHP3) closure deals with c5(ry;,713,723) [41]. By starting from
Equation (14a), the BHP3 closure introduces an auxiliary pair function t(r) such that:

carp3(T12,T13,T23) = t(112)t(113)t(123), (25a)
which is fixed through the minimization of the following nonnegative functional:

O[t()] = [ dr (%22 —¢(r) fdst(s)t(lr—sl)] (25b)

To initiate the iterations t(®(r;,) = h,(r;5) is the recommended choice [41]. The convergence is
Sc[zti:))] 7, which involves the value of the functional being minimized and
szl

the (squared) norm of the density derivative of the pair direct correlation function, which serves as a
reference. For the pertinent formal details of this type of minimization, the reader is referred to

Reference [41] (gradients), or to References [45,55,56] (conjugate gradients). After fixing t(r), the

assessed via the quotient

application of Fourier transforms to obtain céil),, (ky, k) yields the approximation S, S}P (ki k) [41].
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BHP3 satisfies Equations (14) and has been applied to classical and quantum fluids [41,45,55—
58,60,121-124].

Along the same k-line of thought, another example is Denton-Ashcroft symmetrized approach
(DASS3) [65], which can be cast as:

c5as (K1 ka) = 2 {e52 (ko ko) + o5 (ky, 1Ky + ko) + 50 (o, Kz + Ko D), (262)

in which the following definitions are to be used:

ar
b (1, k) = 3 (€@ (k) (k) + ¢ @ (e )e®' (k) ) = s €@ (k)@ (ks), (26D)
cW' = c@(k = 0), (26¢)
C(l)” _ (BC(Z)(I(:O)) ) (26d)
PN T
(2)
@ (k£ 0) = (1) . (26e)
T

DAS3 satisfies the key Equation (14b) only at k; = k, = 0, and has been applied to classical and
quantum fluids [55,65].

(iii) The validity of the closure-based approaches is to be established by comparison with exact
simulation results. On the one hand, closures at the pair level have proven their value as was
mentioned earlier. On the other hand, there are missing traits when triplets are described in terms of
pair properties, and one would not expect much success in utilizing closures for triplets. Nonetheless,
the triplet results reveal that closures may capture salient features in both the r-space and the k-space.
Therefore, their usefulness as interpretive tools may be greater than imagined (see References [41]
and [122] for the classical domain and [59] and [60] for the quantum domain).

3.5. Other Theoretical Features

(i) There is another functional calculus way to obtain the formulation of the pair g, Equation
(3). Using the pairwise approach for the interactions between particles in the fluid, this alternative is
based on the functional derivative of InZ. with respect to the variations in the interparticle potential
Su(r;,): such first functional derivative 8InZ./u(r;;) leads to g,. If one iterates the procedure, the

second functional derivative §2InZE./ (6u (rﬂ)du (rmn)) produces a highly intricate expression. Given

that no external field is considered, the usefulness of these formal manipulations seems rather
reduced. The reader is referred to Reference [6] for the derivation of g, in the canonical ensemble.
This issue will be reconsidered when analyzing the quantum fluid instantaneous structures (Section
5).

(ii) An interesting relationship is obtained from the grand canonical average of a function that
depends on the particle coordinates, ®(q4,qz,...,qn,.), (e.g., the n-point density dynamical
functions), and reads as [150,151,157]:

2(%),, = (V) = (N)(@), 27)

For the two-point density ® =% ;.;§ (rj - ql)é‘(rl —(,) one arrives at an exact connection
between g, and g; that can be cast as [26,32,150,151]:

al 7135 2
S@(k = 0) (%1:12))7" = [dq, {% - 1} + 5(1 —S@ = 0)), (28)

where g,(r;) > 0. This relationship may be useful for checking the consistency of the results
computed for g, and g3, or for testing approximate triplet closures. This latter issue will also be
discussed in connection with fluids with quantum behavior.

4. Basic Path Integral Concepts

4.1. PI Partition Functions

The starting point is the quantum grand-canonical partition function E,, which for an isolated
quantum system composed of N identical particles can be cast as [4,5,7]

Eo(V,T) = Bnzo exp(BUN) Zyg(N, V. T) = Tnzo exp(BuN)Tr{exp(—pH")},  (29)
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where Tr denotes the trace operation, H(EN) is given by Equation (1), the mean number density is
given again by py = (N)/V, and the other symbols retain the meanings seen earlier.

If attention is focused on monatomic fluids at low temperatures, such that exchange interactions
can be neglected, the partition function £, for diffraction effects can be written in the coordinate
representation {r"} as[5,7]:

Eop (W V,T) = Xnsoexp(BuN)Zy op = ZNZO%I drN<rN|EXp(_ﬁH(EN))|rN>' (30)
where dr" = drydr, ...dry stands for the volume element of the N distinguishable particles, and

IrV) = |r, 1y, ..., Ty) is the configurational state-ket. Now, with the use of the path-integral approach
(PI), Egp can be reduced to [7,9,11,74,77-79,81,84,90]

Eop ® Epip = 20 eXp(ﬁ”N)ZII\JI,IQD = ZNEO%I H§y=1 [1f= drjt X exp[—BWyp ()], (31a)
in which every actual particle j (=1,2,...,N,...) is transformed into a closed elastic necklace j with P
beads labelled t = 1,2, ..., P. Thus, one finds a PI-model system composed of N X P-sized canonical
ensembles, each ruled by an “effective potential” Wy, (r"*) depending upon all the corresponding
bead coordinates {rjt}, such that

Wyp(fVP) = Wyp (e, x2, vl ek 2, o nf, ek v2, vl B R, m). (31b)
The parameter 3 is a generalized activity that reads as follows:

3P
3= exp(Bw) (32) (310)

which helps to identify the expression of the canonical Zy',,. A crucial step in PI work is to give
suitably operational forms to Wy,(r™?) by resorting to propagator calculus. In addition, the formal
generalizations to tackle quantum exchange regimes rely heavily on the basic development for
distinguishable particles [4,7,9].

4.2. Sum over Histories and Propagators

The PI-P picture (31a) becomes exact in the limit P — oo (Trotter’s theoretical accuracy [9,138]),
although one can find optimal finite P values that yield sufficiently precise and accurate
representations of the actual system. The optimal P is thus a compromise between theoretical
accuracy and statistical convergence for properties. All of this is related to the design of (thermal)
propagators that serve to build Wy, [7,9,75,81-84]. A brief explanation of how the practical image of
beads-and-necklaces arises is worth giving here.

The basic idea is to split the density matrix diagonal elements <r” |lexp(—=BHI) |V ) into, in
general, a number X of factors involving operators exp(—/?HéN )/x ), and to employ the completeness
relationship in the coordinate representation [ dr"|r¥)(r"| =
convolution property [9]:
<r”|exp(—,8H(§N))|rN> = [drV? ..drNX <rN'1|exp(—,8H§N)/X)|rN'2> ...<rN'X|exp(—ﬂHéN)/X)|rN'1>, (32)
which leads to the canonical partition function:

1 *

Zyop = Ef drNt . drNX Hfif(r”ﬂexp(—,BHéN)/X)|rN"+1>, (33)

where t=1,2,..,X, dr¥N* =drfdr] ..drf, |tN7) = |rf,rf, ..., rf), |[rV1) = |rV), and the (*) in the

product implies the cyclic property T+ 1=X+1=1. The thermal propagator is the generic

1. By doing so, one obtains the exact

nonnegative matrix element <r”"|exp(—ﬂHéN )/x )|r’“+1> [9], which clearly corresponds to dealing

with a density matrix at a higher temperature than the actual.

The whole process contained in Equations (32) and (33) can be visualized in an appealing way
by resorting to the image of the periodic “motion” of the system in imaginary time (period Sh)
[4,140]. Thus, in Equation (32) the system may be viewed as if it “travelled” from r" to r" by
following every possible broken path (in configuration space) defined by the intermediate stages that
can be associated with the equally spaced 7-“instants” in imaginary time. Every particle j follows

then a closed path (necklace), r! = r? - - - r - 1/, marked out by the 7-“instants” (beads). In

J J J
the language of continuous paths (P — o) one speaks of the basic interval [0, 8] for the motion in

imaginary time to take place, and there is the obvious equivalence 0 = f#, as is customary in every
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Fourier series analysis. (Warning: this does not imply by any means that f = 0!). The partition

function as given in Equation (33) closes the situation by integrating over every possible starting point
rN 1

equivalence among all the X imaginary-time instants 7 (translational invariance in imaginary time).

and, in this way, the “sum over histories” in imaginary time arises. It is easy to see that there is

To give operational forms to the propagator <rN'T|exp(—,8HéN)/X)|rN'T+1> one needs

approximations to tackle the problem posed by the nonzero commutator X, ,g;?, VM) 0 [7,9,81-83].
In relation to this, several possibilities are available in the PI literature. The accuracy attainable with
the approximation Zyop = Zy'op depends strongly on the propagator selected and the X value
employed (Zy'yp is defined in Equations (31)). For the purposes of this work, only a few guiding
lines are to be commented, the reader being referred to the pertinent references cited below for
complete details.

In the study of quantum many-body systems three main types of constructions for the
propagator stand out, which lead to: (i) the primitive propagator (PP), for which conventionally the
number of beads is P = X and yields an accuracy 0(P~?) for Zy',, [4,7,9,61,80]; (ii) the fourth-
order propagator (SCVJ), arising from the works by Suzuki [82], Chin [83], and Voth et al. [84], for
which the final number of beads P must be even (P = 2X) and yields an accuracy 0(P™*) for Zy'yp;
and (iii) the pair actions (PA) based on the developments put forward by Ceperley [9] and by Cao
and Berne (a specific PA for quantum hard spheres, CBHSP) [81], for which the number of beads is
P = X again and there is no systematic recipe for their Zf,, accuracies. It is useful to recall at this
point that another version of a fourth-order propagator, the Takahasi-Imada propagator [75,76], is
not very useful for computing correlations and structures [10,11,75]. Consequently, the PI
computational effort depends on the size of the optimal P value, which depends on the propagator
effectiveness, a property that varies from type to type. One may summarize this issue by saying that:
pair actions are more efficient since they appear to require lower optimal P values, whereas high-
order propagator expressions can be improved, seeking to reduce P, in a systematic way. (For early
hard-sphere PA’s constructions and applications based on Barker's work [73] see References
[79,158,159], and also [11] for a general discussion of this issue).

The Wyp expressions of the PP, CBHSP and SCV] propagators are given in what follows.
Hereafter, the P value is assumed to be the optimal, and the (final) P beads are numbered correlatively
t =1,2,...,P. The three cases can be written as

Wyp = Wip + W, + W3, (34)
where W, is common to the three and can be cast as [4,7]

Wir(PP) = Wy (CBHSP) = Wy (SCV)) = 125 L, B0 (xf — 171’ (35)

with the (*) implying the cyclic property t +1 = P + 1 = 1. This contribution arises from the free
particle behaviors, which within PI take the form of harmonic couplings between adjacent beads in
every necklace.

By assuming for simplicity pairwise interactions between the actual particles, and denoting the
inter-necklace bead-bead distances by |r rf|, t=12,..,P, (theequal flabel is to be noticed)
the contributions W, and W; read as [7,9,62,81,84]:

(a) Primitive propagator

W, (PP) =~ % XE_i u(rh), (36a)

W3 (PP) = 0. (36Db)

(b) Cao-Berne propagator for quantum hard spheres (diameter oys)

0ifri >0
W,(CBHSP) = 1, Sf; uys(rf) = {w y ;i <o (37a)

W;(CBHSP) = —ZIn T [T, [1 w
Pl

exp (22 0 = )17 ous) 1+ costet i) )| 7
(c) SCV] propagator
Wo(SCVD) = = % jer{Zoaa-c u(75h) + 2 Teven—e u(1)} (38a)
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du(r du(r 1)

wy(sevp) = £ s 1{azodd (B nﬂ) (1= @) Seven- (Zm ) } (38b)

where n =r% is a unit vector, and the parameter a € [0,1], although for a good deal of
J

applications a = 1/3 is a recommended value [84]. (In Equations (38) note that necessarily u(rﬁ) *

ugs(77))-

4.3. The Classical Isomorphism, Bead Roles, and Notational Conventions

(i) The comparison of the quantum Zp;, given in Equations (31) with the classical Z; given in
Equation (2) leads to the so-called classical isomorphism [7,9,16], or more properly semi-classical
isomorphism, due to the dependences shown in Equation (31b) (see References [2,11,13] for the
semiclassical approach forms). This fact makes the PI computational study of quantum fluids
amenable to using well-known basic classical simulation techniques (MC and MD), such as path
integral Monte Carlo (PIMC) and path integral molecular dynamics (PIMD). The latter basic
techniques (and its variants) have become standard tools in modern quantum condensed matter
research [9-11,18,19,21,22,33-36,54-62,73-101]. Naturally, there are unavoidable differences between
the classical and the PI developments and computations, since the language of classical dynamical
functions is radically different from that of quantum operators [4,5]. However, as regards the studies
of the structures of fluids with quantum behavior, the relevance of such isomorphism runs deeper
than one might think at first sight [9,11,18,19,55,93].

(i) The inter-necklace interactions are uniquely defined as averages involving equal imaginary
time t-bead interactions, which is connected to the diagonal character of the potential energy operator
v,

(iif) W5(CBHSP) contains kinetic effects between consecutive imaginary times (beads) in
different necklaces.

(iv) The singularity of the uys potential (37a) in CBHSP prevents the numerical evaluation of
its derivative duys/dr for a given (“frozen”) configuration of necklaces [136,160].

(v) An inspection of the PP, SCV], and CBHSP formulas indicates that, when using these
propagators, careful attention must be paid to the equivalence among the beads. The point is that
while there is full equivalence between all the N X P beads in PP and CBHSP applications, such
symmetry is broken when use of SCV] is made. The SCV] beads are classified into two groups,
conventionally the odd-numbered t=1,3,..,P —1, and the even-numbered t=24,..,P. In
thermodynamic calculations the general roles played by the beads are as follows: the same in PP
[7,9,74,80], the same in CBHSP [9,81], but different in SCV] depending on the odd/even group they
belong to [62,84]. Moreover, for the current purposes of structural evaluations, it is worth stressing
that: (a) in PP and CBHSP all the beads play the same role in the corresponding ensemble averages
[9,11,79-81], whereas (b) in SCV] only the odd-numbered beads are physically significant, thereby
playing the same role in such ensemble averages [11,84] (the even-numbered beads must be

discarded). Technically, these different traits arise from the use of a double-time step (i. e.,Bfh/ (g))

when constructing SCV] [82-84] instead of the usual single-time step (i.e., f#/P) applied in the PP
and CBHSP derivations (the reader is referred to the quoted references for full details). These
structural bead features will be formalized in Section 5.

In order not to burden the notations, the conventions for structures followed in this article are
worth summarizing now. Given the optimal number of beads P per necklace:

- The three symbols for denoting beads are: ¢, 7, and t*, depending on the context.

- Label t runs over t = 1,2,3, ..., P, and is associated with every necklace j.

- Label 7 runsover t = 1,2,3,...,X, and is associated with every necklace j.

- Label t* runs over t* = 1,2,3,...,NX, and serves the purpose of a whole renumbering of all
the structurally significant beads in a canonical sample, such that they are associated with the
necklacesas 7* =1,2,..,X,..,. X(N—1)+ 1, ..,NX.

j=1 j=N
Depending on the propagator the above conventions mean:
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- For the PP and CBHSP propagators, in which X=P »t=t=1,23,..,P, and 1" =
1,2,3,...,NP.

- For the SCV] propagator, in which X = 2 -»7=123..,X =t=135,...,P—1, and 7" =
1,2,3,...,NX = the global picking of the odd-numbered ¢-beads in every necklace. (Note that the even-
numbered beads represent intermediate stages that fit mathematically into the whole picture of P-

membered necklaces).

4.4. Quantum Exchange Interactions

The situation gets much more complex when one deals with monatomic fluids in which
quantum exchange interactions cannot be neglected. For now, it is worthwhile to remark that bosonic
exchange can be successfully tackled with PI computations, as shown about forty years ago by
Ceperley and Pollock [78] and by others later [9,35,36,91,96,97]. However, the known as the “sign
problem” [100,101] made fermionic exchange remain out of the PI reach. However, this situation has
changed for the better very recently, thanks to the appealing approach put forward by Filinov et al.
using the Wigner extension of the usual PI formalism (WPIMC) [98,99].

The intricacies of the exchange issue can be grasped by observing the form of the canonical
partition function for the general case of N particles not only identical, but also indistinguishable, all
of them in the same spin state [4,9,100]:

Zngexen (N, V.T) = 5, B,  dr(x¥|exp(—pH")|or*), (39)
where % runs over the N! permutations of the particles, §, = +1 for every g if there is bosonic
exchange, &, = *1 if there is fermionic exchange and such that +1 holds for even % and -1
holds for odd , and |gr") is defined as |@ry, §r;, ..., fory), which is meant to denote the action of
the permutation # on the ordered ket |ry,r,, .., Iy) denoting the position states of N
distinguishable particles. As seen, a pure summation of nonnegative terms arises from the bosonic
case, whereas an alternating summation does from the fermionic case. Accordingly, feasible
calculations can be carried out for bosons since a well-defined probability density is always involved.
However, given the enormous size that N! can reach, the same does not occur for fermions, for
which large uncertainties plague in practice PI direct calculations (it seems out of the question that
one could have access today to unlimited computational resources that would yield the exact answer
to the whole fermionic sum). In their WPIMC works, Filinov et al. overcome the “sign problem” by
treating the fermionic exchange determinant via a positive semidefinite Gram determinant [161].

Some observations regarding Equation (39) are in order. (a) By keeping the identity permutation
alone, one retrieves the pure diffraction effects Zy op as given in Equations (30)-(31); this results in
the non-classical Boltzmann statistics associated with Zg'yp. (b) Note that the presence of (N!)7!
guarantees the correct transition to the classical partition function and also the access to thermal
properties (free energies, entropy) [162]; this is a factor which must always be written when dealing
with Zy op. (c) If more than one spin state were involved, the expression (39) would have to be
generalized by including every spin possibility [100,163].

The PI triplet structural issues of a zero-spin bosonic fluid will be addressed in Appendix I.
However, this does not yet seem the time to enter a detailed discussion of the PI fermionic fluid case,
and the interested reader is referred to the following references for basic information [98,99,164-169].

4.5. The PI-Centroid Variable

A particularly interesting PI quantity is the centroid variable Ry ; which is the necklace
“center of mass” (all the necklaces are equivalent, so are their centroids) [4,18,19,140-142]. The
corresponding definitions for the propagators discussed above are the following [61,80,84,159]:

B {P‘l P_,xf; (PP,CBHSP)
P/ Boaa—e 1 (SCV)Y

This variable is of paramount importance in both the thermodynamic and the structural studies
of fluids with quantum behavior. As regards equilibrium situations, one may mention the structural
relationships (OZ2!) with the equation of state [130,136], the structural extension of the semi-classical

(40)
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isomorphism [11,55,130], the connections with observable quantities and special situations
[62,135,137,143-145], or the applications to deal with quantum exchange interactions [130,132-134],
as will be discussed later for the zero-spin bosonic case in Appendix I. Furthermore, centroids are
key to building interesting approaches to quantum dynamics in condensed phases [18,19,33,34,93].

5. Theory of Equilibrium Quantum Fluid Triplet Structures under Diffraction Effects

A homogeneous and isotropic quantum monatomic fluid is considered. Exchange interactions
are neglected and the Hamiltonian HéN) Equation (1) is selected. The correlation functions and their
associated structure factors can be grouped into three classes [7,9,11,84]: centroids (CMn), total
continuous linear response (TLRn), and instantaneous (ETn). Each class is associated with the linear
response from the fluid to an external weak field W. When use of functional calculus techniques is
made, a good deal of the developments for the CMn class are parallel to that of the classical
monatomic fluid, and the same may be said of the TLRn class, though to a significantly lesser extent
[7,11,55,130]. The ETn case has a different nature, the functional techniques that can be applied to
CMn and TLRn are inapplicable to ETn, and this latter class is to be treated separately [3,6,9,84,135].

The grand-canonical partition function for the study of the CMn and TLRn classes incorporates
the action of ¥ and reads as follows [11,62]:

B0 (W, V. T3 W) = Znao 2200 [ dr(r¥]exp(—pHS" — pw®)|rY). (@)
where the operator Y™ is defined as Y™ = ¥)_, W(r;). The key point here is how to deal with the
exponential of the sum of two non-commutative operators, i.e., [HéN), pw )] # 0, which can be
accomplished in the standard way via the Baker-Campbell-Hausdorff formula [163]. For the current
purposes, the density matrix elements in Equation (41) are split into X steps and one applies the basic
approximation:

o (-0 90%) = exp (- 500) axp (<28 oxp (- Z9),
which is accurate up to O(X™3) terms (as occurs in the PP propagator derivation). This
approximation leads to the partition function:

— N X (%
Eop(¥) = Tyzo Tt l(ﬁu )fl_[rz(l) {drN'T <rN'T

(43)
(Y™ is diagonal in the coordinate representation). By observing Equation (43) one notes that

exp (—gH(EN)) |rN'T+1>} X exp (—g ;3’:12;‘:11}’(1-]?)).

the nonnegative density matrix elements may be given the final PI propagator form desired or needed
for PI convergence reasons. In relation to this, notice that: (a) functional derivations involving ¥ are
independent of such form, (b) the linear response from the fluid is characterized by functions in the
limit ¥ = 0, and (c) the optimal value for X can therefore be conveniently adapted. By recalling that,
regardless of the propagator employed, the final optimal number of beads in PI calculations is
conventionally taken as P, the latter remark (c) is unimportant for PP and CBHSP (or PA’s in general),
since X = P. However, it turns out to be crucial for SCV] for which X = P/2, and the physically
significant beads for structural purposes are just those contained in Equation (43): 7 = 1,2,3,..., X.
(Note that E,p (W) is the primary object that serves to define the structural ensemble averages). As
stressed earlier, such significant T beads are the odd-numbered ¢ ones when SCV] is fully developed
and the intermediate beads completing the whole P-set do arise, i.e.,, t =1,2,3,...,P —1,P [11,84].
Consequently, Eqp (W) can be approximated by the general PI form [11,62]:

Ep1o(¥) = Znsoor [ T TTEy drf X exp[—BWyp (V)] x exp (=TI, B2, W) ). (44)

Now, it is worthwhile to point out that the action of the field expressed in Equation (44) is
consistent with a thermalized W-interaction, but not with a “sudden” interaction such as that of the
radiation-atom elastic collisions. On the one hand, examples of the fields in 3-D space involved in
Equation (44) are: static continuous fields in r-space and continuous fields in imaginary time, such as
a gravitational field or the special case of a set of neutrons thermalized with a fluid sample composed
of zero-spin particles, as is the case of fluid helium-4 [30]. (For the latter, such continuous interaction
takes place in Trotter’s limit X — oo, which is PI treated in (44) via the finite number of beads, P or
P/2). The classes CMn and TLRn are associated with these types of continuous W-fields. On the other
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hand, examples of related fields not involved in Equation (44) correspond to the elastic scattering of
radiation experiments, e.g., neutrons for fluid helium-4, X-rays for fluids helium-4 and helium-3
[6,28] (from a conceptual statistical mechanical point of view there is no difference between the static
response functions to both radiation probes [6]). Thus, within the framework set in subsection 2.2,
the inadequacy of the static picture related to Equation (44) can be illustrated, for simplicity, by
considering the interaction between a neutron and a spinless particle, which is essentially given by
the neutron-nucleus Fermi’s potential (a Dirac-9) [6,23]: the (elastic) collision between an incoming
neutron and a thermally delocalized atom localizes the atom at just a position in the sample (the
“collapse” by the position measurement); afterwards the atom must delocalize again according to the
fluid equilibrium state. “Viewed” from the foregoing PI approach, the neutron-atom collision should
take place at the position of a given bead, which would imply the immediate disappearance of the
associated necklace distribution and its ensuing reappearance [11,170]. This quantum phenomenon
cannot therefore be analyzed via the functional derivatives of (44), which cannot cope with the
disappearance/ reappearance of the atom quantum thermal packet, and a full quantum time-
dependent treatment is the way to understand it [6]. Therefore, for the class ETn, which is associated
with localizing W-fields, Equation (44) is not appropriate (more about this in subsections 5.3 and 5.4).
In sharp contrast, under classical conditions the radiation-atom elastic collision phenomena pose no
problems to the functional derivations and their static linear response interpretation [5,6,148]. Now,
a detailed discussion of the three classes of equilibrium quantum structures follows.

5.1. The PI-Centroid CMn Class

This class behaves from the structural standpoint in the classical way. This is a remarkable result
that arises from the explicit consideration of a continuous weak field Wr of constant strength, f =
(fur fy 1), acting on the fluid [19,33,55,84,130]:

wW =¥ W () =3 f (45)

Inclusion of this field leads to the general PI partition function [130]:

HP,DGPF)—ZMN,I T, 1o dxf x exp[—f Wy, (2"")] x exp (~ 230, 32X - 17) = (46a)

Swso J T, oy dif x expl—BWap (r7)] x exp (—B Z)y ¥r (Row,)), (46b)
where use of Equation (40) is made. For clarity reasons, it is convenient to rewrite the previous
formula as:

Ep1,p(Pp) = Z NI f HdrNt X exp[—BWyp (r'F)] x

N>0
T, dR;8(R; — Ry ) X exp (—B Ty ¥, (R ) (47)
It is straightforward to show that the functional derivatives of InEp; (W) are formally
identical to those of the classical case contained in Equations (8)-(9). Thus, one finds up to the third
order [11,57,130]:

SInE v
ke T 0 = 0 (Rys W) = Toas (R W), (48)
_ 2 8%In prp(¥R) _ STemi (R W) .
(—=kpT) WR(R)O¥p(Ry) kBT—M,F(RZ) = Tem2 (Ry, Ry W), (48b)
§3Ins LY 8Tcmz2 (R, R2;WE)
(=kpT)? 0 2p1D(YF) =_kBT—CM2 L2 = Tems(Ry, Ry, Ry Wp), (48¢)

SWr(R1)EPF(R2)E¥F(R3) S¥r(R3)
where the inhomogeneities caused by Wy are reflected in the fluid centroid functionals/properties
I'emn- The CMn hierarchy can be obtained by iterating the procedure to higher orders. As explained
earlier in the classical case, if one makes Wr = 0 on the right-hand sides, the isolated fluid properties

arise:
Tem1(Ry; We) = p,f,l_%M (Ry; Wr) » PN R Wr =0) = py, (49a)
Temz Ry, Ry W) = T (Ry, Ry We = 0) = pivhenz (Ri2) + py6(R; — Ry), (49b)

Tems (R, Ry, R3; W) = Toys (R, Ry, Ry Wp = 0) =
Pl%/ [gcms (Riz, Riss R23) —hemz (Riz) — hemz (Ri3) — hemz(Rz3) — 1] +
prlhemz(R12)8(R; — R3) + hepa (R13)8(Ry — Ry) + ez (R23)8(Ry — R3)] +
pnO(R; — R3)6(R, — R3), (49¢)


https://doi.org/10.20944/preprints202409.2079.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 September 2024

22

where R; = |R]- — Rl|, and use is made of the total pair correlation function of centroids hcy, =
Jemz — 1. Incidentally, note that the factor accompanying py may be abbreviated to
hems(Ri2, Rys, Ry3), consistently with the subtraction from geys of the asymptotic behaviors. Note
that Equations (49b) and (49c¢) can be formulated in a concise manner with the use of the spontaneous
fluctuations of the centroid density (analogous with Equations (9b) and (9c)).

The formal expressions for the grand-canonical averages giving gcy, and gcys areidentical to
those of the classical case Equations (3) and (4) (Figure 1):

pIElz():M(Rl' R;) = pigemzR1, Ry) = pligemz (Riz) = (2]';&1 5(RCM,j - R1)5(RCM,I - RZ))/

(50)
p1(\/32‘M (R, Ry, R3) = pl%lgCMS (R1,Ry,R3) = pIB\‘lgCMS (Ri2,R13,R23) =
(Z;::l::m::j S(RCM,j - Rl)S(RCM,l - RZ)S(RCM,m - R3))- (51)
6- helium-3

T=8.99K p_=0.0228718A°

44 PIMC
—— CM3 - centroid

——ET3 - instantaneous

Figure 1. Helium-3 equilateral centroid gcy3 and instantaneous ggrz correlations in r-space at state
point (8.99 K; 0.0228717687 A~3). Results obtained with PIMC canonical simulation (Ns X P) =
(1372 x 22), with ggrz improved with respect to Reference [60]. Representative errors bars (one-
standard deviation) in the vicinity of the main maxima: CM3(r =3354;9; =5.821+
0.018),ET3(r = 3.45 A; g5 = 2.637 + 0.003).

5.1.1. PI-Centroid Linear Response

By integrating (48b) and (48c) with the substitutions (49b) and (49c) on the right-hand sides, and
taking the Fourier transforms, the two- and three-body centroid response functions arise as [11,55]:

8PN (I W) ~ —ﬁpNawF (k)s@ X), (52a)
S (0) = T (W = 0) = (XL, exp(ik - Rew )| ) = 20)° 8 = (52b)
1+ py f dR exp(ik - R) (gewz(R) — 1), (520)
ST (s, ko Wp) ~ —Bon8Wr (K +K;)S 5 (Ky, Ky), (53a)
Sea (1, ko) =~ TG (K, kg Wi = 0) = (53b)
(N> (Z 12 12 =1 eXp[l(kl : (RCM,j - RCM,m) +Kk;- (RCM,I - RCM,m))]) — {6(k) — terms}= (53¢)

) (Zj:l Y Y1 exp[i(kl ‘Rem,j + K" Repy — (Ky +Kp) - RCM,m)]) — {6(K) — terms}. (53d)
The same dependences on the moduli of the wavevectors (e.g., k = |K|), and similar
comments as those made in connection to the classical Equations (10)-(11) do apply here. In
particular, the §(k) —terms are key to formulating completely Séf} (k) and S (3)(k1, k;) , and
correspond to the especial situations: (a) k = 0; (b) k; = 0 and/or k, =
0, and k; + k, = 0. Explicitly, the CM3 triplet structure factor can be cast as:
iy, k)=T+py (RS Uer) + h3y (k) + A (1K, + K, ) )+
PR (gem (K ko) — hE) (k) (2m)* 8 (K, + k) — hés (k) (2m)8 (k) —
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he (k) (2m)°8 (k) = (2m)°8 (ky) (2m)*8 (K,)), (54)
where ggg (kq,k,) stands for the Fourier transform of gcys(R12, R13, R23), hgv), (k) does for that
of hcyz(R), etc. Given the analogies between the structural formulations for quantum centroids and
classical monatomic particles, it would be a significant step forward if such parallelism could be
extended to also include the OZn direct correlation function schemes for centroids. This is indeed the
case as discussed in detail below [55,130].

5.1.2. PI-Centroid Direct Correlation Functions

There is the direct axiomatic way, consisting in checking that the OZn relationships satisfied in
the classical domain by the set {c,} (see the insightful work by Lee [70]) are also satisfied by a set of
PI-centroid functions {ccyy,}, which is defined accordingly in the same manner (see Reference [130]
for OZ2). This procedure finds support in: (a) the formal equivalence between the Pl-centroid and
the classical hierarchies arising from their partition functions, and (b) the fact that the external field
is switched off (W = 0) when deriving the usual OZn equations [70], which serve to analyze the
structures of the isolated fluid equilibrium states. Nonetheless, it seems useful to obtain the centroid
OZn equations via a free-energy argument closely related to the standard procedures [171-175]. The
reasoning below expands in a more comprehensive manner the early theoretical sketch reported in
[55], and hinges heavily on the external field of constant force W as the cause for the PI-centroid
structures to show up. Recall that the Pl-centroid (a “center-of-mass” variable) is an auxiliary
mathematical object which, as such, cannot interact with external fields in an experimentally
measurable direct way. Therefore, no claim can be made regarding any general validity of the
centroid OZn(¥) derivations under other weak external potentials ¥ # W, as is usual in the general
functional OZn-context of classical fluids. The following development is an adaption to PI-centroids
of the procedure that can be found in Haymet et al.’s insightful works [173-175].

(i) The starting point is the differential of the fluid energy:

dE = TdS — pdV + uSN + [ dq p{” (q; W) 8% (q), (55)

where S is the entropy, p the pressure, p,(vl)(q; W:) the one-body number density distribution of
actual particles, and 8¥r a (constant) variation in the field acting on such particles. The key point is
that under these conditions Equation (55) can be rewritten in terms of the centroids:

dE = TdS — pdV + 8N + [ dR p{ley (R; Wp) 8¥r(R), (56)

because it so happens that

—kpT8In Zpy 5 (W) = [ dq py (@ Wr) 8%£(Q) = [ dR py oy (R; ¥p) 895 (R).  (57)
SInZpp(¥r)

S¥r(q)
Equation (48a) and subsection 5.2). However, at this point it seems better to consider the role of the

normalized thermal packet f;;, = representing a delocalized atom in the inhomogeneous fluid. The

Equation (57) can be obtained directly by integrating the functional derivative (see

function f,;. is a probability density necessarily normalized to unity:

Jda fin(@a—R;R;¥p) =1, (58)

where q(x,y,z) is the position vector of the atom, and R(R,,R,,R;) the position vector of the
centroid. To grasp this concept, consider the simpler example of the homogeneous Gaussian thermal
packet provided by the semiclassical Feynman-Hibbs picture (GFH) [4,11,143,144]), in which a
particle of mass m in a fluid is described as a thermal packet of width #/,/12mkT [4]. The
corresponding f;,,. may be visualized as a deformation of the Gaussian packet adopting the
symmetry of the external field. The derivation of Equation (57) uses the following facts: (a) the
centroid is the “center of mass” of the probability density f,5; (b) the actual atom density p,f,l) (q; ¥r)
is obviously related to the centroid density p,(vl,éM (R; Wr) through a smearing out operation involving
the inhomogeneous f;,, packet; and (c) the external force undergoes a constant variation
(Sfx, 8fy, 8fz). The proof goes as follows (§ = q —R):

f da o0 (q; Wy) 5%s(q) = f dq f ARAE o (& R; W)y (R; W) 5%:(q) 5(q — R — §) =

[ 4R o) [ da fn (@R R; 5% (@) =
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[ R oSt Rie) [ d fiun (= R RS W)y + 957, + 2F,) =

J AR p2 (R WR)[R8S, + Ry8fy + R,8£,] = [ dR piiy (R W) 8¥x(R). (59)

(ii) Following the steps in References [173-175] one defines an auxiliary energy via a Legendre
transformation:

U=E — [dRp{ Ly (R ¥r)Ws(R), (60)

and a Helmholtz free energy for the fluid in the form:

F=U—-TS=—pV + [ dR(i — Pr(R)) p s (R; ¥p). (61)

(iii) A discussion of the selection of reference ideal systems in classical and quantum studies can
be found in References [172-175]. This is a very important matter, for the application of functional
differentiation to the corresponding excess free energy will yield a hierarchy of direct correlation
functions. The direct correlation functions so obtained may or may not coincide with the usual for
classical simple fluids [70,146,147,171-175]. In the current case of PI-centroids, which are quantum
intermediate objects [4,11,18,19,140], given the classical-like form of the derivatives of the grand
canonical potential, —pV = —kzT InEp; p (Wr), with respect to the field W given in Equations (48),
the selection of the ideal Boltzmann system in the field W seems the appropriate choice. By doing
so, a classical-like hierarchy of Pl-centroid direct correlation functions will be obtained. For the
present structural purposes, focused on the usual Ornstein-Zernike framework at W =0, this
choice is going to be rewarding. Therefore, the Boltzmann-system reference [171] yields [55]:

Fia (pSow (R We)) = [ dR p{2, (R W) B~ {In (43 {00, (R W) ) — 1}, (62)
and the excess free energy F,,; reads as:

~B(F = Fia) = —BFexs (PN (R ¥5)) = InZpy 5 (W) + f dR pi{ 2y (R; W) X

{=Bu+pe-® +1n (2 ol R YD) -1}, (63)
(iv) The functional differentiation of %, leads to the hierarchy of the Pl-centroid direct
correlation functions {c¢p,} which, up to the third order, reads as follows:

S(BFexs) (1)
—_— = Y- (R In(A R;V¥ = R;; R)); Y= (R
5P1(\11)CM(R1?“’F) —Bu+ F¥Yr(Ry) + n( BpNCM( 1 F)) CCMl( 1 PNCM( 1); Pr( 1))

(64a)

sz(ﬁfexs) SCCMl(Rl Yr) (1)
— = = R, R,; ,Pr), 64b
8p5 e RU¥EISPG Ly R WE) 8P g (Ro; W) oz (Ra, Rai v V) (64)
83 (BFexs) 6cCM2(R1 Rz;¥F)

(€8]
— = R, R,,R3; ,Wr). (64c
5P1(\,1,)CM(R1:‘!’F)5P1(V1,)CM(R2:‘!’F)SP;(\},)CM(Rzi‘PF) 5pN ) (Rep) CMS( 1 R2, R3; 0y cm F) (64¢)
Of particular interest is the pair function c¢y,, which can be developed in the convenient
form:

Scems(Ry;Wy) 0|~ ﬁu+ﬁwF<R1>+1n(ABpSzM(R1;wF))]:

Ccmz (le R;; PIE/%M' lIJF)

1 1
6p ¢ )M(Rz’kpp) IEI()IM(RZ’LPF)
5(B¥F(R1)) 1 SoN e Rii¥F) _ _8(B¥F(R1) 5(R1-Rp)

. (65)
5PN e REWE) S e RUPE) 895 by R2WE)  8p\ Ly (R WE)  8p ey (RiWE)

. . I s .
where attention should be drawn to the inverse derivative M, whichis  perfectly
5PN cuR2;¥F)

consistent with the use of the grand canonical ensemble, for density = variations independent of
the external field can be made [147].

5.1.3. OZ2 and OZ3 Frameworks

The OZ2 framework for PI-centroids arises in the usual way by applying the matrix
identity [5,147]
5p,(\,1,)CM(R1;‘PF) 5(-B¥Fr(R3))
8(=BYF(R3)) 5p 1r Ry WE)
Inserting Equations (48b) and (65) into Equation (66), one arrives at the inhomogeneous OZ2
equation in the field Wr (hepy(Wr) = genz (W) — 1):

[ dR, = 5(R, —R,). (66)
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hemz(Ry, Ry We) = comp (Ry, Ry Wi) + f dR3 szl,gm (R3; Wp)hemz (Ry, R3; Wr)cemz (R, Ry; Wr),
(67)

which transforms into the conventional homogeneous version if the field is switched off
(Y = 0):

hema(Ri2) = cemz(Riz) + py [ dRs hewa (Ris)cemz (Ras), (68)

By Fourier transforming Equation (68) and combining the result with Equation (52c), the
static pair structure factor for PI-centroids is:

520 = (1-pucB M), (69)
formally identical to the classical form Equation (13a). It can be demonstrated that for the
quantum fluid [130]
_ INH)=(N)?

Séil)(k = 0) = pykpTxr = T (70)

a result that should not be surprising, since the fluctuations in the number of particles can be counted
with the centroids. Therefore, the Pl-centroid k = 0 component fixed via céﬁ} (k =0) formally
provides an exact way to obtain the equation of state of a fluid with quantum diffraction behavior.
As in the classical case, ccy2(Ry,) is expected to decay effectively to zero within a short range of
distances, which is indeed the case and leads to highly accurate results in k-space [46,62]. In this
connection, recall that direct correlation functions show generally a tail in their decays [149], but its

importance is negligible beyond a certain cut off (see References [130,136] and Figure 2).

QHs 1°,=06 p’ =0589 (a) 3.0- QHS 1,=06 p’ =0589 (P)

ot 2.5;

4

PIMC-g,(r) + OZ2

PIMC-g,(r*) + 0Z2 201 CM2-R",, =4.280
__ =20 e CN2R*, =2.913 - o ET2-RY,=2.877
L. — CM2 R*, =3.777 X 1.5
o™ -304 CM2 R*, =4.280 %
40 —— CM2R*, =4.602 1.0
—— ET2 R*, =2877 0.5
-50Y 3
T T T T T 1 0.0" =7 T T T T T T T 1
0 1 2'_*3 4 5 0 5 10 15 20 25 30 35 40
k*

Figure 2. Quantum hard-sphere fluid basic results at state point (A3 = 0.6; py = 0.589) on the fluid
side of the crystallization line [59,137]. Use of reduced units is made: r* =r/oys and k* = koys
(oys =hard-sphere diameter). (a) Pair direct correlation functions c¢y, and cgr , for the centroid
and instantaneous correlations, obtained by OZ2-treating the PIMC gcy, and ggr, canonical
correlation functions (Ns X P) = (864 x 12) . Shown are representative results for centroids CM2
along the convergence region marked by the R; zeros (from BDH+BHw/5- iterations there arise a
total of fourteen Ry) [59,72,125,127]. For the instantaneous case ET2 only the largest R; result
obtained with a single application of BDH is displayed. The different widths of the centroid ccy»
functions are intended to serve as a guide to the eye. (b) Centroid SS} and instantaneous S éZT) pair
structure factors at selected R, values. Note the more pronounced centroid features.

At this point, and following Reference [41], it is worth introducing a new hierarchy {K¢pn}
arising from the functional derivatives of the total free energy F. As before, the following formulas
are limited to the third order, the iteration to higher orders being straightforward. For brevity,
detailed reference to the various dependences of the functionals are omitted in what follows. At first
order one finds:

S(BF)
— = - B¥Y:(R;) =K R,; ¥ 71
5P1(\,1,)CM(R1;'4’F) pu— B¥r(Ry) cm (Ry; Wr) (71)
85K Ry;¥ 5(R;-R

caCame), ®uRa) _ Ccm (R1’R21P1E/1,2M'LPF) = Kemz (Ry, Ry Wp), (72)

8o\ R2YE)  p§ ey (RWE)
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8Kcm (RiR2;Wp) _ _ 8(R1-R2)8(R1-R3) 1
CZ) e (11) 2 . 23 — Ccm3 (R1'R2'R32P1E/,2M'WF) = Kems (Ry, Ry, R3; Wp).(73)
5, cmR3;¥F) [PN,CM(RI;'“VF)]

where the terms containing §(R; — R;) come from the ideal system contributions. In Equation (71)
one identifies the actual chemical potential u as the algebraic sum of the external field and an
intrinsic contribution, in agreement with the expected constancy of the chemical potential in the
presence of the external field [171,172].

The interest of the {Ky,} hierarchy lies in the fact that, together with the hierarchy {Icuy),
they allow the OZn frameworks to be formulated in compact ways [41]. Thus, OZ2 as given in
Equation (67) can be cast as:

de3 Kemz (R, Ra; We)lemz (R, Rs; Wr) = 6(Ry — Ry), (74)
which reduces to Equation (68) in the limit ¥ — 0. Furthermore, via functional differentiation of
Equation (74) one obtains the OZ3 framework. One of the four equivalent OZ3 equations can be
derived by following closely References [41] and [70]. First, by taking the functional derivative with
respect to the one-particle density a new identity arises:

)
WJ- dR3 Keyz (Ry, Ry We)lenz (Rg, R3; Wp) =
Pn.cm\Ra; XF

SKem (RyR3; "VF) STcmz2(R2R3;WR) _

— Ry, R3;Wp) + | dR3 Koy (R, R3; W) —0————
JdR, 50 g (Rys¥p) Tew (Rz, Ra;We) + [ dR3 Kewz (R, Ry Wp) 50 g (Rys¥p)
(73)
Second, with application to F(Cl’;“ of intermediate differentiation with respect to 6Wr, and

5PN,cm

renumbering the particle labels, one arrives at the final form:
J- dR3 Keys (R, Ry, Ra; We)lenz (R3, Ry; Wr) +

J dR3dRs Kepz (R, Rs; Wr) Toys (R3, Ry, R We)Kewz (Rs, Ry Wr) = 0, (76)
which, again, reduces to the homogeneous OZ3 equation in the limit ¥ — 0.

The triplet linear response function for Pl-centroids of the homogeneous quantum fluid (¥ =
0) arises from the Fourier transform of Equation (76) combined with the definition given in Equation
(53b). Thus, by noting that:

K@ wr ) =1, (77a)
one finds the triplet structure factor:
K (e ka)TER (1 (kg +a) )
K (e Ky hez)

SE8 0 ) = SIS )5l + KoD{1+picinta k), (770)

which is equlvalent to Equation (54) but formulated in terms of direct correlation functions [55],

PSS (Ky k) = T (ky k) = — , (77b)

with all the advantages and problems associated with these objects commented earlier. In this
connection, if the variations in the density are uniform, the = general hierarchy {ccy,} sketched in
Equations (64) takes the simpler and operative Baxter’s form [68]. In particular, the analogous
to Equations (14) read as:

6ch;;R1.Rz) = [dRzccy (RyRz R3); T = constant, (78a)

N

accg,:k 9 = @k, k, =0); T =constant. (78b)
N

5.1.4. Some Additional Relationships and Further Remarks

For the hierarchy {ccy,} the partition function Ep; ,(Wr) leads to all the relationships that are
applicable in the classical context [70]. A straightforward calculation yields:

6°InEp; p(Wr)
. = _(S - 1)CCMS(R1,R2’ ey RS; qJF) -
IE,12~M (Ry; qJF)5P1E,12~M (Ry; Wp) ... 5P1E,1_2~M (Rg; Wr)

JdRsyy PN (Rs+1;LpF)CCMS+1(R1,R2' s Rg, Reyg; lPF)Z s22, (79a)
which at zero field gives the corresponding centroid equations for the isolated quantum fluid.
Completing with the first order derivative (s = 1), the first three of the related equations read as:


https://doi.org/10.20944/preprints202409.2079.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 September 2024

27

§InEp;p(Yr)
80N tag (R1¥E)

=1-py f dR;cemz(Ry, Ry), (79b)
Yr=0
8%InEp; p(¥F)
80N Ly RUPE)S Py Lay Ry )

= —cem2 (R, Ry) — py f dRzceyz (R, Ry, R3),  (79¢)

Ye=0
8% InEp; p(Pr) |
5[’1511,21\4 (R1i WF)SPIE},%M (Rzi LPF)SPI(VI,ém (R3; lpF) | Wp=0
pn J ARy coua(Ry, Ry, R3,Ry).  (79d)
Besides, note the classical-like additional identities that hold in the PI-centroid context:

51nEp;p(¥r) @ 5(BYr(Ry)) _
——————=+ [ dR R,;¥W,)—+—="—=0, 80a
80N Ly (R1¥E) J ARy pycw (Ra; ¥r) 805 Ly (R1¥E) (80a)

= —2cey3(Ry, Ry, R3) —

82zl p(¥p)

J dR,dR, 0 =0 WO (80b)

[ dR,dR,dR; m(i;izgfz(;gﬂ%) =0; W, %0, (800)

(—kyT)? deldnzm = (N2) — (N)2:W, % 0, (80d)

(—ksT)® [ dR, dR,dR; S0P (y3) — 3(NZ)(N) + 2(N)%; W # O, (80e)

where Zyop(¥r) is the in-the-field PI canonical partition function, and the relations to the number
fluctuations are clearly displayed. These number fluctuations refer to the in-the-field fluid; the
formulas on the right-hand sides remain the same when W = 0, but obviously the meaning is not
the same.

Finally, several remarks are in order. It is worthwhile to point out that the formal OZn
derivations applied in the classical domain and related to the bijective connection external
field >equilibrium density [171,172,175-177], hold here for ¥ < p,(vng. This is guaranteed by the
form of the quantum partition function Equation (44) which is isomorphic to its classical counterpart
Equation (2). Another point is that there is no defined interparticle potential v(R;) between PI
centroids (compare to the variational approximations arising from the PI formalism [4,140-142],
which yield versions of such a potential), but this is not relevant to this discussion [171]. In this regard,
nor is the fact that under the same conditions two different densities are included in Equation (57),
namely the true particle density and the centroid density, because: (a) one is the actual and the other
is an auxiliary quantity, (b) each corresponds to a distinct object, and (c) both are intimately related.
(The situation is analogous to a distribution of mass and the consideration of its center of gravity). To
bring this subsection to a close, note that the applicability of the classical OZn numerical schemes to
the quantum CMn class is perfectly possible and rewarding: (i) at the pair level, OZ2(BDH+BHw) is
a powerful way to fix the equations of state of quantum fluids [46,62,130,136,137]; and (ii) at the triplet
level, first OZ3 applications were reported in References [55,56,58].

5.2. The PI Total Continuous Linear Response TLRn Class

For this class the fluid undergoes a general external weak field ¥ which is continuous either
spatially or in imaginary time (no magnetic interactions are considered). The PI partition function
can be cast as [7,11,57]:

N
Ep1,0(¥) = Tao 1= T TIE, drf X exp[—fWyp (FV)] x exp (- £ 30, T, w(rD)).

(81)
The functional derivatives for this model now can be cast as:
_ SInEp;p(¥) _ (1) .
kpTX oriSD = (R (qu; W), (82a)

82InEp; p(¥)
(—kTX)? 5‘*’(?11;;5’(%) = Trirz (91,923 W) = p,%? (41,92;¥) — pz(vl)g (qs; Lp)Pg/l)? (q;¥) +
Py (A W)8(a; — qz), (82b)
531115131,0 ) _
8¥(q,)6¥(q,)0¥(qs3)
pIEI? (qli q2,q3; lp) - PI(VZ)?(ql, q;; ‘P)plgl)g (q?u qJ) —

(—kpTX)?

Irr3(d1, 92, q3; W) =


https://doi.org/10.20944/preprints202409.2079.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 September 2024

28

pE(1, 93 WS (@2 W) — (G, a3 P)pTe (qu; W) +
2 p{2(as; Wps (a2 W)p iy (as; ¥+
pff,?(ql,qz.‘l’)rs(ql qs)—p(“(ql,‘l’)p“)(qz,‘l’)d(ql q:) +

P&, 95 W)8(qs — q2) — PSR (as; W)pie(as; ¥)6(qs — qz) +
P (G, A3 W)8(A2 — a1) — plyn (a2 W) (s ¥)6(a, — qy) +
pfvl} (q; ¥)6(q, —q3)6(q; — qs)- (820)

In the foregoing formulas a vector q; stands for the position vector of a structurally significant
bead in the grand-canonical sample (i.e., q; is any of the rf).

Recall that for structural evaluations each canonical ensemble has NX significant particles, and
that X is held fixed throughout the grand canonical ensemble. Therefore, by following the standard
procedures [2,11,57] one sets the definitions:

pl(vl)g (@) = (Xpn)Griri(Q1; P, (83a)
N)? (@1, 92 %) = (Xpn)? Grirz(d1, Q2,5 W), (83b)
P1(v?}3 (91,92, 93 ) = (Xpn)® Grirs (9192, 935 P). (83¢c)

and obtains the relationships:
82Inzflop(¥) _

Jda,dq, oo = O Y #0, (83d)

J dq,dq,dqs w(i:zfp’zfz‘;g)(%) =0; Y 0, (83e)
(—ksT)? [ dq,da, W (N2)— (N} W %0, (83f)
(—ksT)? [ 0y da,day a0 = (N?) = 3(N?)N) + 2N W = 0, (83g)

where the number fluctuations refer to the in-the-field fluid. The formulas on the right-hand sides
remain the same when ¥ = 0, although the meaning is therefore not the same.
The linear response cases in this case arise by making W = 0 on the right-hand sides of

Equations (82). In r-space this can be summarized in the following equations [57]:
SInEpy p (¥) (1)

_kBTW ~py Q¥ =0) =py, (84a)
(€Y)

%:;\p) X2 —Trir2 (41, Q2 W = 0) = pfi (Grir2(41,92) — 1) + pyy S(qz—ql): (84b)

—k TSFTLRZ(qI'qZ'lp) 1
g 6¥(qs3) X3
L P [Gr1r3 (1, A2, A3) — Grirz(A1, 42) — Grirz(d1, 43) — Grira(d2, Q) + 2] +
2P [(Grirz (a1, 92) — 1D8(A1 — 93) + (Grirz(G1,93) — 1)6(qs — q2) +

(Grrr2(92,93) — 1)6(q; — q1)] + %PN‘S((h —q3)6(q; — q3), (84c)

where it is important to note the role played by X in Equations (84). Equations (84b) and (84c) can

be formulated in concise forms with Equations (82) and the spontaneous fluctuations of the bead

_kBT

—3rr3 (41,92, Q3 ¥ = 0) =

density at the two- and three-body levels respectively.

For notational simplicity, by t* —arranging correlatively the NX beads present in each canonical
ensemble, the pair Grpz, and triplet Grprz correlation functions are defined by the ensemble
averages [57]:

P Grirz(A1, 42) = PR Grira(T12) = %(Zr’{::r; 5(rf’{ - (h)d(rrz —qz)), (85a)

L . pI%IGTLR'o;(qlﬂ dz, Q3)*= PrGrirs (T2, T3, T23) =

3 Zrrryeryer 600 — q)8 (™2 — q2)8(r™ — q3)).  (85b)

Note that the correlations between beads include both: equal and different imaginary times. The
foregoing averages (85a)-(85b) can be split into actual atom components: one-particle, two-particle,
and three-particle. In this regard, (a) for Gr.z,: the bead-bead pair correlations can correspond to
beads in the same necklace (one-atom self-correlations ss¢; ;) or to beads in different necklaces (two-
atom correlations g;z ) [11}:

Grir2(Q1,92) = Ss¢ 2(112) + gir (r12); (86a)
and (b) for Grpr3: the bead-bead-bead triplet correlations can correspond to three beads in the same
necklace (one-atom self correlations ss¢ 3), two beads in the same necklace and the third in another
necklace (mixture of one-atom self-correlations and two-atom correlations X;z,3), and the three
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beads in different necklaces (three-atom correlations g;r3). At the triplet level this can be cast as
[11,57]:
Grir (91,92, 93) = Ssc1,3(A1, A2, A3) + Z1r23(A1, 92193) + Z1r23(41, 43]92) +

Z1r2:3(A2,93191) + g1r3(q1, 92, q3), (86b)
where for clarity reasons the vector notation and vertical bars to separate necklaces in the X cases

are used.
The pair and triplet static structure factors arise from Equations (84b)-(84c) via the Fourier
transform process explained earlier. They can be cast as [11,55-57]:

NX 2
S@ () = —F}ﬂ(k = 0) = Zl exp(ik - 17| ) = 2m) w8 (1) =
; +py J drexp(ik - 1) (Grpr.(r) — 1), (87a)

1
5;:23 (k1’k2) = p_FT(i}" (k1,k2;lp = 0) =

(ZNX_12T2=1 T3=1 expi(k, - r+ Kk, rz—(k, +K,)- r’3)]) —{6(Kk) — terms},

(N)X3
(87b)
which in expanded form can be written as:
p . . .
Srin (ko) = 27+ 57 f dr {exp(iks; - 1) + exp(iK; - 1) + exp(i(Ky + Kz) - 10} (Grura(r) = 1)

+0k (s (kl, kz) + 5w (K1, ko) + 25, (K Ky) + 2, (Ky + Ky ky) + 33 (ko Ky + k)
2 (2m)*8 (k) f dr {exp(ik; - 1} (Grypa (1) — 1)
—pR2m)*8(ky) f dr {exp(ik, - D} (Gpex () — 1)

—pR@m)*8 (K, +Ky) f dr {exp(ik; - 1)} Gras () — 1)

—pn (2m)* 6 (k1) (2m)* 5 (Ky). (87¢)

More information about these structural functions in the r- and the k- spaces can be found in
works by this author [11,46,54-57,62].

The fixing of the Gz, and Grp spatial structures can be accomplished with PIMC or
PIMD simulations. Note that their computations scale as X? and X3, respectively, which makes
Grirz @ demanding task. To date these calculations have focused on full evaluations of Grpg,
[11,46,62], but only on restricted evaluations of Gy r3 covering equilateral and isosceles features of
the three-particle part g, of quantum hard spheres [54]. As for the structure factors S}ZL}, (k) and
S;ﬂe (kq, k), the PIMC/PIMD situation regarding the X-scaling is similar but further aggravated by
the necessity to scan sets of commensurate wavevectors and, also, by the drawbacks associated with
the low-k regions. Again, a significant part of S LR, not very close to k = 0, can be determined with
reasonable PI simulation effort [46]. Nonetheless, the simulations of S;L}, over a significant range of
wavevectors, excluding obviously the unattainable k; = 0 and/or k, = 0, and k; = —k;,, remain
today daunting (at least for most researchers).

0OZ2 and OZ3 Frameworks

In view of the present-day Pl-simulation difficulties in obtaining even restricted descriptions of
the structure factors TLR2 and (above all) TLR3, one might think of resorting to direct correlation
functions. However, the delocalization of quantum particles brings about several complications if
one tries to construct OZn frameworks by following classical-like ways. A couple of examples will
suffice to illustrate this knotty issue. Firstly, just at the pair level, one can consider Haymet et al.’s
approach [173-175]. Here, the pair part of the TLR2 case Equation (87a), which depends only on g,z
and is normalized to unity for large wavevectors (see below), was the object of interest as applied to
freezing in fluid helium-4 [175]. Broadly speaking, some of the main features are: (a) the ideal system
was defined as the Feynman ideal system; (b) the direct use of inverse derivatives p(l()r(z) led to a

N
need for effective particle masses in the ideal system to deal with the self correlations, though this
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measure could not be implemented under diminishing temperatures; and (c) in the end, a generalized
0OZ2 framework was obtained, but “effective” structure factors had to be defined, and unnatural
amplifications in that pair part of TLR2 were detected for large wavevectors k. Secondly, another
generalized OZ2 framework is that put forward by Shinoda et al. [178,179], in which the time-honored
molecular approach RISM [7,71] was adapted to tackling the PI-model of a fluid with quantum
behavior, as if it were a classical molecular fluid (RISM = reference interaction site model). This
approach also focused on the same pair part of TLR2 mentioned above, and self interactions did
appear when working the related OZ2 scheme arising from RISM (i.e., a given particle “interacts”
with itself at different imaginary times). Accordingly, further approaches to cope with this fact of the
model were to be taken.

At this juncture, the following two observations may be useful to help grasp the difficulties in
this context. (i) First, a simple exercise. By assuming that for the TLR2 unrestricted bead-bead

correlations one might define a direct correlation function in the conventional manner [5]:
-1
) = D S
itis straightforward to Check the strange S EL)R behavior that application of an identity analogous
to (66) would yield with increasing X. As in the two foregoing approaches, one can rederive the
classical OZ2 equation for X = 1, but the expression for the Trotter limit X — oo turns out to be
meaningless. (i) Second, a mathematical fact. Note that most of the OZ2 frameworks (e.g., Percus-

Yevick, hypernetted chain, and their variants [69,71]) are formulated with reference to interatomic

potentials u(rﬂ). The point is that the potential energy operators V™ (r;,r,, ..., ry) are diagonal in
the coordinate representation, which means that beads do interact via u(r;;) if and only if they belong
to different necklaces and are at the same imaginary time step (e.g., as shown in Equations (36a),
(37a), and (38)). Hence, there cannot be any particle self interactions in a PI context.

The approximation proposed by the present author to deal with STL r consists in separating the
intra-necklace bead-bead correlations from the inter-necklace bead-bead correlations and applying
directly the classical OZ2 framework to the latter (the pair part mentioned above) [180]. This (lucky)
choice found some support by the applicability of this procedure to the GFH picture of fluids with
(weak) quantum behavior [11,143,144,180]. This approach can be summarized as follows:

Syrr(k) =<+ py [ drssc 2(rexp(ik - 1) + py [ dr (grre () — Dexp(ik - r) = (89a)

R (00 + (S (0 = 1), (89b)
where F'L(;)(k) is defined by the first two terms in Equation (89a), being a sort of “form factor” for
the one-particle thermal packet, and SL(}ZQ) (k) adopts the well-known classical form associated with
the overall inter-necklace correlations gz, (r). The self correlations do not contribute to the
isothermal compressibility of the fluid (i.e., the k = 0 component), which can also be formulated in
the usual way only with S (2)(k) [130]. Application to g;g, (r) of the standard OZ2 Equation (12),
which defines its associated CLR (), yields after Fourier transforming:
Srin(e) = FR () + 1”p—(§’fk) (90a)

where one notes that Fj; D (k) admits approximate analytical representations [131,180], a very useful
one being that derived w1thir1 the GFH picture [131]

€ @ (1) = ph?k?
FQ () ~ Fiy () = 275 [ —exn (25)]. (90b)
One way or another, quantum approximations that involve classical ¢,(r) schemes provide this
context with reasonable alternatives to handle k-space difficulties [46,173,178,180], although their

corresponding ranges of validity are to be analyzed a posteriori. Surprisingly, for the approximation
given by Equation (90a), such range turns out to exceed expectations, since even under very strong

diffraction effects the comparisons with experiment and PI-simulations are excellent. In this respect,
at T = 4.2 K, for supercritical helium-3 and for normal liquid helium-4 at and near SVP (saturated
vapor pressure) conditions, the TLR2 results based on OZ2(BDH+BHw) were found to be almost
indistinguishable from those obtained via PIMC, and/or very close to experiment [30,46,170,181].
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Under diffraction effects and at the pair level, the conclusion when conducting OZ2 treatments is
clear: the intra- and inter-necklace bead-bead correlations can be separated safely for most practical
purposes. Two more observations: (a) with increasing quantum effects, the very low-k region may be
affected by the OZ2 approximations used (see subsection 5.4); and (b) when exchange interactions
are not negligible, this sort of bead-bead separation cannot be applied.

So far, to this author’s knowledge, no related OZ3 schemes have been reported for TLR3. The
intricacy of these triplet features is certainly greater than at the pair level. In relation to this, one notes
that the straightforward procedure followed in the pair linear response structures, Equations (86a)-
(89)-(90), cannot be used in the functions leading to STLR, as shown in Equations (86b) and (87¢).
Accordingly, whether this type of OZ ideas might be fruitful when studying the triplet STL r remains
to be investigated. The use of approximations, extending those in Equations (90), for treating the
terms displayed in Equation (86b) will be necessary.

5.3. The PI Instantaneous ETn Class

This last class is not amenable to being treated with functional derivatives involving an external
weak field, because of the collapse of the thermal packet under an instantaneous localization process.
To obtain the definitions of the related pair correlation function g, gr»(r) and its associated structure
factor SgE)T (k), which are in many ways analogues to their classical counterparts, the standard
quantum reasoning is based on the study of: (a) neutron scattering, with the time-dependent
treatment using Born’s approximation and Fermi’s potential, plus the elastic sum rule applied to the
dynamic structure factor Sgy "(k, w) [6,23,29]; or (b) the elastic scattering of X-rays, plus the
consideration only of the pair coherent part associated with the nuclei (i.e., the single-atom actual
form factor due to the electrons is dealt with separately) [6,28]. For the diffraction quantum effects
the final expressions are [3,6,9,11]:

1 N N
& (k) = )<]ZZ exp(ik - (1 — 1)) — (2m)*py 6 (k) =

1+ py [ drexp(ik- r)(gQ,ETZ (r) - 1)' 91)
pl%ng,ETZ r = <Zj¢l 5(1)‘ —q)6(r — qz)), (92)
where the ensemble averages refer to Z, Equation (29), both being formally equivalent to the
classical definitions (r = |q; — q[). The latter remark implies that both quantum averages reduce to
the usual formulas in the classical limit. Explicitly, the pair correlations are defined via the ensemble

average:
PhGoera(r) = 2 Sz e Tr{exp (~BH{™) X 52160~ 4)5(r — 42)} (93)
and the PI approach gives:
PR Gopr2(r) = piger2(r) = ZN>0 N,fH vy | dr X exp (—BWyp) X

(T Zi, 807 - qgam -qy), (94
or in compact form
PRger (1) = X)Xy 657 — 4)8 (O — a2)), (95a)
where the selection of the structurally significant (and equivalent) equal 7-time beads is to be
highlighted; this is the distinctive trait of the ETn class. Likewise, the instantaneous structure factor
can be calculated within PI as [9,11]

N N X
(N)X <Z Z Z exp (ik (rf -7 ))) — (2m)3py6(K) =

j=11=11=1
1+ py [ drexp(ik - 1)(gpr (1) — 1). (95b)
It is a simple matter to extend the formulation for the instantaneous triplets in r-space, the PI

average being (Figure 3):
puger (r12,713,723) = (%Zjilimij Z‘;(ZIS(I‘}-T —q)8(r — q26(ry, — q3)))- (96)

Sear () = SgP (k) =
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helium-3 (a) helium-3 (b)
31 T=421K p =00025A"° 3.04 T=421K p =00025A"
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o 2l _ } —~ 2.0 -asympt.
g g..,(r) - PIMC+0Z2 Z))" R QETZ——
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Figure 3. Helium-3 instantaneous correlation function ggr, at state point (4.21K; 0.0025 A3
obtained through PIMC canonical simulations (NsX P)= (1372 66). (a) Pair ggr, and
equilateral ggr3, arising from PIMC plus OZ2 (BDH+BHw/5-iterations) [46,72,125,127] and only
PIMC, respectively. To be noticed the long-range behaviors towards unity with increasing r.
Representative PIMC errors bars (one-standard deviation) in the vicinity of the main maxima:
ET3(r = 3.954;g; = 2.705 £ 0.021) and ET2(r = 3.954;g, = 1.394 £ 0.002), the OZ2 corrected
result for the latter height being 1.396. (b) Isosceles ggrs at selected r-slices. To be noticed the long-
range behaviors towards the pair values at each r value with increasing s (recall the canonical 0(%)

effect on the structures).

The spontaneous fluctuations in the density at the pair and the triplet levels can be expressed by
formulas, involving E,p Equation (30), analogous to the classical Equations (9b)-(9¢):

Fo.er2(Gu, Az;¥ = 0) = (271 8(5; — a1) — pw) (L. 5(ri — @2) — o)), (97a)
To.er (91,92, 95; ¥ =0) =
(Z)-16(5 = a1) = pw) CiL1 8 (0 = 42) = ) Bzt (0 = d3) = o)) 97b)

and, therefore, the actual and the PI definitions of the pair and triplet instantaneous structure factors
can be written as:

Soar(6) = —Toon( W = 0) = S (k) = —- T (ks W = 0), (98a)
Sorr (e ko) = T (ky Ko W = 0) o S5 (kg k) = - (kg kg W = 0). (98b)

Once again, this definition of the triplet structure factor is very convenient, since it reduces to
the classical formulation when neglecting quantum effects [3]. For completeness, note that within PI
one finds the explicit triplet formulas [55]:

L Ter3 (41,492,935 = 0) =
(}Z¥:1{(27=1 S(I}T - (h) - PN)(Z{V:1 S(f —qz) — py) EH=1 8, — q3) — PN)} ), (99)

SE (1, Kp) = o (T B, By B exp (i 1+ ko 17 — (kg + ko) ) ) — 8(K) —
terms} (100)

Some related remarks are the following. (a) From the simulation standpoint: note that the ETn
structural computations scale as X, which make them more expensive than those of the classical case
(X = 1), but far less expensive than those of TLRn which scale as X3, as shown in Equation (87b). (b)
The development of Equation (100) is formally the same as that of the classical case or, equivalently,
that of the PI centroids given in Equation (54), where one only has to substitute the CMn quantities
for the ETn ones. (c) As stressed earlier, there is a full formal equivalence among the Cn, CMn, and
ETn basic formulations of the isolated fluid quantities in r-space and k-space {g,,S™}.

5.3.1. OZ2 and OZ3 Frameworks

At this stage of the presentation, it is clear that no exact OZn frameworks are available for
analyzing the structural functions of the ETn class. However, as occurred in the TLRn class, the
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adoption of classical schemes/ideas, either as such [3] or modified [69], seems unavoidable if one tries

to use the device of direct correlation functions. In this regard, and again based on the applicability
of the classical-OZn to the PI-based variational pictures [11,143-145,180], there was nothing to lose
by trying the direct use of the classical OZ2 and OZ3 schemes. It goes without saying that the
OZ2(BDH+BHw) results were beyond expectations. Thus, under very strong quantum diffraction
effects (e.g., helium-4 and helium-3 fluids at T = 4.2 K), the overall agreement with experiment and
PI simulation was excellent [28,29,46,55,170,181], the very low-k region being the most sensitive to
this approximation (see subsection 5.4). As regards OZ3, applications of the classical scheme have
been made to helium-3 [55,60], the quantum hard sphere fluid (bare of with Yukawa attractions) [56],
and liquid parahydrogen [57,58], but no full tests of validity have been conducted.
The two basic equations here are the adaptations of the classical Equations (13) and (15), i.e.,
formally the same as in CMn, although now they are approximations:

-1
S (K) ~ (1 - pyc (k) (101a)
S (g, kg) ~ S (k) (k)SE (ks + Ko D{1 + pFicf ey k), (101b)

where the direct correlation functions cézT) and c,f,? are introduced as arising from the  standard
0Z2 and OZ3 classical procedures (Figures 4 and 5).

c__ -instantaneouos
ETn

helium-3 , (a) helium-3
2 T=42K p =0.0228671A 21 T=42K p =00228671A"
e Dites s aovms cvm oo et
94 i
. E’; “ BHP3
-64 L .~ -6 =—7
8] Cepq(FF) - BHP3 gl o EE: 1 A’::i
sssses O (r)_ozz (&) ET3 7
-104 22 -101 —c,,(r= 0Ass)
=12+ -121
'14 T T 1 —14 T T 1
0 2 4 6 0 2 4 6
r/A s/A

Figure 4. Helium-3 instantaneous direct correlation function cgr,, at state point (4.2 K; 0.02286713
A=3) obtained with OZ2 and OZ3 procedures applied to PIMC (Ns X P) = (1024 X
66) ggr — canonical data. (a) Pair cgr and equilateral cgr , arising from OZ2(BDH+BHw/5-
iterations) [46,72,125,127] and OZ3(BHP3) [41,60], respectively. To be noticed the more rapid
evolution of triplets towards zero with increasing r. (b) Isosceles cgr3 at selected r-slices.

helium-3 (a) helium-3 b)
T=42K p =0.0228671A" T=42K p =00228671A"°
24 , 24 3
instantaneous g * EI2-FIIC
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Figure 5. Helium-3 equilateral components of several determinations of the instantaneous triplet
structure factor SE}) at state point (4.2 K; 0.02286713 A~3%). Density-dependent intermediate data
calculated in Reference [46]. (a) Results obtained with PIMC (Ng X P) = (128 X 66) in the canonical

(b)
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ensemble and OZ3(BHP3) [41,60]. To be remarked: the PIMC and BHP3 negative values for k < 147%;
the double-zero component —0.021 fixed via the (classical) sum rule Equation (14b); and the small

PIMC error bars (one-standard deviation), the greater being near the main amplitude (k =
2004153 = 1938 + 0.034). (b) Results obtained with PIMC (Ns x P) = (128 x 66) and closures

JE3 [41,60] and DAS3 [65]. To be noticed the positiveness of the whole behavior of JF3, and the very
reduced negative behavior of DAS3 near the origin (k < 0.3 A~1), at which it is also —0.021.

5.3.2. An ETn Functional Digression

Before going any further, it is worthwhile to remark that there is a functional =~ approach to
the ET2 correlation function [6,135]. The point is that, by focusing on the variations of the partition
function 8Zp;p, with respect to the variations in the interparticle potential Su(rjtl), one obtains
an expression in which the correlation function ggr, shows up. The general usefulness of this
development seems scarce because there is no response from the fluid to an external field. However,
for completeness, it is noticeable that one can obtain useful relations at the pair-level involving both
the ET2 and the CM2 structures [135]. To simplify the following discussion, only the PP propagator
is used in what follows.

The PP grand canonical partition function for the homogeneous and  isotropic fluid can be
cast as [7,90]:

N
Ep,p(PP) = Y=o jv_,f H;y=1 [t=: drjt X exp [_ﬁwlF - %Zjd Yt-1 u(rﬁ)], (102)
A straightforward calculation yields the related first functional derivative:

§InEp;p(PP) _V (2 v — . :
—kp ﬁ = ;P}v,;r (91,92) = ;pl%lgETZ (r12), (112 =11, equal-time distance),

(103)
which is formally identical to the classical or to the PI-ET2 counterpart in the canonical ensemble that
can be found in [6] and [135], respectively.

As regards the extensions to higher orders, the situation is rather inconclusive. To get a feeling
of the drawbacks posed by this type of formulation, it seems instructive to consider the development
of 62Ep; p(PP):

N
- 8%Ep;p(PP) = ;szoj\,—!f H§y=1 [1t=1 drjt X exp(—fWyp) X

Ep1,p(PP) Ep1,p(PP)

2
(=5) (St Tmen T Tiroy Sur)u (i)}, (104)

the main problem being that different imaginary times are mixed. One might even think of extracting
artificially equal-imaginary time quantities by “tinkering” with the t-sums, but these manipulations
are of no interest to ET correlations. Furthermore, beyond the pair level expressed in Equation (103),
these derivatives become increasingly entangled. Although the latter might be related to spontaneous
effects within the quantum fluid, they seem to be of no use for the current study of static quantum
fluid structures.

5.4. A Joint Consideration of CMn, TLRn, and ETn

(i) Apart from the general consideration that the three quantum classes of linear response
functions are directly related to different forms of density-correlation functions in the isolated fluid
(as in the classical case), there are some properties exactly shared by the three classes. These
properties obviously belong to the isolated quantum fluid and can be identified at zero-field, ¥ =
Wr = 0. A most interesting case arises for the structure factors at zero momentum transfer(s) (k =
0), because the distinct response functions of the (isolated) fluid must take the same value regardless
of the pair, or the triplet, structure considered.

At the pair level there is the extended compressibility theorem [130] that states:

580 = 0) = 5P = 0) = 5,0k = 0) = 5O = 0) = pyks Ty = L0 — 5,

(105)

It is worth remarking that the foregoing exact result can be distorted when classical-like OZ2
calculations with ET2 and LR?2 are carried out. On the one hand, the discrepancies from the OZ2-CM2
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exact yr estimate remain in general controlled and do not alter the overall representation of the k-
space structures determined. On the other hand, the importance of the disagreement may be a matter
to analyze in certain cases (e.g., near changes of phase), as both the density and the temperature play
roles in this issue [46,62,130,136,137,180].

The generalization of Equation (105) to the triplet level, involving the double-zero momentum
transfer, reads as [57]:

Sk, = 0,k, = 0) = S (k; = 0,k, = 0) = S8 (k, = 0,k, = 0) = $©(0,0), (106)

By taking advantage of the OZn formulation for centroids, Equation (106) can be written in terms
of $@(0). Using Equations (69), (77c) and (78b), one finds

(2) (2)
3) dcgp(k=0) 1 1 1 0Scp (k=0)
cyk, =0k, =0)=—"F"—=——+ ; T=constant,
cn (K 2=0) apn I D ot on[s@te=0)|  oPw

(107)
which in view of Equations (105) and (106) leads to the following result valid irrespective of the
response class [57]:

$®(0,0) = S@(0) {5<2>(0) + oy 2 - (")}, T=constant; CM, ET, TLR. (108a)

The quantity S®)(0,0) is a quantum fluid property related to higher-order fluctuations in the
number of the atoms (particles), and it is a simple matter to prove that:

$®(0,0) = ‘” ) — 3(N2) + 2(N)?; T=constant; CM, ET, TLR,  (108b)

The trivial connectlons of the zero-field Equations (105) and (108b) with the functional Equations
(80d)-(80e) and (83f)-(83g), at zero field, are to be noticed (ET and CM are completely parallel in this
regard).

Also, for the single-zero momentum transfer one finds the exact CM relationship [57]

5 (k,0) = s2(0) {5(2) ) + py "’SCM”‘)

whilst for ET an analogous equation can also be written, but owing to the OZn properties utilized it
is an approximation:

5k, 0) ~ s2(0) {5(2)(k) +p "’S%(’”} k>0,T = constant. (110)

} k = 0,T = constant, (109)

It seems worthwhile to explore in future work the possibility of obtaming an equation for
Sg ®) 7 (k,0) based on the connection between the instantaneous g and centroid gCM pair
correlatlon functions [135]. If successful, this could help to solve the ET problems for low-k
wavenumbers, generalizing in this way the exact result connecting the properties of the centroid and
the delocalized particle within the GFH picture [131,180]. So far, no further formulas based on direct
correlation functions for TLR3 have been derived.

(if) The symmetry properties in r-space and in k-space of the structures CMn, TLRn, and ETn,
are translations of the classical ones seen in subsection 3.3. CMn and ETn behave in the classical way
regarding the limits of increasing/decreasing distances between atoms and, also, in the limit of
increasing wavenumbers (see also Figures 1, 2b, and 3). However, the class TLRn (unrestricted bead-
bead-... correlations) presents some striking differences. In relation to this, suffice it to mention that
for the TLR2 functions one finds in r-space: (a) Grip2(r) at r = 0 increases with the P discretization,
because of its one-atom component ss¢; ,, and tends to unity for long distances due to the two-atom
component g;r; (b) ssc » = 0 for long distances, and g,z, does not necessarily vanish when two
atoms come close together (it may even be nonzero at r =0!); (c) SSL)R (k) > 0 for large
wavenumbers. The magnitudes of these discrepancies from the standard classical behaviors depend
on the intensity of the quantum effects, and the reader is referred to [46,54,55,62,170,180] for related
results. Consequently, one may expect an interesting variety of patterns when studying TLR3
functions.

(iii) Another set of exact PI relationships can be obtained [54] by following the classical
developments [26,150,151,157] given in Equations (27) and (28). It is easy to establish that for the two-
point densities (referring to actual two-particle correlations) given by:

Doy = Zj;:z 5(RCM,j - R1)5(RCM,I - Rz)' (111a)
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Qprp, = X1 Z¥=1 Zj:tl 5("; - (h)S(I'IT - qy), (111b)
DPrro = X2 X7 X1 =l S(I}T - (h)d(rzw —qy), (111c)
one obtains the classical-like relationships:
3(%‘?) = (N®) — (N}®); CM2, ET2, LR2. (112)
T

The latter formula leads to the classical-like equations:
()
nS@ ) (5 ) = piv [ d4s {93(a1, 92, a3) — 92(a1, 92D} + 205 92(a1, 02), (1132)

$@(0) (M) = f dq, {22290 1}+pi(1—5<2>(0)); 0,(r15) > 0, (113b)
N

©2(q1,92)
where the functions {(pz, @3} stand for:
{02, 03} = {9cmz Iemz b {9er2, Gersd {GLrar GLrs b (113¢)

and, for consistency, S®(0) corresponds to its associated pair structure ¢, (recall that in practice
the $®(0) values may show deviations from the exact Equation (105)).

Note that the total continuous linear response TLR is not contained in the LR relationships, since
the self-correlations do not fit into this scheme. Equations (113) arise only from the pure actual two-
and three-atom correlations.

For the purposes of this work, it is also worthwhile to remark that Equation (113b) can be
transformed and split into two parts [150,151] as (¢, (r) > 0):

Apract(112) = A(r2|@3); if @5 = exact triplet function, (113d)
where
- al
Aevace(r2) = SP0) (FF222) = [das (92(2) = D(@a(ra) =1, (113¢)  Alralga) =
¢3(r12,713,723)
Jdas {W — @2(r13) 92 (7'23)}- (113f)

Given that Ayac(1y2) is just a pair quantity that can be fixed with high accuracy, whilst
A(ry,|@3) is a quantity that depends explicitly on ¢;, the use of these two quantities yields
consistency tests of possible closures for ¢;. In this connection, one uses KS3 as a reference by
expressing the triplet closure in the form:

[93(r12, 713, 723)] clos. = Prsz X P3(A1, A2, Q3) = P2(112) P2 (113) 92 (123) X P3(q1, 92, q3). (113g)

By substituting a closure to be tested in Equation (113f), two comparison tests are between: (a)
Aexace(r1z) and A(ri;|@3), and (b) the values of the density derivative (0¢,/dpy)r determined with
the computed pair results and the corresponding estimates arising from the closure.

In relation to this, for completeness, the three basic closures KS3 Equation (22), JE3 Equation (23),
and AV3 Equation (24), lead to the following expressions for their quantities in Equation (113d)
(Figure 6):

- KS3:

A(riz|ks3) =0, (113h)
G (rlz)/apN)T,KS3 = (QDZ/S(Z)(O)) f dqz (92(r13) — D(@2(rp3) — 1). (113i)
- JE3:

A(T12|(P1F3) = (S(ZZ(O) - 1) f dqz (2 (r13) — D(@(023) — 1), (113j)
(09, (le)/aPN)T,jm = fd‘h (92(r13) — D(@2(r3) — 1). (113k)

- AV3:
MG low) = £ (22 1) [ das (pa3) — Do) =D, (113])

(09, (7'12)/6PN)T,AV3 = %(1 + (PZ/S(Z)(O)) f dqs (92 (r13) — D (@2 (r23) — 1). (113m)
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helium-3 (a) helium-3 (b)
= -3
T=42K P 0.0228671 A 20 T=42K Py = 0.0228671 A
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= Numerical (Richardson) ET2 'e;(n::?:z':::::a')
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ﬂ LJF3 10 o JF3
]

AV3

—— AV3=(KS3+JF3)2

(dg.,(r)Vdp ) / A’ - T=constant

3 6 9 12 3 6 9 12
r/A r/A

Figure 6. Helium-3 closure consistency calculations (Equations (113)) for the instantaneous triplet
correlation function ggr at state point (4.2 K; 0.02286713 A~3). Density-dependent intermediate
data calculated in Reference [46]. (a) Density derivative at constant temperature of the pair radial
correlation function ggr . Closures KS3 [37], JF3 [40], and their average AV3 [59], are compared to
the numerical result (“exact”) fixed with Richardson extrapolation (four-point estimate [182]). To be
noticed the greater closeness between AV3 and the “exact” values. (b) Functional Agyr at constant
temperature fixed with Richardson extrapolation (four-point estimate) compared with its closure
approximations arising from KS3, JF3, and AV3. To be noticed the greater closeness between AV3 and
the “exact” values past the region where JF3 behaves wrongly.

(iv) Furthermore, as regards OZn schemes, application of the classical and quantum reasonings
[38—41,59,60,72,125-127] is a possible and rewarding way to obtain information on the quantum
triplet CM3 and ET3 structures. Recall that the CM2 calculations have, in the end, an exact OZ2
framework, but that under any other circumstances approximations are involved. Despite the latter
remark, the usual PIMC/PIMD (“raw”) pair radial structures CM2, ET2, LR2, arising from the
canonical simulations, can be: (a) utilized to carry out OZ2 studies of the asymptotic decay properties
[183,184], and (b) improved using OZ2-based treatments and corrections (e.g., the BDH+BHw
analysis considered in Section 3.4). By doing so, grand-canonical approximations for these pair
functions can be determined, which may be viewed as better intermediate quantities for an intensive
use of direct correlation functions in triplet calculations via closures. In this connection, although for
r-space triplets the PI simulations in the canonical ensemble are sufficient to give very useful
information, note that for k-space triplets there are no complete OZ3 tests regarding the (density-
temperature) ranges of validity. The huge PI computational load involved, covering significant
ranges of the two wavevectors and physical conditions, and the variety of closures for triplets are
reasons for explaining this lack of knowledge (Figures 4, 5 and 7).

QHS %,=06 p =0589 (&) QHS ', =06 p =0589 (b)
101 10-
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Figure 7. Quantum hard-sphere fluid equilateral components of triplet structure factors at state point
(45 = 0.6; py = 0.589) on the fluid side of the crystallization line [59,62,137]. Use of reduced units is
made: k* = koys (0ys =hard-sphere diameter). (a) Centroid triplet structure factors CM3 obtained
with PIMC canonical simulation (Ng X P) = (250 X 12) and the closures JF3 [41] and DAS3 [65]. To
be noticed the PIMC largest error bars (one-standard deviation) at the main amplitude, which is near
(k* =5.912; SS} =10.716 £ 0.519) , and the negative values at the double-zero component
(8.5 x 1074, fixed with the classical Equation (14b)) and at (k* = 2.365; S = —0.006 + 0.001).
Also, JE3 results are always positive, while DAS3 results (obtained via Stirling two-point derivatives)
remain below zero for k* < 1.2. (b) Instantaneous triplet structure factors ET3 obtained with the same
methods as above. To be noticed the PIMC largest error bars (one-standard deviation) at the main
amplitude, which is near (k™ =5.912; §, ST) = 8.559 % 0.342), and the negative values at the double-
zero component (—4.2 x 107%, fixed with Equation (14b))) and at (k* = 2.365; SS,), = —0.006 £
0.001). Also, JE3 results are always positive, while DAS3 results remain below zero for k* < 1.

(v) Finally, it is worthwhile to write the connections (“sum rules”) of the dynamic structure
factor S5”"(k, ), which can be obtained through inelastic neutron diffraction experiments [23], with

the PI quantities S, ézT) (k) and Sﬁ}e (kK):

S0 = [, dw S§7" (k, @) = S7 (k) (114a)
© 1-exp(—phw)
Seue®) = 2 [ dew ZEVEED SOk, @) > {1 (K), (114b)

where w stands for the angular frequencies of the neutron radiation. SgT)L z(K) arises as a density-

density relaxation function [23] (Equation (87a)). The latter expressions have been utilized in
fluid helium-4 studies (e.g., see References [29,30,170,178]).

6. Systems Studied in This Work, Computational Details and Related Observations

The main structural concepts reviewed in the previous Sections are illustrated in this work with
further numerical applications to supercritical helium-3, and the QHS fluid on the crystallization line,
thus expanding the scope of previous works on these key systems [54,55,59,60]. For helium-3 the
focus is on pair and triplet structures in r-space and triplet structures in k-space, whereas for quantum
hard spheres is on triplets in k-space. The computational techniques employed are PIMC simulations
in the canonical ensemble (N,V,T), (or better (N X P,V,T)), complemented with OZ2 and OZ3
treatments, by using the closures and relationships addressed in this work. The simulations utilize
sample sizes Ns X P inside a central cubic box of side L, with the usual periodic boundary conditions,
and the Metropolis sampling scheme involving the normal-mode algorithm (acceptance ratio 50%)
[74,145). One PIMC kpass is defined as (103Ng x P) attempted bead moves, and one PIMC Mpass is
10%kpasses. The computed structural classes are the centroid (CMn) and the instantaneous (ETn) at
the pair and triplet levels, the latter being focused on some equilateral and isosceles features.
Representative results are contained in the Supplementary Material.

The state points studied are listed below:

(i) For helium-3: (T = 4.21K; py = 0.0025A73), (T =4.2K; py = 0.02286713873), (T =
(8.99K; py = 0.0228717687 A~3%), The pair interatomic potential selected is Janzen-Aziz’s SAPT2
[106], and PIMC calculations involve the SCV] propagator with a = 1/3 [84]. Information obtained
in Reference [46] on auxiliary state points about the state point at 42K : Apy =
+0.002 A73,40.004 A3, is also employed.

(ii) For the QHS fluid [59,62,137] only k-space results for one state point are reported, (A3; py) =
(0.6;0.589). Complementary structures for two state points about the latter, by varying py at
constant Ay, are also obtained in the present work; these variations are: Apy = +0.01715, which for
a system with ogys=3.5A amount to +0.0004 A3 . (Other pilot applications along the
crystallization line, at A3 = 0.2,0.8,1.2543,1.9832 [62,79], have also been carried out and will be
commented later). PIMC calculations involve the CBHSP propagator [81]. Recall that there is a unique
way to characterize a state point in the QHS system by using reduced units [59,62]: i.e., the length

* B

unit is the hard-sphere diameter, py = pyojs, 15 = —
HS
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PIMC canonical simulations focus on the instantaneous and centroid pair g,(r) and/or triplet
g3(r,s,s) correlation functions. The sample sizes (Ns X P) employed are as follows: (a) for g, and
gs in helium-3, (1372 x 66) at T =4.21K, (1372 x22) at T =899K, and (1024 X 66) at T =
4.2 K [46]; (b) for g, in the QHS fluid, (864 x 12) at the auxiliary state points analyzed, and the
same at the target state point (A3; py) = (0.6;0.589) taking its pair information from calculations in
Reference [59].

The pair structures in r-space are computed in the usual way utilizing histograms [13], the width
of the bins being A = 0.1 A. Most of the “raw” pair canonical structures are subsequently OZ2-
analyzed and improved in the form already described [46,136]: application of the OZ2 Baxter-Dixon-
Hutchinson’s (BDH) procedure [72,125] plus Baumketner-Hiwatari (BHw) corrections [127]. By
doing so, access to every k-space related property at the pair level is obtained with high accuracy
(Figure 2).

As regards the MC/MD calculations of g; triplets, they present a number of nontrivial
subtleties, as discussed by Tanaka and Fukui [42], Baranyai and Evans [43,44], and Barrat et al. [41].
In the current PIMC applications, the method followed in r-space is based on References [42-44],
which for the study of quantum fluids was firstly used in Reference [54]. The interested reader is
referred to the latter reference for specific details. To facilitate the understanding of the reported
results, however, suffice to say that triplet correlations are determined via:

_ (Anr) |
gs(R,S,U) = N2 @Vnsy CM3, ET3, (115)

where (Any) is the number of times that mutual distance triplets lie within the ranges R —A <r <
R, §S—A<s<S and U-A<u<U (again: A=0.1 .f\); the previous notation should be obvious:
R =1,, S =13, U =r;. Inaddition, to avoid redundancies in the counting, the conservative (and
less time-consuming) condition 7,s,u < L/4 is imposed [42]. The run lengths of the PIMC
computations for helium-3 in r-space are as follows: in between 1233-1300 kpasses for fixing the pair
structures gy (r) and ggr,(r), gathering statistics every 8000-12500 accepted configurations; and
in between 2470-2560 kpasses for fixing the triplet structures gcy (1,5,5) and ggr3(r,s,s), where
r =s is included, gathering statistics every 8000-10000 accepted configurations. Statistical errors
(one-standard deviation) are fixed with block subaverages and remain very small: at the main peaks
they are below 0.8% (see main details in Figures 1 and 3).

The calculations of the triplet structures in k-space turn out to be much more involved, and a
few remarks are to be made. The PIMC simulations involve the sample sizes (Ng X P): (a) (128 X 66)
for helium-3 at T = 4.2 K (Figure 5); and (b) (250 x 12) at the QHS fluid state point (A3;py) =
(0.6;0.589) (Figure 7). These calculations are focused only on the equilateral components

s® (k, k, g) instantaneous for helium-3, and instantaneous and centroid for the QHS state point.

Twelve sets of {ky,Kk,}; vectors commensurate with the simulation box, are scanned; each set is
composed of 8 pairs such that: |k;| = |k,| = k;, the vectors being at an angle /3, and with the
constraint 2 < kZ + kZ + kZ <200 [58]. This implies that for helium-3 at T = 4.2 K the resulting
moduli (wavenumbers) are in 0.5 < k;/A~! < 5, whilst for the QHS fluid state point, the moduli are
in 23 S k; <118 (k{ = k;oys). Also, the sampling is more focused on the low-k wavenumbers and
the regions of the main peaks. PIMC run lengths are as follows: for helium-3 in between 30 and 120
Mpasses, gathering statistics every 5000 accepted configurations; and for the QHS fluid state point in
between 6.5 and 60 Mpasses, gathering statistics every 8000 accepted configurations. Statistical errors
(one-standard deviation) are fixed with block subaverages and remain controlled: at the main
amplitudes they are: 1.8% for the instantaneous case in helium-3; 4.8% for the centroid case and 4%
for the instantaneous case in the QHS fluid (see main details in Figures 5 and 7)). As a complementary
result, the (mean) imaginary components, which must be identically zero [41], at the main amplitudes
turn out to be: 0.0045 £ 0.0114 for the instantaneous case at the helium-3 state point; —0.0218 +
0.4219 for the centroid case and 0.0485 + 0.2518 for the instantaneous case at the QHS fluid state
point. Clearly, although the QHS sampling is highly informative, it must be improved. In addition,
all these results give an idea of the slowness of this sort of calculations when dealing with fluids with
quantum behavior. This drawback becomes more acute if the fluid state point investigated belongs
to the actual crystallization line of the potential model selected to describe the fluid. In this case, the
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Ns sample size cannot be small (i.e.,, about one hundred particles, as the used in helium-3): the
“flipping” back and forth in the simulation between the fluid and solid branches [13] must be
avoided. This is the case in the current QHS fluid application. After monitoring such an effect, it has
not been observed with Ng = 250, but it is rather conspicuous with Ng = 128. This monitoring has
involved the configurational centroid CM2 structure factor (k # 0) defined as normalized to unity
at its crystal-structure maxima [137]. For the current QHS study with Ng = 250, the latter
configurational quantity remains below the maximal fluid value estimate 0.2 [61].

Closure calculations reported here for triplets (instantaneous and centroid) in r-space are carried
out utilizing KS3, JF3 and AV3, whereas in k-space are with BHP3 [41,55,56] and DAS3 [65]. These
calculations necessitate the corresponding pair structures, g,(r) and S® (k). Detailed descriptions
of the related procedures can be found in works by this author [54-60], although for the reader to
better grasp the reported results it may be worthwhile to mention the following facts.

(i) JE3 and BHP3 share a common type of integral [39,41,156], which in each case is utilized in
this work as follows:

- JF3 (r-space) [54]

[(r12,713,123) = fd‘h ha (r10)hy (124) R (1r34) =

X768 (2v + 1)P,(cos O[rys, rzs])f dy y2 h,Nf, (0, 113)f, (7, 123),  (1162)

£, y2) = [ dx PRy (V7 + ¥ — 22313, (116b)

- BHP3 (k-space) [55]

B e Dl ) = s [ s e = ket + ) =

(2711)2 Tymex (v + )P, (cos Ok, ko) [ dk k2 e()fy (er, k), (ke K), (1172)

folka, k) = [7] dw B,(w) t(/kZ + k2 — 2wk,k), (117b)
where the P, stand for the standard Legendre polynomials, and the upper limit vpq, = 30 is
utilized. (In the limit v, — o0 the v-expansions are exact [41,156]).

(i) For the closure analyses at constant temperature, the numerical density-derivatives of the
pair g,(r) and the direct correlation functions, c,(r) and c,(k), are evaluated with the centered

algorithms: Stirling’s (two-point) and Richardson’s (four-point) [182] (Figures 5 to 7). By denoting a
generic radial pair function by f,(r; py), the previous algorithms can be written as:

CIAGTIN) s f2(ripn+ApN)~T2(rion—ApN)

( za;:N) ~ D,(Apy) = 2(r;pN m;A ;TPN PN, (118a)

Atz (ripw) \ Rich- 4D (ApN)-D1 (28pp)

(%) ~ D,(Apy; 20py) = M' (118b)
N T

(iii) As regards JF3 and AV3, the following observations are worth making. Comparison with
PIMC results for the equilateral components of the helium-3 triplet structure factors S (3)(k k, —)

indicates that (Figure 5 and Table 1): (a) JF3 cannot capture the negative behavior within the low-k
region and its usefulness reduces to the large-k wavenumbers, since it gives the asymptotic behavior
of the structure factor; and (b) AV3 as reported in Reference [60] yields lower values for both the
negative depth in the low-k region and the height of the main amplitude. In view of the results in
Figure 6, it is highly likely that AV3 can be improved using Abe’s developments [38] and gives better
triplet results in both r-space and k-space.

(iv) BHP3 minimizations for ET3 helium-3 at the state point at T = 4.2 K were reported in [60],
where use of conjugate gradients [185] was made, as explained elsewhere [55,56]. Discretizations of

the t(r) functions into 7001 points covered the distance interval [0 < r/A < 70]. Convergence as
[t(™)]

\l"apﬂlz

in a few hundred iterations. The explored ranges of wavenumbers for S (3)(k k, —) have been

assessed via was rapid and without any problems, the latter quotient reaching values ~107°

extended, k > 5A~1, for checking the properties in k-space as k increases: JF3 appears as the limit
with increasing k wavenumbers, and the results are consistent. Figures 4 and 5 and Table 1 collect
representative results for this system. As seen, for the equilateral components, BHP3 [60] gives a nice
representation of the PIMC values, particularly in capturing the negative behavior for k < 1 A2
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Table 1. Detail of the instantaneous S, g) (k, k, g) results for helium-3 (T =4.2K; py =
0.02286713 A~3). AV3 and BHP3 data taken from [60].
Instantaneous—S ET) (k, K, g)
k/A-1 PIMC JE3 AV3 BHP3 DAS3
o | e 0.001 0.020 —-0.021 —-0.021
0.5 —0.008 £+ 0.001 0.003 —0.053 —-0.011
0.013
1 —0.028 £+ 0.002 0.047 —0.140 —0.005
0.061
2 1.938 + 0.034 1.893 1.891 1.759
1.910
21 0 e 1.999 2.000 1.904 2.009
5 1.006 + 0.001 1.005 1.005 1.005
1.005

Nevertheless, some pilot BHP3 minimizations for the QHS fluid (CM3 and ET3) along the
crystallization line [79,137] have turned out to be affected from convergence problems. These latter
results are therefore far from conclusive from a physical standpoint and only a brief comment follows.
The key observation is that the convergence in this case (tested with both gradients and conjugate
gradients) appears to be strongly dependent on the value of the norms |[dc,/dpyll%, in such a way
that the larger this value is, the slower and more physically doubtful the convergence path turns out
to be. These norm values are clearly associated with the depths at the origin of the pair direct
correlation function ¢, (r = 0). To get a better feeling of this situation some data related to the pair
direct correlation functions analyzed in this work are worth quoting here:

(i) For helium-3 at (4.2K; 0.02286713 A73) the five instantaneous values cgr,(r =0),
corresponding to the five state points involved, are in —9.196 < cgr,(r = 0) < —5.051 [60], and no
BHP3 problems with the convergence were observed.

(ii)) For the QHS fluid at (A5 = 0.6; py = 0.589): the three instantaneous values involved
(Apy = £0.01715) at the origin of the interparticle distances are in —36.764 < cgr, (" =0) S
—30.916, while the three centroid values are in —58.720 < ¢y, (r* = 0) < —46.598.

(iii) The reference values given by the squared norms [|dc,/dpy||* turn out to be as follows:

- For helium-3, wusing Richardson four-point derivative (AA@ +0.002, i0.004), the

3
instantaneous reference is ||dcgr,/dpyll? = 0.4845 x 107 A°.

- For the QHS fluid along the crystallization line [79,137], covering the conditions mentioned
above compatible with 0.2 <1; <1.9832 (oys =3.54), and using Richardson four-point
derivative (Apy = +0.0042875,+ 0.008575), one finds values for the instantaneous reference in
0.3050 X 10° A% < ||0cgra/0pn]1?> < 0.2598 x 10'° A%, and for the centroid reference in

0.2881 x 10 A% S ||0ccy /pnll? < 0.2094 x 1011A°,

As seen, there is a significant BHP3 difference between the
foregoing results for helium-3 and the QHS fluid. Note that the
comparison is better made using the actual values in A for distances,
since the modelling via hard spheres for helium-3 is not consistent [55]
for the current structural purposes. In relation to this, the distinct
features of the interparticle potentials u(r) involved are to be
remarked: for helium-3, continuous for r > 0 and weakly attractive at
the minimum (= —11K) [106], whilst for QHS there is an infinite
discontinuity at r = oy . These potentials are obviously connected to
the shapes of the pair direct correlation functions, and hence to their
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density derivatives. Consequently, although applications of BHP3 are
clearly dependent on the latter derivatives by reason of their
construction Equation (25b), in intricate regions such as the freezing
transition this dependence becomes extremely sensitive to the quality
of the numerical derivatives. (Recall the basic density increments
Apy (A=) about the target state points: 0.002 A% for helium-3, and
0.0004 A=3 for QHS). Therefore, a very careful fixing of the QHS
intermediate cgr and c¢y , by diminishing Apy for increasing the
accuracy in the density derivative calculations, could fix this BHP3
situation. However, apart from the computational overload, possibly
including an augmented precision in the calculations, one can still
foresee some difficulties. Firstly, the slow minimization of a large
quantity ©[t(r)] which, together with the fine details of the density
derivatives of the pair direct correlation function involved, might
misdirect the convergence path and lead to unphysical solutions.
Secondly, although OZ2 for centroids is formally exact, OZ2 is an
approximation for the instantaneous case, which means for the latter
that extra problems can be encountered in the freezing region when
applying simple corrections such as BHw. Furthermore, there is the
question of the complete calculation of the triplet structure factors by
including its general components. Obviously, detailed work to clarify
the ranges of applicability of BHP3 is needed.

(v) On the contrary the current DAS3 calculations of S®(k, k,g)

are directly worked out in k-space and, once the necessary pair
information c,(k) is available, they are straightforward. Apart from
the numerical derivative problems, no intrinsic procedural problems
appear. As shown in Figures 5 and 7 and Table 1, DAS3 also gives good
representations of the equilateral PIMC results, albeit apparently not so
good as BHP3 in the instantaneous low-k region. These applications
use the two-point derivative Equation (118a) for the QHS-fluid CM3
and ET3 evaluations, and the four-point derivative Equation (118b) for
the helium-3 ET3 evaluations. For this closure the underlying OZ2
problems with the instantaneous class also exist, and its basic
assumptions Equations (26) remain to be fully tested. Again, detailed
work to clarify the ranges of applicability of DAS3 is needed.

7. Final Remarks and Future Directions

The investigation of the static triplet structures in quantum
condensed matter (fluids and solids) via path integrals is a promising
and challenging avenue. Although it may be said that an initial
background to this topic is already established, key theoretical and
computational aspects in both the real (r-space) and the reciprocal
Fourier (k-space) remain to be explored and understood. The
theoretical issues should focus on: (a) expanding further the limits set
by the usual pair-level approach (solid phases [59]), and (b) the
treatment of systems composed of nonzero-spin particles, particularly
fermionic systems. The computational issues should mainly address
the questions of cost-effectiveness posed by the required accuracy
when determining the variety of different quantum triplet structures
(dimensionality = 4-D), with a view to increasing the simulation Ng
sample size and, also, the possible integration of proper two- and three-
body potentials (e.g., [107,108]) in the structure computational schemes.
In this regard, exascale computations, when widely available, could
alleviate the effort to be made. (Just as a high hope, if quantum
computers became a reality in practice some day, the quantum triplet
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problems might provide an excellent test bed). All these developments
can provide very useful guidance for materials research and future
higher-order structural studies.

Some specific theoretical goals within the path integral framework
can be the following. (i) The consideration of general external fields
including magnetic interactions and/or situations involving more than
one spin state in monatomic fluids; the latter can give rise to a special
set of treatments for fermionic fluids when studied with the insightful
Wigner path integral schemes [98,99]. (ii) A formulation of the actual
triplet structures in molecular fluids (e.g., hydrogen fluids) that, going
beyond the overall one-site picture [57,58], gives full meaning to the
direct atom-atom constructions [11], or yields more global molecular
approaches.

As regards the specific computational goals, one can mention the
following pending path integral tasks in homogeneous and isotropic
monatomic fluids (4-D problems). In the diffraction regime: (iii) the
determination of the total continuous linear response functions TLR3,
which remain virtually untouched [54]; and (iv) the completion of the
ET3 and CM3 structures by fixing their behaviors over significant
ranges of the three significant variables which characterize them (i.e,
three independent interparticle distances, or two wavenumbers and an
angle). In the quantum exchange regimes, there is nothing yet related
to calculations of triplet structures that has been undertaken and work
on this should be welcome.

As complements to the exact path integral calculations of triplets,
one may try a variety of closures. These closures are not as efficient and
clear-cut defined as those at the pair level. Despite this remark, there
are some results indicating that, when studying the instantaneous and
centroid g; and S® functions within the quantum diffraction
regime, closures may be a great source of information. Triplets g; inr-
space have been discussed at length elsewhere [54-57,59,60], and
suffice it to say that the results obtained through the AV3 closure
Equation (24) [59,60] point to the possibility of achieving significant
improvements based on Abe’s expansion [38]. In this regard, it is
expected that the negative effects of increasing densities on the long-
range isosceles correlations could be fixed to a significant extent, which
may reflect in better k-space results. Nonetheless, closure S® results
for quantum triplets in k-space remain comparatively an unknown
issue. For the time being, the closures BHP3 Equations (25) and DAS3
Equations (26) give results (S® equilateral components) that make
them worth exploring in depth. They may capture traits of the sensitive
low-k (negative) region of the equilateral ET3 and/or CM3 structure
factors and, also, the behavior of the important main amplitude region.
In connection with the low-k region, BHP3 seems better adapted than
DAS3. However, and based on pilot calculations, BHP3 variational
calculations seem less appropriate for investigating intricate regions,
such as the quantum hard-sphere crystallization line, whereas DAS3
calculations appear here as a more robust option for both ET3 and CM3.
For large-k wavenumbers the basic JE3 closure (Equation (15) with
c](,?) (k1,k;) = 0), which is part of both closures, dominates the triplet
S® behavior.

The k-space closure results obtained so far are just a beginning
(e.g., [58], and Figures 5 and 7 herein), and more work is needed to
substantiate their relevance, particularly regarding the non-equilateral
components. Searching for the limits of applicability of closures, even
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for qualitative purposes related to the CM3 and ET3 cases in the
diffraction regime, seems a rewarding task. The case TLR3 does not
seem amenable to closure studies because of self correlations, although
there is nothing against trying closure treatments of the pure triplet-
atom part ([54] and Equations (113)).

Supplementary Materials: Detailed numerical results are contained in the zip file LMSfiles_ QR2024.zip, which
is organized in seven directories, each being associated to its corresponding figure in this work.
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Appendix I: A Formal Analysis of Zero-Spin Bosonic Exchange Structures

Within the PI approach the derivation of the physically significant structures of a homogeneous
and isotropic zero-spin bosonic fluid can be carried out along essentially the same ideas reviewed in
the main text of this article. The key point is that the partition function can be expressed as containing
a weighting function which is nonnegative everywhere in configuration space, thereby being a
proper probability density. The three classes of structures ETn, TLRn, and CMn can be studied by
generalizing the pair level treatments [7,9,35,36,78,130,133,134]. In what follows, for illustrating the
main features of the bosonic triplets, use of the PP propagator is made [130].

The Hamiltonian for N atoms to be dealt with in the linear response regime is now taken of the

global form:
0; ETn

g = H(EN) + @), g = JYWM = 0; TLRn, (A1)
y™ +0; CMn
where H(EN) is the Hamiltonian operator for the isolated N-atom system given in Equation (1), and
YW 0 stand for the action of an external (continuous or non-localizing) weak field: ¥ =
Y;¥(q;), which in the case of CMn is a constant-strength field Wr. The Bose-Einstein (BE) grand
canonical partition function for zero-spin atoms can be written as [7,9]:
EPE (W) = Swao P Sy [ drV(r"|exp (~BH™)|onr"), (A2)

where g, runs over the N! permutations of the N atom labels, and |@yr")=
|on (T, 1o, oo, Ty)) = [0ONT, 8T, oo, O4Ty), With g@pr; denoting the specific action of a given
permutation on label j. Application of the PP propagator using P beads (the optimal discretization)
leads to the PI approximation [7,9,130]:

EEEp (W) = ZN>0 exp (ﬁHN)ZprH] 17 1dr X Cypy X
e (G &Owrl) + I — ) = PR B u)] >

exp |- S XN, TE, W) (A.3)
In Equation (A.3) several features are to be remarked. (a) Cy,, are positive constants. (b) er

leads to r -1 if oy leaves j invariant, or to an r} otherwise (j # ). (c) There is complete symmetry
in the treatment of the corresponding N X P beads in each canonical ensemble, owing to the
mathematical group property of the N! permutations. Two consequences of (c) are: (c.l)
translational invariance in imaginary time holds, and (c.2) the effect of the external field can be
factored out of the weighting function for each canonical ensemble. Therefore, note that Equation
(A.3) can be compacted as [130]:

- exp (BuN)
aE,EPP(IP) = 2N>0—!f [ [Tf=r drf x QFF (rf, ... xf, o x, , 1f) X

exp [— = 1 ‘P(rt)] (A4da)
where QBE is the Bose-Einstein weighting function, nonnegative everywhere and including all the
permutational effects:

OFF =Xy Cnpy X exp (—BWyp(0y)) = 0. (A.4b)

Although the form shown in (A.3) is well-known [7,9], it may be worthwhile to recall that, for
permutations different from the identity, there appear P-membered “open-necklaces”. In a P-open-
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necklace there is no harmonic coupling between, conventionally, its beads t =1 (head) and t =
P (tail). Thus, any of such permutations is represented within PI by a mixture of P-membered
necklaces and/or P-open-necklaces. The latter necklaces interlink with each other harmonically in a
head-tail fashion, thus building nP —membered (closed) necklaces (ie, 2<n<N;n =1 is the
identity permutation). A brief description of what arises from PI follows.

(i) The identity permutation reduces to the picture of distinguishable particles dealt with in the
main part of this article, which gives N individual necklaces with P beads apiece. (ii) For the
permutation in which only the exchange 1< 2 occurs, i.e.,, (1,2,34,..,N) = (2,1,3,4,...,N), one finds
N — 2 individual necklaces with P beads apiece (particles 3,4,..., N) and one 2P-membered necklace
corresponding to that permutation and built in a head-tail fashion from the open-necklaces 1 and 2:
bead t =1 in open-necklace j =1 links with bead t = P in open-necklace j = 2, and bead t = P
in open-necklace j =1 links withbead t = 1 in open-necklace j = 2, the rest of beads being linked
in the normal way found in the identity permutation. (iii) For the permutation in which there is only
a triple exchange cycle 1-2-3-1, ie, (1,234,..,N)-> (2314,..,N), one finds N -3
individual necklaces with P beads apiece (particles 4,...,N) and one 3P-membered necklace
corresponding to that permutation and built in a head-tail fashion: bead ¢t = 1 in open-necklace j =
1 links with bead t = P in open-necklace j =2, bead t =1 in open-necklace j =2 links with
bead t = P in open-necklace j = 3, and bead t =1 in open-necklace j = 3 links with bead t = P
in the open-necklace j = 1, the rest of beads being linked in the normal way found for the identity
permutation. (iv) The process continues, mixtures of nP —membered necklace configurations arise,
and so on.

As a result, for a given permutation one finds, in the end, a mixture of nP-membered necklaces
such that N =)}, N, n, where some of the N, canbe zero (n = 1,2, ...,N). Also, the potential energy
contributions are invariant under the group of permutations and, therefore, the final expression in
terms of bead interactions is the same regardless of the permutation and coincides with the form
obtained for the identity permutation. (Illustrative graphs of mixtures of necklaces can be seen in
References [9,11]). The beads are equivalent and when entering an nP —membered necklace lose
their appurtenance to an initial P-necklace (translational invariance), although for keeping track of
the particle positions and correlations an ordering must be retained, which can be updated
consistently throughout the simulation, etc. [9,35]. Although the latter are crucial matters from the
simulator’s practical point of view, in any case, the correctly formulated ensemble averages imply
integrations over the bead configurational space with a weighting function that already contains
these symmetry characteristics. The practical importance of the bosonic full symmetry to the fluid
structural study is to be highlighted. Most of the basic derivations carried out in the case of
distinguishable particles can be applied in this further context.

Firstly, for the instantaneous pair (ET2) and triplet (ET3) cases in r-space one must give form to
the standard quantum averages

PR9Gr2 (1) = Zomagmg; Zveo eXP(BUN) Tr {20 6(5; — )6 — a2) x exp (~HG™)]
(A.5a)
pﬁgg,’fsr (r2, 113, 123) =
mzhvzo exp(BuN) Tr {Zjilxmij 8(r —q)8(r, — q2)8(ry, — q3) X exp (_ﬁHéN))]BE- (A.5b)

The PI partition function for dealing with the instantaneous class ETnis

S8, (ET) = Z exp (ﬁ#N)Z f Hndr X Cr oy X

N=0 goN j=1 t=

exp _Wz{(r —pnt})” +Z(r t“f}—gZZu(rﬁ) =

j<l t=1
Yo eXp(B“N)fH} Tz drf X QF (e, ol 1), (A.50)
At this point, it may be useful to renumber the N X P beads consecutively, as done earlier by
using {r”}, the labels being:
=12,.,P,P+1,P+2,. . P(N-1)+1,P(N—-1)+2,..,NP. (A.S5d)


https://doi.org/10.20944/preprints202409.2079.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 September 2024

46

By using the indices j, I, m, t, as counting devices, Equations (A5.a) [9] and (A5.b) are
approximated by the PI equal-time averages:

N
PR get2pe () = =55 (ET)ZeXp (BuN) f Hd ™ x QBE x

ZpI,PP
1 i _
SXi ] Xe X SEPUDH — g )S(PID* —q,)r,  (ASe)
j#l
exp (ﬁuN)
Prgerspp(Ti2, 113, T23) = =BE Z fl_[dr x QFE x
"‘PIPP(ET)
% f=1 N: My TNy SPUDH — g )§(rPU-DHE — q,)§(rPMDFE — q5) ¢ (A5f)
jElEM#]

It is also straightforward to derive the associated instantaneous pair structure factors:
GBE( GBE( . i -
SEEP () = SEED () = o (S T Ty exp (k- (27U D4 — 70 ““)))BE — 2n)*pu (k) =

1+ py [ drexp(ik-1)(gEf pp(r) — 1), (A5.9)

3’;;;3) (ey, ka, c0s (ky, ko)) = Spron (g, kg, cos (y, k) =
N

P N
W (Z Zz exp (k pPU-DH 4 g, pPU-DHE (K 4 k) - rP(m—1)+t)))BE _
t=1 j=11=1 m=1
{6(K) — terms}
(A.5.h)
The expanded form of Equation (A.5h) is analogous to Equation (54). As seen, translational
invariance in imaginary time holds true for every ET equation written above.
Secondly, the class PI-TLRn can be worked out in the manner shown earlier. By taking the
functional derivatives with respect to the external field ¥ of:
Effpp (TLR) = 2N>0MI - T2 df
QRE(rt,x2, .., v, 1, Th) X exp [ 5 I‘P(rt)] (A.6a)
the results are somewhat analogous to those of TLR in Section 5, since separations of the forms
displayed in Equations (86a) and (86b) do not make sense in the BE context and cannot be employed

here. Accordingly, by renumbering the N X P beads as before (A.5d), the TLR2 and TLR3 levels can
be summarized in the response functions (they are defined by Q% at zero field ¥ = 0) [130]:

BE(Z) BE(Z) —
Q TLR (k) & TLR PP (k) -
NP NP

(N)P2 (Z Z exp lk (ri - rfz)))BE — (2n)3pyd(K) =

T1=115=1
P~ + py [ drexp(ik - r)(GTLRZ pp(1) — 1)/ (A.6b)
where GPfq,pp is the overall bead-bead correlation function under BE statistics, and:

g?ﬁ) (ky, ko, cos (ky, k3)) = ?LER(?P (ky, ko, cos (Ky, K3)) =
NP NP NP

(N)P3 (Z Z Z exp (k ri+k, r2 — (ky + k) - rT3)))BE {6(k) — terms}

‘rl=1 T2=1 T3=1
(A.60)

which involves both the pair Gffg,pp and the triplet Gffzs pp overall bead-bead and bead-bead-
bead correlation functions under BE statistics, respectively. (In relation to the separation comment
above, compare for instance Equation (A.6b) with Equations (87a) and (89a)). Again, translational
invariance in imaginary time holds true for every PI-TLR equation written above.

Thirdly, the class CMn is somewhat especial. The introduction of a constant-strength field, ¥ =
f-r, leads formally to a partition function in which conventional centroids do appear [130]:

- exp (BuN)
EEFpp (CM) = Byao B0 [ T, T1F-y drf X OFF(xf, o, o, o 1) X

eXp [_ %Z?’ﬂ Yi=1 ¥r (l'jt)], (A.7a)
which using Equation (40) is:


https://doi.org/10.20944/preprints202409.2079.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 September 2024

47
(ﬂ N) N
eX
BB (CM) = ) b F f | | dR;8(R; — Rey ;) X f drf x QBF x exp ,82 ¥ (R)
N j . j=1

In this regard, it is worth insisting on the fact that the centroids are defined as if they were
associated with the original closed P-necklaces of the N distinguishable particles, although now one
must include the possibility of dealing with P-open-necklaces. The centroid still is a “center of mass”,
either of a closed P necklace or of a broken P line, which agrees with Voth et al.’s proposal [133].
However, this definition presents the problem of violating the invariance under imaginary-time
translations [134], a feature that must hold under bosonic exchange. Such inconsistency is resolved
by the integration over the centroid coordinates R; [133,134] all over the configuration space.
Nevertheless, this forces one to have a detailed description of the function inside the integral at fixed
centroid positions, which does not seem very efficient from a computational point of view. Therefore,
from a purely formal perspective, for the centroids so defined their usual role in the counting of
number fluctuations [130] can also be identified under bosonic exchange. The functional derivatives
with respect to W that can be obtained from Equation (A.7b) are analogous to those given in
Equations (48). Consequently, the linear response functions Sé,zv,) and sgi‘} arising at Wz = 0 can be
formally written in the same manner as Equations (52)-(54).

The bosonic pair and triplet structure factors discussed above must share the same values at
zero-momentum transfer [130], as in Equations (105)-(106). This extended compressibility theorem
for boson fluids obviously excludes the pure two-body case LR2 considered for distinguishable
particles. Recall that closures were used in the past to study bosonic fluids in an approximate way
[3,39,40,69]). Therefore, one might also think of postulating classical-like OZ2 and OZ3 frameworks
for the current centroid correlations, but the situation seems far from promising in practice, if only
for the necessity of obtaining accurate pair centroid correlation functions derived from the
constrained Equation (A.7b) at zero field. Moreover, theoretical questions regarding whether a
hierarchy for direct correlation functions in this centroid context can be defined should also be cleared
up. Furthermore, classical-like OZ applications to the bosonic ET and TLR correlations, incorporating
or not quantum corrections, would be approximations whose final reliability could only be tested a
posteriori. Finally, note that the present centroid discussion is not intended to go any further than the
number fluctuation questions, since there is a one-to-one correspondence between the number of
particles and the number of centroids which, by construction, respects the features of bosonic
exchange in the development of this CM framework. For discussions covering a more rigorous
centroid definition and related dynamical schemes the reader is referred to References [133,134].

Appendix II: List of Main Acronyms and Their Basic References

AV3 Intermediate closure for triplet structures [59,60].

BDH 0OZ2 Baxter-Dixon-Hutchinson variational procedure [72,125,136].
BHw 0OZ2 Baumketner-Hiwatari grand canonical corrections [127].

BHP3 OZ3 Barrat-Hansen-Pastore variational procedure [41].

BOA Born-Oppenheimer approximation [119].

CBHSP Cao-Berne hard-sphere propagator for quantum hard spheres [81].
CMn Path integral Centroid class of structures at the n-th level [18,19,55,130].
DAS3 Denton-Ashcroft symmetrized closure for triplet structures [65].

ETn Path integral Instantaneous class of structures at the n-th level [9,11,35,84].
GFH Gaussian Feynman-Hibbs picture [4,140,180].

JF3 Jackson-Feenberg closure for triplet structures [3,40].

kpass 103N X P attempted bead moves in a PIMC simulation.
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KS3 Kirkwood superposition closure for triplet structures [37].
MC Monte Carlo simulation method [13,17,66].
MD Molecular dynamics simulation method [13,17,67].
Mpass 106Ng x P attempted bead moves in a PIMC simulation.
OZn Classical Ornstein-Zernike framework at the n-th level [1,6,41,68,70].
0z2 Classical Ornstein-Zernike framework at the pair level.
0z3 Classical Ornstein-Zernike framework at the triplet level.
PA’s Pair actions for path integral simulations [9,81].
PI Path integral formalism [4,140].
PIMC Path integral Monte Carlo computational scheme [7,9,16,35].
PIMD Path integral molecular dynamics computational scheme [10,89,94].
PP Primitive propagator [7,9,80].
RISM OZ2 reference interaction site model [7,71,178,179].
QHS Quantum hard spheres [62,79,81,136].
SAPT2 Janzen-Aziz pair potential between two helium atoms [106].
SCV]J Suzuki-Chin-Voth-Jang-Jang fourth order propagator [82-84].
svp Saturated vapor pressure conditions.
TLRn Path integral total continuous linear response class of structures at the n-th level
[7,11,57,62].
WPIMC Wigner path integral Monte Carlo [98,99,169].
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