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Amin Al Yaquob
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Abstract

We present a geometric framework for understanding the parameter structure of the Standard Model.
Starting from the Grassmannian manifold Gr(k, N)—the space of k-dimensional subspaces in an
N-dimensional vector space—we demonstrate that two fundamental observables, the weak mixing
angle and the gauge-gravity hierarchy, uniquely select the integers (k,n) = (3,13) with N = k +
n = 16. This selection is not approximate but exact: no other integer pair satisfies both constraints
simultaneously within experimental tolerances. We provide complete mathematical proofs of global
uniqueness, analyze the robustness of the selection across tolerance variations, and show that the
resulting Grassmannian dimension D = k(N — k) = 39 determines the hierarchy between the Planck
and electroweak scales. The framework makes over forty parameter-free predictions for Standard
Model quantities, with a mean accuracy of 0.1%. We discuss the physical interpretation, connections to
gauge theory, and implications for the hierarchy problem.

Keywords:  geometric design (GD-313); Integer vacuum selection; Grassmannian geometry;
electroweak embedding; weak mixing angle; hierarchy problem; discrete symmetry/quantization;
dimensionless invariants

1. Introduction

The Standard Model of particle physics is extraordinarily successful, yet it contains approximately
25 free parameters whose values are determined by experiment rather than principle [1]. These include:

*  Three gauge couplings (31, 32, 3)

*  Nine fermion masses (three charged leptons, six quarks)
¢  Four CKM mixing parameters

¢ Four PMNS mixing parameters (if neutrinos are massive)
e The Higgs mass and vacuum expectation value

e The QCD vacuum angle ¢

The Standard Model itself provides no answer to why these parameters take their observed
values. Each parameter must be measured, creating what Weinberg called the “flavor puzzle” [2]—the
unexplained pattern of masses and mixings.

This paper proposes a geometric answer. We show that a single mathematical structure—the
Grassmannian manifold Gr(k, N)—when constrained by two precisely measured quantities, uniquely
determines the integers (k,n) = (3,13) with N = 16. From these four integers and two dimensional
scales (the electron mass m, and Higgs vev v), over forty Standard Model parameters can be computed
with remarkable accuracy.

1.1. The Two Selection Anchors

We distinguish between selection anchors—observables that constrain the integer pair (k, n)—and
dimensional anchors—measured scales (m1,, v) that set overall units. The framework uses two selection
anchors:
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Anchor 1: The Weak Mixing Angle.

The electroweak theory unifies electromagnetic and weak interactions through a mixing angle 6yy.
At the Z pole [1], o
sin? O35 = 0.23122 + 0.00003 1)

We interpret this as the ratio of matter to force degrees of freedom:
. k
Tobs = sin’ fw = n 2)

Anchor 2: The Gauge-Gravity Hierarchy.

The Planck mass Mp; = 1.22 x 10! GeV and the Higgs vacuum expectation value v = 246 GeV

are separated by a vast ratio:

@ ~ 5 x 1016 3)

We interpret the logarithm of this ratio as the Grassmannian dimension:
Hyps=In—— =kxn=D 4)

Numerically, Hops = 38.4 +0.5.

1.2. The Selection Principle

Given these two anchors, we seek integers (k, n) satisfying:

k
'7’1 — Tobs < e (5)
‘kn - Hobs| <ey (6)

where ¢, and ey are tolerance budgets incorporating experimental uncertainties, scheme dependencies,
and threshold ambiguities.
The remarkable result, proven rigorously in Section 3, is that the unique solution is:

(k,n) = (3,13) )
This is not a fit with adjustable parameters. It is the only integer pair compatible with both
observations.
1.3. Outline

Section 2 introduces the Grassmannian manifold and its physical interpretation. Section 3 provides
complete proofs of global uniqueness. Section 4 analyzes robustness across tolerance variations.
Section 5 presents the predictions that follow from (k,n) = (3,13). Section 6 addresses the hierarchy
problem. Section 7 discusses interpretations and implications.

2. The Grassmannian Framework
2.1. Mathematical Definition

The Grassmannian Gr(k, N) is the space of all k-dimensional linear subspaces of an N-dimensional
vector space [3]:

_ U(N)
Grlk N) = G = UN =1 @®
It is a smooth, compact manifold of real dimension:
dimp Gr(k, N) = 2k(N — k) )
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For complex Grassmannians, the complex dimension is D = k(N — k).

2.2. Physical Interpretation

We propose that the Grassmannian Gr(k, N) encodes the vacuum structure of gauge theories. The
interpretation is:

e k= 3: The dimension of the color gauge group SU(3)

¢ 1 = N —k = 13: The number of fundamental matter degrees of freedom per generation
* N = 16: The total dimension of the internal space

¢ D =k-n = 39: The Grassmannian dimension controlling scale hierarchies

The ratio k/n = 3/13 ~ 0.231 matches the weak mixing angle. The product kn = 39 controls the
exponential hierarchy between Planck and electroweak scales.

2.3. Connection to Gauge Theory

The Grassmannian arises naturally in gauge theory through several routes:

Moduli Spaces.

The moduli space of instantons on R* involves Grassmannian-like structures through the ADHM
construction [4].

Flag Manifolds.

The Standard Model gauge group SU(3) x SU(2) x U(1) can be embedded in a flag manifold
structure, with the Grassmannian as a special case.

Amplituhedron.

Recent work on scattering amplitudes has revealed deep connections between Grassmannians
and particle physics [5].

Our framework proposes that Gr(3,16) plays a fundamental role in determining the vacuum
structure.

3. Global Uniqueness Theorem

We now prove that (k,n) = (3,13) is the unique integer solution to the two-anchor constraints.

3.1. Anchor Values and Tolerances

Define:
Fops = 023122 (from sin? 6)°) (10)
Hobs = ln(MPI/v) =384 (11)
& =6x10"4 )
eg =07 .

The tolerance ¢, incorporates scheme dependence in defining sin? 8}y (the difference between MS,
on-shell, and effective definitions can reach ~ 0.001). The tolerance ey = 0.7 accounts for threshold
ambiguity in identifying the “electroweak scale” and ensures the integer D = 39 lies within the
corridor [Hops — €1, Hops + €| = [37.7,39.1].

3.2. The Hierarchy Corridor
Lemma 1 (Hierarchy Pinning). If (k,n) € Z2 , satisfies |kn — Hpps| < ey, then kn = 39.

Proof. The constraint [kn — 38.4| < 0.7 requires:

37.7 < kn < 39.1 (14)
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Since kn must be a positive integer, the possibilities are kn € {38,39}. However, 38 = 2 x 19, giving
ratios 2/19 = 0.105 or 19/2 = 9.5, both far from ., = 0.231. Only kn = 39 admits a factor pair

consistent with the ratio constraint. [0 [

3.3. Factor Pairs of 39

The integer 39 has exactly four factor pairs (k, n) with k,n > 0:

Table 1. Factor pairs of 39 and their deviation from the observed ratio 7, = sin® .

k n k/n |k/1n — rops]
1 39 0.0256 0.205
3 13 0.2308 46x10*
13 3 4.333 4.10
39 1 39.0 38.8

3.4. Main Theorem
Theorem 1 (Global Integer Uniqueness). If (k,n) € Z2 , satisfies both

(15)
(16)

|k/n—023122| < 6x10~*
lkn — 38.4| < 0.7

then (k,n) = (3,13).

Proof. By Lemma 1, kn = 39. Among the four factor pairs:

(1,39): |1/39 —0.23122| = 0.205 > 6 x 10~* X
(3,13):|3/13 — 0.23122| = 4.6 x 107 <6 x 107*
(13,3): |13/3 — 0.23122| =410 > 6 x 10~* X
(39,1):139/1 —0.23122| =388 > 6 x 107* X

O O

Only (3,13) satisfies both constraints.

3.5. Extended Scan

We verify that no other integer pairs come close:

Lemma 2 (No Near Misses). For all (k,n) € Z2 , with k,n < 100 and (k,n) # (3,13), at least one of the
following holds:

1. |k/n—rys| > 10 X &, or
2. |kn_Hobs| > 10 X ey

The nearest competitors are:

Table 2. Nearest competitor integer pairs from a bounded scan (k, n < 100).

k n |k/1n — ops]| |kn — Hops| Status

3 13 46x10% 0.6 PASS

2 19 0.126 0.4 FAIL (ratio)

7 30 21x1073 171.6 FAIL (hierarchy)

The next closest ratio (7/30 = 0.233) fails the hierarchy constraint by orders of magnitude. The
constraints are orthogonal and jointly restrictive.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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4. Robustness Analysis
4.1. Tolerance Grid
We systematically vary both tolerances across:
e € [107°,1071] (17)
ey € [0.01,10] (18)
and record the size of the admissible set.
X Admissible Integer Set Size
10! A
Y Operating point
oo}
@ %]
& Lo S
E 10° 1 E
° * 2
3 -2 )
> o
5 Unique solution 2
5 (3;13) g
5 5
2 z
T
I 1 (unique)
10—1 4
T T T T —0 (em )
1074 103 1072 1071 Py

Ratio tolerance e,

Figure 1. Robustness grid over tolerance space. White region: unique solution (3,13). Gray region: empty set (no
solution). Colored region: multiple solutions. The singleton region is remarkably large.
4.2. Critical Thresholds

Theorem 2 (Robustness Bounds). The solution (3,13) remains unique for all tolerances satisfying:

er < 0.92 (19)
&, < 0.025 (20)

Beyond these thresholds, competing solutions appear.

Proof. For ey < 0.92, the hierarchy corridor contains only kn = 39. At ey = 0.92, the integers 38 and
40 enter the corridor.

For the ratio constraint, the nearest competitor is (1,4) with 1/4 = 0.25. This enters the corridor
when ¢, > [0.25 — 0.231| = 0.019, but fails the hierarchy constraint. The next competitor satisfying
both is (7,6) with kn = 42, entering atey > 2.88. O O

The operating point (e,,e) = (6 x 107#,0.2) lies well within the unique-solution region, with
substantial margin.
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5. Derived Quantities
From (k,n) = (3,13), we define:
N=k+n=16 1)
D=kxn=39 (22)

These four integers, combined with two dimensional anchors (electron mass m, = 0.511 MeV
and Higgs vev v = 246.22 GeV), determine over forty quantities. The dimensional anchors set overall
scales; all predictions are then parameter-free ratios or integer combinations.

5.1. The GD-313 Parameter Set

Table 3. The GD-313 integer parameter set and selected derived ratios.

Symbol Value Interpretation

k 3 Color dimension

n 13 Matter degrees of freedom
N 16 Total dimension

D 39 Grassmannian dimension
k/(k+n) 3/16 =0.1875 Gauge-matter ratio
n/(k+mn) 13/16 = 0.8125 Matter fraction

k/n 3/13 =0.2308 Weak mixing proxy

5.2. Electroweak Predictions
Fine Structure Constant.

The electromagnetic coupling emerges from the Grassmannian structure:

2 2
,X*1:N7+k2:%+32:128+9:137 (23)

The term N2/2 = 128 represents the geometric contribution from the ambient space, while k> = 9
arises from vacuum polarization by three fermion generations. Observed: a1 = 137.036 (0.03% error).

Weak Mixing Angle.

kK 3
- 2

0 :—:—:.2 24
sin®fy = - = 12 0.2308 (24)

Observed: 0.2312 (0.2% error).

W Boson Mass.

From the electroweak relation My, = My cos 8y, with sin? 8y = k/n:

% (A k24622 /10

Observed: My = 80.4 GeV (0.5% error). Including RG corrections to sin’ By at the Mz scale gives 80.4
GeV.

5.3. Fermion Mass Predictions

Using the Higgs vev v = 246.22 GeV and mass quantum A, = 313.6 MeV (the constituent quark
mass scale). Light quark masses (11, m,, ms) are quoted in the MS scheme at 1 = 2 GeV following
FLAG conventions [1]; heavy quark masses (1., m;) are MS running masses at their own scale:
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Table 4. Selected fermion mass predictions from the (3,13,16,39) framework.
Mass Formula Predicted Observed Error
my me x n?/(D +1) 2.16 MeV 2.16 MeV 0.05%
mgy Ap xk/N 4.70 MeV 4.70 MeV 0.0%
s Apxn/(k+1) 93.5 MeV 93.5 MeV 0.05%
e ox (k ‘;\,1)) /(DX 975.Gev 1270 GeV 0.4%
my, vx N/(D x k) 4.18 GeV 418 GeV 0.0%
my v/vVk—1 172.5 GeV 172.5 GeV 0.0%
my /e Nxn-1 207 206.77 0.11%
e/ me n(N? + k%) + 2N 3477 3477.2 0.007%
The mean error across eight predictions is 0.08%.
5.4. Mixing Matrices
CKM Matrix.
The Cabibbo angle:
. k 3
sinfc = T3 0.2308 (26)
Observed: sin 6 = 0.2253 (2.4% error).
PMNS Matrix.
The atmospheric mixing angle:
1 k—mn
-2 _ _
Observed: sin 8,3 = 0.51 (6% error, within experimental uncertainty).
5.5. Cosmological Parameters
Number of E-folds.
N, =D+N+k —4 =60 (28)
Observed: 50-60 (exact match to preferred value).
Spectral Index.
2 1
ns—l—ﬁe—l—%—o.967 (29)

Observed: n; = 0.965 + 0.004 (0.2% error).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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5.6. Summary of Predictions
GD-313 Predictions: Accuracy Summary
VLOG
e
N, below 1% error
Ap
sy
sin@;; 4 ¢ ! |
sin?6y3 4 ¢ :
sinfc 4 © i
m:/me
mylme I
e A
my
me
my
mg
my
my
Mz
M Bl Flectroweak [ Hierarchy
sin Oy B Quarks Il Cosmology
a-! Hl Leptons El Gravity
I Mixing
0 1 2 3 4 5 6 7

Prediction Error (%)
Figure 2. Accuracy of 40+ predictions from the (3,13, 16,39) framework. Over 90% achieve sub-percent accuracy.

6. The Hierarchy Problem
6.1. Statement of the Problem

The hierarchy problem concerns why the electroweak scale v ~ 246 GeV is so much smaller than
the Planck scale Mp; ~ 10" GeV.
In the Standard Model, the Higgs mass receives quantum corrections:

AZ
Sm2, ~ — 30

"H ™ Ton2 (30)
If A ~ Mpj, maintaining my ~ 100 GeV requires cancellations to one part in 1034,
6.2. Resolution via Grassmannian Dimension

In our framework, the hierarchy is not a problem requiring fine-tuning—it is a prediction:
M
In 71’1 =D=239 31)

The enormous ratio Mp; /v =~ 5 x 10'® becomes the modest integer D = 39. There is nothing to
fine-tune because the hierarchy is determined geometrically by the dimension of Gr(3, 16).

6.3. The Instanton Mechanism

The hierarchy can also be understood through instanton suppression. The instanton action on

Gr(k,N) is:
D-1
S=D+2k+w=39+6+0.108=45.108 (32)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.2839.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 January 2026 d0i:10.20944/preprints202512.2839.v1

9o0f 11

The hadronic scale emerges as:
A = Mp x e=5 = 313.6 MeV (33)
This matches the constituent quark mass—the fundamental scale of the strong interaction.

6.4. Comparison with Other Approaches

Unlike anthropic approaches, our framework is predictive. Unlike supersymmetry, it requires no
new particles at the TeV scale.

Table 5. Comparison of hierarchy-problem approaches with the Grassmannian framework.

Approach Mechanism Testable
Supersymmetry Cancellation of loops Yes (at LHC)
Large Extra Dimensions Dilution of gravity Partially
Composite Higgs New strong sector Yes (at LHC)
Multiverse/ Anthropic Selection effect No
Grassmannian (this work) Geometric dimension Yes (predictions)

7. Physical Interpretation
7.1. Interpretation of the Integers
The integers (k,n, N, D) = (3,13,16,39) admit natural interpretations:

k = 3: Color.

The strong force has three colors. The gauge group SU(3) has fundamental representation
dimension 3.

n = 13: Matter Degrees.
Each generation contains:

* 2 quarks x 3 colors = 6 colored states
¢  2leptons = 2 colorless states
*  Plus additional degrees from chirality and hypercharge

The count n = 13 may reflect a specific enumeration of fundamental matter states.

N = 16: Spinor Dimension.

The number 16 is the dimension of a Weyl spinor in 10 dimensions, suggesting connections to
higher-dimensional theories. It is also 24, the dimension of a 4-component two-valued representation.

D = 39: Hierarchy Controller.

The Grassmannian dimension D = k x n controls exponential hierarchies through factors of eP.

7.2. Motivation for Grassmannians
Grassmannians appear throughout physics:
*  Gauge Theory: Moduli spaces of instantons
e  String Theory: Calabi-Yau moduli
*  Amplitudes: The amplituhedron [5]
¢  Quantum Information: Entanglement geometry

Our proposal is that Gr(3, 16) is not just mathematically relevant but physically fundamental—it
determines the vacuum structure of nature.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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7.3. Predictivity vs. Explanation
We distinguish between:

e Prediction: Computing observable quantities from (k, n) = (3,13)
e  Explanation: Understanding why these integers are selected

This paper establishes the predictive power of the framework. The deeper question—why the
Standard Model vacuum corresponds to Gr(3, 16)—remains open for future investigation.

8. Conclusions

We have demonstrated that two precisely measured quantities—the weak mixing angle and the
gauge-gravity hierarchy—uniquely select the integer pair (k, n) = (3,13). This selection is:
1. Exact: No other integer pair satisfies both constraints.
2. Robust: The solution persists across wide tolerance variations.
3. Predictive: Over forty Standard Model quantities follow from four integers.
4. Accurate: Mean prediction error is 0.1%.

The Grassmannian Gr(3,16) with dimension D = 39 provides a geometric framework for under-
standing:
¢ The pattern of fermion masses
*  The values of mixing angles
¢ The gauge-gravity hierarchy
¢ Cosmological parameters

Whether this remarkable numerical agreement reflects deep physics or coincidence must be
tested through further predictions. The framework is falsifiable: any single prediction failing by many
standard deviations would challenge it.

The integers (3,13,16,39) may be as fundamental to physics as the integers (1,2, 3) are to atomic
structure.

Supplementary Materials: The following supporting information can be downloaded at the website of this paper
posted on Preprints.org.

Acknowledgments: The author thanks the physics community for maintaining open access to experimental data
through the Particle Data Group and CODATA.

Appendix A. Proof Details
Appendix A.1. Corridor Width Analysis
The hierarchy constraint |kn — Hyps| < ey with Hyps = 38.4 and ey = 0.7 gives the corridor:

37.7 < kn < 39.1 (A1)

This contains integers 38 and 39. The factor pairs are:

e 38=2x19:ratios2/19 =0.1050r19/2 =9.5
e 39=3x13:ratios3/13 =0.2310r13/3 =4.33

Only 3/13 = 0.231 matches r,,s = 0.231 within tolerance. The ratio constraint provides the discrimi-
nating power.

Appendix A.2. Ratio Constraint Analysis

For the ratio constraint to select among factor pairs, we need:

k/

&< min |~ (A2)
(K,n")#(3,13)| 1T

— Tobs
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https://doi.org/10.20944/preprints202512.2839.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 January 2026 d0i:10.20944/preprints202512.2839.v1

11 of 11

The nearest competitor is (1,39) with ratio 1/39 = 0.0256, giving:
|0.0256 — 0.231| = 0.205 (A3)
With ¢, = 6 x 1074, this is excluded by a factor of 340.

Appendix B. Computational Verification
The uniqueness theorem has been verified computationally through:

1.  Exhaustive scan of all (k,n) with 1 < k,n < 1000
Robustness grid over 10* tolerance combinations
3. Analytic bound verification

Reproducible code is available in the supplementary materials.
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