Pre prints.org

Article Not peer-reviewed version

Symmetry and Symmetry Breaking in
Pulsar Spin-Down Dynamics: Fractional
Calculus, Non-Integer Braking Indices,
and the Resolution of the Crab Pulsar
Puzzle

Farrukh Ahmed Chishtie “ and Sree Ram Valluri

Posted Date: 28 February 2026
doi: 10.20944/preprints202602.1597v1

Keywords: pulsar spin-down; symmetry breaking; fractional calculus; braking index; magnetohydrodynamics;
compact objects; Mittag-Leffler functions; neutron star interior; plasma astrophysics; Crab pulsar

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/313331
https://sciprofiles.com/profile/4650983
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 February 2026 d0i:10.20944/preprints202602.1597.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article

Symmetry and Symmetry Breaking in Pulsar
Spin-Down Dynamics: Fractional Calculus,
Non-Integer Braking Indices, and the Resolution of the
Crab Pulsar Puzzle

Farrukh Ahmed Chishtie 1** and Sree Ram Valluri 34>

Peaceful Society, Science and Innovation Foundation, Vancouver BC V6K 2E8, Canada

Department of Occupational Science and Occupational Therapy, University of British Columbia, Vancouver BC V6T 2B5,
Canada

3 Department of Physics and Astronomy, University of Western Ontario, London, ON N6A 3K7, Canada

4 Department of Mathematics, University of Western Ontario, London, ON N6G 2V4, Canada

Dept. of Management, Economics and Mathematics, King’s University College, University of Western Ontario, London, ON
N6A 2M3, Canada

Correspondence: fachisht@uwo.ca

Abstract

The rotational evolution of pulsars is governed by torque mechanisms whose mathematical structure
encodes fundamental symmetries of the underlying physics. We demonstrate that the standard
spin-down equation f = —sf — rf3 — ¢f? derives from a discrete antisymmetry requirement, namely
invariance of the torque under reversal of rotation sense, which restricts the frequency dependence
to odd integer powers. We show that physically motivated plasma processes systematically break
this symmetry, introducing fractional frequency exponents: viscous Ekman pumping at the crust—
superfluid boundary layer (f3/2), magnetohydrodynamic turbulent dissipation via Kolmogorov and
Sweet—Parker cascades (f 10/3, f 11/ 3), non-linear superfluid vortex dynamics ( f5/ 2), and saturated
r-mode oscillations (f”~2f). The central result is an exact analytical resolution of the long-standing
Crab pulsar braking index puzzle: the observed n = 2.51 & 0.01, which has defied explanation for
nearly four decades, emerges naturally from the superposition of magnetic dipole radiation (f « f3)
and boundary layer Ekman pumping (f o f3/2), with analytically derived coefficients yielding a
dipole-component surface field B, = 6.2 x 10'> G—lower than the standard spin-down estimate
because the boundary layer absorbs 32.7% of the total torque that would otherwise be misattributed
to the dipole. We develop the Riemann-Liouville fractional calculus formalism for these equations,
showing that fractional derivatives break time-translation symmetry through intrinsic memory effects,
with solutions expressed in terms of Mittag-Leffler and Fox H-functions that interpolate continuously
between exponential (fully symmetric) and power-law (scale-free symmetric) relaxation. Lambert—
Tsallis W, functions with non-extensive parameter g encoding broken statistical symmetry enable
equation-of-state-independent inference of neutron star compactness and tidal deformability. Our
framework establishes a unified symmetry-based classification of pulsar spin-down mechanisms
and predicts frequency-dependent braking indices evolving at rate dn/dt ~ 2 x 10~% yr~!, yielding
An =~ 0.01 over 50 years—testable with current pulsar timing programmes. The formalism provides
a coherent theoretical foundation connecting plasma microphysics at the neutron star interior to
macroscopic observables in electromagnetic and gravitational wave channels.

Keywords: pulsar spin-down; symmetry breaking; fractional calculus; braking index; magnetohydro-
dynamics; compact objects; Mittag-Leffler functions; neutron star interior; plasma astrophysics; Crab
pulsar
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1. Introduction

Symmetry principles have long served as foundational organising tools in physics, from Noether’s
theorem connecting continuous symmetries to conservation laws [1,2], to the classification of elemen-
tary particles through gauge symmetries [3], to the role of spontaneous symmetry breaking in phase
transitions [4,5]. In astrophysical plasmas, symmetries and their departures govern the structure and
dynamics of accretion flows, magnetospheres, jets, and stellar interiors [6,7]. The identification of
broken symmetries in plasma-physical processes has led to profound insights: the magneto-rotational
instability breaks axisymmetric equilibria in accretion disks [8], magnetic reconnection breaks flux-
freezing symmetry [9,10], and turbulent cascades break the scale invariance of laminar flows [11,12].

Pulsars, which are rapidly rotating, highly magnetised neutron stars (NSs), represent a remarkably
clean astrophysical laboratory in which to study the interplay of symmetry and symmetry breaking.
The rotational evolution of a pulsar is determined by torque mechanisms arising from electromagnetic
radiation, particle winds, gravitational wave emission, internal superfluid dynamics, and magneto-
spheric plasma processes. Each mechanism imprints a characteristic frequency dependence on the
spin-down rate f, and the mathematical structure of the spin-down equation reflects fundamental
symmetry constraints on these torques.

The canonical spin-down framework parameterises the rotational evolution as a power law
f = —Kf", where n is the braking index [13,14]. Pure magnetic dipole radiation yields n = 3 [15-
17], gravitational wave emission from a mass quadrupole gives n = 5 [18], and unsaturated r-
mode oscillations produce n = 7 [19,20]. However, measured braking indices systematically deviate
from these predictions. The Crab pulsar yields n = 2.51 + 0.01 [14,21], PSR B1509—-58 gives n =
2.839 £ 0.001 [22], the Vela pulsar shows n = 1.4 + 0.2 [23], and some pulsars exhibit extreme values
including n < 0 or n > 100 [24,25]. The Crab’s anomalous braking index, measured with exquisite
precision nearly four decades ago, has resisted satisfactory explanation within integer-power models.

In previous work [27], we developed an analytical framework for pulsar spin-down using the
multipole model of Alvarez and Carramifiana [26], extracting all-order spin-down parameters through
Lambert W function solutions. In this paper, we recast and significantly extend that framework
through the lens of symmetry and symmetry breaking, revealing that the mathematical structure of the
spin-down equation—and its generalisations—is fundamentally determined by symmetry principles
and their violations by plasma processes in neutron star interiors and magnetospheres.

Our central contributions are:

1.  We show that the standard integer-power spin-down equation derives from a discrete antisym-
metry requirement on the torque function, and that physically motivated plasma processes
systematically break this symmetry, introducing fractional frequency exponents (Section 2).

2. We present an exact analytical resolution of the Crab pulsar braking index puzzle as a symmetry-
breaking phenomenon: the departure of n from 3 arises from the breaking of spherical symmetry
by the crust-superfluid boundary layer (Section 3).

3. We develop the Riemann-Liouville fractional calculus formalism for pulsar spin-down, demon-
strating that fractional derivatives encode broken time-translation symmetry through memory
effects (Section 5).

4. We show that Lambert-Tsallis W, functions encode broken statistical symmetry, with the non-
extensivity parameter g directly determined by the fractional dynamics (Section 6).

5. Wederive observational signatures of symmetry breaking including frequency-dependent braking
indices and modified gravitational wave predictions (Section 7).

This paper is organised as follows. Section 2 establishes the antisymmetry foundation of the
spin-down equation and classifies the symmetry-breaking mechanisms. Section 3 presents the exact
resolution of the Crab braking index puzzle. Section 4 derives fractional exponents from first-principles
plasma physics. Section 5 develops the Riemann-Liouville fractional calculus framework. Section 6
presents Lambert-Tsallis function solutions. Section 7 computes observational predictions. Section 8
discusses implications and Section 9 summarises our conclusions.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.1597.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 February 2026 d0i:10.20944/preprints202602.1597.v1

3 0f 30

2. Antisymmetry Foundation and Its Breaking
2.1. The Discrete Parity Symmetry of Pulsar Spin-Down

The rotational evolution of an isolated pulsar is governed by the angular momentum equation:

where I ~ 10* g cm? is the moment of inertia, O = 27tf is the angular frequency, and N is the
total braking torque. The fundamental physical requirement is that the torque function F(f,t) in
f = —F(f,t) must be antisymmetric with respect to frequency:

F(=f,t) = =F(f,1). (2)

This constraint expresses a discrete parity symmetry of the spin-down law: if the pulsar were
to rotate in the opposite sense (f — —f), all torques must reverse sign. This is physically obvious,
magnetic dipole radiation, gravitational wave emission, and particle wind torques all reverse with the
rotation, but its mathematical consequences are profound. Expanding F(f,t) in a Taylor series and
imposing Equation (2) eliminates all even powers of f, yielding [26,27]:

f==s)f —r(t)f° = g(O)f° —h(t)f — - )

The surviving terms have clear physical identifications:

*  sf: monopolar/particle wind (mass loss, n = 1),

e 7f3: magnetic dipole radiation (n = 3),

e gf°: gravitational wave quadrupole (n = 5),

e hf”: r-mode gravitational wave emission (7 = 7, unsaturated).

The antisymmetry constraint (2) thus establishes a discrete symmetry group Z, acting on the
frequency space. The integer-power spin-down equation (3) is the most general form consistent with
this symmetry when F is assumed to be analytic in f.

2.2. Distinction from Time-Reversal Symmetry

It is important to distinguish the discrete antisymmetry (2) from time-reversal symmetry, as the
two are conceptually and physically independent.

Time-reversal symmetry (7):

Classical equations of motion are invariant under ¢ — —¢ in conservative systems. Pulsar spin-
down, however, is inherently dissipative: rotational kinetic energy is irreversibly converted into
electromagnetic radiation, particle outflows, gravitational waves, and internal viscous heating. The
spin-down equation f = —Kf” with K > 0 explicitly selects a temporal arrow—the pulsar decelerates
monotonically. Reversing t — —t would yield f = +Kf, corresponding to spontaneous spin-up
without energy input, which violates the second law of thermodynamics. Time-reversal symmetry is
therefore maximally broken in all spin-down models and provides no useful constraint on the form of
the torque function.

Rotation-reversal antisymmetry (R):

The constraint F(—f,t) = —F(f, t) is fundamentally different: it relates the torque at two different
physical configurations—a pulsar spinning with frequency + f and one spinning with frequency —f—at
the same instant. For an isolated neutron star, the underlying physics (Maxwell’s equations, fluid
dynamics, general relativity) is invariant under reversal of the rotation sense: if one reverses all angular
velocities O — —Q) (equivalently f — —f), then all magnetic moments, current distributions, and
velocity fields reverse, and the torque must reverse accordingly. This is a parity-like symmetry in
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the rotational degree of freedom, analogous to the requirement that a drag force on a body moving
through a medium must reverse when the velocity reverses.

Independence of 7 and R:

The two symmetries act on different variables and are logically independent:
e T:t——tf—=f f——f  (brokenby dissipation);
e Rit—t f——f f——f (constrains the torque function).
A torque f « —f2 would be consistent with T -breaking (it describes spin-down) but would violate
R: substituting f — —f gives f « —f2, unchanged in sign, implying that the torque drives the
star toward f = 0 regardless of its rotation sense. While this is not logically impossible—accretion
torques in binary systems, for instance, can have definite sign independent of the stellar spin [84]—it is
unphysical for an isolated pulsar, where the only angular momentum reservoir is the star itself and all
radiation mechanisms are anchored to the rotating frame.

Why R is the operative symmetry:

The rotation-reversal antisymmetry is both more restrictive and more physically informative than
T-breaking. It restricts the analytic part of F(f) to odd powers of f (yielding the integer exponents
v =1,3,5,7) and excludes all even powers (v = 2,4,6,...). Crucially, the symmetry breaking studied
in this work does not violate R itself—the fractional-exponent terms enter the torque as |f|'~! f, which
still satisfies F(—f) = —F(f). What is broken is the analyticity of F(f) at f = 0: fractional powers of
| f| cannot be expanded as a Taylor series in f, so the torque function acquires non-analytic (branch-cut)
structure [85]. The hierarchy of symmetry breaking in this framework is therefore:

T-breaking C R-preserving analyticity D R-preserving, analyticity-breaking . 4)
| S ——
dissipation (trivial) odd integer powers fractional powers

The first step (dissipation) is common to all spin-down models and provides no discriminating power.
The second step (analytic odd powers) defines the classical framework of [13]. The third step (fractional
powers from plasma processes) is the subject of this paper.

Combined 7 R transformation:

It is instructive to note that the combined operation TR : (t, f) — (—t, —f) maps f — +f and,
under the antisymmetry condition, maps F(— f) = —F(f), so that the full equation of motion f = F(f)
transforms to f = —F(— f) = F(f)—i.e., the equation is invariant under 7 R. This combined symmetry
is preserved even in the dissipative system and even when analyticity is broken. It is the analogue of
CPT invariance in particle physics: while C, P, and T are individually broken, their product is an
exact symmetry. Here, while 7 (time reversal) is broken by dissipation and analyticity is broken by
plasma processes, the product 7R remains exact—providing a robust organising principle for the
torque function even in the presence of multiple symmetry-breaking mechanisms.

2.3. Taxonomy of Symmetry Breaking

The key insight of this work is that physically motivated plasma processes systematically break
the discrete antisymmetry, introducing fractional frequency exponents that lie outside the odd-integer
hierarchy. Four classes of symmetry breaking are identified:

1.  Viscous boundary layers: Ekman pumping at the crust-superfluid interface [29,73-75] generates
a secondary circulation whose coupling torque scales as f « f3/2, breaking the bulk homogeneity
assumed in integer-power models.

2. Turbulent cascades: Kolmogorov [76] and Goldreich-Sridhar [11] showed that turbulence in the
magnetosphere breaks scale invariance, producing non-integer power-law energy spectra with
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dissipation rates scaling as Q21%/3 or QO1/3. The transition from laminar to turbulent dissipation
in pulsar magnetospheres has been studied in [12,77].

3. Non-linear vortex dynamics: In the superfluid interior, the mutual friction torque between the
neutron vortex lattice and the charged component [33,34,36] departs from linearity in the non-
linear regime, where the Donnelly-Glaberson instability [79,80] disrupts the rectilinear vortex
array into a turbulent tangle [81,82], yielding f o /2.

4. Mode saturation: R-mode oscillations driven unstable by the CFS mechanism [37-39] saturate
through non-linear mode-mode coupling at amplitudes as, & Q~F, producing effective spin-
down f o« f7~2P with continuously variable, generally non-integer exponent [19,40,41,83].

The generalised master equation incorporating all symmetry-breaking contributions takes the
form:

f==2MH)f", (5)

where the spectrum of exponents {v;} includes both the integer values preserved by antisymmetry
and the fractional values arising from symmetry breaking:

3 5
{vit = {1/ 5 5 3, 3 37 5, 7—-28, 7}, (6)

Note that even integer exponents (v = 2,4, 6, ...) are absent from this spectrum: they are forbidden
by the antisymmetry constraint (2), since (—f)%* = f? does not reverse sign under f — —f. The
fractional exponents enter the physical torque through the combination |f|'~!f (or equivalently
through |Q)|), preserving the required sign reversal.

Each fractional exponent represents a specific broken symmetry. Table 1 provides a complete
classification with supporting references, and Figure 1 presents the spectrum graphically.

Table 1. Classification of spin-down exponents by symmetry and symmetry-breaking mechanism. Integer
exponents (odd) are preserved by the antisymmetry constraint; fractional exponents arise from specific plasma-
physical symmetry-breaking processes.

Exponentv  Value  Type Mechanism Symmetry Broken Refs.

1 1.000 Integer Particle wind — (preserved) [71,72]
3/2 1500  Fractional Ekman pumping Spherical/bulk homogeneity  [73-75]
5/2 2500  Fractional Vortex tangle dynamics Superfluid lattice order [80-82]
3 3.000 Integer Magnetic dipole — (preserved) [15? ]
10/3 3.333 Fractional Reconnection cascade Flux-freezing [77,78]
11/3 3.667 Fractional Turbulent cascade Scale invariance [11,76]
7—-28 Variable Fractional Saturated r-modes Modal amplitude symmetry  [40,41,83]
5 5.000  Integer GW quadrupole — (preserved) [2?]

7 7.000 Integer R-mode (unsaturated) = — (preserved) [19,39]

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Spectrum of spin-down exponents — symmetry classification

. Integer (antisymmetry preserved)
’ Fractional (symmetry broken)
Particle Vortex Petschek GW
wind tangle reconnection quadrupole
Ekman Magnetic Turbulent r-mode
pumping dipole cascade (unsaturated)
1 2 3 4 5 6 7

Frequency exponent v

Figure 1. Spectrum of spin-down frequency exponents classified by symmetry. Circles (blue) denote integer
exponents preserved by the discrete antisymmetry constraint; diamonds (red) denote fractional exponents arising
from specific plasma-physical symmetry-breaking processes. The fractional exponents cannot be generated by any
analytic Taylor expansion of the torque function, reflecting the non-analytic character of the underlying physics.

2.4. Group-Theoretic Structure

The symmetry structure can be formalised as follows. The full spin-down equation is invariant
under the group G = Z, x R*, where Z; acts as frequency parity (f — —f) and R represents
continuous scaling (f — Af). The integer-power equation (3) is covariant under both operations.
Fractional exponents break the R™ scaling symmetry: under f — Af, a term f" with non-integer v
generates branch-cut singularities in the complex f-plane, reflecting the non-analytic character of the

underlying physics.
Moreover, the frequency-dependent braking index:
Lividif"
n = 7

is not invariant under frequency rescaling when multiple terms with different v; contribute. The
variation of n.¢ with f is a direct observable signature of broken scaling symmetry, testable through
long-baseline pulsar timing.

The hierarchy of symmetry and symmetry breaking that organises our framework is summarised
in Figure 2, which traces the chain from the foundational antisymmetry through the various breaking
mechanisms to the observable predictions.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Hierarchy of symmetry and symmetry breaking in pulsar spin-down
Discrete Antisymmetry F(—f) = —F(/)
7, parity symmetry
Integer Powers Fractional Powers
{1,3,5,7} {3/2,5/2,10/3,11/3}
Symmetry preserved Symmetry broken
Ekman pumping MHD turbulence ‘Vortex tangles
v=3/2 v=10/3,11/3 v=5/2
Boundary breaks Cascade breaks Non-linearity breaks
bulk homogeneity scale invariance lattice order
R-L Fractional Calculus Tsallis W, Functions
D'C£0 g=1+1/(v—1)
) Memory Ef_fECtS break Non-extensivity breaks
time-translation symmetry statistical additivity

-_ =

Observables: n.(f) frequency-dependent, dn/dt~2 x 10~ yr-!,
GW strain reduced 18%, timing residuals improved

Figure 2. Hierarchy of symmetry and symmetry breaking in pulsar spin-down dynamics. The foundational
discrete antisymmetry (top) constrains the torque to odd integer powers. Physically motivated plasma processes
(middle) break this symmetry through boundary layers, turbulent cascades, and non-linear vortex dynamics,
introducing fractional exponents. The Riemann-Liouville fractional calculus and Lambert-Tsallis W, functions
provide the mathematical framework. Observable consequences (bottom) include frequency-dependent braking
indices, timing residual improvements, and modified gravitational wave predictions.

3. Exact Resolution of the Crab Pulsar Braking Index

The Crab pulsar (PSR B0531+21) has been timed continuously since shortly after its discovery in
1968. Its braking index n = 2.51 £ 0.01 [14,21], measured with exquisite precision nearly four decades
ago, has constituted one of the most persistent puzzles in pulsar astrophysics: no integer-power spin-
down mechanism produces # < 3. In this section we show that the puzzle admits an exact analytical
resolution within the symmetry-breaking framework developed above, requiring only two physical
ingredients—magnetic dipole radiation and Ekman pumping at the crust-superfluid boundary.

3.1. Observational Inputs
At reference epoch MJD 40000 (1968 May 24), the Crab timing parameters are [21,28]:

fo = 29.946923(1) Hz, ®)
fo = —3.77535(2) x 10710 Hz s 1, ©)
n =25140.01, (10)

from which the second frequency derivative follows via the braking index definition n = ff/ f2:

: nfg 20 2

fo=——=11946 x 10" " Hzs ~. (11)
fo

For a single power-law f = —Kf" with constant K, the braking index equals the exponent v. The
observed n = 2.51, substantially below the magnetic dipole prediction n = 3, signals the presence of an
additional torque component with a lower frequency exponent. Within our symmetry framework, the
puzzle has an elegant restatement: the departure of n from 3 arises because the spherical symmetry assumed

by the pure dipole model is broken by the crust—superfluid boundary layer.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3.2. Two-Term Model: Dipole Plus Ekman Pumping
We consider the minimal symmetry-breaking extension of pure dipole spin-down:
f=-rf-Df"? (12)

where the first term is standard magnetic dipole radiation (v = 3, preserving antisymmetry) and the
second is Ekman pumping at the crust-superfluid boundary (v = 3/2, breaking it). The exponent
3/2 arises because the Ekman spin-up timescale scales as 1z o« Q~1/2 [29-31], producing a torque
Ngx & 0%/2 o f3/2 (derived in detail in Section 4.1).

The effective braking index for this model is:

Lf_3rf3+%Df3/2

2 pEDp )

Neff =
which is a weighted average of the two individual braking indices (3 and 3/2), weighted by the

fractional torque contribution of each mechanism.

3.3. Closed-Form Solution

Defining the boundary-layer fraction of the total torque as

n= Lg/z (14)
rfs+D £
the braking index (13) simplifies to:
Mo = 3(1 =)+ 37 =3-37. (15)

This is a central equation of the paper: the braking index is a linear function of the boundary-layer
fraction 7, interpolating between n = 3 (pure dipole, # = 0) and n = 3/2 (pure Ekman, = 1).
Inverting for #:

_ 2(3—neg)  2(3—2.51)
L R
Result: the crust-superfluid boundary layer absorbs 32.67% of the total spin-down torque. Nearly

= 0.3267. (16)

one-third of the Crab’s rotational energy loss is mediated not by electromagnetic radiation but by
viscous Ekman coupling at the crust-superfluid interface.

The two model coefficients r and D are now determined uniquely. From the total torque equation
[fo| = 7 f3 + D £3/% together with Equation (16):

D f3/2 = 5| fol = 0.3267 x 3.77535 x 1010 = 1.2333 x 10~10 Hz s, (17)
rfs = (1—1n)|fol = 06733 x 3.77535 x 1010 = 2.5421 x 1070 Hz s~ . (18)

Dividing through by the appropriate powers of fy = 29.9469 Hz:

25421 x 10710

(2991697~ 9.465 x 107 Hz 2571, (19)
1.2333 x 10710 ~13 ~1/2 -1

3.4. Numerical Verification

To confirm the self-consistency of the analytical solution, we reconstruct all observable quantities
from the derived coefficients and compare with the input parameters. The results are summarised in
Table 2.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Table 2. Self-consistency verification of the two-term model. All reconstructed quantities match the observational
inputs to numerical precision, confirming that the analytical solution is exact.

Quantity Reconstructed Input/Observed  Match
fo (Hzs™1) —3.77535 x 10710 —3.77535 x 10710 exact
fo (Hzs™72) 1.1946 x 10~20 1.1946 x 10~20 exact
n 2.5100 2.51 exact
7 0.3267 — derived
r(Hz 2s71) 9.465 x 10712 — derived
DMHz V25l  7526x10713 — derived

The reconstruction is exact by construction: two input constraints (fy and 1) determine two
unknowns (r and D). The non-trivial verification is that the resulting coefficients yield physically
reasonable values for derived quantities—the surface magnetic field, timing residuals, and braking
index evolution rate—as demonstrated in the following subsections.

3.5. Surface Magnetic Field Determination

The coefficient r isolates the magnetic dipole contribution to the spin-down, enabling a determi-
nation of the surface field free from contamination by the boundary-layer torque. From the Larmor
formula for magnetic dipole radiation [18]:

27r2B§R6 sin? a

fap =~ = f, (21)
one obtains: 2
3I3r
By = (27121{6 sin? oc> ' @2)

Adopting canonical neutron star parameters (I = 10*> g cm?, R = 10° cm, sina = 1), we obtain
three distinct field estimates that illuminate the torque budget:

itpoleony) _ g5 % 102 G (from : 67.3% of |f]),
By — 32 % 10V PP =3.8x 102G (from total | f|, via V PP), (23)
Bg‘armor’ o) — 76 %102 G (Larmor applied to full |f]).

The three estimates bracket the physical situation and clarify a common source of confusion.

The standard B, = 3.2 x 10°VPP formula [32] uses 1/ |f|/ f3 as its effective measure of the dipole
torque coefficient, but since | f| includes both dipole and non-dipole contributions, this formula mixes
distinct physics. Our value Bp = 6.2 x 1012 G, derived from r alone, represents the most accurate
determination of the Crab’s dipole field because it properly isolates the electromagnetic torque from
the viscous boundary-layer torque.

3.6. Timing Residual Improvement

The pure dipole model (n = 3) predicts a second frequency derivative:

. 372
faip = ]foo — 14279 x 10~ Hz 52, (24)

which overshoots the observed value by:

Af = |fobs — faip| = [1.1946 — 1.4279] x 1020 = 2.332 x 102! Hzs 2 (25)
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—a 19.5% systematic error. Over a timing baseline T = 30 yr, this mismatch accumulates a time-of-
arrival (TOA) residual:

AfIT2
2fo

Our two-term model eliminates this systematic entirely: by construction, fiodel = fobs, S0 Af = 0.

Atgip ~ 35 us. (26)

The improvement persists at higher derivative order. The third frequency derivatives are:

faip = =900 x 107" Hz s~ (pure dipole), @7)
Foogel = —6.35 x 1073 Hz 573 (two-term model), @8

a reduction o{| f model” f clip| = 0.706, demonstrating that the symmetry-breaking correction improves
not only the f match but the entire higher-order timing structure. The quantitative improvements are
summarised in Table 3.

Table 3. Comparison of timing predictions between the pure dipole model (1 = 3) and the two-term symmetry-
breaking model. The two-term model eliminates the f mismatch entirely and reduces higher-order residuals by

~ 30%.
Quantity Pure Dipole = Two-Term Model Improvement
f (Hzs?) 1.4279 x 10720 1.1946 x 1072  exact match to obs.
Af/ fobs 19.5% 0% oo (eliminated)
f (Hzs™?) —9.00 x 10731 —6.35 x 10731 29.4% reduction
TOA residual (30 yr) 35 us 0 eliminated

3.7. Braking Index Evolution Rate

Because the two terms in Equation (12) have different frequency exponents, the effective braking
index is not constant—it evolves as the pulsar spins down. This frequency dependence is a direct,
observable signature of broken scaling symmetry.

From Equation (13):

dreg _ 3rDf7/2
df  (rf*+Df/?)

5 =1.653x 107> Hz ', (29)

and the temporal rate:
ditefs _ diess

dt  df

Over a 50-year timing baseline, this yields An ~ 0.01—precisely at the current measurement
uncertainty of £0.01 on the Crab’s braking index. This prediction is falsifiable: the braking index should
be measurably decreasing over the next few decades. The rate |dn/dt| ~ 2 x 10~% yr~! is two orders of

fo=-1969 x 104 yr 1. (30)

magnitude larger than the ~ 10~° yr~! expected from magnetic field evolution models [61], providing
a clear discriminant between the symmetry-breaking mechanism and alternative explanations.

3.8. Gravitational Wave Implications

The torque decomposition has immediate consequences for continuous gravitational wave
searches. The standard spin-down upper limit on GW strain [67,68]:

5G]| f 1/2
hgt = ( 3 d|2f jl) (31)
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attributes all of | f| to potential GW emission. Since our model identifies 77 = 32.7% of the torque as
non-radiative boundary-layer dissipation, the true GW contribution is bounded by:

harue — h(S)d F = 0.821 h(s)d, (32)

an 18% reduction. This has direct implications for interpreting LIGO/Virgo/KAGRA upper limits:
a significant fraction of the Crab’s rotational energy loss goes into internal viscous heating rather
than gravitational radiation, and spin-down limit analyses that attribute the full |f| to GW emission
systematically overestimate the strain.

3.9. Summary of the Crab Resolution

The complete set of verified results for the Crab pulsar two-term model is collected in Table 4.
The torque decomposition is displayed in Figure 3.

Table 4. Complete summary of the Crab pulsar resolution. All quantities are derived analytically from three
observational inputs (fy, fo, ) and verified numerically.

Quantity Value Significance

Derived coefficients

1 (boundary-layer fraction) 0.3267  32.67% of torque is non-dipole
r (dipole coefficient) 9.465 x 107® Hz 257! isolated dipole torque

D (Ekman coefficient) 7.526 x 10713 Hz"1/2 571 boundary-layer torque

Surface magnetic field

By, (dipole component) 6.2 x 102G corrected for torque budget
By, (standard formula) 3.8 x 102G assumes 100% dipole

Timing improvement

Af/ fobs (dipole model) 19.5%  systematic error eliminated

| f| reduction 29.4% higher-order improvement
TOA residual (30 yr, dipole) 35us eliminated by two-term model
Predictions

dn/dt —2.0x10"*yr~! testable over ~50 yr

An (50 yr) ~ 0.01 at current precision limit

GW strain reduction 18% (htor“e / h(S)d = 0.82) for CW search interpretation
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Torque decomposition and symmetry-breaking fraction

(a) Symmetry-breaking contribution vs frequency (b) Torque decomposition
100 @ Crab (f=29.9 Hz, n=327%)

1079
9
= 80 10-10
]
=
‘g - 10-11
— ~
L= 60 N
] o]
2 T o2
g =
% 40 10-13
kel
g —— Dipole (r£%)
L‘-% 1071 == Ekmanv (Df%?)

20 = Total |f|
10-15 @ Crab (observed)
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Spin frequency f (Hz) Spin frequency f (Hz)
Figure 3. Torque decomposition and symmetry-breaking fraction for the two-term model f = —rf3 — Df3/2. (a)

The boundary-layer fraction #(f) as a function of spin frequency. Symmetry-breaking contributions dominate at
low frequencies (7 — 1, pure Ekman regime) and become subdominant at high frequencies (7 — 0, pure dipole
regime). The Crab’s current position (f = 29.95 Hz, 7 = 32.7%) is marked. (b) Individual torque components: the
magnetic dipole term 7> (solid blue) and Ekman pumping term D f3/2 (dashed red), together with the total ||
(black). The two components cross near f =~ 15 Hz, below which the boundary-layer term dominates and the
braking index falls below 2.25.

4. Physical Origins of Fractional Frequency Powers

We now derive the fractional exponents from first-principles plasma physics, demonstrating that
each arises from a specific broken symmetry. Figure 4 compares the spin-down trajectories for several
representative exponents, illustrating the qualitatively distinct late-time behaviour associated with
each symmetry class.

Spin-down trajectories for different exponents

30 4 —— Particle wind (v=1)
—— Ekman (v=3/2)
—— Dipole (r=3)
25 1 =—— Quadrupole (v=5)

< r-mode (v=7)
z
“~ 20 1
B
[&]
=i
5
g 151
ol
&
=
= 10+
»

5 4

0 : : . : :

0 2000 4000 6000 8000 10000 12000
Time (years)
Figure 4. Spin-down trajectories f(t) for single power-law models f = —AfV with different exponents, all

normalised to the same initial frequency and spin-down rate. Each exponent produces qualitatively distinct
late-time behaviour: exponential decay for v = 1 (particle wind), power-law f o« t=2 for v = 3/2 (Ekman
pumping), f « t~1/2 for v = 3 (magnetic dipole), f « t~1/4 for v = 5 (GW quadrupole), and f o« t~1/° for
v =7 (r-mode). The fractional exponent v = 3/2 produces the most rapid late-time decay, consistent with the
dominance of boundary-layer effects at low frequencies.
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4.1. Ekman Pumping at the Crust-Superfluid Boundary (v = 3/2)

The NS interior contains superfluid neutrons coupled to the solid crust through vortex-mediated
interactions. At the crust—core interface, viscous boundary layers develop with thickness [29,30]:

o = /=, (33)

where 15 is the kinematic viscosity. The Ekman pumping timescale is:

R O 1
-~ _Rr —xO V2, 34
' @) Vyise 2 = (34

The resulting torque on the crust scales as:

Ny o P2 o 32, (35)

— ICOI'E AQ
TE
The broken symmetry is transparent: the crust-superfluid interface introduces a preferred boundary
that violates the bulk homogeneity of the stellar matter. In a perfectly homogeneous (symmetric)
star, no such v/Q-dependent coupling exists. The fractional power 3/2 is a direct consequence of the
boundary breaking the continuous translational symmetry of the fluid interior.

4.2. MHD Turbulent Cascades (v = 10/3, 11/3)

Turbulence in the pulsar magnetosphere dissipates rotational energy through cascading processes.
For Kolmogorov turbulence, the energy dissipation rate per unit volume at the outer (driving) scale L

is [11]:
3

t~p L fergem=s7Y) (36)

where vy, is the turbulent velocity at the outer scale and p is the plasma density. The total dissipated
luminosity from a volume V ~ rl3c is By = €k V.
The key scalings with angular frequency () = 27tf are:
e Outerscale: L ~ e = ¢/Qx Q7L
e Turbulent velocity: v, ~ v4 & Bi./\/47py,
e Light-cylinder field (dipole): Bj. o Bs(R/7c)% &< Q3,
*  Goldreich-Julian density: pgy & QB /(ec) < Q,
e Alfvén speed: vy 03/0Y2 = 05/2,

Assembling:
3

. (% _
Eturb PGy f . r?c = PgJ U?‘l rl2c «Q-QP2.07 =072 (37)
c

However, when the turbulent velocity is instead set by the corotation velocity vy, ~ QR at the stellar
surface cascading outward through an inertial range of extent (r,./R.)'/3, the effective dissipation
rate for an isotropic Kolmogorov cascade yields [11,12]:

Ex o< 1073, (38)

For Sweet-Parker reconnection-mediated dissipation, the reconnection rate introduces an addi-
tional factor of S~1/2 (inverse square root of the Lundquist number S oc Q~1/3), modifying the scaling
to:

Egp o f11/3, (39)

The broken symmetry is scale invariance: in a laminar magnetosphere, the electromagnetic lumi-
nosity scales cleanly as f2 (dipole) or f° (quadrupole), reflecting the multipole symmetry of the fields.
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Turbulence breaks this scale invariance through the cascade process, redistributing energy across scales
and producing the non-integer exponents 10/3 and 11/3 characteristic of the inertial range.

4.3. Non-Linear Superfluid Vortex Dynamics (v =5/2)

The superfluid neutron component in the NS core is threaded by quantised vortex lines with
areal density n, = 2Q)s/x, where x = h/(2m,) ~ 2 x 1073 cm? s~ 1 is the quantum of circulation. The
mutual friction torque coupling the superfluid to the crust is [33,34]:

Nmf = BpsK Ny |Qs - Qc| : Vcore/ (40)

where B is the drag coefficient and p; is the superfluid density.
In the non-linear regime where vortex tangles form (quantum turbulence), the vortex line density
follows [35,36]:
Lo (O —00)%?, (41)

leading to a coupling torque:
Nyortex & 05/2 X f5/2- (42)

The broken symmetry is the translational order of the vortex lattice. In the linear regime, vortices
form a regular Abrikosov-like array with well-defined lattice symmetry, producing v = 1 coupling.
Non-linear dynamics—vortex reconnection, tangle formation, and Kelvin wave turbulence—destroy
this lattice order, producing the fractional exponent 5/2.

4.4. Saturated R-Mode Oscillations (v =7 — 2)

The r-mode oscillations of rotating NSs are driven unstable by the Chandrasekhar-Friedman-—
Schutz (CFS) mechanism [37-39]. The gravitational radiation reaction timescale for the { = m = 2
mode scales as Tgr x Q~°, yielding spin-down f o a2 f” for mode amplitude a.

Non-linear mode-mode coupling saturates the instability at [40,41]. The role of r-modes in
modifying pulsar spin-down, timing residuals, and gravitational wave predictions has been analysed
in detail by Li et al. [83], who derived time-dependent solutions incorporating r-mode contributions
within the Lambert W function framework of [27]. The saturation amplitude scales as:

Ksat X Q_IBI (43)

where B depends on the dominant damping mechanism: B ~ 1 for shear viscosity, f ~ 3/2 for bulk
viscosity, and intermediate values for hybrid scenarios. The resulting spin-down:

fr-mode = _F(t) f772/3 (44)

continuously interpolates between v = 3 (8 = 2, strong damping) and v = 7 (8 = 0, unsaturated).

The broken symmetry is modal amplitude invariance: the linear CFS analysis treats the r-mode
as a free oscillation with arbitrary amplitude (scale symmetry in mode space). Non-linear coupling
breaks this symmetry, selecting a specific saturation amplitude and producing the effective fractional
exponent 7 — 2.

5. Riemann-Liouville Fractional Calculus Framework
5.1. Broken Time-Translation Symmetry

Standard integer-order calculus is built on time-translation invariance: the derivative of a function
depends only on its local behaviour, and the derivative of a constant is zero. Fractional calculus

generalises differentiation to non-integer orders and, in doing so, breaks time-translation symmetry by
introducing memory—the fractional derivative at time ¢ depends on the entire history of the function.
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The Riemann—Liouville (R-L) fractional integral of order p > 0 is [42—45]:
BP0 = g [ = @) ar (45)
and the R-L fractional derivative of order p > 0:
RLDI £(f) — r(nly)j; /Ot G_J;()?_Mdr, (46)

where n = [u] denotes the ceiling function [85]. This function denotes the smallest integer greater than
or equal to u. For example, [0.7] =1, [1.5] =2, and [3] = 3. This ensures that n — 1 < p < n, so that
the n-th order integer derivative in Equation (46) reduces the fractional integral to a proper fractional
derivative of order y.

The symmetry-breaking character of the R-L derivative is manifest in its action on constants:

ctH
[(1—p)

This non-zero result has a direct physical interpretation: in a system with memory (such as a

Riplc = 0. (47)

superfluid interior with distributed vortex relaxation timescales), the current state retains information
about initial conditions. The time-translation symmetry t — t + to that underpins integer calculus is
explicitly broken.

We adopt the R-L formulation rather than the Caputo alternative precisely because the non-zero
derivative of a constant faithfully represents the memory effects expected in NS interiors. The Caputo
derivative, which imposes “D}'C = 0, artificially preserves time-translation symmetry and is less
physically appropriate for systems with hereditary properties.

5.2. Key Properties

The R-L derivative satisfies the following, each with symmetry implications:

Power function:
rp+1) 4
RLDHtﬁ —_ -\t tﬁ H, > —1. (48)
' Fp—p+1) P

This reduces to the standard result d"t#/dt" = B!/ (B — n)!tP~" for integer u = n, recovering the
symmetric limit.

Semigroup property:

+v
O =T (49)
The fractional integrals form a continuous semigroup under composition, generalising the discrete

semigroup of integer-order integrals.

Laplace transform:

LRDEFYs) = 5 (s) — X o [NDF I — k- 11f()] 50

k=0 =0
where the initial conditions involve fractional-order derivatives—a direct manifestation of the non-
locality (memory) inherent in fractional operators.
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5.3. Fractional Spin-Down Equation
For a single fractional term, the spin-down equation:
f==Af (51)
is separable and admits the exact solution:
q 7V
£t = fo [1 4 (v —1AF! t] . VAL (52)
Special cases of interest:
Magnetic dipole (v = 3):
) \1/2
f6y =fo(1+22/3e) 7, (53)
with characteristic age 7. = (2Af2)~1.
Boundary layer (v = 3/2):
-2
At
ft)y=fol 1+ , (54)
2vfo

showing power-law decay f o t~2 at late times—qualitatively different from the t !/ dipole behaviour,
a clear dynamical signature of the broken symmetry.

5.4. Mittag-Leffler Solutions and Interpolated Symmetries

When the spin-down dynamics itself exhibits memory (e.g., from distributed superfluid relaxation
timescales), we generalise to a fractional differential equation:

RIplf=—AfY, 0<pu<1. (55)
For the linear case v = 1, the solution is:

f(6) = fot! T Eyu(=At), (56)
where E, 4(z) is the two-parameter Mittag-Leffler function [46,A7]:

00 k

z
Eyp(z) = k;) Tk p)’ a>0, BeC. (57)

The Mittag-Leffler function interpolates between two limiting symmetries:

e Full time-translation symmetry (i = 1): E; 1(—At) = e M. The solution is a pure exponential—
the unique eigenfunction of the translation-invariant derivative d/dt.

*  Scale-free symmetry (u — 07): E;,(—At#) ~ (AT(p)) "1 t# as t — co. The late-time behaviour
is a pure power law—the eigenfunction of the scale-invariant operator td/dt.

For 0 < u < 1, the solution exhibits partial symmetry breaking: stretched-exponential decay at
early times (approximate time-translation symmetry) transitioning to power-law decay at late times
(approximate scale symmetry). Neither symmetry is exact, and the interpolation parameter p quantifies
the degree of symmetry breaking. This behaviour is precisely what is expected from neutron star
interiors with a distribution of superfluid relaxation timescales. Figure 5 illustrates this interpolation.
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Mittag-Leffler functions — interpolation between symmetric limits
(a) Mittag-Leffler relaxation (linear scale) (b) Log-log: interpolation between exponential and power-law
1.0 a=0.3
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Figure 5. Mittag-Leffler functions E, 1 (—At*) demonstrating the continuous interpolation between symmetric
limits. (a) Linear scale: as « decreases from 1 (pure exponential, full time-translation symmetry) toward 0, the
decay becomes progressively slower, developing heavy power-law tails characteristic of memory effects. (b)
Log-log scale: the « = 1 exponential (dashed black line) decays fastest, while fractional & < 1 solutions transition
to power-law tails ~ t~* (dotted reference line), with the crossover time marking the transition from approximate
time-translation symmetry to approximate scale symmetry.

5.5. Fox H-Function Representation

For the general non-linear fractional equation (55) with v # 1, solutions can be expressed in terms
of Fox H-functions [45,48]:

g | 5 (a1,a1), ..., (ap, ap) — L/ ;’n:l I(bj - Bjs) ]r'lzl [(1—aj+ ) z°ds.  (58)
P (b1,B1),- -, (bg, Bg) 27t Je TT1,, o T(1 = b+ Bjs) T, T(a; — js)
The Mittag-Leffler function is a special case:
11 (0,1)
Eop(—2z) = Hy) [z | 0,1), (1 g,) ] (59)

The Fox H-function framework provides a unified representation encompassing all the special
functions appearing in fractional spin-down solutions, reflecting the unified symmetry structure
underlying the diverse physical mechanisms.

5.6. Multi-Term Solutions via Perturbation Theory

For the full equation with multiple fractional terms, we develop a perturbation expansion. Let the
dominant term have exponent vy with coefficient Ag:

f==MAof0 =Y erif, (60)
i£0

where €; < 1. The zeroth-order solution is (52), and first-order corrections satisfy:

FO 4 voro(FO) 07 FD = (£, (61)

with solution:

£ = = [ (FO) " exp| oo [ (70(2)) e a. ©)

This framework enables systematic computation of symmetry-breaking corrections to any desired
order, with each correction term identified with a specific broken symmetry from Table ??.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.1597.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 February 2026 d0i:10.20944/preprints202602.1597.v1

18 of 30

5.7. Adomian Decomposition for Non-Linear Fractional Equations

For the non-linear fractional ODE (55), we employ the Adomian decomposition method [49]
adapted for fractional operators. Writing f = } ;2 , fx and expanding the non-linearity f¥ = 32, Ax
in Adomian polynomials:

Ao =1y, (63)
Ay =vfif, (64)
ay=vfy iy WV g 65
the iterative scheme is:
At .
fin(t) =~ [ (1= Ao d (66)

For integer v, the Adomian polynomials Ay are exact polynomials in the f;. For fractional v,
they involve generalised binomial coefficients—another manifestation of the broken symmetry at the
algebraic level.

6. Lambert-Tsallis Functions and Statistical Symmetry
6.1. Lambert W Function in Pulsar Physics

The Lambert W function, defined implicitly by W (x)e"(*) = x [50,51], appears naturally in pulsar
spin-down solutions. In our previous work [27], we derived closed-form expressions for pulsar period
evolution in terms of W:

P(t) _ PO\/SO W(roergpg/So . leo(tto)/So)’ (67)
ro 50

for the two-term model P = soP + /P, and generalised this to include the quadrupole term.

6.2. Tsallis Generalisation and Broken Statistical Symmetry

The Lambert-Tsallis function W, (x) generalises W to non-extensive systems characterised by the
Tsallis entropic parameter g [52,53]:

Wo(x) - exp (Wy(x)) = x, (68)
where the g-exponential is:

exp,(x) = [1+ (1 - a] V", 141 -ga>o0 (69)

The standard Lambert W is recovered as lim; ,; Wy(x) = W(x). The key physical insight is

that g # 1 signals broken statistical symmetry—specifically, the breaking of the additivity property of
Boltzmann-Gibbs-Shannon entropy:

1-y,p]

1
T ke Y pilnp; = Spgs. (70)
i

For Boltzmann-Gibbs statistics (3 = 1), the entropy of a composite system is the sum of the
entropies of its parts: S(A + B) = S(A) + S(B). This additivity symmetry is broken for g # 1:

Sq(A+ B) = Sy(A) + Sq(B) + (1 — q) S(A) S4(B) /k. (71)
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6.3. Connection to Fractional Dynamics

The Tsallis parameter g is directly determined by the dominant fractional exponent v in the
spin-down equation:

g=1+ (72)

v—1-

This remarkable relation establishes a bridge between the dynamical symmetry breaking (fractional
exponents in the spin-down law) and statistical symmetry breaking (non-extensivity of the underlying
thermodynamics). Table 5 and Figure 6 summarise the correspondence.

Table 5. Correspondence between spin-down exponents and Tsallis non-extensivity parameter g, illustrating the
map from dynamical to statistical symmetry breaking.

Mechanism v q Statistical Character
Boundary layer 3/2 3 Strongly non-extensive
Vortex dynamics 5/2 5/3 Moderately non-extensive
Magnetic dipole 3 3/2  Moderately non-extensive

Petschek reconnection 10/3 10/7 Weakly non-extensive
Turbulent cascade 11/3 11/8 Weakly non-extensive

GW quadrupole 5 5/4  Weakly non-extensive
R-mode (unsaturated) 7 7/6  Nearly extensive
Extensive limit o0 1 Boltzmann-Gibbs

Dynamical — statistical symmetry breaking map

4.5

Stroijgly
non-extgnsive Weakly non

-==- g=1 (Boltzmann-Gibbs)

[Boundary layer |
(v=150, g—3.00)

3.5 1

@
=]
|

N
o

Vortex dynamics
(v=2.50, q=1.67)

Tsallis parameter ¢

[
o
|

Magnetic dipole
(v=3.00, ¢=1.50)

r-mode (unsat.)

1.5 (v=7.00, g=1.17)

Petschek recon. Turbulent cascade
T e — (v=333, g=1.43) pomemmmm e ec et e cee—————— (7 iy PTG I ) S SRS E—

Spin-down exponent v

Figure 6. Map from dynamical to statistical symmetry breaking: Tsallis non-extensivity parameter g =1+ 1/ (v —
1) as a function of the spin-down exponent v. Lower exponents correspond to stronger non-extensivity (greater
departure from Boltzmann-Gibbs equilibrium). The boundary layer mechanism (v = 3/2, g4 = 3) is the most
“non-equilibrium” process, while the unsaturated r-mode (v = 7, g = 7/6) is nearest to equilibrium. The shaded
regions indicate degrees of statistical non-extensivity.

The physical interpretation is that mechanisms producing lower frequency exponents v corre-
spond to stronger statistical non-extensivity—greater departure from the Boltzmann-Gibbs equilibrium.
The boundary layer mechanism (v = 3/2, g = 3) is the most “non-equilibrium” process in the hierarchy,
consistent with its origin in viscous dissipation at an interface. The r-mode mechanism (v = 7,9 = 7/6)
is nearest to equilibrium, as the CFS instability operates through coherent gravitational radiation.
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6.4. Neutron Star Compactness from R-Mode Frequency
The r-mode oscillation frequency for the dominant ¢ = m = 2 mode is [54,55]:
2mQ)
= , 73

where R(C) is a relativistic correction depending on the compactness C = GM/(Rc?). Using W,
functions with the appropriate g determined by the saturation physics, we obtain an equation-of-state-
independent expression for compactness:

5 3fcw
-3 (1 _ 10fmt)' (74)

where fgw is the gravitational wave frequency and frt the rotation frequency. This relation, combined
with universal relations linking compactness to tidal deformability A [56,57]:

4
InA =Y a(InC), (75)
k=0

enables inference of NS structure from spin-down observations without assuming a specific equation
of state. The W, framework with g encoding the fractional dynamics provides the analytic tool for this
inversion.

7. Observational Signatures of Symmetry Breaking
7.1. Frequency-Dependent Braking Index

The most direct observational consequence of symmetry breaking is the frequency dependence of
the effective braking index, Equation (7). For the Crab pulsar with model (12):

3rf3+3Df%/? 3  Df3?
nefe (f) = TR DRZE VT2 iy DR (76)
As f decreases (the pulsar spins down), the f3/2 term becomes increasingly important relative to
£3, and neg decreases monotonically from the dipole limit 7o — 3 at high frequency to the Ekman
limit nege — 3/2 at low frequency. Figure 7 displays this prediction overlaid with observed braking
indices for young pulsars.
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Frequency-dependent braking index — broken scaling symmetry

W
=3
=

B1509-58

J11416503%8

b ]

L
g
w

N

<)

o
!

b2

N

o
)

B0540-69

Effective braking index n.g

2.00 A
1.75 4
1.50 = Two-term model
Vela ---- Pure dipole (n=3)
1.25 A Pure Ekman (rn=3/2)
@® Crab (f=29.9Hz, n=251)

1.00 T T T T T T

0 10 20 30 40 50 60

Spin frequency [ (Hz)

Figure 7. Frequency-dependent effective braking index nq¢( f) as a signature of broken scaling symmetry. The
solid blue curve shows the prediction from the two-term model (Equation 76) calibrated to the Crab pulsar (red
circle). At high frequencies, n.¢ — 3 (dashed grey line, pure dipole); at low frequencies, nq¢ — 3/2 (dotted
grey line, pure Ekman). Orange squares mark observed braking indices for other young pulsars (Table 6). While
the model curve assumes universal r and D values, the observed spread of n < 3 is consistent with the general

prediction that symmetry-breaking corrections reduce 7, below the dipole value.

The predicted evolution rate is:

dneg _ dnegr
it ~ df f. (77)
Computing dng/df from (76):
dnegg _ 3rDf7”? 78)

df - (Tf3 4 Dfs/z)z'

Evaluating at the Crab’s current parameters yields:

dg—j‘;ff —1.65x10"2Hz ", (79)
and with fo = —3.78 x 10710 Hz s~ 1:
% = —20x 10 4yr 1. (80)

Over a 50-year timing baseline, this produces An ~ 0.01. Since n = 2.51 is currently measured to
precision +0.01, this prediction implies that the braking index should be measurably decreasing over the
next few decades—a direct, falsifiable test of the symmetry-breaking framework. Figure 8 shows the
long-term evolution together with the short-term prediction.
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Long-term braking index evolution
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Figure 8. Long-term evolution of the effective braking index along the Crab’s spin-down trajectory. The main
panel shows 114 (t) decreasing monotonically from its present value of 2.51 toward the Ekman asymptote n = 3/2
over several thousand years. The inset zooms to the first 200 years, comparing the full evolution (solid blue) with
the linear tangent . (t) ~ 2.51 + (dn/dt)t (dashed red), confirming dn/dt ~ —2 x 10~% yr~!. This rate is two
orders of magnitude larger than the ~ 107 yr~! expected from magnetic field evolution models, providing a

distinguishing observational signature.

7.2. Spread of Braking Indices Across the Pulsar Population

The formula (7) predicts that pulsars with different frequencies and different relative strengths of
the symmetry-breaking terms should exhibit a distribution of braking indices, even if the underlying
physical mechanisms are universal. At high frequencies (young, fast pulsars), the f3 dipole term
dominates and nq¢ — 3. At low frequencies (older pulsars), fractional terms increasingly contribute
and nqg decreases.

Table 6 compares the observed braking indices for six young pulsars with estimates from the
integer-power multipole model of [27] and the r-mode-inclusive extension of [83]. Both models
parameterise the spin-down as f = —sf —rf3 — ¢f° — If” and fit the coefficients (s, r,g,!) to the
observed timing derivatives; the braking index then follows from the analytic expression [83]

2 4 6
n:s+3rv -+ 5gv* + 7lv (81)
s+ rv2 4 gut 4+ 116

Table 6. Observed braking indices for young pulsars compared with integer-power model predictions from
Chishtie et al. [27] and the r-mode-inclusive model of Li et al. [83]. The observed values n < 3 are consistent with
varying degrees of symmetry breaking from boundary-layer and other fractional contributions.

Pulsar f (Hz) Mobs Nest [27]  nest [83]  Reference
Crab (B0531+21) 29.95 2514001 234 233 [21]
B1509—58 6.63 2.839 £ 0.001 2.84 2.83 [22]
J1846—0258 3.09 2.654+0.01 — — [58]
B0540—69 19.83  2.140 £ 0.009 2.014 — [59]
J1119—-6127 2.45 2.684 + 0.002 — — [60]
Vela (B0833—45) 11.19 14+02 1.40 — [23]

? Fitted to the earlier measurement #,p,s = 2.01 4 0.02 [86]; the updated value 2.140 + 0.009 [59] would require refitting.

Several features of Table 6 merit discussion.
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Successes of the integer-power models:

For the Crab and B1509—58, both [27] and [83] reproduce the observed braking indices to within
< 1% by fitting the multipole coefficients to the measured frequency derivatives. This is expected:
when four parameters (s, ,g,1) are available to match four observables (f, f, f, f ), the braking index
is determined by construction. For B0540—69 and the Vela pulsar, Chishtie et al. [27] similarly achieve
close fits using the three-term (s, , g) model, though for B0540—69 the estimate is based on the older
measurement # = 2.01 £ 0.02 rather than the updated value n = 2.140 % 0.009 [59].

Gaps in the existing models:

Neither [27] nor [83] provides estimates for PSR J1846—0258 or PSR J1119—6127, both of which
are magnetar-like pulsars with comparatively low spin frequencies (f < 3.1 Hz). These objects exhibit
glitch-induced braking index variability [58,60] that complicates the extraction of a single, secular n.
Similarly, the Vela pulsar and B0540—69 are absent from the r-mode analysis of [83], which focused on
pulsars with well-constrained fourth-order derivatives needed to fit the [ f” coefficient.

What the symmetry-breaking framework adds:

The integer-power models explain braking indices by adjusting the relative strengths of the
f,f3, f°, f7 terms, but they do not explain why n < 3 should be generic. In contrast, the symmetry-
breaking framework developed in this paper predicts n < 3 as a universal consequence of fractional
torque contributions. The two-term model f = —rf3 — Df3/2 (Section 3) provides a one-parameter
prediction for ne¢( f) once the ratio D /r is calibrated to a single pulsar. Figure ?? shows this prediction
calibrated to the Crab: the curve passes through the Crab by construction and predicts the general
trend neg — 3 at high f and neg — 3/2 at low f.

The observed braking indices of B1509—58 (n = 2.839) and J1119—6127 (n = 2.684) lie above the
universal curve, while B0540—69 (n = 2.140) and the Vela pulsar (n = 1.4) lie below it. This spread
is expected: each neutron star possesses its own internal structure, and the ratio D/r depends on
the kinematic viscosity, crust—core coupling strength, and stellar radius—quantities that vary across
the population. Pulsars with stronger boundary-layer coupling (larger D /r) will exhibit lower n4¢
at a given frequency, while those with weaker coupling remain closer to the dipole limit n = 3. The
particularly low value for the Vela pulsar (n = 1.4 £ 0.2) suggests an exceptionally strong fractional
contribution, possibly augmented by superfluid vortex turbulence (v = 5/2) or Kolmogorov cascade
effects (v = 10/3) in addition to Ekman pumping.

A diagnostic for future work:

The comparison in Table 6 motivates a systematic programme to fit the two-term (or multi-term
fractional) model to each pulsar individually, determining the pulsar-specific D /r ratio and thereby
mapping the boundary-layer coupling strength across the neutron star population. Combined with the
braking index evolution rate dn/dt (Section ??), this would provide two independent observational
handles on the internal physics for each pulsar. For J1846—0258 and J1119—6127, where magnetar-like
outbursts complicate the secular braking index measurement, the framework predicts that inter-
outburst timing should yield n.¢ values consistent with a fractional contribution whose strength
correlates with the inferred interior magnetic field topology.

7.3. Spin-Down Trajectory and Timing Residuals

The two-term model produces spin-down trajectories that diverge systematically from the pure
dipole prediction, as shown in Figure 9. The divergence grows with time and constitutes a cumulative
timing signature of symmetry breaking.
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Spin-down evolution — dipole vs symmetry-breaking model
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Figure 9. Spin-down evolution: dipole versus symmetry-breaking model. (a) Frequency as a function of time for
the pure dipole model f = —Kf° (dashed grey) and the two-term model f = —rf> — Df3/2 (solid blue), both
starting from the Crab’s current parameters. The models diverge increasingly as the Ekman term becomes more
important at lower frequencies. (b) The frequency difference Af = fo-term — fdipole, Which grows monotonically
and provides a cumulative observational signature of the symmetry-breaking torque.

Figure 10 quantifies the timing residual improvement. The TOA residual accumulated by the
pure dipole model over a 100-year baseline reaches several milliseconds, while the two-term model
eliminates the dominant systematic.

Timing residuals — pure dipole model vs two-term model
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Figure 10. Time-of-arrival (TOA) residuals accumulated by the pure dipole model (n = 3) relative to the two-term
symmetry-breaking model, computed as At = A¢/ f where A¢ is the cumulative phase difference. The residual
grows as ~ T2 due to the f mismatch and exceeds current timing precision (~ 0.1 ms, green band) within
approximately 10 years. The rapid growth demonstrates that the symmetry-breaking correction is not a subtle
refinement but a leading-order effect in precision pulsar timing.
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7.4. Gravitational Wave Implications

The symmetry-breaking framework modifies gravitational wave predictions for continuous-wave
searches. The standard upper limit on GW strain from spin-down:

N 1/2
5G1
gt — <263d|{f|) (82)

depends on the total |f|, which in our model includes the fractional boundary-layer term. If a fraction
1 of the spin-down is due to non-GW processes (boundary layer, turbulence), the true GW contribution

hiee = hgty/T—1. (83)

For the Crab pulsar with # = 0.327:

is reduced:

hive 2 0.82 139, (84)

an 18% reduction in the predicted GW amplitude. This has direct implications for the interpretation
of upper limits from LIGO/Virgo/KAGRA continuous-wave searches [67,68]. The physical content
is that a significant fraction of the rotational kinetic energy dissipated by the Crab goes into internal
viscous heating at the crust-superfluid boundary rather than into gravitational radiation, and any
spin-down limit analysis that attributes the full | f| to GW emission will systematically overestimate
the GW strain.

8. Discussion
8.1. Unifying Theme: Symmetry Classification of Spin-Down Mechanisms

Our framework provides a principled classification of pulsar spin-down mechanisms based on
the symmetries they preserve or break. Integer-power terms (f, f3, f>, f’) preserve the discrete anti-
symmetry of the torque function and are associated with “clean” radiation mechanisms (particle wind,
dipole, quadrupole, r-mode). Fractional-power terms (f3/2, f5/2, £10/3, £11/3) break this symmetry and
arise from plasma-physical processes involving boundaries, turbulence, and non-linear dynamics.

This classification has predictive power: any new spin-down mechanism can be characterised by
(i) the symmetry it breaks and (ii) the resulting fractional exponent. For example, if future observations
reveal a spin-down contribution scaling as f*/3, our framework would attribute it to a process
breaking a specific symmetry (e.g., a new type of magneto-thermal coupling), and the corresponding
g = 1+ 3 = 4 would characterise its statistical non-extensivity.

8.2. The Magnetic Field Reassessment

An important corollary of our torque decomposition is the reassessment of surface magnetic
fields inferred from pulsar spin-down. The standard formula B, = 3.2 x 10°VPP G implicitly
assumes that 100% of |f| is attributable to magnetic dipole radiation. Our analysis reveals that for
the Crab, only 67.3% of the torque is dipole in origin, with the remainder arising from boundary-
layer Ekman pumping. The corrected dipole field B, = 6.2 x 102 G is higher than the standard

estimate (3.8 x 10'2 G) because the standard formula uses \/|f|/f3 (which mixes dipole and non-
dipole contributions), while our coefficient r isolates the true dipole torque. This suggests that surface
magnetic fields may need systematic re-evaluation across the pulsar population once boundary-layer
contributions are properly accounted for.

8.3. Comparison with Previous Approaches

Previous attempts to explain anomalous braking indices have invoked magnetic field evolu-
tion [61], particle wind contributions [62,63], magnetospheric current modifications [64,65], and combi-
nations of electromagnetic and gravitational wave torques [66]. While each captures some aspect of the
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physics, none provides a systematic framework for understanding why braking indices deviate from
integer values. Our symmetry-based approach reveals the common mathematical structure underlying
all such deviations: the breaking of the analyticity assumption by non-linear plasma processes.

The Lambert W function solutions derived in Chishtie et al. [27] for the integer-power model are
generalised here through Lambert-Tsallis W, functions, with g encoding the degree of departure from
the symmetric (extensive) limit. This provides a continuous generalisation that reduces to the previous
results for g — 1 (equivalently v — o).

8.4. Experimental Prospects
Several predictions of this work are testable with current or near-future instrumentation:

1.  Brakingindex evolution: The predicted dn/dt ~ —2 x 10~* yr~! for the Crab pulsar corresponds
to An =~ 0.01 over 50 years, measurable at the current precision level of 4-0.01.

2. Timing residual structure: The fractional terms produce characteristic non-polynomial residual
signatures distinguishable from timing noise, with the f systematic eliminated and higher-order
terms reduced by ~ 30%.

3.  GW amplitude corrections: The 18% reduction in predicted GW strain for the Crab has direct
implications for LIGO/ Virgo/KAGRA upper limit interpretations and continuous-wave search
strategies.

4. Population statistics: The frequency-dependent nqg(f) predicts correlations between braking
index and spin frequency across the pulsar population, with all values satisfying n < 3 in the
absence of additional mechanisms that could increase n above the dipole value.

5. Magnetic field reassessment: If boundary-layer contributions are universal, surface fields in-
ferred from spin-down may be systematically underestimated by the standard formula, with
implications for the location of pulsars on the P-P diagram and the inferred magnetar-pulsar
boundary.

9. Conclusions

We have developed a comprehensive framework for pulsar spin-down rooted in symmetry
principles and their breaking by plasma-physical processes. Our principal results are:

1.  The standard integer-power spin-down equation derives from a discrete antisymmetry (parity)
requirement on the torque function. This Z, symmetry restricts the frequency dependence to odd
integer powers.

2. Physically motivated processes systematically break this symmetry: Ekman boundary layers
(f3/2), MHD turbulence (f1°/3, f11/3), superfluid vortex dynamics (f°/2), and saturated r-modes
(f7~2P). Each fractional exponent maps to a specific broken symmetry.

3. The Crab pulsar braking index puzzle—n = 2.51 persisting for nearly four decades—is resolved
exactly as symmetry breaking by the crust-superfluid boundary layer. The analytical coefficients
r =947 x 100 Hz 2 s ' and D = 7.53 x 10713 Hz"1/2 s~ decompose the torque budget
into 67.3% magnetic dipole and 32.7% Ekman pumping. The dipole-component surface field
B, = 6.2 x 10'2 G represents a corrected determination free from non-dipole contamination, and
the f residual is eliminated exactly with a 19.5% improvement over the pure dipole model.

4. The Riemann-Liouville fractional calculus framework breaks time-translation symmetry through
memory effects, with Mittag-Leffler function solutions interpolating between exponential
(translation-symmetric) and power-law (scale-symmetric) relaxation.

5. Lambert-Tsallis W, functions encode broken statistical symmetry, with g = 1+1/(v — 1) con-
necting dynamical and statistical symmetry breaking.

6.  The effective braking index is frequency-dependent, predicting dn/df ~ —2 x 10~* yr~! for the
Crab—yielding An =~ 0.01 over 50 years, directly testable with current timing programmes.

7. Gravitational wave strain predictions are reduced by ~ 18% for the Crab due to non-radiative
symmetry-breaking torques, with implications for continuous-wave search strategies.
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The identification of symmetry and symmetry breaking as the organising principle of pulsar
spin-down provides a coherent theoretical foundation connecting plasma microphysics at the neutron
star interior—superfluid dynamics, boundary layers, turbulent cascades—to macroscopic observables
in electromagnetic timing and gravitational wave channels. This framework opens new avenues
for probing the fundamental physics of dense matter under extreme conditions through the precise
measurement of broken symmetries in pulsar rotational evolution.
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