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Abstract: Our study shows how the United States government can achieve its goal of Nationally Determined 
Contribution (NDC) in 2025, 2030, and 2050 by reducing energy consumption through a pure carbon tax. To 
achieve its emissions reduction goals, it is necessary for the US to impose a long-term carbon tax that balances 
taxes on labour, capital, energy, and carbon. Therefore, in this study, through the two-layer CGE Cobb-Douglas 
model, the carbon tax rate is set while balancing the production and profit functions of government, businesses, 
and households. This study concludes that the carbon price will increase from US$ 0.4391/kg CO2 in 2020 to 
US$ 2.5671/kg CO2 in 2050 when the CO2 emissions reduction target is increased from 17% reduction in 2020 to 
83% reduction in 2050 for the US. 
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Introduction 

Carbon taxes are often thought to force companies to use energy more efficiently and use cleaner 
energy to reduce carbon emissions, but the economic environment is changing from year to year, and 
it is an almost impossible task to use a fixed carbon tax to achieve a win-win situation for both 
companies and governments in a changing environment. Refusal of the Kyoto Protocol in 2011 and 
withdrawal from the Paris Agreement in 2017, indicates there is great uncertainty about 
environmental policy in the US. Which provides more freedom to industry to consume fossil fuels. 
But the effect of global warming will be universal and to reduce emissions the US needs to be an 
integral part of the process. Our study provides a framework for the US government to achieve its 
goal of NDC in 2025, 2030, and 2050 by issuing a dynamic carbon tax. While carbon taxes are effective 
in reducing emissions, a comprehensive approach to balance carbon taxes with taxes and expenditure 
in other sectors of the economy, such as firms and households, has not been adopted.  

Many studies (Baranzini et al., 2000; Davis and Kilian, 2009; Marron et al., 2015) have confirmed 
the role of carbon taxes in reducing carbon emissions, but an inappropriate carbon tax could also 
reduce economic growth and increase spending by businesses and households as it directly impacts 
prices of labour, capital, and energy. Therefore, it is important to analyse the balance between 
different social units and environmental policies before setting a carbon tax rate. With proper design, 
a carbon tax can be a powerful mitigation tool that can help achieve socio-economic goals.  

Energy is essential in enabling systems that satisfy the need for sustenance, employment, shelter, 
and transportation. In the US, by 2010 consumers were spending more than half a trillion dollars each 
year on energy for agriculture, electricity, heating, manufacturing industries, construction, transport, 
residential building, and commercial services (Krupnick et al., 2010). Spending on energy increased 
to US$1.1 trillion in 2017, which represents 5.8% of the gross domestic product (GDP) (US Energy 
Information Administration, 2021). Energy from fossil fuels is truly the lifeblood of the country.  
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Figure 1 shows the primary energy consumption1 by source measured in terawatt-hours (TWh) 
for the US from 1965 to 2018. In 2018, 93.4% of energy consumption in the US was produced from 
fossil fuels, including oil (44.3%), natural gas (33.8%) and coal (15.3%). Indeed, renewable sources of 
consumption were only 6.6% of full primary energy consumption.  

 
Source: BP statistic review of global energy 2020. 

Figure 1. Primary energy consumption by source (terawatt-hours (TWh), United States, 1965 to 
2018. 

Figure 2 shows the renewable energy investment rate (as % of GDP) for nine economies in the 
G20 in 2015. The US invested the least relative to contributors to renewable energy. Thus, the US will 
remain dependent on fossil fuels for the future because of no major policy initiatives to reduce carbon 
emissions. 

 
                   Source: Bloomberg New Energy Finance 2016. 

Figure 2. The renewable energy investment rate (as % of GDP) for nine economies in G20 in 2015. 

 
1 Primary energy consumption is the same as direct method measures energy statistics in their raw form: how 

much coal, oil and gas energy are consumed as inputs to the energy system. 
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Carbon emissions are the major cause of many diseases, increases in temperatures and rise in 
sea levels, global climate change, acid rain, hazardous air pollution, smog, radioactive waste, and 
habitat destruction (Natural Resources Defence Council, 2018). However, with insufficient 
investment in clean energy and stricter environmental policies and regulations, the US emitted the 
world’s second largest amount of CO2 emissions in 2017, 5.27 billion tonnes, and has emitted around 
400 billion tonnes of CO2 emissions into the atmosphere since 1750, making the US responsible for 
25% of the world’s historical emissions (Global Carbon Project, 2019). 

In response to the Copenhagen Accord (2010), the US submitted a mitigation action plan to the 
executive secretary of the United Nations Framework Convention on Climate Change (UNFCCC) in 
2010. This action plan set up an economy-wide target for reduction of greenhouse gas emissions. 
Accordingly, when compared to the emissions levels of the base year 2005, the US intended to reach 
a short-term target of reducing its CO2 emissions by 17% by 2020; a mid-term target of reducing its 
CO2 emissions by 30% in 2025 and 42% in 2030; a long-term target of reducing its CO2 emissions by 
83% in 2050. Five years later, in 2015, the US submitted the NDCtarget in response to the Paris 
Agreement’s long-term temperature goal of limiting warming to well below 2°C. The current NDC 
target for the US is to reduce emissions by 26%-28% below its 2005 level by 2025, and 80% below its 
2005 level by 2050 (United Nations, 2016). 

However, after failing to ratify the Tokyo Protocol in 2011, the United States announced in 2017 
that it was withdrawing from the Paris Agreement (IPCC, 2019)2. The US government released the 
Affordable Clean Energy (ACE) rule on June 19, 2019, replacing the previous administration's Clean 
Power Plan, with rules that restore the rule of law, empower states, and support energy diversity in 
order to meet the nation's NDC goals. However, compared to the Clean Power Plan's roughly 32% 
reduction in power sector emissions, ACE is expected to reduce power sector emissions by only 1% 
(IPCC, 2019; Natural Resources Defence Council, 2018). In 2018, the US government also froze 
mileage per gallon standards for cars and light trucks produced after 2020. Larsen et al. (2019) note 
that freezing vehicle emissions and fuel economy standards for cars and light trucks will increase 
transportation sector CO2 emissions by 28-83 Mt CO2 per year by 2030. Although 25 gubernatorial 
representatives have joined the US Climate Alliance 3  and California has encouraged some 
automakers to strengthen vehicle fuel consumption and emissions standards, existing US efforts to 
meet the NDC targets in 2025, 2030, and 2050 will be difficult (IPCC, 2019). 

Despite these issues, our study presents simulation results on how the US administration can 
achieve the NDC target by issuing a dynamic carbon tax. Our study recommends that a long run 
carbon tax in the US is needed, and it can yield at least the first and second dividends, but only if it 
is done correctly, keeping in equilibrium the tax costs of labour, capital, energy and carbon. First and 
second dividends refer to achieving higher tax collection and higher employment & GDP. The 
purpose of imposing an appropriate carbon tax rate is to reduce carbon emissions, however a carbon 
tax may also reduce economic growth, and increase expenditures for firms and households. These 
effects will directly influence the price of labour, capital, and energy. Thus, it is very important to 
analyse the equilibrium of different societal units and environmental policies before setting a carbon 
tax. With an appropriate design, a carbon tax can be a powerful instrument for mitigation, and it can 
contribute to socio-economic objectives (Winkler and Marquard, 2011). Thus, in this study we defined 
a carbon tax formula using a 2 layer-CGE-Cobb-Douglas model4 to find the equilibrium of different 

 
2 Despite the US return to the Paris Agreement in 2021, political factors create a great uncertainty about US 

environmental policy. 
3 The U.S. Climate Alliance is a coalition committed to reducing GHG emissions in line with the goals of the 

Paris Agreement (U.S. Climate Alliance, 2019). 
4 A carbon tax could reduce economic growth and increase spending by businesses and households. These 

effects would have a direct impact on the price of labour, capital and energy (Winkler and Marquard, 2011). In 

the CGE model, equilibrium is characterised by the set of prices and production levels in each industry, such 
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societal units by combining production function and profit function for government, firm and 
households, respectively. 

Our study used World Bank Development Indicators online database for the US from 1990 to 
2014. The variables include: gross domestic product (GDP) in current US dollars (current US$); the 
labour force; the gross capital formation in current US dollars (current US$); energy use (kg of oil 
equivalent); the general government final consumption expenditure in current US dollars (current 
US$); households’ final private consumption expenditure in current US dollars (current US$); carbon 
dioxide (CO2) emissions (kg); CO2 intensity (kg per kg of oil equivalent energy use). 

Literature Review 

Reducing carbon emissions requires the combined efforts of all units of society, including 
governments, businesses, and households. Governments need to allocate funds effectively to direct 
markets and society towards clean energy and technologies (Jorgenson, 2014). Firms and households 
need to improve energy productivity, use energy more efficiently, and choose cleaner energy options 
(Stern, 2007). One of the best ways to connect all these units (government, firm, and household) is to 
put a price on carbon emissions. A carbon tax is a form of explicit carbon pricing and refers to a tax 
that is directly linked to the level of carbon dioxide emissions, usually expressed in terms of the value 
of each tonne of carbon dioxide equivalent (Marron and Toder, 2014). The purpose of a carbon tax is 
to tax fossil fuels based on the amount of carbon dioxide produced in the combustion process, thereby 
encouraging firms and households to reduce their use of fossil fuels and shift the fuel mix towards 
less carbon-intensive fuels and renewable energy sources (Jorgenson et al., 1992). Most of the studies 
have proven that a carbon tax is one of the most effective tools to reduce CO2 emissions (Jorgenson et 
al., 1992; Krupnick et al., 2010; Marron and Toder, 2014; Masoud and Jamal, 2017; Nordhaus, 2010; 
Stern, 2007; Wara, 2015).  

Saboori and Sulaiman (2013b) point out that to reduce CO2 emissions, appropriate policies 
related to efficient energy consumption need to be put in place. In practice, a carbon tax is a 
consumption tax that is levied based on the carbon content of fossil fuels, which is usually expressed 
in a carbon price. For example, in Canada, the carbon price is a pollution tax that is imposed by 
increasing the cost of carbon-intensive fuels (Yukon, 2019). Carbon taxes are usually calculated based 
on the use of carbon dioxide equivalent units for different types of fuels. Fossil fuels include gasoline, 
heating oil, diesel and naphtha, the combustion of which releases carbon and other harmful 
greenhouse gases into the air (Poterba, 1991; Nunavut, 2019). By converting greenhouse gas 
emissions into CO2 equivalent units, a carbon price can be set on the relative amount of pollution 
produced by each fuel. 

The benefits of a carbon tax 

The term "taxes and dividends" has been used to describe the benefits of a carbon tax on a 
country's economic cycle, where governments earn revenue by pricing pollution and redistributing 
that revenue through related lower taxes on revenue, wages, and sales taxes to stimulate the 
economy, thereby increasing public wealth. Thus, a carbon tax will reverse the cycle of economic and 
environmental protection, and increase GDP as CO2 is reduced (Goulder, 1995; Nordhaus, 2010; 
Pereira et al., 2016). The traditional "taxes and dividends” measures three levels: first, the revenue 
received by taxing carbon emissions (and indirectly reducing degradation of the environment); 
second, the carbon tax will increase employment levels and GDP; and third, the dividend suggests 
that the carbon tax will help reduce the public debt-to-GDP ratio (Goulder, 1995；Pearce, 1991; 

 
that the market demand for all goods is equal to the supply. Also, the Cobb-Douglas production function was 

created by Cobb and Douglas (1928) to describe the relationship between manufacturing output, labour input, 

and capital input for the period 1889-1922 in the UK. Thus, when these two models are combined, the balance 

between the carbon tax and governments’, firms’ and households’ expenditure is well solved.  
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Pereira et al., 2016). Thus, the implementation of a carbon tax would have at least the following three 
benefits: 

(1) A carbon tax can help governments fiscally. 
The government could use the revenue from a carbon tax to control pollution, clean up the 

environment, improve the economic efficiency of the tax system, lower the federal budget deficit, 
reduce costly regulatory measures used to reduce climate disrupting greenhouse gases, and allow 
cuts in subsidies for clean energy technologies to make low-carbon technologies more competitive 
with traditional options (McKibbin et al., 2015). For example, in the US, revenue from a carbon tax is 
mostly used to pay for offsetting tax cuts, including cuts in labour income tax, capital income tax and 
lump sum transfers, reduce the budget deficit, assist individuals and firms who may be particularly 
hurt by the new tax, subsidise alternative energy technologies and climate adaptation, and reinforce 
the benefits of the carbon tax in reducing climate change (Marron et al., 2015).  

Moreover, a carbon tax at certain rates would raise a significant amount of federal revenue and 
GDP. Rosenberg et al. (2018) considered three carbon tax scenarios that would price carbon at roughly 
US$14, US$50, and US$73 per tonne starting in 2020 and increasing thereafter between 1% and 3% 
per year until 2030. They found that a carbon tax at those rates would raise federal revenue from 
US$740 billion to US$3 trillion over a 10-year period. Sufficient revenue would bring increased power 
to a government, enabling it to enact a range of policies to reduce carbon emissions and clean up the 
environment. Bai and Yang (2016) studied the impact of a carbon tax on economic growth, and they 
found that a carbon tax has a negative impact on China's economic growth in the short term; however, 
in the long term, it can promote economic growth and optimise emission reduction technologies. 
Andersen (2016) examined the experience of implementing a carbon tax in 14 European countries 
from 1991-2015 and found that carbon taxes enhanced employment and economic activity while 
avoiding harm to economic growth. 

The effect of a carbon tax on economic growth depends on the carbon tax rate and the 
redistribution of carbon tax revenues. Nurdianto and Resosudarmo (2016) analysed the benefits and 
losses of cooperation among ASEAN members including Indonesia, Malaysia, Philippines, 
Singapore, Thailand, and Vietnam in mitigating their CO2 emissions, particularly by implementing a 
uniform carbon tax across ASEAN nations. They discovered that the Inter-Regional System of 
Analysis for ASEAN members had proved that the implementation of a carbon tax scenario is an 
effective method of reducing carbon emissions in the region. Furthermore, they found that Indonesia 
and Vietnam could also gain by the implementation of a carbon tax, depending on how the revenues 
generated are redistributed.  

In 2013, more than $28.3 billion of carbon tax revenues were collected from 40 countries and 
another 16 states or provinces around the world. For all the spending, more than 36% (US$10.1 
billion) was paid back to corporate or individual taxpayers through tax reduction or direct rebates; 
27% (US$ 7.8 billion) was used to increase energy efficiency and subsidise renewable energy. 26% 
(US$ 7.4 billion) went towards state general funds for fiscal purposes (Carl and Fedor, 2016).  

(2) A carbon tax can significantly reduce local pollutants and CO2 emissions.  
Once the tax rate is set by the government, profits on emission-intensive products will decrease. 

As a result, the market will force cost-effective reductions in emission volumes or the development 
of more energy-efficient technologies. A carbon tax may have some additional benefits in reducing 
carbon emissions when the revenue from the tax is recycled. An environmental double dividend may 
occur when recycling carbon tax revenues reduce distortionary taxes (such as income, payroll, and 
sales taxes) and may have positive impacts on economic growth, employment, technological 
development and households (Baranzini et al., 2000). In addition, a carbon tax prices emissions to 
combat climate change, allowing the market to encourage households and businesses to reduce 
emissions to the lowest cost, and provides ongoing incentives for innovators to create renewable 
energy to reduce carbon emissions (Marron et al., 2015).  

Davis and Kilian (2009) studied the historical variation in the US federal and state gasoline taxes, 
and the most credible estimates proved that a carbon tax with US$ 0.1 per gallon increase in the 
gasoline tax would reduce carbon emissions from vehicles in the US by about 1.5%.  
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Zhang et al. (2011) estimated the effect of carbon taxes on CO2 emissions of coal in 2020, using 
2012 as the base year. They found that in China, when the carbon tax is CNY100, CNY150 or CNY200 
per tonne of standard coal, from 2012 the consumption of coal will decrease by 4.88%, 7.31% and 
9.75% in 2020, respectively. This tax will also lead to a decrease of CO2 emissions in 2020 by 8.69%, 
13.02% and 17.36%, respectively.  

Miller and Vela (2013) analysed the effectiveness of environmental taxes by examining the 
environmental performance of 50 countries using a cross-section regression and a dynamic panel 
regression. They found that countries with higher revenues from taxes also exhibit higher reductions 
in CO2 emissions, PM10 emissions, energy consumption and production from fossil sources.  

Andersson (2019) analysed the effect of the environmental tax reform in 1990-1991 on carbon 
emissions for 25 OECD countries by using annual panel data on per capita CO2 emissions from 
transport for the years 1960–2005. He found that after the implementation of a carbon tax, carbon 
dioxide emissions from transport declined almost 11%. 

(3) A carbon tax can help the government design and monitor long-term emissions reduction 
targets.  

In order to achieve the greenhouse gas reduction targets, set by the EU leaders in Cyprus in 
October 2014, two scenarios were designed for an economy-wide carbon tax starting in 2016. First, it 
was predicted that a strong tax increase per tonne of CO2 per year in the EU from 2016 onwards 
would be sufficient to reach the reduction target in carbon emissions. Second, the carbon tax could 
start from a very low level and reach the target by 2016 onwards. Geometric growth by 2030 would 
allow for full achievement of the carbon emissions reduction target (Zachariadis, 2015).  

In 2014, the Portuguese government used the carbon tax to design three target outcomes: (i) to 
achieve the EU's 2030 emissions reduction targets; (ii) to promote long-term employment and GDP 
above pre-carbon tax levels; and (iii) to strengthen public finances by reducing public debt. Evidence 
presented by Pereira et al. (2016) suggests that a carbon tax is essential for Portugal if it wants to 
achieve a 40% reduction in CO2 emissions from 1990 levels by 2030. Moreover, in the long run, it 
could reduce CO2 emissions, improve macroeconomic performance, and strengthen public finances. 

The negative side of a carbon tax 

Double or triple dividends include simultaneous environmental and economic benefits to 
society through the imposition of a carbon tax (Pereira et al., 2016). The reason why double or triple 
dividends are very difficult to obtain is that there are many different kinds of taxes which are imposed 
on firms and households (such as environment tax, payroll tax, income tax, sales tax), and it is very 
difficult to set the right price for an equilibrium between these taxes (Goulder, 1995). When a higher 
carbon tax is set, firms' production costs increase and their competitiveness decreases, thus reducing 
GDP and employment. The relationship between carbon taxes and government revenues can be 
described as a "Laffer curve", i.e., the tax rate should be kept within a reasonable range, neither too 
high nor too low (Upmann, 2009). In addition, if income is distributed directly to households by 
reducing distortionary taxes, environmental gains will be offset (Jorgenson et al., 2013).  

There is much evidence to suggest that irrational carbon pricing may have several negative 
impacts on economic growth, businesses, and households. In addition, a carbon tax may reduce the 
stock of fixed and working capital, and a reduction in the stock of capital may lead to reductions in 
GDP, household consumption, exports, and investment (Scrimgeour et al., 2004). 

(1) A carbon tax has a negative effect on economic growth  
Based on the Norwegian background, using a dynamic model of a competitive fossil fuel market, 

Rosendahl (1995) suggested that a fixed carbon tax of US$10 per barrel of oil might reduce the 
Norwegian petroleum wealth of the average oil producer by 47%-68% and the reduction may 
correspond to a yearly income loss of about 3% of Norwegian GDP.  

Malaysia has made a carbon tax proposal to reduce CO2 emissions by 2020 up to 40% of the 
baseline level in 2005. Othman and Yahoo (2014) calculated that under scenario 1, when only a carbon 
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tax was examined, Malaysia’s GDP growth would decrease by 1.63%; under scenario 2, when a 
compensation policy was added, Malaysia’s GDP growth would decrease by 0.6%.  

Meng et al. (2015) simulated the effects of a carbon tax of US$23 per tonne of carbon dioxide on 
economic growth in Australia and found that the carbon tax could cut CO2 emissions effectively, but 
would cause a mild economic growth contraction.  

(2) A carbon tax may influence industry and firms negatively 
The carbon tax has been converted to a cap-and-trade mechanism in the European Union, and 

is known as an emissions trading scheme (ETS). The ETS, the world’s most successful greenhouse gas 
emissions trading scheme, was established in 2005. Based on the European Commission’s report, 31 
countries joined the scheme - all 28 EU member states plus Iceland, Norway, and Liechtenstein. As 
such, a cap-and-trade mechanism in carbon emissions permits policymakers to cap the total amount 
of CO2 emissions allowed. Firms are either allocated ETS or they buy these certificates in the market 
at the prevailing price to emit CO2. This aims to allocate a limited amount of CO2 quota to the most 
efficient firms which produce more goods and services at the lowest CO2 emissions. This trading 
scheme provides a market mechanism for CO2 emissions in EU countries. The market determines the 
price of CO2 per tonne, this influences the producer’s choice of energy and efficiency of energy use 
(Ellerman et al., 2007; Convery and Redmond, 2007; Oberndorfer and Rennings, 2007). According to 
the European Commission’s Climate Action Report 2015, the EU aims to reduce greenhouse gas 
emissions by 20% before 2020, compared with greenhouse gas emissions in 1990.  

However, the EU’s ETS may decrease the profit of the EU’s ETS regulated firms. These firms 
must buy ETS, which may increase the price of unit material or per unit of production of goods and 
services. Commins et al. (2011) found that EU ETS had a significant negative effect on return-on-
capital for 162,711 European corporations during 1996 to 2007. Chan et al. (2013) showed that unit 
material costs increased by 5% during 2005 to 2007, and 8% during the period 2008 to 2012 in the EU 
region.  

ETS in the EU region may reduce market competitiveness for regulated firms, compared with 
firms in the region which have no carbon price constraints. For example, in the international airline 
industry, where clear disparity can be seen in competitive advantage for carriers in the countries 
where no ETS is applied, such as China and the US. The introduction of ETS schemes may have 
unintended consequences of import substitution because domestic goods become more expensive 
(Martin et al., 2016) and/or create a decline in employment (Abrell, 2011).  

On the other hand, Schneider and McCarl (2005) employed a price endogenous sector model for 
agriculture in the US. They proved that carbon tax policies to mitigate greenhouse gas emissions are 
likely to increase the price of fossil fuel-based energy. A chain reaction would occur in higher energy 
prices, following a rise in farmers' expenditure on machinery fuel, soil tillage, fertilizer efficiency, 
irrigation water, farm chemicals, and grain drying.  

Zhao et al. (2018) found that high pressure on energy costs decreases the willingness of firms 
which are not part of the Carbon Tax Pilot Program in China to pay a carbon tax. These companies 
will choose to avoid paying a carbon tax by transferring the tax cost to labour and/or material. On 
examining manufacturing firms, they found that only companies involved in the non-ferrous, 
chemical, paper-making, and iron and steel sectors tend to pay a higher price for energy in China.  

Furthermore, a carbon tax is unlikely to become a market mechanism for CO2 emissions 
reduction. Mardones (2018), in an analysis of the impact of a carbon tax on emissions reduction, found 
that at a carbon tax below US$10/tonne or in excess of US$30/tonne, the emission levels stagnate, and 
a carbon tax provides no real benefit in CO2 reduction. The carbon tax works only between the range 
of US$10/tonne and US$30/tonne.  

Using the latest input-output (IO) tables from Statistics Canada for 2015, McKitrick et al. (2019) 
estimated the impacts of a nation-wide carbon tax using a price of Canadian $50 per tonne on 
domestic commodity prices. They found that production cost would increase by 2.4% for all 
industries within the whole economy. They estimated that by 2022, Canadian businesses would 
become less competitive as a result of higher energy costs, and firms may relocate to countries where 
climate change policies are less stringent than under a tax rate of Canadian $50 per tonne.  
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Pang (2019) indicated that the transfer of profits from an emission tax to a society would increase 
the demand for polluting products and decrease the carbon emission reduction effort for firms.  

(3) A carbon tax may negatively influence households.  
As a carbon tax is a cost for all consumers, it may increase the wealth gap and decrease 

consumption level. Liang and Wei (2012) examined the relationship between a carbon tax, the urban–
rural gap and people’s living standards in China. They found that a carbon tax would increase the 
wealth gap between those living in the cities and those in rural areas. A carbon tax was also found to 
decrease the living standards for both groups.  

From the perspective of consumer demand, a carbon tax is equivalent to an indirect tax reflecting 
the CO2 intensity of consumer goods, thus goods that generate high CO2 emissions in production will 
be taxed relatively heavily (Symons et al., 1994). For example, a carbon tax may lead to large increases 
in the prices of household energy, petrol, and transport, with small increases in the prices of food. 
Consequently, a carbon tax may affect the living standards of low-income households within the 
economy. 

Environmental degradation is a major issue for human survival, and it will accompany human 
development for a long time to come. The advantages and disadvantages of a carbon tax are clear in 
the literature; too high a tax will affect the economy, and too low a tax will be particularly ineffective. 
How to balance a carbon tax with other taxes and fees and use it to achieve a long-term emission 
reduction goal becomes important and complex.  

Nature of data and measurement 

The annual data of eight exogenous variables 𝑌𝑌, G,𝐻𝐻, 𝐿𝐿,𝐾𝐾,𝐸𝐸,𝐶𝐶,𝜃𝜃𝐶𝐶  from 1990 to 2014 was 
obtained from the World Bank Development database (2020) (Table 1). The variable Y is the gross 
domestic product (GDP) in current US dollars (current US$). Variable L is the labour force. Variable 
K is the gross capital formation in current US dollars (current US$). Variable E is energy use (kg of 
oil equivalent). Variable G is the general government final consumption expenditure in current US 
dollars (current US$). Variable H is the household final private consumption expenditure in current 
US dollars (current US$). Variable C is carbon dioxide (CO2) emissions (kg). Variable 𝜃𝜃𝐶𝐶  is CO2 
intensity (kg per kg of oil equivalent energy use), derived from the CO2 emissions divided by the 
energy use. 

Table 1. Basic statistical data of the United States. 

Year 𝐘𝐘 𝐆𝐆 𝐇𝐇 𝐋𝐋 𝐊𝐊 𝐄𝐄 𝑪𝑪𝑪𝑪𝟐𝟐 𝜽𝜽𝑪𝑪 
1990 5979589000000 947994000000 3825630000000 127939293 1283817400000 1915051008000 4823403118000 2.518681 
1991 6174043000000 1004071000000 3960151000000 128695684 1238435700000 1930616357000 4820847219000 2.497051 
1992 6539299000000 1049253000000 4215654000000 130848714 1309127800000 1969360943000 4909533614000 2.492958 
1993 6878718000000 1074176000000 4471002000000 132277931 1398711900000 2003844644000 5028674444000 2.509513 
1994 7308755000000 1109568000000 4741018000000 134617700 1550655100000 2041286993000 5094354081000 2.495658 
1995 7664060000000 1144482000000 4984178000000 136503918 1625163500000 2067317182000 5132919920000 2.482889 
1996 8100201000000 1176498000000 5268071000000 138422632 1752010700000 2113252684000 5252112088000 2.485321 
1997 8608515000000 1224627000000 5560720000000 140843776 1925128000000 2134517436000 5368715354000 2.515189 
1998 9089168000000 1272113000000 5903033000000 142834606 2076730000000 2152681199000 5401010623000 2.508969 
1999 9660624000000 1357572000000 6307022000000 144820396 2252659800000 2210896395000 5504669379000 2.489791 
2000 10284779000000 1444173000000 6792396000000 146767599 2424011900000 2273344129000 5693684894000 2.504542 
2001 10621824000000 1545131000000 7103104000000 147741226 2342270600000 2230704586000 5595794329000 2.508532 
2002 10977514000000 1651364000000 7384053000000 148568133 2368565700000 2255943576000 5641309133000 2.500643 
2003 11510670000000 1755592000000 7765529000000 149183847 2493207300000 2261169559000 5675701926000 2.510074 
2004 12274928000000 1868942000000 8260018000000 150258666 2765139500000 2307767983000 5756075232000 2.494217 
2005 13093726000000 1980048000000 8794112000000 152118122 3040749800000 2318770902000 5789727291000 2.496895 
2006 13855888000000 2089846000000 9303992000000 153992258 3232996400000 2296824886000 5697285888000 2.480505 
2007 14477635000000 2209721000000 9750505000000 155294548 3235947300000 2337001704000 5789030561000 2.477119 
2008 14718582000000 2368565000000 10013648000000 157089439 3059440300000 2277080529000 5614110994000 2.465486 
2009 14418739000000 2442062000000 9846968000000 157204266 2525144100000 2164820311000 5263505457000 2.431382 
2010 14964372000000 2522209000000 10202191000000 157015059 2752636000000 2215223615000 5395532125000 2.435660 
2011 15517926000000 2530861000000 10689299000000 157131234 2877761500000 2190417726000 5289680503000 2.414919 
2012 16155255000000 2544149800000 11050627000000 158429022 3126139800000 2156975857000 5119436361000 2.373432 
2013 16691517000000 2523726000000 11361174000000 159007112 3298621000000 2182583138000 5159160972000 2.363787 
2014 17427609000000 2562691000000 11863669000000 159800262 3510758000000 2216186625000 5254279285000 2.370865 

Methodology  
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Many studies have confirmed the role of carbon taxes in reducing carbon emissions, an 
inappropriate carbon tax may also increase business and household expenditures, thereby reducing 
economic growth. In turn, these effects would have a direct impact on the prices of labor, capital, and 
energy. Consequently, it is important to analyse the balance between different social units and 
environmental policies before setting an appropriate carbon tax rate. Indeed, with proper design, a 
carbon tax can be a powerful mitigation tool that helps achieve socioeconomic goals. 

In his book The Economics of Welfare written in 1920, Pigou introduced a tax on pollution as an 
externality of market activity. He mentioned that negative externalities associated with economic 
activities, such as pollution, should be taxed to reduce the damage to society. This tax, known as the 
Pigovian tax, was to be set by the government at a level theoretically equal to the marginal social cost 
of the externality. 

In practice, such an approach has been proved to not be feasible because of the difficulty of 
marginal social cost measurement (Baumol and Oates, 1971). Consideration of the appropriate use of 
environmental unit taxes is expressed as a least-cost measure to achieve a specific set of 
environmental quality standards. Thus, Baumol and Oates (1971) designed a minimised 
environmental tax model : min

𝑖𝑖∈[1,…,𝑚𝑚]
�𝑐𝑐𝑗𝑗 = 𝜏𝜏𝑤𝑤𝑗𝑗 + 𝑝𝑝1𝑥𝑥1𝑗𝑗 + ⋯+ 𝑝𝑝𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 + ⋯+ 𝑝𝑝𝑚𝑚𝑥𝑥𝑚𝑚𝑚𝑚� . Where, variable 𝑤𝑤𝑗𝑗  

represents the quantities of the waste or the emissions of pollutants that the firm 𝑗𝑗  discharges; 
variable 𝑝𝑝𝑖𝑖  represents the price of input i; the variable 𝑥𝑥𝑖𝑖𝑗𝑗  represents the quantity of input 𝑖𝑖(=
1,2, … ,𝑚𝑚) used by firm 𝑗𝑗(= 1,2, … ,𝑛𝑛). Then with a fixed environmental tax rate τ per unit on the 
emissions of pollutants, firm j can minimise the cost of whatever output their firm produces.  

An environmental tax would minimise the costs to society and at the same time achieve an 
environmental greening objective when a wasted externality to society exists. Baumol (1972) further 
explained that to solve the usual pollution problem of an externality, it is necessary to set up a 
standard for the level of pollution, as a maximum threshold5 that is  tolerable, and design tax rates 
and effluent charge rates that are sufficient to achieve the selected standards of acceptability.  

Following Baumol and Oates (1971), many scholars have optimised the formula of a carbon tax. 
Symons et al. (1994) defined a carbon tax formula for different goods as 𝑡𝑡𝑖𝑖 = 𝛼𝛼𝑐𝑐𝑖𝑖, here 𝑖𝑖 represents 
the 𝑖𝑖𝑖𝑖ℎ goods category, 𝛼𝛼 represents the equivalent tax on CO2 emissions, 𝑐𝑐𝑖𝑖  represents the CO2 
intensity for the 𝑖𝑖𝑖𝑖ℎ goods category. If 𝑘𝑘 represents the 𝑘𝑘𝑘𝑘ℎ good within the 𝑖𝑖𝑖𝑖ℎ commodity group, 
𝑐𝑐𝑖𝑖𝑖𝑖 represents the CO2 intensity for good 𝑖𝑖𝑖𝑖, the carbon tax was defined as𝑡𝑡𝑖𝑖𝑖𝑖 = 𝛼𝛼𝑐𝑐𝑖𝑖𝑖𝑖. Similarly, Li 
and Jia (2017) defined the formula,𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖 = ∑ 𝑋𝑋𝐶𝐶𝐶𝐶2,𝑝𝑝_𝑒𝑒𝑒𝑒𝐸𝐸𝐸𝐸𝐸𝐸𝑖𝑖,𝑝𝑝_𝑒𝑒𝑒𝑒𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑝𝑝_𝑒𝑒𝑒𝑒 , to calculate a carbon tax. 
Where, 𝑝𝑝_𝑒𝑒𝑒𝑒  represents primary energy, 𝑖𝑖  represents one of the sectors, 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃  represents the 
carbon tax rate at the unit price of CO2 emissions, 𝐸𝐸𝐸𝐸𝐸𝐸𝑖𝑖,𝑝𝑝_𝑒𝑒𝑒𝑒 represents the primary energy 𝑝𝑝_𝑒𝑒𝑒𝑒 of 
the 𝑖𝑖𝑖𝑖ℎ sector, 𝑋𝑋𝐶𝐶𝐶𝐶2,𝑝𝑝_𝑒𝑒𝑒𝑒  represents the CO2 emissions of the primary energy 𝑝𝑝_𝑒𝑒𝑒𝑒. These formulas 
divided carbon tax into a more detailed classification, but this leads to the difficulty of pricing carbon 
and double counting the tax, based on crossover use of energy. As a result, the fiscal neutral6 will 
disappear.  

Tol (2012) defined a Leviathan carbon tax rate with a theoretical upper limit as a maximum 
threshold to protect the fiscal neutral for climate policy when the carbon tax replaces all other taxes. 
The Leviathan carbon tax is formulated as 𝑡𝑡 = 𝑇𝑇/𝑀𝑀 =  𝜏𝜏𝜏𝜏/𝑀𝑀, here 𝑀𝑀 represents the CO2 emissions 
in tonne per year (tCO2/year), 𝜏𝜏 represents the total tax take in percent (%), 𝑌𝑌 represents the gross 
domestic product (GDP) in dollars per year ($/year), 𝑡𝑡 represents the carbon tax rate in dollars per 
tonne of CO2 emissions ($/tCO2), 𝑇𝑇 represents the total carbon tax in dollars per year ($/year). Once 
the maximum tax amount is set, the fiscal neutral will be achieved.  

 
5 A maximum threshold of carbon tax rate is to protect the fiscal neutral, if the carbon tax rate exceeds this 

threshold, the fiscal neutral will disappear. 
6 A fiscal neutral form of revenue neutrality is that when fiscal revenues from carbon taxes are increased, fiscal 

revenues from other taxes will decrease, but the government budgetary position will remain unchanged and the 

overall tax burden will remain the same. 
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In addition, carbon taxes can be added to the retail price of fuel. Andersson (2019) uses the 
example of Sweden to explain the calculation of the retail price of fuel when energy and carbon taxes 
are considered. Assume that the variable 𝑝𝑝𝑡𝑡,𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  is the tax-exclusive price; variable 𝑝𝑝𝑡𝑡,𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  is 
the energy tax price; variable 𝑝𝑝𝑡𝑡,𝐶𝐶𝐶𝐶2 is the carbon tax price; variable 𝑉𝑉𝑉𝑉𝑉𝑉𝑡𝑡  is the value added tax 
applied to all components of a retail price including the production cost of the fuels, the producer’s 
margin, and any added excise taxes; variable 𝑝𝑝𝑡𝑡∗ is the retail price of gasoline and diesel. Then the 
retail price of fuels can be written as 𝑝𝑝𝑡𝑡∗ = (𝑝𝑝𝑡𝑡,𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 + 𝑝𝑝𝑡𝑡,𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 + 𝑝𝑝𝑡𝑡,𝐶𝐶𝐶𝐶2)𝑉𝑉𝑉𝑉𝑉𝑉𝑡𝑡. In practice, the average 
carbon tax rate was US$132 /tonne in Sweden in 2018, which is the world’s highest CO2 tax imposed 
on non-trading sectors and households. 

An appropriate carbon tax, which is designed to reduce carbon emissions, may also reduce 
economic growth and increase spending by firms and households. These effects will directly affect 
the prices of labour, capital, and energy. Therefore, it is important to analyse the balance between 
different social units and environmental policies before setting a carbon tax rate. A carbon tax can be 
a powerful mitigation tool that can help achieve socio-economic goals (Winkler and Marquard, 2011). 
Accordingly, this study defines carbon tax formulas for different equilibrium social units using a two-
layer CGE Cobb-Douglas model by combining the production and profit functions of government, 
firms, and households, respectively.  

To achieve the target of CO2 emissions reduction under the equilibrium of labour, capital, 
energy, and carbon price, it is very important to analyse the equilibrium between economic growth 
and environmental policy before setting a carbon tax rate. Followed by Bonetti and FitzRoy (1999) 
and Lai (2016), this research defined three profit functions and a Cobb-Douglas production function 
for government (G), firms (F) and households (H). Also, this study used a two-layer CGE Cobb-
Douglas model to estimate the endogenous variables. The structure of the relationship between 
labour, capital, energy, firms, government, and households is shown in Figure 3 below: 

 

Figure 3. The relationship between labour, capital, energy, firms, government and households. 

Carbon pricing 
When all the energy related products are produced by firms, in making these products the total 

energy 𝐸𝐸 is the input of firms’ production procedures. Where variable 𝐶𝐶 represents the total carbon 
emissions with a unit of kg, 𝜃𝜃𝐶𝐶 represents the carbon intensity of energy. The relationship between 
these three variables is:  
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𝜃𝜃𝐶𝐶 = 𝐶𝐶
𝐸𝐸
, or 𝐶𝐶 = 𝜃𝜃𝐶𝐶𝐸𝐸 (1) 

The carbon intensity 𝜃𝜃𝐶𝐶 represents the emission rate of carbon pollution relative to the intensity 
of energy. If 𝜃𝜃𝐶𝐶  increases, that same unit of energy would translate into more pollution, leading to a 
decline in environmental quality. The converted carbon emission from energy price 𝑃𝑃𝐸𝐸  ($US/kg oil) 
into price of carbon 𝑃𝑃𝐶𝐶  ($US/kg CO2) is expressed as follows:  

𝑃𝑃𝐶𝐶 = 𝑃𝑃𝐸𝐸
𝜃𝜃𝐶𝐶

, or 𝑃𝑃𝐸𝐸 = 𝜃𝜃𝐶𝐶𝑃𝑃𝐶𝐶 (2) 

When the price of energy 𝑃𝑃𝐸𝐸  is fixed, the higher carbon intensity 𝜃𝜃𝐶𝐶 instead dilutes the price of 
CO2. Thus, when environment pollution increases due to an increase in energy pollutants conversion 
rate 𝜃𝜃𝐶𝐶, the carbon price 𝑃𝑃𝐶𝐶  will decrease. This means that for a fixed unit of energy (E), more carbon 

emissions (C) pollutants, unit carbon price (𝑃𝑃𝐶𝐶) would decrease. Then the total carbon tax 𝑇𝑇𝐶𝐶  with a 
unit of $US/kg CO2 can be defined as: 

𝑇𝑇𝐶𝐶 = 𝜏𝜏𝐶𝐶𝑃𝑃𝐶𝐶  (3) 
Where, 𝜏𝜏𝐶𝐶  is the carbon tax rate as a percentage of the energy price, and its value can be greater 

than 1, 𝑃𝑃𝐶𝐶  is energy converted into carbon price. Equations (1) to (2) can be rewritten as: 

𝑇𝑇𝐶𝐶𝐶𝐶 = 𝜏𝜏𝐶𝐶𝑃𝑃𝐶𝐶𝐶𝐶 = 𝜏𝜏𝐶𝐶(
𝑃𝑃𝐸𝐸
𝜃𝜃𝐶𝐶

)(𝜃𝜃𝐶𝐶𝐸𝐸) = 𝜏𝜏𝐶𝐶𝑃𝑃𝐸𝐸𝐸𝐸 (4) 

Firm 

Variable 𝑌𝑌 represents the total output of an economy; variables 𝐿𝐿,𝐾𝐾,𝐸𝐸 are three input factors 
of labour, capital, and energy; the parameters 𝛼𝛼,𝛽𝛽, 𝛾𝛾 are three proportional coefficients representing 
respectively the coefficients of output elasticity of labour, capital, and energy. Where, 𝛼𝛼 > 0,𝛽𝛽 >
0, 𝛾𝛾 > 0 and 𝛼𝛼 + 𝛽𝛽 + 𝛾𝛾 = 1, the production function of firms can be defined as a Solow-Swan CD 
model with the combination of Equations: 

𝑌𝑌 = 𝑌𝑌(𝐿𝐿,𝐾𝐾,𝐸𝐸) = 𝑒𝑒𝑌𝑌0(𝑥𝑥)𝐿𝐿𝛼𝛼𝐾𝐾𝛽𝛽𝐸𝐸𝛾𝛾 (5) 
Where Y0(x) is a time related function which represents technical progress, because most of the 

economic variables have a time trend, it is necessary to design the technical progress function Y0(x) 
as a time trend function.Thus, different from the static technology level used in the previous research (Solow, 
1956; Swan, 1956; Mankiw et al., 1992; Bonetti and FitzRoy, 1999; Masanjala and Papageorgiou, 2004; 
Aghion et al., 2013; Dissou et al., 2015; Huynh, 2016), this study uses the Chebysheve polynomial to 
estimate the dynamic technical progress Y0(x) and related coefficient of output elasticity for all three 
production functions. 

On the other hand, firms’ profit function can be defined as: 
𝜋𝜋𝐹𝐹 = 𝑌𝑌 − 𝑃𝑃𝐿𝐿𝐿𝐿 − 𝑃𝑃𝐾𝐾𝐾𝐾 − (1 + 𝜏𝜏𝐸𝐸 + 𝜏𝜏𝐶𝐶)𝑃𝑃𝐸𝐸𝐸𝐸 (6) 

Where the variables 𝑃𝑃𝐿𝐿 ,𝑃𝑃𝐾𝐾  are prices of input factors 𝐿𝐿,𝐾𝐾; variables 𝜏𝜏𝐿𝐿 , 𝜏𝜏𝐾𝐾 , 𝜏𝜏𝐸𝐸 , 𝜏𝜏𝐶𝐶 are tax rates of 
factors 𝐿𝐿,𝐾𝐾,𝐸𝐸,𝐶𝐶. Then firms’ revenue (𝜋𝜋𝐹𝐹) can be derived from the sales of goods and services after 
costs and taxes. 𝑃𝑃𝐿𝐿𝐿𝐿 is the labour cost paid to employees; 𝑃𝑃𝐾𝐾𝐾𝐾 is the capital cost paid for capital 
investment; in this study the price of energy is separated into three parts: (1) energy price with no 
taxes: 𝑃𝑃𝐸𝐸𝐸𝐸; (2) energy tax: 𝜏𝜏𝐸𝐸𝑃𝑃𝐸𝐸𝐸𝐸; (3) carbon tax: 𝜏𝜏𝐶𝐶𝑃𝑃𝐸𝐸𝐸𝐸. Thus, (1 + 𝜏𝜏𝐸𝐸 + 𝜃𝜃𝐶𝐶)𝑃𝑃𝐸𝐸𝐸𝐸 is the total energy 
related cost paid to produce energy related goods.  

Based on the nature of the Cobb-Douglas function, for any coefficient λ (λ > 1): 

𝑌𝑌(λ𝐿𝐿, λ𝐾𝐾, λ𝐸𝐸) = (λ)𝛼𝛼+𝛽𝛽+𝛾𝛾𝑌𝑌(𝐿𝐿,𝐾𝐾,𝐸𝐸) = λ𝑌𝑌      (7) 
When 𝑌𝑌 and 𝜋𝜋𝐹𝐹  have continuous first partial derivatives and variable λ𝑌𝑌  is a Lagrange 

multiplier, then the Lagrange function is defined as: 
ℒ(𝐿𝐿,𝐾𝐾,𝐸𝐸,𝑌𝑌, λ𝑌𝑌) = 𝜋𝜋𝐹𝐹 − λ𝑌𝑌(𝑌𝑌 − 𝑒𝑒𝑌𝑌0(𝑥𝑥)𝐿𝐿𝛼𝛼𝐾𝐾𝛽𝛽𝐸𝐸𝛾𝛾) (7) 

Then from analysing the first order condition for 𝐿𝐿,𝐾𝐾,𝐸𝐸,𝑌𝑌, when λ𝑌𝑌 = 1: 

𝑃𝑃𝐿𝐿 = 𝛼𝛼𝛼𝛼
𝐿𝐿

, or 𝛼𝛼𝛼𝛼 = 𝑃𝑃𝐿𝐿𝐿𝐿 (9) 
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𝑃𝑃𝐾𝐾 = 𝛽𝛽𝛽𝛽
𝐾𝐾

, or 𝛽𝛽𝛽𝛽 = 𝑃𝑃𝐾𝐾𝐾𝐾 (10) 

(1 + 𝜏𝜏𝐸𝐸 + 𝜃𝜃𝐶𝐶)𝑃𝑃𝐸𝐸 = 𝛾𝛾𝛾𝛾
𝐸𝐸

, or 𝛾𝛾𝛾𝛾 = (1 + 𝜏𝜏𝐸𝐸 + 𝜃𝜃𝐶𝐶)𝑃𝑃𝐸𝐸𝐸𝐸 

 

(11) 

Household 
Variable H is the expenditure of the household; the parameters m and n are two proportional 

coefficients representing the coefficient of output elasticity of labour and capital, respectively. Where 
m > 0,𝑛𝑛 > 0 and m + n = 1, then the household production function can be defined as: 

H = H(L, K) = 𝑒𝑒𝐻𝐻0(𝑥𝑥)𝐿𝐿𝑚𝑚𝐾𝐾𝑛𝑛 (12) 
Household profit function can be expressed as:  

𝜋𝜋𝐻𝐻 = (1 − 𝜏𝜏𝐿𝐿)𝑃𝑃𝐿𝐿𝐿𝐿 + (1 − 𝜏𝜏𝐾𝐾)𝑃𝑃𝐾𝐾𝐾𝐾 − 𝐻𝐻 (13) 
Household revenue (𝜋𝜋𝐻𝐻) is derived from wages and capital interest after tax and expenditure. 

τLPLL is the personal income tax from employment; τKPKK is the interest tax from capital loans; the 
cost item H is the expenditure of the household. Here, both 𝐻𝐻 and 𝜋𝜋𝐻𝐻 have continuous first partial 
derivatives. Variable λ𝐻𝐻  is a Lagrange multiplier, and the Lagrange function is defined as: 
ℒ(L, K, H, λ𝐻𝐻) = 𝜋𝜋𝐻𝐻 + λ𝐻𝐻(H − 𝑒𝑒𝐻𝐻0(𝑥𝑥)𝐿𝐿𝑚𝑚𝐾𝐾𝑛𝑛) (14) 

Then from analysing the first order condition for 𝐋𝐋,𝐊𝐊,𝐇𝐇, when 𝛌𝛌𝑯𝑯 = 𝟏𝟏 : 

𝜏𝜏𝐿𝐿 = 1 −
𝑚𝑚𝑚𝑚
𝑃𝑃𝐿𝐿𝐿𝐿

 (15) 

𝜏𝜏𝐾𝐾 = 1 −
𝑛𝑛𝑛𝑛
𝑃𝑃𝐾𝐾𝐾𝐾

 (16) 

Government  

Variable G  is the expenditure of government; the parameters ξ, ζ, ς , are three proportional 
coefficients representing respectively the coefficient of output elasticity of labour, capital, and energy. 
Where, ξ > 0, 𝜁𝜁 > 0, 𝜍𝜍 > 0, and ξ + ζ + ς = 1, the production function of government can be defined 
as a Cobb-Douglas function: 

G = G(L, K, E) = 𝑒𝑒𝐺𝐺0(𝑥𝑥)LξKζEς (17) 
Government profit function (Upmann, 2009) can be defined as: 

𝜋𝜋𝐺𝐺 = τLPLL + τKPKK + (τE + τ𝐶𝐶)PEE − G (18) 
Where government revenue (𝜋𝜋𝐺𝐺) is derived from all taxes after expenditure (G), the Lagrange 

function for λ𝐺𝐺  is defined as:  

ℒ(L, K, E, G, λ𝐺𝐺) = 𝜋𝜋𝐺𝐺 + λ𝐺𝐺(G − 𝑒𝑒𝐺𝐺0(𝑥𝑥)LξKζEς) (19) 
Then from the first order condition of variables L, K, E, G when λ𝐺𝐺 = 1: 

τL = ξG
PLL

, or ξG = τLPLL (20) 

τK = ζG
PKK

, or ζG = τKPKK (21) 

(τE + 𝜃𝜃𝐶𝐶)PE = ςG
E

, or ςG = (τE + 𝜃𝜃𝐶𝐶)PEE (22) 

(1) Market clearing conditions for governments, firms, and households  
Based on the equation (11) and (12), we achieve: 

1 + 𝜏𝜏𝐸𝐸 + 𝜏𝜏𝐶𝐶
τE + 𝜏𝜏𝐶𝐶

=
𝛾𝛾𝛾𝛾
ςG

 (23) 
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1
τE + 𝜏𝜏𝐶𝐶

=
𝛾𝛾𝛾𝛾
ςG

− 1 =
𝛾𝛾𝛾𝛾 − ςG
ςG

 (24) 
 

Assuming that the variable τE&𝐶𝐶  is the composite energy tax rate, which includes both the 
energy tax rate τE and the carbon tax rate 𝜏𝜏𝐶𝐶 , then Equations (23) and (24) can be rewritten as: 

τE&𝐶𝐶 = τE + 𝜏𝜏𝐶𝐶 =
ςG

𝛾𝛾𝛾𝛾 − ςG
 (25) 

PE =
ςG

(τE + 𝜏𝜏𝐶𝐶)E
=

ςG
τE&𝐶𝐶E

=
𝛾𝛾𝛾𝛾 − ςG

𝐸𝐸
 (26) 

On the other hand, based on Equations (9), (10), (20) and (21): 

𝛼𝛼𝛼𝛼 = 𝑃𝑃𝐿𝐿𝐿𝐿 = 𝑚𝑚𝑚𝑚 + ξG, or m = 𝛼𝛼 𝑌𝑌
𝐻𝐻
− ξ 𝐺𝐺

𝐻𝐻
 (27) 

𝛽𝛽𝛽𝛽 = 𝑃𝑃𝐾𝐾𝐾𝐾 = 𝑛𝑛𝑛𝑛 + ζG, or n = 𝛽𝛽 𝑌𝑌
𝐻𝐻
− ζ 𝐺𝐺

𝐻𝐻
 (28) 

Thus Equations (25) and (26) can be rewritten as: 
 (𝛼𝛼 + 𝛽𝛽)𝑌𝑌 = (𝑚𝑚 + 𝑛𝑛)𝐻𝐻 + (ξ + ζ)G (29) 

Because 𝛼𝛼 + 𝛽𝛽 + 𝛾𝛾 = 1, m + n = 1 and ξ + ζ + ς = 1, then: 
(1 − 𝛾𝛾)𝑌𝑌 = 𝐻𝐻 + (1 − ς)G (30) 
𝛾𝛾𝛾𝛾 − ςG = 𝑌𝑌 − 𝐻𝐻 − 𝐺𝐺,  (31) 

Thus Equations (27) and (28) can be rewritten as: 

τE&𝐶𝐶 = τE + 𝜏𝜏𝐶𝐶 =
ςG

𝛾𝛾𝛾𝛾 − ςG
=

ςG
𝑌𝑌 − 𝐻𝐻 − 𝐺𝐺

 (32) 

PE =
ςG

(τE + 𝜏𝜏𝐶𝐶)E
=

ςG
τE&𝐶𝐶E

=
𝛾𝛾𝛾𝛾 − ςG

𝐸𝐸
=
𝑌𝑌 − 𝐻𝐻 − 𝐺𝐺

𝐸𝐸
 (33) 

Then: 

ς = 1 − (1 − 𝛾𝛾)
𝑌𝑌
𝐺𝐺

+
𝐻𝐻
𝐺𝐺

 
(34) 

In isolating both variables τE and τC from τE&𝐶𝐶 , variable 𝜂𝜂 represents the ratio between the 
real carbon tax rate τ𝐶𝐶 and the energy tax rate τE as: 

𝜂𝜂 = 𝜏𝜏𝐶𝐶
τE

, or 𝜏𝜏𝐶𝐶 = 𝜂𝜂𝜏𝜏𝐸𝐸 (35) 

Then the composite energy tax rate can be rewritten as: 

τE&𝐶𝐶 = τE + 𝜏𝜏𝐶𝐶 = �1 +
1
𝜂𝜂
� 𝜏𝜏𝐶𝐶 = (1 + 𝜂𝜂)τE (36) 

Thus, the carbon tax rate can be rewritten as:  

𝜏𝜏𝐶𝐶 =
τE&𝐶𝐶

�1 + 1
𝜂𝜂�

=

⎩
⎪
⎨

⎪
⎧ 0, 𝜂𝜂 = 0

τE&𝐶𝐶

�1 + 1
𝜂𝜂�

𝜂𝜂 > 0

τE&𝐶𝐶 𝜂𝜂 = ∞

 

Energy tax only 
 
 
 
Carbon tax only 

 
 

(37) 

And the energy tax rate can be rewritten as: 

τE =
τE&𝐶𝐶

(1 + 𝜂𝜂) = �

τE&𝐶𝐶 , 𝜂𝜂 = 0
τE&𝐶𝐶

(1 + 𝜂𝜂) 𝜂𝜂 > 0

0 𝜂𝜂 = ∞

 

Energy tax only 
 
 
Carbon tax only 

 
(38) 

Because there is: 
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1

�1 + 1
𝜂𝜂�

+
1

(1 + 𝜂𝜂) = 1 
(39) 

Then Equation (36) can be rewritten as: 

τE&𝐶𝐶 = τE + 𝜏𝜏𝐶𝐶 = 1
(1+𝜂𝜂) τE&𝐶𝐶 + 1

�1+1𝜂𝜂�
τE&𝐶𝐶, 𝜏𝜏𝐶𝐶 ≤ τE&𝐶𝐶 , τE ≤ τE&𝐶𝐶  (40) 

 
Then the variable 𝐸𝐸 and C can be expressed as: 

𝐸𝐸 =
ςG

(τE + 𝜏𝜏𝐶𝐶)PE
=

ςG
τE&𝐶𝐶PE

=
ςG

�1 + 1
𝜂𝜂� 𝜏𝜏𝐶𝐶PE

=
ςG

(1 + 𝜂𝜂)τEPE
 

(41) 

𝐶𝐶 = 𝜃𝜃𝐶𝐶𝐸𝐸 =
ς𝜃𝜃𝐶𝐶G
τE&𝐶𝐶PE

=
ς𝜃𝜃𝐶𝐶G

(1 + 𝜂𝜂)τEPE
=

ς𝜃𝜃𝐶𝐶G

�1 + 1
𝜂𝜂� 𝜏𝜏𝐶𝐶PE

=
ςG

�1 + 1
𝜂𝜂� 𝜏𝜏𝐶𝐶PC

 
(42) 

Based on Equations (1) and (2): 

𝜏𝜏𝐶𝐶 =
𝑇𝑇𝐶𝐶
𝑃𝑃𝐶𝐶

=
𝑇𝑇𝐶𝐶𝜃𝜃𝐶𝐶
𝑃𝑃𝐸𝐸

      (43) 

Then Equation (40) can be rewritten as: 

𝐶𝐶 =
ςG

�1 + 1
𝜂𝜂� 𝑇𝑇𝐶𝐶

 
 (44) 

(2) Dynamically obtaining the target for control of CO2 emissions  
Assume 𝐶𝐶𝑡𝑡−𝑞𝑞  with 𝜂𝜂𝑡𝑡−𝑞𝑞  is the CO2 emissions at time 𝑡𝑡 − 𝑞𝑞  and 𝐶𝐶𝑡𝑡(< 𝐶𝐶𝑡𝑡−𝑞𝑞)  with 𝜂𝜂𝑡𝑡  is the 

controlled target CO2 emissions at time 𝑡𝑡. For example, if t-q is the year 2006, then t is the year 2005 
and q=-1. If variable 𝜙𝜙𝑡𝑡(𝜙𝜙𝑡𝑡 > 0) is the goal of decreasing rate of CO2 emissions from the time 𝑡𝑡 − 𝑞𝑞 
to time 𝑡𝑡, then there is a relation: 
𝐶𝐶𝑡𝑡 = (1 − 𝜙𝜙𝑡𝑡)Ct−q   (45) 

Here the CO2 emissions 𝐶𝐶𝑡𝑡−𝑞𝑞  at time 𝑡𝑡 − 𝑞𝑞 is a reference threshold of the reduction of CO2 
emissions.  If the relationships of 𝐶𝐶𝑡𝑡−𝑞𝑞  with 𝜂𝜂𝑡𝑡−𝑞𝑞 and 𝐶𝐶𝑡𝑡with 𝜂𝜂𝑡𝑡 are considered, then Equation (42) 
can be rewritten as: 

𝐶𝐶𝑡𝑡 =
ς𝜃𝜃𝐶𝐶,𝑡𝑡𝐺𝐺𝑡𝑡

(1 + 𝜂𝜂𝑡𝑡)τE,tPE,t
= (1 − 𝜙𝜙𝑡𝑡)

ς𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞𝐺𝐺𝑡𝑡−𝑞𝑞
(1 + 𝜂𝜂𝑡𝑡−𝑞𝑞)τE,t−qPE,t−q

 (46) 

Then there is a relation between 𝜙𝜙𝑡𝑡 and 𝜂𝜂𝑡𝑡: 
ς𝜃𝜃𝐶𝐶,𝑡𝑡𝐺𝐺𝑡𝑡

(1 + 𝜂𝜂𝑡𝑡)τE,tPE,t
=

ς𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞𝐺𝐺𝑡𝑡−𝑞𝑞(1− 𝜙𝜙𝑡𝑡)
(1 + 𝜂𝜂𝑡𝑡−𝑞𝑞)τE,t−qPE,t−q

 (47) 

Thus: 

1 + 𝜂𝜂𝑡𝑡 =
ς𝜃𝜃𝐶𝐶,𝑡𝑡𝐺𝐺𝑡𝑡τE,t−qPE,t−q(1 + 𝜂𝜂𝑡𝑡−𝑞𝑞)
ς𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞𝐺𝐺𝑡𝑡−𝑞𝑞τE,tPE,t(1 − 𝜙𝜙𝑡𝑡)

 (48) 

𝜂𝜂𝑡𝑡 =
𝜃𝜃𝐶𝐶,𝑡𝑡𝐺𝐺𝑡𝑡τE,t−qPE,t−q�1 + 𝜂𝜂𝑡𝑡−𝑞𝑞� − 𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞𝐺𝐺𝑡𝑡−𝑞𝑞τE,tPE,t(1 − 𝜙𝜙𝑡𝑡)

𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞𝐺𝐺𝑡𝑡−𝑞𝑞τE,tPE,t(1 − 𝜙𝜙𝑡𝑡)
 

(49) 

1
𝜂𝜂𝑡𝑡

=
𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞𝐺𝐺𝑡𝑡−𝑞𝑞τE,tPE,t(1 − 𝜙𝜙𝑡𝑡)

𝜃𝜃𝐶𝐶,𝑡𝑡𝐺𝐺𝑡𝑡τE,t−qPE,t−q�1 + 𝜂𝜂𝑡𝑡−𝑞𝑞� − 𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞𝐺𝐺𝑡𝑡−𝑞𝑞τE,tPE,t(1 − 𝜙𝜙𝑡𝑡)
 

(50) 
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1 +
1
𝜂𝜂𝑡𝑡

=
𝜃𝜃𝐶𝐶,𝑡𝑡𝐺𝐺𝑡𝑡τE,t−qPE,t−q�1 + 𝜂𝜂𝑡𝑡−𝑞𝑞�

𝜃𝜃𝐶𝐶,𝑡𝑡𝐺𝐺𝑡𝑡τE,t−qPE,t−q�1 + 𝜂𝜂𝑡𝑡−𝑞𝑞� − 𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞𝐺𝐺𝑡𝑡−𝑞𝑞τE,tPE,t(1− 𝜙𝜙𝑡𝑡)
 

(51) 

Then Equation (44) can be rewritten as: 

𝐶𝐶𝑡𝑡 =
1

(1 + 1/𝜂𝜂𝑡𝑡)
�
ς𝐺𝐺𝑡𝑡
𝑇𝑇𝐶𝐶,𝑡𝑡

�

=
𝜃𝜃𝐶𝐶,𝑡𝑡𝐺𝐺𝑡𝑡τE,t−qPE,t−q�1 + 𝜂𝜂𝑡𝑡−𝑞𝑞� − 𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞𝐺𝐺𝑡𝑡−𝑞𝑞τE,tPE,t(1− 𝜙𝜙𝑡𝑡)

𝜃𝜃𝐶𝐶,𝑡𝑡𝐺𝐺𝑡𝑡τE,t−qPE,t−q�1 + 𝜂𝜂𝑡𝑡−𝑞𝑞�
�
ς𝐺𝐺𝑡𝑡
𝑇𝑇𝐶𝐶,𝑡𝑡

� 

(52) 

𝑇𝑇𝐶𝐶,𝑡𝑡 = (1 −
𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞𝐺𝐺𝑡𝑡−𝑞𝑞τE,tPE,t(1− 𝜙𝜙𝑡𝑡)
𝜃𝜃𝐶𝐶,𝑡𝑡𝐺𝐺𝑡𝑡τE,t−qPE,t−q�1 + 𝜂𝜂𝑡𝑡−𝑞𝑞�

) �
ς𝐺𝐺𝑡𝑡
𝐶𝐶𝑡𝑡
� 

(53) 

Assume that the expectations of: 
𝐸𝐸𝑡𝑡(𝜃𝜃𝐶𝐶,𝑡𝑡) = 𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞 , 𝐸𝐸𝑡𝑡(𝐺𝐺𝑡𝑡) = 𝐺𝐺𝑡𝑡−𝑞𝑞 , 𝐸𝐸𝑡𝑡(τE,t) = τE,t−q , 
𝐸𝐸𝑡𝑡(PE,t) = PE,t−q 
 

       (54) 

If 𝜂𝜂𝑡𝑡−𝑞𝑞 ≠ 0, then: 

𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡) = 𝜂𝜂𝑡𝑡−𝑞𝑞+𝐸𝐸𝑡𝑡(𝜙𝜙𝑡𝑡)
1−𝐸𝐸𝑡𝑡(𝜙𝜙𝑡𝑡)

, or1 + 𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡) = 1+𝜂𝜂𝑡𝑡−𝑞𝑞
1−𝐸𝐸𝑡𝑡(𝜙𝜙𝑡𝑡)

, or 𝐸𝐸𝑡𝑡(𝜙𝜙𝑡𝑡) = 𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡)−𝜂𝜂𝑡𝑡−𝑞𝑞
1+𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡)

 (55) 

1 − 𝐸𝐸𝑡𝑡(𝜙𝜙𝑡𝑡)
1 + 𝜂𝜂𝑡𝑡−𝑞𝑞

=
1

1 + 𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡)
 (56) 

𝐸𝐸𝑡𝑡(𝑇𝑇𝐶𝐶,𝑡𝑡) = �1 −
1 − 𝐸𝐸𝑡𝑡(𝜙𝜙𝑡𝑡)

1 + 𝜂𝜂𝑡𝑡−𝑞𝑞
� �

ς𝐸𝐸𝑡𝑡(𝐺𝐺𝑡𝑡)
𝐸𝐸𝑡𝑡(𝐶𝐶𝑡𝑡)

�

= �1 −
1

1 + 𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡)
� �
ς𝐸𝐸𝑡𝑡(𝐺𝐺𝑡𝑡)
𝐸𝐸𝑡𝑡(𝐶𝐶𝑡𝑡)

� 

(57) 

Thus: 

𝐸𝐸𝑡𝑡�𝑇𝑇𝐶𝐶,𝑡𝑡� = �
𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡)

1 + 𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡)
��

ς𝐸𝐸𝑡𝑡(𝐺𝐺𝑡𝑡)
𝐸𝐸𝑡𝑡(𝐶𝐶𝑡𝑡)

�

= �
𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡)

1 + 𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡)
��

ς𝐺𝐺𝑡𝑡−𝑞𝑞
𝐸𝐸𝑡𝑡(𝐶𝐶𝑡𝑡)

� 

(58) 

If 𝜂𝜂𝑡𝑡−𝑞𝑞 = 0, then: 

𝐸𝐸𝑡𝑡(𝜙𝜙𝑡𝑡) =
𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡) − 𝜂𝜂𝑡𝑡−𝑞𝑞

1 + 𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡)
=

𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡)
1 + 𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡)

 (59) 

𝐸𝐸𝑡𝑡(𝜙𝜙𝑡𝑡) =
𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡) − 𝜂𝜂𝑡𝑡−𝑞𝑞

1 + 𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡)
=

𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡)
1 + 𝐸𝐸𝑡𝑡(𝜂𝜂𝑡𝑡)

 (60) 

Thus: 

𝐸𝐸𝑡𝑡�𝑇𝑇𝐶𝐶,𝑡𝑡� = 𝐸𝐸𝑡𝑡(𝜙𝜙𝑡𝑡) �
ς𝐸𝐸𝑡𝑡(𝐺𝐺𝑡𝑡)
𝐸𝐸𝑡𝑡(𝐶𝐶𝑡𝑡)

� = 𝐸𝐸𝑡𝑡(𝜙𝜙𝑡𝑡) �
ς𝐺𝐺𝑡𝑡−𝑞𝑞
𝐸𝐸𝑡𝑡(𝐶𝐶𝑡𝑡)

� (61) 

(3) Clean energy  
When the consumption of fossil fuel energy decreases, clean energy will offset the reduction in 

fossil fuel energy. As a result, it is necessary to calculate how much clean energy will be needed. 
Assume 𝛥𝛥𝛥𝛥𝑡𝑡 is the increased clean energy, then: 

𝛥𝛥𝛥𝛥𝑡𝑡 =
𝐶𝐶𝑡𝑡
𝜃𝜃𝐶𝐶,𝑡𝑡

−
𝐶𝐶𝑡𝑡

𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞
= 𝐸𝐸𝑡𝑡 −

𝐶𝐶𝑡𝑡
𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞

=
𝐸𝐸𝑡𝑡𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞 − 𝐸𝐸𝑡𝑡𝜃𝜃𝐶𝐶,𝑡𝑡

𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞
        (62) 

Then the increased clean energy will be: 
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𝛥𝛥𝛥𝛥𝑡𝑡 = 𝐸𝐸𝑡𝑡 �1 −
𝜃𝜃𝐶𝐶,𝑡𝑡

𝜃𝜃𝐶𝐶,𝑡𝑡−𝑞𝑞
� (63) 

From time 𝑡𝑡 − 𝑞𝑞 to time 𝑡𝑡, the reduced fossil energy will be replaced by clean energy in value 
of 𝛥𝛥𝛥𝛥𝑡𝑡. 

(4) Parameters maximum likelihood estimation (MLE) 

To find the essential parameters, maximum likelihood estimation (MLE) is generally used in the 
literature. Also, to improve the accuracy of the parameter estimation, a dynamic variance is essential. 
The GARCH(1,1) model (Generalized autoregressive conditional heteroscedasticity) is a good choice 
for getting a dynamic variance 𝜎𝜎𝑡𝑡. Assuming variable 𝜔𝜔0 > 0,𝜔𝜔1 ≥ 0,𝜔𝜔2 ≥ 0, and 𝜔𝜔1 + 𝜔𝜔2 < 1, then 
the model of GARCH(1,1) is: 
𝜎𝜎𝑡𝑡2 = 𝜔𝜔0 + 𝜔𝜔1𝑎𝑎𝑡𝑡−12 + 𝜔𝜔2𝜎𝜎𝑡𝑡−12 , 𝑎𝑎𝑡𝑡~𝑁𝑁(0,1) (64) 

Full maximum likelihood estimation (MLE) is based on the normal density distribution function 
as: 

𝑓𝑓(𝑎𝑎𝑡𝑡) = 1
√2𝜋𝜋𝜎𝜎𝑡𝑡

𝑒𝑒−
1
2(𝑎𝑎𝑡𝑡𝜎𝜎𝑡𝑡

)2, 𝑎𝑎𝑡𝑡 ∈ (−∞,∞) 
(65) 

The logarithm value of 𝑓𝑓(𝑎𝑎𝑡𝑡) is: 

𝑙𝑙𝑙𝑙𝑙𝑙(𝑎𝑎𝑡𝑡) = −
1
2

(𝑙𝑙𝑙𝑙2𝜋𝜋 + 𝑙𝑙𝑙𝑙𝜎𝜎𝑡𝑡2) −
1
2

(
𝑎𝑎𝑡𝑡
𝜎𝜎𝑡𝑡

)2 (66) 

Then the log maximum likelihood estimation for variable 𝑎𝑎𝑡𝑡 is defined as: 

ℒ(𝑎𝑎𝑡𝑡) = −
1
2

(𝑙𝑙𝑙𝑙2𝜋𝜋 + 𝑙𝑙𝑙𝑙𝜎𝜎𝑡𝑡2) −
1
2
�
𝑎𝑎𝑡𝑡
𝜎𝜎𝑡𝑡
�
2
− ln|𝑎𝑎𝑡𝑡| − 𝑙𝑙𝑙𝑙𝑎𝑎𝑡𝑡2 (67) 

This study adds item − ln|𝑎𝑎𝑡𝑡| − 𝑙𝑙𝑙𝑙𝑎𝑎𝑡𝑡2  to improve the accuracy of parameters estimation. In 
estimating all the parameters of the three kinds of models, three steps should be taken. The market 
clearing conditions will be considered as controlling conditions and they are applied to the MLE 
procedures. 

The first step is to estimate the parameters of the production function of firms. Assuming that 
the time series variable 𝑌𝑌𝑡𝑡 represents GDP; time series variables 𝐿𝐿𝑡𝑡 ,𝐾𝐾𝑡𝑡 ,𝐸𝐸𝑡𝑡 represent the input factors 
of labour, capital, and energy; the parameters 𝛼𝛼,𝛽𝛽, 𝛾𝛾 are three proportional coefficients which satisfy 
the conditions of 𝛼𝛼 > 0,𝛽𝛽 > 0, 𝛾𝛾 > 0 , and 𝛼𝛼 + 𝛽𝛽 + 𝛾𝛾 = 1 . Assuming that the time variable t =
1990, 1991, … , 2014 ; correspondingly, assuming that the Chebyshev polynomial independent 
variable is x, according to the formula 𝑥𝑥𝑡𝑡 = [2(𝑡𝑡 − 𝑎𝑎)/(𝑏𝑏 − 𝑎𝑎)] − 1, then 𝑥𝑥𝑡𝑡 = −1,−0.916667, … ,1. 

If the variable 𝑎𝑎𝑡𝑡 represents the residual item, then the firm production regression model will 
be: 

𝑙𝑙𝑙𝑙𝑌𝑌𝑡𝑡 = 𝑦𝑦0𝑇𝑇0(𝑥𝑥𝑡𝑡) + 𝑦𝑦1𝑇𝑇1(𝑥𝑥𝑡𝑡) + 𝑦𝑦2𝑇𝑇2(𝑥𝑥𝑡𝑡) + 𝑦𝑦3𝑇𝑇3(𝑥𝑥𝑡𝑡) + 𝛼𝛼𝛼𝛼𝛼𝛼𝐿𝐿𝑡𝑡

+ 𝛽𝛽𝛽𝛽𝛽𝛽𝐾𝐾𝑡𝑡 + 𝛾𝛾𝛾𝛾𝛾𝛾𝐸𝐸𝑡𝑡 + 𝑎𝑎𝑡𝑡 

(68) 

The second step is to estimate the parameters of government expenditure function. Assuming 
that the time series variable 𝐺𝐺𝑡𝑡 represents government expenditure; the parameters 𝜉𝜉, 𝜁𝜁, 𝜍𝜍 are three 
proportional coefficients, which satisfy the conditions of ξ > 0, 𝜁𝜁 > 0, 𝜍𝜍 > 0, and 𝜉𝜉 + 𝜁𝜁 +  𝜍𝜍 = 1.  

Consider the government expenditure regression model: 
𝑙𝑙𝑙𝑙𝐺𝐺𝑡𝑡 = 𝑔𝑔0𝑇𝑇0(𝑥𝑥𝑡𝑡) + 𝑔𝑔1𝑇𝑇1(𝑥𝑥𝑡𝑡) + 𝑔𝑔2𝑇𝑇2(𝑥𝑥𝑡𝑡) + 𝑔𝑔3𝑇𝑇3(𝑥𝑥𝑡𝑡) + 𝜉𝜉𝜉𝜉𝜉𝜉𝐿𝐿𝑡𝑡 + 𝜁𝜁𝜁𝜁𝜁𝜁𝐾𝐾𝑡𝑡

+ 𝜍𝜍𝜍𝜍𝜍𝜍𝐸𝐸𝑡𝑡 + 𝑎𝑎𝑡𝑡 
(69) 

After obtaining the parameters 𝛼𝛼,𝛽𝛽, 𝛾𝛾  in the first step, considering the market clearing 
condition, the parameter ς is already known. This condition should be considered in this step. 

The third step is to estimate the parameters of the household expenditure function. Assuming 
that the time series variable 𝐻𝐻𝑡𝑡  represents household expenditure, the parameters 𝑚𝑚,𝑛𝑛  are two 
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proportional coefficients, which satisfy the conditions of m > 0,𝑛𝑛 > 0, and 𝑚𝑚 + 𝑛𝑛 = 1. Consider the 
household expenditure regression model: 
𝑙𝑙𝑙𝑙𝐻𝐻𝑡𝑡 = ℎ0𝑇𝑇0(𝑥𝑥𝑡𝑡) + ℎ1𝑇𝑇1(𝑥𝑥𝑡𝑡) + ℎ2𝑇𝑇2(𝑥𝑥𝑡𝑡) + ℎ3𝑇𝑇3(𝑥𝑥𝑡𝑡) + 𝑚𝑚𝑚𝑚𝑚𝑚𝐿𝐿𝑡𝑡 + 𝑛𝑛𝑛𝑛𝑛𝑛𝐾𝐾𝑡𝑡

+ 𝑎𝑎𝑡𝑡 
(70) 

After obtaining the parameters  𝜉𝜉, 𝜁𝜁, 𝜍𝜍  in the second step, considering the market clearing 
conditions, the parameters m, n are already known.  

Thus, technical progress functions for the production function of firm (Y), expenditure function 
of government (G) and expenditure function of household (H) can be represented by three 
Chebysheve functions as follows: 

𝑒𝑒𝑌𝑌0(𝑥𝑥) = 𝑒𝑒𝑦𝑦0𝑇𝑇0(𝑥𝑥)+𝑦𝑦1𝑇𝑇1(𝑥𝑥)+𝑦𝑦2𝑇𝑇2(𝑥𝑥)+𝑦𝑦3𝑇𝑇3(𝑥𝑥)     (71) 
𝑒𝑒𝐺𝐺0(𝑥𝑥) = 𝑒𝑒𝑔𝑔0𝑇𝑇0(𝑥𝑥)+𝑔𝑔1𝑇𝑇1(𝑥𝑥)+𝑔𝑔2𝑇𝑇2(𝑥𝑥)+𝑔𝑔3𝑇𝑇3(𝑥𝑥)                         (72) 
𝑒𝑒𝐻𝐻0(𝑥𝑥) = 𝑒𝑒ℎ0𝑇𝑇0(𝑥𝑥)+ℎ1𝑇𝑇1(𝑥𝑥)+ℎ2𝑇𝑇2(𝑥𝑥)+ℎ3𝑇𝑇3(𝑥𝑥)                         (73) 

Empirical results 

Estimating the technology progress parameter A (t) 
The first step in this empirical study is to determine the technological progress function A(t), 

which is 𝑒𝑒𝑌𝑌0(𝑥𝑥) in Equation (5), 𝑒𝑒𝐻𝐻0(𝑥𝑥) in Equation (12) and 𝑒𝑒𝐺𝐺0(𝑥𝑥) in Equation (17). The hypothetical 
parameter A(t) = 𝐴𝐴(0)𝑒𝑒𝑔𝑔𝑔𝑔  for the Solow-Swan CD model with an exogenous growth rate 𝑔𝑔  is 
difficult to determine. Many researchers have tried to determine this value in many different ways, 
for example, Masanjala and Papageorgiou (2004) assumed that the technology progress parameter 
A(t) can be defined as a constant as an exogenous variable, the implicit value is as unit A(t) = 1 and 
𝑔𝑔 = 0 . Aghion et al. (2013) assumed that the technology progress parameter A(t)  may be both 
exogenous and endogenous, which depends on the relationships between labour and capital taxes. 
Dissou et al. (2015) assumed that the technology progress parameter A(t) is an endogenous variable, 
which can be estimated by a linear ordinary least squared (OLS) regression. Huynh (2016) assumed 
that the technology progress parameter A(t) can be defined by the total factor productivity (TFP) in 
a country; its dynamic value can be regressed by an autoregressive model as 𝐴𝐴𝐴𝐴(1) as 𝐴𝐴𝑡𝑡 = 𝜌𝜌𝑎𝑎𝐴𝐴𝑡𝑡−1 +
𝜀𝜀𝑡𝑡−1. Atalla and Bean (2017) used a similar way to assume that the technology progress parameter 
A(t) can be replaced by the energy intensity that is a ratio of economic output per unit of energy use. 
However, the energy intensity varies rapidly, making the parameter A(t) unstable. For example, 
Torrie et al. (2016) proved that the total energy intensity (E/GDP) of the Canadian economy declined 
by 23% from 1995 to 2010, based on the development of the economy.  

As there is no uniform standard in the academic community for the technological progress 
function, in this study it is necessary to design an appropriate function to replace the technology 
progress parameter A(t) when the issue of the relationships between the economic output and the 
inputs factors of labour, capital, and energy are discussed. Since neither fixed technological progress 
nor energy intensity is representative of output relative to the three inputs – labour, capital, and 
energy – this study selects a time exponential function with a third-order Chebyshev polynomial as 
the technological progress parameter.  

Table 2 lists the production model of firms for 𝑙𝑙𝑙𝑙𝑌𝑌𝑡𝑡 , the expenditure model of government for 
𝑙𝑙𝑙𝑙𝐺𝐺𝑡𝑡 and the expenditure model of household for 𝑙𝑙𝑙𝑙𝐻𝐻𝑡𝑡 in the US during 1990-2014 in Equations (68) 
to (70).7 It is clear that all of the parameters are significant under a probability confidential level of 
1%. These models are good for describing the relations between three output variables of firm’s 
production 𝑌𝑌𝑡𝑡, government expenditure 𝐺𝐺𝑡𝑡, household expenditure 𝐻𝐻𝑡𝑡 , and three input factors of 
labour 𝐿𝐿𝑡𝑡 , capital 𝐾𝐾𝑡𝑡  and energy 𝐸𝐸𝑡𝑡 . For example, in firms’ production model, the estimated 
parameter 𝛼𝛼 = 0.529271 , 𝛽𝛽 = 0.195832 , and 𝛾𝛾 = 0.274897 , which refers to the output share of 
labour being 52.9%, the output share of capital being 19.6%, and the output share of energy being 
27.5%. 

 
7 All of the parameters are estimated by the method of maximum likelihood estimation (MLE). 
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Table 2. Three models for firms’ production, government and household expenditure in the United 
States during 1990-2014. 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑇𝑇0(𝑥𝑥𝑡𝑡) 𝑇𝑇1(𝑥𝑥𝑡𝑡) 𝑇𝑇2(𝑥𝑥𝑡𝑡) 𝑇𝑇3(𝑥𝑥𝑡𝑡) 𝑙𝑙𝑙𝑙𝐿𝐿𝑡𝑡 𝑙𝑙𝑙𝑙𝐾𝐾𝑡𝑡 𝑙𝑙𝑙𝑙𝐸𝐸𝑡𝑡 

𝑙𝑙𝑙𝑙𝑌𝑌𝑡𝑡 
𝑦𝑦0 = 6.677636 
(𝑝𝑝 = 0.0000∗∗∗) 

𝑦𝑦1 = 0.355981 
(𝑝𝑝 = 0.0000∗∗∗) 

𝑦𝑦2 = 0.002686 
(𝑝𝑝 = 0.0000∗∗∗) 

𝑦𝑦3 = −0.018067 
(𝑝𝑝 = 0.0000∗∗∗) 

𝛼𝛼 = 0.529271 
(𝑝𝑝 = 0.0000∗∗∗) 

𝛽𝛽 = 0.195832 
(𝑝𝑝 = 0.0000∗∗∗) 

𝛾𝛾 = 0.274897 
(𝑝𝑝 = 0.0000∗∗∗) 

𝑙𝑙𝑙𝑙𝐺𝐺𝑡𝑡  
𝑔𝑔0 = 1.682684 
(𝑝𝑝 = 0.0000∗∗∗) 

𝑔𝑔1 = 0.346872 
(𝑝𝑝 = 0.0000∗∗∗) 

𝑔𝑔2 = 0.049443 
(𝑝𝑝 = 0.0000∗∗∗) 

𝑔𝑔3 = −0.108124 
(𝑝𝑝 = 0.0000∗∗∗) 

𝜉𝜉 = 0.202961 
(𝑝𝑝 = 0.0000∗∗∗) 

𝜁𝜁 = 0.194868 
(𝑝𝑝 = 0.0030∗∗∗) 

𝜍𝜍 = 0.602171 
(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) 

𝑙𝑙𝑙𝑙𝐻𝐻𝑡𝑡 
ℎ0 = 8.381027 
(𝑝𝑝 = 0.0000∗∗∗) 

ℎ1 = 0.378485 
(𝑝𝑝 = 0.0000∗∗∗) 

ℎ2 = −0.008665 
(𝑝𝑝 = 0.0000∗∗∗) 

ℎ3 = −0.013608 
(𝑝𝑝 = 0.0000∗∗∗) 

𝑚𝑚 = 0.749962 
(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) 

𝑛𝑛 = 0.249951 
(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  

Notes: (1) *** represents that the estimated coefficients are significant at the confidence level of 1%; (2) 𝜍𝜍 =
0.602171 is from the market clearing condition of firms, government and household; (3) 𝑚𝑚 = 0.749962 and 
𝑛𝑛 = 0.249951 are from the market clearing condition of firms, government and household, theoretically, 𝑚𝑚 +
𝑛𝑛 = 1, hear 𝑚𝑚 + 𝑛𝑛 = 0.999914. 

When data is applied to the probability density function of Gaussian normal distribution, the 
variance is usually dealt with as a constant or a mean value; however, when the data are time series, 
the static constant variance will make a loss for estimation accuracy. The GARCH model can provide 
a dynamic variance series, which improves the accuracy of parameter estimation. The GARCH(1,1) 
model is a simple GARCH model which is usually used to provide a dynamic variance series. 

Table 3 lists the three GARCH(1,1) models of the United States during 1990-2014. It is clear that 
the variance 𝜎𝜎𝑡𝑡2 are significantly influenced by the GARCH item 𝜎𝜎𝑡𝑡−12  at a probability confidence 
level of 1%. The dynamic variance series has greatly improved the accuracy of MLE. 

Table 3. Three GARCH(1,1) models for firms, government and household of the United States during 
1990-2014. 

Variance 1 𝑎𝑎𝑡𝑡−12  𝜎𝜎𝑡𝑡−12  Residual 𝑎𝑎𝑡𝑡 is from the 
equation of 

𝜎𝜎𝑡𝑡2 𝜔𝜔0 = 0.003188 
(𝑝𝑝 = 0.6899) 

𝜔𝜔1 = 0.095786 
(𝑝𝑝 = 0.7714) 

𝜔𝜔2 = 0.800057 
(𝑝𝑝 = 0.0000∗∗∗) 𝑙𝑙𝑙𝑙𝑌𝑌𝑡𝑡  

𝜎𝜎𝑡𝑡2 𝜔𝜔0 = 0.000638 
(𝑝𝑝 = 0.9992) 

𝜔𝜔1 = 0.100016 
(𝑝𝑝 = 0.8593) 

𝜔𝜔2 = 0.899921 
(𝑝𝑝 = 0.0000∗∗∗) 𝑙𝑙𝑙𝑙𝐺𝐺𝑡𝑡 

𝜎𝜎𝑡𝑡2 𝜔𝜔0 = 0.000107 
(𝑝𝑝 = 0.9983) 

𝜔𝜔1 = 0.099986 
(𝑝𝑝 = 0.8037) 

𝜔𝜔2 = 0.899906 
(𝑝𝑝 = 0.0000∗∗∗) 𝑙𝑙𝑙𝑙𝐻𝐻𝑡𝑡  

Notes: (1) *** represents that the probabilities of empirical parameters are less than the confidence level of 10%. 

Figure 4, Figure 5 and Figure 6 depict the curves of technical progress in the US during 1990-
2014. Figure 7 depicts the curves of dynamic variance for residuals from the production function of 
firms, the expenditure function of government and the expenditure function of household. These 
technical progress functions provide an explanation of how technical progress can influence 
economic variables through time and what the contributions of technology to economic development 
are.  

 
Figure 4. The technical progress function 𝑒𝑒𝑒𝑒𝑒𝑒 (𝑌𝑌0(𝑥𝑥)) impacted on the production of firms in the US 
during 1990-2014. 
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Figure 5. The technical progress function exp (G0(x)) impacted on the expenditure of government in 
the US during 1990-2014. 

 
Figure 6. The technical progress function exp (𝐻𝐻0(𝑥𝑥)) impacted on the expenditure of household in the US 
during 1990-2014 

 
Figure 7. Dynamic variance curves of 𝜎𝜎𝑌𝑌,𝑡𝑡,𝜎𝜎𝐺𝐺,𝑡𝑡,𝜎𝜎𝐻𝐻,𝑡𝑡 from GARCH(1,1) models in the US during 1990-
2014. 

Empirical prices of labour, capital, energy and carbon dioxide 

Table 4 presents the empirical results for labour, capital, energy, and CO2 prices in the US over 
the period 1990-20148.  

The variable 𝑃𝑃𝐿𝐿  represents the annual labour wage in the US. Thus, over the period 1990-2014, 
the average wage increased from US$24,737 in 1990 to US$57,722 in 2014. 

The variable 𝑃𝑃𝐾𝐾  represents the annual cost of capital that a firm should pay for one dollar of 
capital formation in the US. The average annual price per dollar of capital formation in the US over 
the period 1990-2014 was $0.9308. 

 
8 Prices of labour, capital and energy are estimated by maximum likelihood estimation (MLE) as endogenous 

variables. 
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The variable 𝑃𝑃𝐸𝐸  represents the annual price of oil-equivalent energy in the US, which averaged 
US$0.9121 per kilogram in 1990 and US$1.3542 per kilogram in 2014. For comparison purposes, 
estimated energy prices in US$/kg have been converted to US$/barrel, US$/gallon and US$/litre. 

The carbon price here is a virtual price or reference price, but it is not a real carbon price. The 
variable 𝑃𝑃𝐶𝐶  represents the annual carbon dioxide price of oil-equivalent energy in the US. For 
example, the annual carbon price of one kilogram of carbon dioxide in 1990 was US$0.2500 and the 
annual carbon price of one kilogram of carbon dioxide in 2014 was US$0.5712. The average carbon 
price was US$0.3726/kg CO2. 

Figure 8, Figure 9, Figure 10 and Figure 11 depict the curves of the prices of labour, capital, 
energy and CO2. From 1990 to 2014, there were increases in the average US labour wage, the price of 
energy, and the price of carbon.  

Table 4. Empirical results of prices of labour, capital, energy and carbon dioxide in the United States 
during 1990-2014. 

Variable 𝑃𝑃𝐿𝐿  𝑃𝑃𝐾𝐾  𝑃𝑃𝐸𝐸  𝑃𝑃𝐸𝐸  𝑃𝑃𝐸𝐸  𝑃𝑃𝐸𝐸  𝜃𝜃𝐶𝐶 𝑃𝑃𝐶𝐶 = 𝑃𝑃𝐸𝐸/𝜃𝜃𝐶𝐶  

Year 
US$

person
 

US$
US$

 
US$

kg oil_e
 

US$
barrel oil_e

 
US$

gallon oil_e
 

US$
litre oil_e

 
kg 𝐶𝐶𝐶𝐶2
kg oil_e

 
US$

kg 𝐶𝐶𝐶𝐶2
 

1990 24737 0.9121 0.6297 92.5589 2.2038 0.5821 2.5187 0.2500 
1991 25391 0.9763 0.6267 92.1063 2.1930 0.5793 2.4971 0.2510 
1992 26451 0.9782 0.6471 95.1134 2.2646 0.5982 2.4930 0.2596 
1993 27523 0.9631 0.6655 97.8151 2.3289 0.6152 2.5095 0.2652 
1994 28736 0.9230 0.7143 104.9948 2.4999 0.6603 2.4957 0.2862 
1995 29716 0.9235 0.7427 109.1637 2.5991 0.6866 2.4829 0.2991 
1996 30972 0.9054 0.7835 115.1533 2.7417 0.7242 2.4853 0.3152 
1997 32350 0.8757 0.8541 125.5426 2.9891 0.7896 2.5152 0.3396 
1998 33680 0.8571 0.8891 130.6866 3.1116 0.8219 2.5090 0.3544 
1999 35306 0.8398 0.9028 132.6975 3.1595 0.8346 2.4898 0.3626 
2000 37089 0.8309 0.9010 132.4260 3.1530 0.8329 2.5045 0.3597 
2001 38052 0.8881 0.8847 130.0405 3.0962 0.8179 2.5085 0.3527 
2002 39107 0.9076 0.8609 126.5338 3.0127 0.7958 2.5006 0.3443 
2003 40837 0.9041 0.8799 129.3259 3.0792 0.8134 2.5101 0.3505 
2004 43237 0.8693 0.9299 136.6769 3.2542 0.8596 2.4942 0.3728 
2005 45558 0.8433 1.0003 147.0323 3.5008 0.9247 2.4969 0.4006 
2006 47623 0.8393 1.0719 157.5553 3.7513 0.9909 2.4805 0.4321 
2007 49342 0.8762 1.0772 158.3284 3.7697 0.9958 2.4771 0.4349 
2008 49590 0.9421 1.0260 150.8089 3.5907 0.9485 2.4655 0.4162 
2009 48545 1.1182 0.9838 144.5980 3.4428 0.9094 2.4314 0.4046 
2010 50442 1.0646 1.0112 148.6240 3.5387 0.9347 2.4357 0.4152 
2011 52270 1.0560 1.0490 154.1853 3.6711 0.9697 2.4149 0.4344 
2012 53971 1.0120 1.1871 174.4776 4.1542 1.0973 2.3734 0.5001 
2013 55559 0.9909 1.2859 189.0063 4.5002 1.1887 2.3638 0.5440 
2014 57722 0.9721 1.3542 199.0489 4.7393 1.2519 2.3709 0.5712 

Notes: (1) 1 tonne = 1000 kilogram; (2) 1 barrel = 146.9819432 kg; (3) 1 US gallon = 3.499570077 kg; (4) 1 litre = 
0.924414737 kg; (5) all of these units are suitable for oil equivalent; (6) oil_e represents oil equivalent. 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 25 May 2023                   doi:10.20944/preprints202305.1799.v1

https://doi.org/10.20944/preprints202305.1799.v1


 21 

 

 
Figure 8. The estimated annual wages in the unit of US$/1 person in the US during 1990-2014. 

 
Figure 9. The estimated capital price in the unit of US$/US$ 1 capital formation in the US during 1990-
2014. 

 
Figure 10. The estimated annual price of oil equivalent energy in the unit of US$/ 1 barrel in the US 
during 1990-2014. 

 
Figure 11. The estimated annual carbon price in the unit of US$/ kg CO2 in the US during 1990-2014. 

Empirical tax rates and taxes of labour, capital and energy 
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Table 5 lists the empirical results of tax rates and taxes of labour, capital, and energy in the US 
during 1990-20149.  

The labour income tax rate τL represents a percentage of a labourer’s income in one year. For 
example, in 1990 the labour tax rate was 6.08%, when the total labour income 𝑃𝑃𝐿𝐿𝐿𝐿  was 
US$3,164,824,417,303, the total labour income tax was US$192,405,769,300. During 1990-2014 the 
average labour tax rate was 5.86%. 

The capital income tax rate τK represents a percentage of one dollar’s capital formation in one 
year. For example, in 1990 the capital tax rate was 15.78%, when the total capital formation 𝑃𝑃𝐾𝐾𝐾𝐾 was 
US$1,170,995,247,561, the total capital tax was US$184,734,048,475. During 1990-2014 the average 
capital tax rate was 15.21%. 

The composite energy tax rate 𝜏𝜏𝐸𝐸&𝐶𝐶  represents a percentage of values of one kilogram of oil 
equivalent energy in one year. For example, in 1990 the composite energy tax rate was 53.21%, when 
the total oil equivalent energy 𝑃𝑃𝐸𝐸𝐸𝐸  was US$1,205,965,000,000, the total capital tax was 
US$641,644,553,159. During 1990-2014 the average capital tax rate was 50.43%. 

Table 5. Empirical results of tax rates (%) and taxes (US$) of labor, capital and energy in the United 
States during 1990-2014. 

Variabl
e 

𝜏𝜏𝐿𝐿 𝜏𝜏𝐾𝐾 𝜏𝜏𝐸𝐸&𝐶𝐶 𝑃𝑃𝐿𝐿𝐿𝐿 𝑃𝑃𝐾𝐾𝐾𝐾 𝑃𝑃𝐸𝐸𝐸𝐸 𝜏𝜏𝐿𝐿𝑃𝑃𝐿𝐿𝐿𝐿 𝜏𝜏𝐾𝐾𝑃𝑃𝐾𝐾𝐾𝐾 𝜏𝜏𝐸𝐸&𝐶𝐶𝑃𝑃𝐸𝐸𝐸𝐸 

Year % % % US$ US$ US$ US$ US$ US$ 
1990 6.08% 15.78% 53.21% 3164824417303 1170995247561 1205965000000 192405769300 184734048475 641644553159  
1991 6.24% 16.18% 55.34% 3267743324813 1209075575468 1209821000000 203787210875 195661682233 669488548240  
1992 6.15% 15.97% 54.20% 3461062816732 1280604411336 1274392000000 212957392826 204466225065 690681642921  
1993 5.99% 15.54% 51.99% 3640707527915 1347073534203 1333540000000 218015788753 209322929528 693339463917  
1994 5.82% 15.11% 49.82% 3868313739302 1431288566921 1458169000000 225198982937 216219710988 726526580339  
1995 5.73% 14.86% 48.61% 4056366453225 1500868677934 1535400000000 232285161783 223023345366 746415514311  
1996 5.57% 14.45% 46.66% 4287203336192 1586279069562 1655632000000 238783159777 229262251199 772550246688  
1997 5.46% 14.16% 45.27% 4556239311551 1685823248647 1823168000000 248551467667 238641071127 825323556542  
1998 5.37% 13.93% 44.21% 4810635115451 1779950517047 1914022000000 258189271663 247894590691 846263535705  
1999 5.39% 13.98% 44.47% 5113090334733 1891859924230 1996030000000 275534112072 264547846987 887688562539  
2000 5.38% 13.97% 44.42% 5443437618499 2014089485282 2048210000000 293110733893 281423642964 909884781025  
2001 5.58% 14.48% 46.77% 5621825839784 2080093702832 1973589000000 313601266172 301097164174 923004489802  
2002 5.77% 14.97% 49.15% 5810082323130 2149749209190 1942097000000 335162417498 321798616052 954503328264  
2003 5.85% 15.18% 50.17% 6092266454352 2254158248374 1989549000000 356316632105 342109356842 998198593606  
2004 5.84% 15.15% 50.04% 6496766225075 2403824468897 2145968000000 379322256561 364197686932 1073904283531  
2005 5.80% 15.05% 49.53% 6930132448613 2564171370116 2319566000000 401872436629 385848732392 1148970180051  
2006 5.78% 15.01% 49.34% 7333522866841 2713427126635 2462050000000 424157143766 407244890020 1214804629240  
2007 5.85% 15.19% 50.23% 7662595665487 2835185124081 2517409000000 448487088465 430604736244 1264421790187  
2008 6.17% 16.01% 54.44% 7790121980235 2882370272076 2336369000000 480726218690 461558408098 1271969358437  
2009 6.49% 16.85% 58.98% 7631423707200 2823651398920 2129709000000 495643240133 475880648915 1256181405360  
2010 6.46% 16.77% 58.53% 7920211555543 2930503834750 2239972000000 511909951940 491498764412 1311082264863  
2011 6.25% 16.23% 55.58% 8213191761289 3038907456348 2297766000000 513665970138 493184765576 1277189390989  
2012 6.04% 15.67% 52.66% 8550511664221 3163716908993 2560478200000 516363077701 495774332413 1348458369976  
2013 5.80% 15.05% 49.52% 8834339711880 3268734202564 2806617000000 512217843711 491794379734 1389909011492  
2014 5.64% 14.63% 47.52% 9223932029175 3412884617211 3001249000000 520126217394 499387425892 1426111008566  

The US quantified economy-wide emissions targets for the period of 2005-2050 

In response to the aspirations associated with the Copenhagen Accord, Stern (2010) submitted a 
mitigation action plan to the Executive Secretary of the United Nations Framework Convention on 
Climate Change (UNFCCC). The US mitigation action plan set an economy-wide goal of reducing 
CO2 emissions. Accordingly, the US intended to achieve a short-term goal of a 17% reduction in CO2 
emissions in 2020, compared to 2005 baseline year emission levels; medium-term goals of 30% and 
42% reductions in 2025 and 2030, respectively; and a long-term goal of 83% reduction in 2050. 
Subsequently, in response to the Lima Conference's request, the US proposed that the optimal mid-

 
9 The tax rates including τL, τK and τE&𝐶𝐶 are endogenous variables, the values of these variables are estimated 

by the method of maximum likelihood estimation. 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 25 May 2023                   doi:10.20944/preprints202305.1799.v1

https://doi.org/10.20944/preprints202305.1799.v1


 23 

 

term goal is to reduce its CO2 emissions by 26%-28% from 2005 levels in 2025, and to do its best to 
reduce emissions by 28%.  

Table 6 lists the emissions targets of the US during 2005-2050. According to the US mitigation 
target, when compared to the emissions level of 2005, CO2 emissions will achieve the goal (𝜙𝜙𝑡𝑡) of 
reducing by 17% in 2020, 30% in 2025, 42% in 2030 and 83% in 2050. To achieve the 2005-2050 CO2 
emissions reduction target, it is a relatively reasonable option to allocate the total emissions reduction 
target on an annual basis. If the emission reduction target is met each year, the total emissions 
reduction target will be met. The emissions reduction target from 2005 to 2050 (𝜙𝜙𝑡𝑡) will be divided 
into a target of 1.133% in 2006, 2.267% in 2007, 80.950% in 2050, and 83.000% in 2049. In 2005 in the 
US, CO2 (𝐶𝐶𝑡𝑡) emissions reached 5,789,727,291,000 kg. Accordingly, CO2 (𝐶𝐶𝑡𝑡) emissions should reduce 
from 5,789,727,291,000 kg in 2005 to 984,253,639,470 kg in 2050; during the same period, the growth 
rate of CO2 emissions (𝑐𝑐𝑡𝑡) should decrease from -1.133% in 2006 to -10.761% in 2050. 

Since the average growth rate of energy inputs during the period 1990-2014 was 0.6026%, it is 
necessary to increase the energy in the economy in order to sustain economic growth. Assuming that 
the average growth rate of energy inputs during the period 2015-2050 remains equal to that of 1990-
2014, energy (𝐸𝐸𝑡𝑡) will increase from 2,318,707,902,000 kg oil equivalent in 2005 to 2,751,298,462,050 kg 
oil equivalent in 2050, while the CO2 intensity of energy (𝜃𝜃𝑡𝑡) will decrease from 2.4969 kg CO2 /kg oil 
equivalent in 2005 to 0.3577 kg CO2/kg oil equivalent in 2050. Therefore, by 2050, the same unit of 
energy should convert to less pollution, thereby improving environmental quality. 

As the CO2 intensity of energy (𝜃𝜃𝑡𝑡) decreases and the energy equivalent of oil (𝐸𝐸𝑡𝑡) increases, the 
use of clean energy (𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶,𝑡𝑡) will provide for an increased demand for energy. As a result, clean 
energy (𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶,𝑡𝑡) will increase from 6,677,674,743 kg in 2010 to 2,353,292,653,039 kg in 2050, and the 
ratio of clean energy to total energy (𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶.𝑡𝑡/𝐸𝐸𝑡𝑡) will increase from 0.0030 in 2010 to 0.8553 in 2050. 

Table 6. the reduction targets of CO2 emissions and empirical results in the United States during 2005-
2050. 

Variable. 𝜙𝜙𝑡𝑡 𝜙𝜙𝑡𝑡 𝜙𝜙𝑡𝑡 𝐶𝐶𝑡𝑡 𝑐𝑐𝑡𝑡 𝐸𝐸𝑡𝑡 𝜃𝜃𝑡𝑡 𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶,𝑡𝑡 𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶.𝑡𝑡/𝐸𝐸𝑡𝑡 

Year 
Target 

% 
Yearly 

% % kg 𝐶𝐶𝐶𝐶2 % kg oil_e 
kg 𝐶𝐶𝐶𝐶2
kg oil_e kg 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

kg 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
kg oil_e  

2005    5789727291000 0.585% 2318770902000 2.4969   
2006  -1.133% -1.133% 5724112311611 -1.133% 2296824886000 2.4922   
2007  -1.133% -2.267% 5658497332222 -1.146% 2337001704000 2.4213   
2008  -1.133% -3.400% 5592882352833 -1.160% 2277080529000 2.4562   
2009  -1.133% -4.533% 5527267373444 -1.173% 2164820311000 2.5532   
2010  -1.133% -5.666% 5461652394055 -1.187% 2215223615000 2.4655 6677674743 0.0030 
2011  -1.133% -6.800% 5396037414667 -1.201% 2190417726000 2.4635 8404725940 0.0038 
2012  -1.133% -7.933% 5330422435278 -1.216% 2156975857000 2.4712 1495797138 0.0007 
2013  -1.133% -9.066% 5264807455889 -1.231% 2182583138000 2.4122 53636018335 0.0246 
2014  -1.133% -10.200% 5199192476500 -1.246% 2216186625000 2.3460 113772445532 0.0513 
2015  -1.133% -11.333% 5133577497111 -1.262% 2229541365602 2.3025 153660126331 0.0689 
2016  -1.133% -12.466% 5067962517722 -1.278% 2242976581871 2.2595 193628282798 0.0863 
2017  -1.133% -13.600% 5002347538333 -1.295% 2256492758754 2.2169 233677399877 0.1036 
2018  -1.133% -14.733% 4936732558944 -1.312% 2270090384118 2.1747 273807965439 0.1206 
2019  -1.133% -15.866% 4871117579555 -1.329% 2283769948773 2.1329 314020470291 0.1375 
2020 -17.00% -1.133% -17.000% 4805473651530 -1.348% 2297531946484 2.0916 354327114252 0.1542 
2021  -2.600% -19.600% 4654940741964 -3.133% 2311376873993 2.0139 429043518434 0.1856 
2022  -2.600% -22.200% 4504407832398 -3.234% 2325305231036 1.9371 503843352149 0.2167 
2023  -2.600% -24.800% 4353874922832 -3.342% 2339317520358 1.8612 578727118144 0.2474 
2024  -2.600% -27.400% 4203342013266 -3.457% 2353414247736 1.7861 653695322194 0.2778 
2025 -30.00% -2.600% -30.000% 4052809103700 -3.581% 2367595921993 1.7118 728748473123 0.3078 
2026  -2.400% -32.400% 3913855648716 -3.429% 2381863055019 1.6432 799204661539 0.3355 
2027  -2.400% -34.800% 3774902193732 -3.550% 2396216161788 1.5754 869746823698 0.3630 
2028  -2.400% -37.200% 3635948738748 -3.681% 2410655760379 1.5083 940375477679 0.3901 
2029  -2.400% -39.600% 3496995283764 -3.822% 2425182371991 1.4420 1011091144681 0.4169 
2030 -42.00% -2.400% -42.000% 3358041828780 -3.974% 2439796520965 1.3764 1081894349044 0.4434 
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2031  -2.050% -44.050% 3239352419314 -3.534% 2454498734800 1.3198 1144591381025 0.4663 
2032  -2.050% -46.100% 3120663009849 -3.664% 2469289544176 1.2638 1207377008546 0.4890 
2033  -2.050% -48.150% 3001973600383 -3.803% 2484169482969 1.2084 1270251765485 0.5113 
2034  -2.050% -50.200% 2883284190918 -3.954% 2499139088274 1.1537 1333216188935 0.5335 
2035  -2.050% -52.250% 2764594781452 -4.116% 2514198900420 1.0996 1396270819226 0.5554 
2036  -2.050% -54.300% 2645905371987 -4.293% 2529349462994 1.0461 1459416199946 0.5770 
2037  -2.050% -56.350% 2527215962521 -4.486% 2544591322858 0.9932 1522652877955 0.5984 
2038  -2.050% -58.400% 2408526553056 -4.696% 2559925030169 0.9409 1585981403412 0.6195 
2039  -2.050% -60.450% 2289837143591 -4.928% 2575351138401 0.8891 1649402329789 0.6405 
2040  -2.050% -62.500% 2171147734125 -5.183% 2590870204361 0.8380 1712916213895 0.6611 
2041  -2.050% -64.550% 2052458324660 -5.467% 2606482788213 0.7874 1776523615892 0.6816 
2042  -2.050% -66.600% 1933768915194 -5.783% 2622189453494 0.7375 1840225099319 0.7018 
2043  -2.050% -68.650% 1815079505729 -6.138% 2637990767141 0.6881 1904021231111 0.7218 
2044  -2.050% -70.700% 1696390096263 -6.539% 2653887299504 0.6392 1967912581620 0.7415 
2045  -2.050% -72.750% 1577700686798 -6.997% 2669879624371 0.5909 2031899724632 0.7610 
2046  -2.050% -74.800% 1459011277332 -7.523% 2685968318987 0.5432 2095983237394 0.7803 
2047  -2.050% -76.850% 1340321867867 -8.135% 2702153964077 0.4960 2160163700630 0.7994 
2048  -2.050% -78.900% 1221632458401 -8.855% 2718437143865 0.4494 2224441698563 0.8183 
2049  -2.050% -80.950% 1102943048936 -9.716% 2734818446094 0.4033 2288817818937 0.8369 
2050 -83.00% -2.050% -83.000% 984253639470 -10.761% 2751298462050 0.3577 2353292653039 0.8553 

Carbon tax rates for CO2 emissions reduction targets in the US during 2005-2050 

Table 7 lists the carbon tax, carbon tax rate and related empirical results in the US during 2005-
2050. Matching the goals of CO2 emissions reduction during 2005-2050, the results of the empirical 
analysis show that the reduction target will be achieved when the carbon tax (𝑇𝑇𝐶𝐶,𝑡𝑡) of US$42.2/tonne 
CO2 in 2020, US$88.3/tonne CO2 in 2025, US$149.1/tonne CO2 in 2030, and US$1005.5/tonne CO2 in 
2050, if only the carbon tax effort is considered. That is, when the reduction targets of CO2 emissions 
increased from reducing 17% in 2020 to reducing 83% in 2050, from the level of 2005, the carbon tax 
(𝑇𝑇𝐶𝐶,𝑡𝑡 ) will increase from levying tax rate US$42.2/tonne CO2 in 2020 to a levying tax rate of 
US$1005.5/tonne CO2 in 2050. 

Since the average price of energy for the period 1990-2014 is US$0.918344/kg oil equivalent, it is 
assumed that the price of energy for the period 2015-2050 will yield an average price of 
US$0.918344/kg oil equivalent. After obtaining the CO2 emission intensity of energy (𝜃𝜃𝑡𝑡), the price of 
CO2 emissions can be estimated. When the CO2 emissions reduction target is increased from a 17% 
reduction in 2020 compared to 2005, to an 83% reduction in 2050 compared to 2005, the carbon price 
(𝑃𝑃𝐶𝐶,𝑡𝑡) will increase from US$ 0.4306/kg CO2 in 2020 to US$ 2.5671/kg CO2 in 2050. 

Because the composite energy tax (𝜏𝜏𝐸𝐸&𝐶𝐶,𝑡𝑡) is shared by the carbon tax rate (𝜏𝜏𝐶𝐶,𝑡𝑡) and the energy 
tax rate (𝜏𝜏𝐸𝐸,𝑡𝑡), there is a balance between the carbon and energy tax rates in the relationship 𝜏𝜏𝐸𝐸&𝐶𝐶 ,𝑡𝑡 =
𝜏𝜏𝐸𝐸,𝑡𝑡 + 𝜏𝜏𝐶𝐶,𝑡𝑡. When the carbon tax rate (𝜏𝜏𝐶𝐶,𝑡𝑡) increases from 9.61% in 2020 to 22.35% in 2030 and 39.17% 
in 2050, the energy tax rate (𝜏𝜏𝐸𝐸,𝑡𝑡) decreases from 46.90% in 2020 to 30.86% in 2030 and 8.02% in 2050. 
In contrast, the composite energy tax rate (𝜏𝜏𝐸𝐸&𝐶𝐶,𝑡𝑡) decreases from 46.90% in 2020 to 30.86% in 2030 and 
8.02% in 2050. 

The ratio of 𝜏𝜏𝐶𝐶,𝑡𝑡/𝜏𝜏𝐸𝐸&𝐶𝐶,𝑡𝑡 and 𝜂𝜂𝑡𝑡 = 𝜏𝜏𝐶𝐶,𝑡𝑡/𝜏𝜏𝐸𝐸,𝑡𝑡 also shows that when the carbon tax rate increases, the 
energy tax rate will decrease. This implies that energy with higher carbon intensity will be subject to 
a higher carbon tax; however, energy with lower carbon intensity will be subject to a lower carbon 
tax. 
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Table 7. Carbon tax rates in the units of US$/kg CO2 and percentages for reduction targets in the 
United States during 2005-2050. 

Variable 𝑇𝑇𝐶𝐶 ,𝑡𝑡 𝑇𝑇𝐶𝐶 ,𝑡𝑡 𝜏𝜏𝐶𝐶,𝑡𝑡 𝜏𝜏𝐸𝐸,𝑡𝑡 𝜏𝜏𝐶𝐶,𝑡𝑡/𝜏𝜏𝐸𝐸&𝐶𝐶 ,𝑡𝑡 𝜏𝜏𝐸𝐸,𝑡𝑡/𝜏𝜏𝐸𝐸&𝐶𝐶,𝑡𝑡 𝜏𝜏𝐸𝐸&𝐶𝐶 ,𝑡𝑡 𝑃𝑃𝐶𝐶,𝑡𝑡 𝜂𝜂𝑡𝑡 

Year 
US$

kg 𝐶𝐶𝐶𝐶2
 

US$
tonne 𝐶𝐶𝐶𝐶2

 % % % % % 
US$

kg 𝐶𝐶𝐶𝐶2
 Ratio  

2005 0.0000 0.0 0.00% 49.53% 0.00% 100.00% 49.53% 0.4006 0.0000 
2006 0.0024 2.4 0.55% 47.88% 1.13% 98.87% 48.43% 0.4301 0.0115 
2007 0.0048 4.8 1.07% 46.29% 2.27% 97.73% 47.36% 0.4449 0.0232 
2008 0.0072 7.2 1.74% 49.30% 3.40% 96.60% 51.03% 0.4177 0.0352 
2009 0.0098 9.8 2.54% 53.45% 4.53% 95.47% 55.99% 0.3853 0.0475 
2010 0.0124 12.4 3.02% 50.21% 5.67% 94.33% 53.23% 0.4101 0.0601 
2011 0.0150 15.0 3.53% 48.36% 6.80% 93.20% 51.89% 0.4258 0.0730 
2012 0.0177 17.7 3.69% 42.87% 7.93% 92.07% 46.57% 0.4804 0.0862 
2013 0.0205 20.5 3.85% 38.63% 9.07% 90.93% 42.48% 0.5331 0.0997 
2014 0.0234 23.4 4.05% 35.68% 10.20% 89.80% 39.73% 0.5773 0.1136 
2015 0.0263 26.3 6.60% 51.63% 11.33% 88.67% 58.23% 0.3988 0.1278 
2016 0.0293 29.3 7.22% 50.67% 12.47% 87.53% 57.88% 0.4064 0.1424 
2017 0.0324 32.4 7.82% 49.71% 13.60% 86.40% 57.54% 0.4143 0.1574 
2018 0.0356 35.6 8.43% 48.77% 14.73% 85.27% 57.19% 0.4223 0.1728 
2019 0.0388 38.8 9.02% 47.83% 15.87% 84.13% 56.85% 0.4306 0.1886 
2020 0.0422 42.2 9.61% 46.90% 17.00% 83.00% 56.51% 0.4391 0.2048 
2021 0.0502 50.2 11.01% 45.16% 19.60% 80.40% 56.17% 0.4560 0.2438 
2022 0.0588 58.8 12.40% 43.44% 22.20% 77.80% 55.84% 0.4741 0.2853 
2023 0.0679 67.9 13.76% 41.74% 24.80% 75.20% 55.50% 0.4934 0.3298 
2024 0.0777 77.7 15.12% 40.05% 27.40% 72.60% 55.17% 0.5142 0.3774 
2025 0.0883 88.3 16.45% 38.39% 30.00% 70.00% 54.84% 0.5365 0.4286 
2026 0.0987 98.7 17.66% 36.85% 32.40% 67.60% 54.51% 0.5589 0.4793 
2027 0.1099 109.9 18.86% 35.33% 34.80% 65.20% 54.18% 0.5829 0.5337 
2028 0.1220 122.0 20.04% 33.82% 37.20% 62.80% 53.86% 0.6089 0.5924 
2029 0.1350 135.0 21.20% 32.34% 39.60% 60.40% 53.54% 0.6369 0.6556 
2030 0.1491 149.1 22.35% 30.86% 42.00% 58.00% 53.22% 0.6672 0.7241 
2031 0.1621 162.1 23.30% 29.60% 44.05% 55.95% 52.90% 0.6958 0.7873 
2032 0.1761 176.1 24.24% 28.34% 46.10% 53.90% 52.58% 0.7267 0.8553 
2033 0.1912 191.2 25.17% 27.10% 48.15% 51.85% 52.26% 0.7599 0.9286 
2034 0.2076 207.6 26.08% 25.87% 50.20% 49.80% 51.95% 0.7960 1.0080 
2035 0.2253 225.3 26.98% 24.66% 52.25% 47.75% 51.64% 0.8352 1.0942 
2036 0.2447 244.7 27.87% 23.46% 54.30% 45.70% 51.33% 0.8779 1.1882 
2037 0.2659 265.9 28.75% 22.27% 56.35% 43.65% 51.02% 0.9247 1.2910 
2038 0.2891 289.1 29.62% 21.10% 58.40% 41.60% 50.72% 0.9761 1.4038 
2039 0.3148 314.8 30.48% 19.94% 60.45% 39.55% 50.41% 1.0328 1.5284 
2040 0.3432 343.2 31.32% 18.79% 62.50% 37.50% 50.11% 1.0959 1.6667 
2041 0.3750 375.0 32.15% 17.66% 64.55% 35.45% 49.81% 1.1662 1.8209 
2042 0.4106 410.6 32.98% 16.54% 66.60% 33.40% 49.51% 1.2453 1.9940 
2043 0.4510 451.0 33.79% 15.43% 68.65% 31.35% 49.22% 1.3347 2.1898 
2044 0.4969 496.9 34.59% 14.33% 70.70% 29.30% 48.92% 1.4367 2.4130 
2045 0.5498 549.8 35.38% 13.25% 72.75% 27.25% 48.63% 1.5541 2.6697 
2046 0.6113 611.3 36.16% 12.18% 74.80% 25.20% 48.34% 1.6906 2.9683 
2047 0.6836 683.6 36.93% 11.12% 76.85% 23.15% 48.05% 1.8514 3.3197 
2048 0.7701 770.1 37.68% 10.08% 78.90% 21.10% 47.76% 2.0435 3.7393 
2049 0.8751 875.1 38.43% 9.04% 80.95% 19.05% 47.47% 2.2771 4.2493 
2050 1.0055 1005.5 39.17% 8.02% 83.00% 17.00% 47.19% 2.5671 4.8824 

Conclusion 

The results indicates that, first, the CGE Cobb-Douglass models of  the firm production 
function, the expenditure function of the government, and the expenditure function of the household 
are largely fitted to describe the logarithmic relationship between the two dependent variables, 
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output and expenditure, and the three independent variables, labour, capital, and energy. Second, 
the application of time-dependent Chebyshev polynomial technical advances and dynamic GARCH 
models effectively improves the accuracy of MLE estimation, with an average residual of less than 
1%. Third, in the firm production model, the estimated parameters α = 0.529271, β = 0.195832, and γ 
= 0.274897 refer to the output share of labour as 52.9%, capital as 19.6%, and energy as 27.5%. Fourth, 
when the reduction target for CO2 emissions increases from a reduction of 17% in 2020 to a reduction 
of 83% in 2050 from 2005 levels, the carbon tax will increase from a levy of US$42.2/tonne CO2 2020 
rate to a levy of US$1,005.5/tonne CO2. Fifth, in order to achieve the US emission reduction targets 
the carbon price would increase from US$0.4306/kg CO2 in 2020 to US$2.5671/kg CO2 in 2050 
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