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Magnetic Toroidal Dipole
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Abstract: We investigate emergent conductive phenomena triggered by collinear antiferromagnetic orderings. We
show that an up-down-zero spin configuration in a triangle cluster leads to linear and nonlinear spin conductivities
even without the relativistic spin—orbit coupling; the linear spin conductivity is characterized by the Drude-type
one, while the nonlinear spin conductivity is characterized by the Hall-type one. We demonstrate the emergence
of both spin conductivities in the breathing kagome system consisting of a triangle cluster. The nonlinear spin
conductivity becomes larger than the linear one when the Fermi level lies near the region where a small partial
band gap opens. Our results indicate that collinear antiferromagnets with the triangle geometry give rise to rich

spin conductive phenomena.

Keywords: nonlinear spin hall effect; triangular lattice; magnetic toroidal moment; spin—orbit coupling; multipole;

tight-binding model

1. Introduction

Antiferromagnetic orderings and their related physical phenomena have been long studied in
condensed matter physics [1-3]. Depending on spin patterns under lattice structures, a variety of
symmetry lowerings are caused by the antiferromagnetic phase transition. Based on Neumann’s
principle that connects symmetry and the appearance of physical phenomena, functional materials
have been discovered. One of the examples is a multiferroic property as a consequence of both spatial
inversion and time-reversal symmetry breakings, which results in the linear magnetoelectric effect
by the coupling between electric and magnetic degrees of freedom [4-10]. Another example is the
anomalous Hall effect without a net magnetization when the time-reversal symmetry and other crystal
symmetries are broken so that the antiferromagnetic structure belongs to the same irreducible represen-
tation as the ferromagnetic state [11-22]. The complicated noncollinear/noncoplanar antiferromagnetic
structures have often been studied as the origin of these physical phenomena since they lead to the
lowering of the crystal symmetry.

Meanwhile, collinear antiferromagnetic structures can also lead to the same physical phenomena
by considering the lattice structures with multiple sublattices. For example, the multiferroic property
can be engineered by the staggered collinear antiferromagnetic orderings on the one-dimensional
zigzag chain [23-30], two-dimensional honeycomb structure [31-35], and three-dimensional diamond
structure [36—41]. In addition, the anomalous Hall effect is also induced in collinear antiferromag-
nets [42-50]. Since the number of materials with collinear antiferromagnetic structures is larger than
that with noncollinear /noncoplanar ones, it is desired to explore further functionalities in collinear
antiferromagnets from the fundamental viewpoint.

In this context, emergent spin—orbit coupling (SOC) in antiferromagnets has recently attracted
growing interest in both theory and experiments [51-73], which is sometimes referred to as “alter-
magnetism" [74,75]. There, collinear antiferromagnets exhibit the symmetric momentum-dependent
spin-split band structure even without the relativistic SOC. Owing to the momentum dependence
of the spin splitting, the directional-dependent spin current generation by an external electric field
can be expected [54,76-79]. As the SOC is not necessary to generate such spin current, this type of
collinear antiferromagnet can be a potential candidate for highly efficient spintronics devices that are
not limited to the heavy-element materials.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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In the present study, we investigate the spin current generation in SOC-free collinear antiferro-
magnets by focusing on the effect of the cluster geometry. We show that the collinear antiferromagnetic
structure in a triangle cluster gives rise to both linear and nonlinear spin conductivities owing to the
lack of spatial inversion symmetry in the triangle unit, which differs from the square cluster case. We
discuss their emergence from the viewpoint of the group theory and cluster multipole theory. We
also study the behavior of both conductivities by analyzing the tight-binding model in the breathing
kagome structure formed by triangle clusters. Our results indicate that the cluster structure plays an
important role in discussing the spin current generation in SOC-free antiferromagnets.

The rest of this paper is organized as follows. In Section 2, we show the relationship between
the collinear antiferromagnetic structures and magnetic toroidal multipoles in the square and triangle
clusters. We also introduce the tight-binding model in the breathing kagome system. Then, we show
the linear and nonlinear spin conductivities under the collinear antiferromagnetic ordering in Section 3.
We compare the linear and nonlinear spin conductivities in Section 4. Section 5 concludes the result of
the present paper.

2. Model

2.1. Magnetic Toroidal Multipoles in a Cluster

First, let us discuss the physical properties of antiferromagnetic structures by introducing the
magnetic toroidal multipole Tj,,, [80-82], which is defined as

, 21,
T = Z{l:l X <l+]2 +0']') } : VO,m(rj), (1)

j

where I; and ¢ /2 are the dimensionless orbital and spin angular-momentum operators of an electron
at rj. I and m represent the azimuthal and magnetic quantum numbers, respectively. Oy, (r) is
proportional to the spherical harmonics Y}, (#) as a function of angle # = r/|r|, Y},,,(#), which is
given by

AYE (5. @)

The magnetic toroidal multipole Tj,, is characterized by time-reversal-odd polar tensor; even(odd)-rank
T, has the even(odd) parity for the spatial inversion. When Equation (1) applies to the antiferro-
magnetic structure, one needs to read r; with the position of the jth atom R; in a magnetic unit
cell [20,83].

The I = 1 component of T}, corresponds to the magnetic toroidal dipole, which appears when
both the spatial inversion and time-reversal symmetries are broken. The expression of Ty, ie.,
T = (Tx, Ty, Tz), is proportional to (R x ¢); when the orbital angular momentum operator is ne-
glected. Thus, the magnetic toroidal dipole T exists in the vortex-type antiferromagnetic structure; it is
noted that T is also induced in the collinear antiferromagnetic structure, as shown later. When the
antiferromagnetic structure accompanies such a magnetic toroidal dipole, the system exhibits parity-
violating physical phenomena, such as the linear magnetoelectric effect [84-87] and nonreciprocal
transport [28,88-91]. Especially, in the case of collinear antiferromagnets without the relativistic SOC,
the nonlinear spin Hall effect can be expected in the presence of the magnetic toroidal dipole [92].
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The I = 2 component of T}, corresponds to the magnetic toroidal quadrupole, whose spatial
inversion parity is +1, while the time-reversal parity is —1. There are five components of the magnetic
toroidal quadrupole, whose expressions are given by [82]

T, = 3(ZXox — YZay), (3)
Ty = —V3(ZX0oy + YZoy — XY03), (4)
Ty = V3[—(Y? — Z%)oy + XY0,, — ZX03), (5)
Tox = V3[~XYoy — (22 — X?)oy, + YZ03), (6)
Toy = V3[ZX0x — YZoy — (X2 = Y?)ar), 7)

where we omit the numerical coefficient and the contribution from the orbital angular momentum for
simplicity; we also omit the subscript j, where R; = (X, Y}, Z;). When the antiferromagnetic structure
has the magnetic toroidal quadrupole, the system exhibits the symmetric spin splitting in the electronic
band structure. The functional form of the symmetric spin splitting in momentum space is obtained by
replacing R]- with the wave vector k = (ky, ky, k), which is given by [93]

Tu(k) = 3(kxkxox — kykz0y), 8)
To(k) = —V3(kzkxoy + kykoor — kikyo), (9)
Tyz(k) = V3[— (kK — K2) 0y + keky0y — kakxo], (10)
Tox(k) = V3[—kikyoy — (K2 — K2)oy + kyk.02], (11)
Toy(k) = V3[kkyon — kyhzoy — (I — 13 ) o], (12)

where the subscript u and v correspond to 3z% — r? and x* — y?, respectively. Such a symmetric spin
splitting becomes the origin of the linear spin current generation when the electric field or thermal
gradient is applied [54,78]. This spin-split band structure and resultant linear spin current generation
occur even without the SOC.

(@) (b) (©)
D

Figure 1. Schematic configurations of the spins and magnetic toroidal dipoles in (a,b) the square
cluster and (c) the triangle cluster. The red and blue spheres represent the collinear spin moments
along the z direction. The purple arrows on the bond represent the magnetic toroidal dipoles. In (b,c),
the uniform component of the magnetic toroidal dipole is present.
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Table 1. The correspondence among the magnetic point group (MPG), induced rank-1 and rank-
2 magnetic toroidal (MT) multipoles, and the emergence of the spin-split band structure (SS) and
nonlinear spin Hall conductivity (NSHC) in the collinear antiferromagnets without the spin—orbit
coupling. The antiferromagnetic patterns correspond to those in Figure la—c from the top row. The
parent point group (PG) and the irreducible representation (Irrep.) are also shown; the superscript — in
the Irrep. represents the odd parity with respect to the time-reversal operation.

PG Irrep. MPG MT multipole SS NSHC

square Dy B, 4" /mmm’ Ty v -
square Dy,  E; mm'm Ty - v
triangle D3, E'~ m2m Ty, Ty v v

The magnetic toroidal dipole and quadrupole appear in a simple collinear antiferromagnetic
structure. To show this, we consider the collinear antiferromagnetic spin configurations in the square
and triangle clusters, as shown in Figure 1, where we suppose that the antiferromagnetic spin moments
point along the £z direction. By using the expression in Equation (4) and setting Ry = (—1,—1,0),
Rp = (1,1,0), Rc = (1,—1,0), and Rp = (—1,1,0), one finds that the antiferromagnetic structure in
Figure 1a accompanies T,. Meanwhile, T = 0 owing to the presence of the spatial inversion symmetry.
Such emergence of Ty is intuitively understood from the distribution of the magnetic toroidal dipole on
the bond. When calculating the magnetic toroidal dipole on the ij bond defined by R; X ¢; + R; x ¢,
one obtains the x? — y2-type distribution of the magnetic toroidal dipole, i.e., T,, as shown by the
purple arrows in Figure 1a. Thus, the antiferromagnetic ordering in Figure 1a leads to the symmetric
spin splitting in the form of kyxk,0; for k; = 0 when the lattice structure is formed by the square clusters,
which results in the linear spin current generation [55].

Meanwhile, when the spin polarizations for sublattices A and C are reversed in Figure 1b, the
magnetic toroidal dipole T, becomes nonzero, whereas T, = 0. Then, this type of antiferromagnetic
structure does not show symmetric spin splitting in the band structure. On the other hand, this
magnetic structure gives rise to the nonlinear spin Hall effect owing to a nonzero dipole component,
which is irrespective of the SOC [92].

In contrast to the square cluster, the collinear up-down-zero spin configuration in the triangle
cluster accompanies both the magnetic toroidal dipole T, and the magnetic toroidal quadrupole Ty,
where the distribution of the magnetic toroidal dipole on the bond is shown in Figure 1c !. Thus,
the antiferromagnetic ordering consisting of the triangle cluster exhibits both linear and nonlinear
spin current generation even without the SOC. In the following, we focus on such a situation by
exemplifying the breathing kagome model. We summarize the correspondence between magnetic
toroidal multipoles and antiferromagnetic structures in square and triangle clusters in Table 1.

2.2. Breathing Kagome Model

To investigate the spin current generation in the collinear antiferromagnetic systems with the
triangle cluster, we adopt the two-dimensional breathing kagome structure, whose point group
symmetry is the same as the triangle cluster D3j,. The breathing kagome structure consists of three
sublattices A-C at Ry = (0,0,0), Rg = 4(1,0,0), and Rc = a(1/2, V3/2, 0); we set the lattice constant
a + b as unity. The tight-binding Hamiltonian is given by

A

He = (Y 40 Y Vebe — Yilchen —cf 13

= Z + Z CivCio Z l(czTciT’ %Cw)/ (13)
o iy ofif) i

1 Although the magnetic toroidal quadrupole T, also belongs to the totally symmetric irreducible representation [94], it is not

activated within the two-dimensional system.
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where c;ra (c;,) is the creation (annihilation) operator at site i and spin ¢ =T, |.. The first term represents
the hoppings within upward triangles t and downward triangles t'. We set t = 1 and #' = 0.5 in the
following calculations. The second term represents the antiferromagnetic mean-field term to induce
the up-down-zero spin order; hp = —h, hg = h, and hc = 0. The schematic spin configurations in the

presence of /1 are shown in Figure 2.

Figure 2. Two-dimensional breathing kagome structure with the lattice constant a + b. The red and
blue spheres represent the collinear spin moments along the z direction. t and #' stand for the intra-
and inter-sublattice hoppings, respectively.

3. Results

3.1. Linear Spin Conductivity

We investigate the linear spin conductivity J; = }, 05, Ey in the model in Equation (13) by
using the linear response theory; |5 = J,0; represents the v-directional spin current with the z-spin
component and E, represents the electric field for the y = x,y direction. We evaluate 0}, from

the J/ (s)_ Ju correlation function within the Kubo formula following Refs. [78,95] with the scattering
rate 7! = 1072 and the temperature T = 10~2. The number of grid points in the Brillouin zone is
Ny = 2400?. Nonzero tensor components in the collinear antiferromagnetic structure in Figure 2 are
givenby oy, = 0y,

Figure 3a shows o7,
Y/ (3Ny); c;l - is the momentum-space representation of CET at the wave vector k and the sublattice /.
We also show the data at # = 0.5 in Figure 3b for reference. In all the regions except for n, = 0 and 2
orh =0, (T;;x becomes nonzero. For (7;;,6, the intraband process is dominant, which means that (T;,.x is
proportional to 7. This indicates that the symmetric spin splitting at the Fermi level plays an important
role; oy, tends to be enhanced for a large spin splitting. We show the band structure in Figure 4a,
which are plotted along the high-symmetric lines in the Brillouin zone in Figure 4b; the color map in
Figure 4a represents the z-spin polarization at each wave vector. As shown in Figure 4a, the symmetric
spin-split band dispersion appears in the Mp—I'-Mj3 line, while it does not in the M;-I" and I' K lines;
this spin-split tendency is consistent with the functional form of kxky0;. For h = 0.5, 0y, becomes
larger when the Fermi level lies in the middle or top two bands in Figure 4a, where the symmetric spin
splitting becomes larger than that in the bottom two bands.

while the electron filling per site 11 and h are varied, where ne = Zk,[,<c,tl +Cklo
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Figure 3. (a) Contour plot of the linear spin conductivity ¢y, in the plane of the electron filling ne and
the molecular field h at t = 1 and # = 0.5. (b) 1 dependence of a;;x ath =0.5.
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Figure 4. (a) Electronic band structure in the breathing kagome system under the collinear AFM
structure att = 1, #' = 0.5, and h = 0.5. The contour represents the spin polarization in terms of the
z component, 0;. The upper (lower) horizontal line stands for the chemical potential that maximizes

(minimizes) 0y, in Figure 5b. (b) The Brillouin zone in the breathing kagome system.
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Figure 5. (a) Contour plot of the nonlinear spin Hall conductivity ¢y.,, in the plane of the electron
filling #1o and the molecular field / at t = 1 and ¢/ = 0.5. (b) ne dependence of U;,.xy ath =0.5.
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3.2. Nonlinear Spin Hall Conductivity

We calculate the nonlinear spin Hall conductivity J§ = }_,, 05, EEv by using the second-order
Kubo formula with the relaxation time approximation. The specific expression is given by [92,96]

O = th Y fokeryo i ")+ (1 v), (14)

where €, represents the Levi-Civita tensor. We take the electric charge ¢, the reduced Planck constant
I, and the relaxation time 7 as unity, i.e., e = i = T = 1. fx is the Fermi distribution function with

the band index n and Dﬁv(s) (k) denotes the spin-dependent Berry curvature dipole, which is related

to the spin-dependent Berry curvature QV(S) (k) as D}, v(s) (k) = 0,Q 1/(s)( k) [96,97]. In the case of the
collinear antiferromagnetic structure in Figure 2, the nonzero tensor components of 03, is given by

Oy (y; —20y, (x; In contrast to the noncentrosymmetric systems with the relativistic SOC [98-102], the

present mechanism is driven by magnetlc order, which does not require the SOC.

Figure 5a shows the behavior of oy, in the plane of ne and h. Similarly to the linear spin
conductivity oy, 0y.,, becomes nonzero except for e = 0 and 2 or /i = 0, although almost all of the
regions except around the area with 1.3 S 1. < 1.5and 0 < 11 < 1 take small values. We show the 7,
dependence of ¢;

at h = 0.5 in Figure 5b where 0y, takes the minimum and maximum values at

X
ne >~ 1.28 and 1 ?1:8 yrespectlvely.

The enhancement of 0., in the speciﬁc region is understood from the fact that both intraband and
interband processes contribute to oy, 0y.xy, the small
band gap leading to the small energy denominator included in the spin-dependent Berry curvature
dipole is important. Indeed, one finds that the small band gap appears close to the Fermi level, as
shown by the band structure in Figure 4(a); the upper (lower) horizontal line represents the chemical

potential that gives the maximum (minimum) of ¢;

y

Since the interband process also contributes to ¢

yxy

4. Discussion

Finally, let us compare the behavior of the linear spin conductivity oy, and nonlinear spin Hall
conductivity oy, in the collinear antiferromagnets with triangle clusters. Although their relaxation
time dependence proportional to T is the same, their symmetry and microscopic conditions are
different from each other; the linear spin conductivity appears when the magnetic toroidal quadrupole
is activated, while the nonlinear spin Hall conductivity appears when the magnetic toroidal dipole
is activated. Reflecting such a difference, the linear spin conductivity is dominated by the intraband
process originating from the symmetric spin-split band structure, while the nonlinear spin conductivity
is relevant to both intraband and interband processes and is not relevant to the symmetric spin splitting.
Accordingly, the model parameter dependence is different, as shown in Figures 3a and 5a, where the
linear spin conductivity tends to be larger than the nonlinear spin conductivity.
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Figure 6. (a) ne and h dependence of the ratio R = a;;xy/ai;x att =1, =05,and t~! = 0.01. (b)
Enlarged figure of (a) for 0 < |R| < 1.

Meanwhile, the nonlinear spin conductivity becomes larger than the linear spin conductivity
when the Fermi level is located near the band gap. Figure 6a shows the ratio of two spin conductivities,
R = 0y,y,/ 0y, in the plane of ne and h, where 71 = 1072 is taken for both conductivities. We also
show the absolute value |R| for different contour ranges in Figure 6b for reference. In the region where
the nonlinear spin conductivity is enhanced for 1.3 < ne < 1.5and 0 < h < 1, the nonlinear spin
conductivity can give the comparable contribution to the linear one. In other words, the contribution

from the nonlinear spin conductivity is non-negligible depending on the chemical potential.

5. Conclusions

In conclusion, we have investigated the spin current generation in collinear antiferromagnets
without the relativistic SOC. By focusing on the cluster geometry, we have shown that the collinear
antiferromagnetic spin configuration in the triangle cluster is qualitatively different from that in the
square cluster. In the case of the square cluster, either linear spin conductivity or nonlinear spin
conductivity is induced depending on the type of antiferromagnetic spin configuration, while both
spin conductivities occur in the up-down-zero spin configuration in the case of the triangle cluster.
We have demonstrated the emergence of linear and nonlinear spin conductivities by taking the two-
dimensional breathing kagome structure. When the Fermi level lies near the band gap, the contribution
from the nonlinear spin conductivity is comparable to that from the linear spin conductivity. Our
results indicate that the different cluster geometry gives rise to different behaviors of spin conductivity
in SOC-free antiferromagnets, which would be useful for future spintronics applications.
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