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Abstract

A novel and generalized class of fractional differential inclusions has been investigated under a
combination of nonlocal, non-separated, multipoint, and integral boundary conditions. Fractional
derivatives have been employed to capture memory effects and enhance the modeling accuracy of real-
world phenomena. Uncertainty has been addressed through the formulation of set-valued differential
inclusions. The proposed boundary conditions have been designed to encompass a wide spectrum of
both local and nonlocal types previously reported in the literature. The existence of solutions has been
established via the Bohnenblust-Karlin fixed point theorem. The applicability and effectiveness of the
main results have been demonstrated through concrete examples.
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1. Introduction

In recent years, the study of fractional differential inclusions has attracted significant attention
due to their capacity to model uncertain and memory-dependent phenomena across various scientific
fields. In particular, Shahid et al. [25] investigated nonlinear fractional differential inclusions involving
fuzzy set-valued mappings of g-rung orthopair (q-ROF), establishing new existence results through
fixed point theory. Recent research has expanded the analytical foundation of differential and integro-
differential inclusions, particularly in the context of fractional and delayed systems. For example,
Sasikumar and Vijayakumar [24] investigated approximate controllability results for second-order
differential inclusions with state-dependent delay, highlighting the impact of damping in dynamic
systems. Alshehri et al. [4] tackled delay integro-differential inclusions with practical applications,
extending the solution framework for real-world systems involving memory effects. Bensalem et
al. [5] studied infinite delay in second-order integro-differential inclusions, offering results on the
topological structure of solution sets. In a coupled framework, Ma et al. [17] addressed existence results
for nonlinear Hilfer fractional differential systems, combining differential equations and inclusions. A
comprehensive survey on boundary value problems involving Hilfer-type fractional inclusions was
presented by Ntouyas [19], offering a detailed classification of various solution methods. Khan et
al. [13] proposed an abstract formulation for delayed fractional integro-differential systems using the
a-resolvent operator, thereby making a notable contribution to the theory of fractional abstract Cauchy
problems. In a related development, Jing et al. [12] examined hemivariational inequalities governed by
Hilfer fractional differential evolution equations with history-dependent operators, which significantly
enriched the theory of inclusion problems involving nonsmooth analysis and memory-based dynamics.
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With these advances, fractional differential equations (FDEs) have gained increasing relevance
in modeling systems that exhibit memory and long-range dependence. Unlike classical models
relying on standard derivatives, FDEs employ fractional (non-integer order) derivatives, enabling
more accurate descriptions of phenomena such as viscoelasticity, anomalous diffusion, and biological
processes [14,18]. Their wide applicability spans disciplines such as physics, engineering, biology, and
economics. When coupled with differential inclusion theory, fractional calculus offers a more robust
analytical framework, facilitating deeper investigation into existence, stability, and control of solutions
under broad settings.

A general form of a fractional differential equation with boundary conditions is given by:

‘D"u(g) = F(G,u(g)), wherel<m<2,

where D™ denotes the Caputo fractional derivative and F (&, u({)) is a given function. The boundary
conditions may incorporate both the function and its fractional derivatives, for instance:

au(0) +bu(l) =c¢, a;°DPu(0) +b1°DPu(1) =c¢1, p € (0,1].

These boundary conditions impose essential constraints within a prescribed domain. The study
of boundary value problems (BVPs) for FDEs represents an important field of mathematical analysis,
with both theoretical and practical implications. Solving such problems often necessitates sophisticated
mathematical tools since the inclusion of fractional-order derivatives at the boundaries introduces
additional complexity [22? ].

A powerful tool in this context is the Bohnenblust-Karlin fixed point theorem, which is widely
used to prove existence results in set-valued analysis. This theorem guarantees the existence of fixed
points for certain multivalued mappings defined on convex subsets of Banach spaces. Its application
becomes especially valuable in the framework of differential inclusions, where the derivative of an
unknown function is allowed to take values in a set. Such inclusions frequently appear in models
involving uncertainties—examples include problems in economics, biological systems, and control
theory [1,8].

We generalize the analysis by considering the nonlinear fractional differential inclusion:

‘D"u(g) € F(G,u(g)), wherel<m<2, 1)

subject to boundary conditions

m—2 p—2 B
au(0) + apu(1) = az Y pu(o;) +as ) Aj/ u(t)dr, 2)
i=1 j=1 ®
m—2 p—2 B
b1°DPu(0) + b*DPu(1) = by Y pi*DPu(o;) + by Y ’yj/ ‘DFu(t)dr, 0<p<L1. (3)
i=1 j=1

Here, (¢, u()) denotes a multivalued (set-valued) mapping that characterizes the possible
values of the derivative. This generalization permits the modeling of systems whose evolution may
not be uniquely determined and reflects multiple potential outcomes depending on system states.

The analysis of BVPs involving multivalued maps and fractional derivatives is intricate and often
requires fixed-point techniques adapted to the multivalued setting [10,20]. The presence of integral
and multipoint conditions involving both the function and its fractional derivatives further increases
the analytical challenges. Yet, this formulation enhances the flexibility and realism of the models,
making them more applicable to real-world phenomena.

The growing interest in these models is largely motivated by the limitations of classical integer-
order differential equations when applied to systems with memory. Many real-world problems,
especially in engineering and physics, inherently involve memory effects, which are more naturally
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described using fractional operators [26]. Moreover, the use of multivalued maps enables modeling of
systems with uncertainty or nondeterminism, which frequently arise in areas such as decision theory,
neural dynamics, and material science [7,9].

This paper focuses on proving the existence of solutions to a class of fractional differential
inclusions governed by complex boundary conditions incorporating both fractional derivatives and
multivalued terms. The Bohnenblust-Karlin fixed point theorem will be employed to derive sufficient
conditions ensuring the existence of solutions. In doing so, this work extends existing results on
fractional differential equations and broadens the analytical scope for solving practical problems in
applied sciences [20].

2. Main Results

Before we proceed to the existence result for the nonlinear inclusion, we first consider the solution
of the associated linear problem. For a given function ® € C[0, 1], the solution of a linear fractional
differential equation.

The following lemma is cruicial for the existence of solutions to the proposed differential inclusion.

Lemma 1. For ® € C|0, 1], the solution of the following linear problem

‘D"u(y) = ®(;), for0 <y <1,

with boundary conditions (2.2) is

uG) = /O] (1}7@“1@(@%

(q)
(1—0)p—9-1 o; (o;—0)P—1-1
| [hz} b Jy U= (0L + bs Z oi Jo' g (e
_1l|m -
s LI Ly I8 % (0)dtdr
,,g)qfl
+(1+]) —ap fO F CD )d£+113 Z l[JZ ) q)(f)dg
2 +ay '21 A S8 I S Lo (0)dldr
=
1
u() = [ 60,000t +5()
where B (=0T 1—ay(147)(1=0)1"1 | bohp(1—£)P~1-1
—01 (14 (1-0)1 L
(,0) et =
) bl (107171 ay(147)(1—0)"" <1
T3y T'(p—q) mT(q) ]=
1 hz] m=2 o (g;—()P—a-1
5() = ——|2|b N @(e)de
0 = “uli Lo g
1 [hy], P22 Bt (r— o)1t
—— |21 O(0)ded
h3 {hl] 4]'17]/“ /0 I'(p—4q) (D)atdr
(4 = % (g =01t
: @(0)de
+ hl as 1;1 llJl/O r(q) ( )
(I+) =
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and

m—2 p—2
Ky=as ) ¢i+as) Aj(B—
: =

i=1
(B—a)
Kz—a321/)ld20'1 +ﬂ42)\d2 >
i=1
m—2 (O.i)l—p p— (B— )2 p
KS_bBEPIF(Z_p)_’_bALZ’Y] 1—.(3 p>
hm=m+a—K

fip =a, — Ko
1
I'(2—p)

m—2 p—2
T=by—b3 ) pi—by) ;.
i-1 =1

hz = by - Ks

hl m—2 p—2
n= ?—u2+a3 E P +ay 2)\]'(,3—
i=1 =1

Proof. The general solution for linear problem
‘Diu()) =@(j), 0<j<land1<g <2,

is written as

u(y) = /0] %@(@dﬁ +dy +dyj

for some real constants d; and d,. Now using first boundary condition from (2.2), i.e

m—2 p—2 B
a1u(0) + aqu(1) = a3 l; Piu(o;) + aa ]; /\j/a u(t)dr
and obtain,
dyay + a /01 Q=07 & a4+ dyay + dyay
= a3 mz—f ¥i ani M@(@)dg +di + d2(‘7i)]
iz

p-2 B T(T_g)qfl
A'/ /—cpede 4y +dot|d
a4]§’w[o Tgy  UOAEH it doT T

1(1—¢)1-1

I'(q)
m—2 o; L -1 m—2 m—2
= a3 2 lPi/ %Mﬁ)dﬁr% Z Pid1 + a3 2 Pida(0;)

diay +ap /0 CD(@)df + dyay + dyay

B
+a4ZA// <1>(€)d£dr+a422\d1/ dT+a4ZAd2/ TdT
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simplifying above equation, we have Further simplification gives

dq

1
dia; + a /0 ( (é))q @(f)d@ + dyap + dpay
f)q 1 m—2 m=2
a3 Z le/ (q) i P(0)dl + a3 E Pidy + +a3 Z Pidz(07)
2
a42/\/ / 4)d€dr+a42m1(ﬁ—a +a42)\d2(’6 2"‘)
j=
m—2 p—2
diay +dyay —az Y pidy —ag Y Ajdi (B — )
i=1 =1
1(1—¢)11 m=2 [ (o — p)1-1 m—2 | |
a /0 Ot +as 1; ¥ /O et +as ; Pida(07)
P2 p T (r— gy = (B—w)’
—da; +ay ]; NI S et +a, ]; At
m—2 p—2
a+ap—az ) P —ay Z/\j(ﬁ—“)]
> A
1(1— )i % (0 — )17 N oo
_a2/0 0 s Z i / et +as ; Wida (07)

p p—2 T (=01
oYy [0
202 4}; ] « Jo r(q)

p—2 )2
(ﬁ)dﬂd'l’ +ay Z /\]dzw
j=1

di[ay +az — K]
/1 A= 0" a0, S I @07 b+ as' S pida(r)
= —a —_— a T e T a ido (07
p—2 B T (r_ gyt p—2 — )2
—dyay+ay Y Aj/ / %cp(ﬁ)dﬁerr +ay Y Ajds (B 2"‘)
j:1 o 0 q ]':1
1 m—2 p—2 _ 2
d = h—l [—dzaz +as Z lpidz(a'i) + as Z )\]dz ('B 20&)
i=1 =1
i -1
| e e ADT o (0)dt + a z g Jy (o)t
+_
M +ay z AP T e l) ®(0)dtdr
—d [ m-2 p—2 —a)?
dy = —2|ay—as Y ido(07) —ag Y /\jdz(ﬁ )
i L i=1 j=1 2
B _ -1 m—2 L -1
. —ay fol (11-8; O(0)dl + a3 ,);1 P; 00 (U’r(?)q Dd(4)de
T P2 BT (;)H
+ﬂ4 ‘Zl )L] fa 0 W@(ﬂ)d[ﬂl'[
]:
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i m—=2 p—2 ('B — uc)z
d = —=|ap—a3 Z Pida(07) — ay Z Ajdy 2
i i=1 j=1

O(0)dl + as z g Jy7 (0

tay z AP r (0)dbdt

1 —az fo

dip = —d [—

_ -2 _
_@1304V1¢wwe+mftlm G AT,

tay z AP r (0)dbdt

_ -2 _
OO ()al + as mz g o I o (e)a

+ay z AP O @ (0)dedr
o -1
u(y) = /0] %@(f)df-l-dl +dyj

gt (1-p)
D)) = /0] %@(z)dud%éz _pp)

with second boundary condition

o

m—2 p—2 /5
by “DPu(0) + by “DPu(1) = b3 Y p; “DPu(0;) + by Y 0 / ‘Dfu(t)dt, 0 < p <1.
=1 j=1

1(1—g)p—a-1 1
b4ﬁ M —9) ¢“”€+@r@—pﬂ

_ (o= P ()1
S VA e )

[P T (1 — )P (t)'=*
+b4];7]/“ [/0 R d)(é)dé—kdzr(z_p)]dr

gt 1
b | =7 O(0)dl + bady TT—)
wE (g it (c7)' 7
; / 1) O(0)dl + dobs Z PR )
T (r— )Pt 7)1=P
+0by ]; ’Yj/a /0 F(p e O(0)dldt + dyby E 'y]/ e P)
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L(a—pprat 1
o T(p—9q) r2- P)
(Uz)l P

m—2 (71 _ 1

by D(O)dl + bady

¢ —ar
+b427]// (t p) 5 (E)dfd‘t—i—dzbz;];%‘%

1 m—2 (0;)1-P p—2 (B—a)* P
e M w R R Yy

ot (g — 1)1
_ —b2/0 S RO+ by Zpl/ W@(ew

o [ S ear

Pq)

byd

_a)Z p
dz[bzr( —bs sz 42 v F ) ]

o <1—e>v—q—1 =t
_ b2/0 e <I>(€)d€+b3i;pl/0 UL

o [ e

£)p=a-1 m—2 0 (0. — p)P—9-1
dohiys = bz/ (1 ~———————®(L)dl + b3 Z pi/() (i — &) d(0)de
i=1

T(p—q)

= T (T — )Pt

£)p—a-1 £)p—a-1
| In 1r—q) (0)dl + by z oi i "lr—)cp(e)dz
dy = — 2
h - opra!
’ +by P JP T Tr(> S—®(()dldT
(PO g i (o) 1!
g L[m b2 Jo “rip=qy @O +bs Z Pi g 2O
1 = _h_3 E P T_g)r’ q-1
' +hy ; 7 J7 5 S @(dtdx
] .
| el e+ z g o O (o)dr
_|__
T >y z A JE T - 8) ®(0)dtdr
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by fy Lo wﬂ+%2pz“&ﬂﬂﬂéwﬂ

1 [Flz} p—19) I'(p—1q)
N - 1
s LI +he X, JE T Tr(’”” S—®(()dtdr
1 (-1 L () L
a+) —ay [} r(;) O(0)dl + aj L v 5 (”r(% (0)de
p—2 _
M a5 L Ay JP J7 T 0)dedx
]:
SO 1
u() = | GO0+ ()
as

I (q) s T(p—q) ~ © = .
baliy(1=0)P~ 171 ap(147)(1=£)7"" <1

(=01 —a(14)(A=07"1 | bh(1-0P 17t J
(1,0) =
3 T(p—q) T (q) =

In our next result we use (Bohnenblust-Karlin Thoerem) to show the existance of our result. We
consider the following inclusion (1.1)

‘D™u(y) € F(j,u(j)) wherel <m <2,

with boundary conditions (1.2).

For this purpose we need to assume the following statements on given functions.

(A1). Let F : [0,1] x R — BC(R); (j,x) — f(}, x) be measurable with respect to ; for each x €
R, andupper semi continuous with respect to x for a.e j € [0,1], and for each fixed x € R, the set of
selections

Sry=1{f € LN(0,1,R) : f()) € F(1,%)}

for a.e j € [0,1] be nonempty.
(A;). For every € > 0 there is a function 0 € L!([0,1],R") such that, ||F (;,x)| = sup{|v| : v(j) €
F(7,x)} forall (7,x) € [0,1] x R satisfying |x| < €, and

1
0c(1)d
lim inf (—f0 ()4
n—oo €

) =7

Definition 1. A function x € (C[0,1]) is solution of the problem (2.1) if there exists a function f €
L([0,1],R) such that f(3) € F (7,x(})) a.e on [0,1] and

u) = /0] (];—ch(z)dz

(9)
A—0r 1" & o; (o;—0)P=1-1
, [hz} —by fy ! r(—q) (0)dl + by z 0i W@(é)dﬂ
T ha | B p=2 (r—0)P=1~
ia L L s ‘;, a(0dtdr
i -1
. — fy U O=0" (0t + as z g Jy =@ (0)de
M)
e +ay ,Zl A B 0 g () avde
]:
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1
u() = [ 60,000t +5()

as

bl (1= 0P (14 5)(1—£)1
G0 =A{ Zhjhlr(p_q) -2 Pl (0) , <y

(=07 —a(1+)A-0r? n bahp (1 — €)1
mT(q) msml(p—q) '

Theorem 1. (Bohnenblust-Karlin). Let D be a non-void subset of a Banach space X, which is bounded, convex
and closed. Suppose that the mapping [ : D — 2X\ {0} is upper semi-continuous with closed, convex values
satisfying F (D) C D and F (D) is a compact set. Then G has a fixed point.

Lemma 2. Let I be a closed interval. Let | be multivalued map satisfying (A1) and let X be linear continuous
from LY(I,R) — C(I,R), then the operator Mo Sg : C(I) — BCC(C(I)) : x — (Ko Sf)(x) is closed
graph operator in C(I,R) x C(I,R).

Theorem 2. Suppose that the assumputions (A1) and (Ay) are satisfied, with

[hl +ap bzhz > (2.0)

mT(q)  mhsT(p—q)

then the problem (1.1) — (1.2) has at least one solution on [0, 1].

Proof. The problem (1.1) — (1.2) can be transformed into a fixed point problem by defining a set-

hec(on =y i )dt }

valued mapping Q(x) = " (1—pp-1-1 (1 1 é
+232 Jo 7<I>(£)d£ 2Q4) it L D(0)dl + 8())

and proving that () satisfies all the assumptlons of Theorem 1 and has a f1xed point. This fixed point

will be the solution of the problem (1.1) — (1.2). In first step, we show that ()(x) is convex set for

each x € C([0,1]). For this choose any hy,hy € Q)(x). Then there exist f1, fo € Sy x such that for each

7 € [0,1], we have

— _ —q-1 a o -1
) = [ L piaes e [P0 e - 2020 FAZOT g o)

let0 < A <1.Forall; € [0,1], we have

i+ (- le) = [ U g+ (- pla

I'(q)
_ 1
R L T o
4 _ -1
B z(;lﬂ) [/01 (1 r(?)q fit (1 _A)fz]dé] +4())

as Sy is convex, therefore it follows that Al + (1 — A)hy € Q(x).

Now to show that Q)(x) is closed for each x € C([0,1]). Let {u,},~, € Q(x) be such that u, —
u in C([0,1]). -

Then for u € C([0,1]) there exists a v, € Sf x such that

_ -1 g1
w() = [ e 22 [ 0

_ -1
L o] o0
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since / has compact values, we obtain a convergent subsequence, so that v, converges to v.
1 (=)t bylip { L(1—eprt
() — u) = [ I —e(ode+ 22 | o(f)de
() 0= [ T+ i | ) =g

a _ -1
_ 2(;:—]) [/01 (1 r(i))q U(é)df] +5(])

which shows that u € Q(x).

In next we prove Q(B¢) C Be, where B = {x € C([0,1]) : ||x|| < €}. Clearly B is bounded closed and
convex set in C([0, 1]). If it is not true, on contrary for each positive number ¢, there exists a function
Xe € Be, he € Q(xe) with ||Q(xe|| > €, and

g0t byl [ 1 (1 — £)p—1-1
he(j) = /O Tq)fe(ﬂ)du ot [/O ) fe(0)de

_ -1
az(;jj) Uol 4 r(?)q fe(ﬁ)de] +4())

on the other hand,

e < [Ofx]l
(1—¢)p—a-1
T(p—aq)

Ife(€>ld4 +4()

] (] — f)qil byhy 1
(1—0)7!

*M}J : [/01 I(q)

I'(q)
1 1 byl 1 1 az 1 1
- Tp)/o me(z)d“r%hl[r(p_q)/o me(f)de] +hl{r(q)/o me(€)d4 +4(7)

_ [ by 1 2 1 1
- {T(P) " hshy T(p —q) * i F(q)] /0 e()dl+6()

— I +ap bohy 1
B {hlf(q) " hlhgr(pq)]/o me(£)de + () 1)

dividing both side by € and taking lower limit as € — oo, we find that

(o)l

) byhy :|
> ,
! [M(q) mhsT(p —q)

which contradicts (?) Hence there exists a positive number € such that Q(Be) C Be. Now we show
that Q(Be) is continuous. Let 7, j € [0,1] with j < J.Let x € Be and h € Q(x), then there exists
f € S x such that for each j € [0, 1], we have

_ -1
vy = [ e

bohy [ (1 (1 —£)P—4—1
it Uo -9 “W]
az(l +]) 1 (1—@)‘771
o [/0 T'(q)

f</z>d£] +4()

using (2.1)

—_p)a-1 =071
O]Z (]Zr(éq))q f(g)dei fo]l (]11"(2; f(e)dg
1 (1—¢)11 1 1 (1—¢)11
Jo Ui f(oae] + = | [ G f(eyae|

|h(]2) — h(]1)| = a(1+72)
Tl [
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({1 ]z Z)” 02207 £(p) df—l—sz (2 (2)‘7 1f(€) f]l ]11"(Z) F(o)de

1
~ el | [ A= (0]

IN

[ O g+

n _ -1
s

I'(q)
a(p—n)|| f@—0)91"1
i /O () f(f)df'
w7 o L0200t = G ettt 4 s [ et
L 220
Zhlzr / med!

obviously the right hand side of above inequality tends to zero independent of x € Beas j» — j;. Thus,
Q) is equicontinous. So (A1) and (A;) satisfies, therefore by Ascoli-Arzela theorem follows that ) is
compact multivalued map.

Finally we show that Q) has a closed graph. Let x, — x., h, € Q(x,) and h,, — h,. We will show
h, € Q(x). By this relation mean that there exists f, € Sy x, such that for each ; € [0,1],

) = [ O o
byhy (1 — 6)7’“7‘1
+h3h1 [/0 T(p—q) fn(f)dé]

a _ -1
_ 2(};]) Vol ( Fé); fn(e)de] +4(7)

thus we need to show that there exists f. € Sy x, such that for each ; € [0,1],

) = [
bohiy (1 — g)piqil
sy [/o T(p—q) f*(g)dg]

_ —1
-l x) Uol & r(?)q f*(W] +40)

Let us consider the continuous linear operator X : L!(]0, T],R) — C([0, T]) so that

_ -1

e IR e O
bohip [ 1 (1— £)p=4-1

e b ey 10

I'(p—q)
11 pa-1

observe that

J U () — o)t
1) =1 = |+ 122 [ foy iy (D)~ f(0)de] | —o0
a2(1+] UO 1re (Full) — ()>d4
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as n — oo. Thus, it follows by Lemma 2, that X o Sy is closed graph operator. Further, we have
hy(7) € ®(Sf x,)- Since x, — x4, therefore, Lemma 2 implies that

dﬁwﬁ%ﬁ Jy S £ (0]
h*(]): B (1+]) df
A f Sy f*() }+5<]>

for some f, € Sy x. Hence we conclude that Q) is a compact multivalued map, upper semi continuous
with convex closed values. Thus all assumptions of Theorem 1 are satisfied. Therefore () has a fixed
point 1 which is solution of given problem (1.1) — (1.2). O

3. Applications and Examples

The practical relevance and applicability of the theoretical results established in this work have
been demonstrated through detailed examples of fractional differential inclusion problems with
nonlocal boundary conditions. These examples are constructed to illustrate how abstract fixed point
theorems particularly the Bohnenblust Karlin theorem can be employed to guarantee the existence
of solutions in appropriate function spaces. By incorporating explicit function definitions, boundary
data, and fractional derivatives of non-integer order, we aim to bridge the gap between theory and
application.

To enhance intuition and facilitate deeper understanding, we also provide diagrams that visually
depict the structure of the multivalued operator and the fixed point construction, highlighting the
critical roles of convexity, compactness, and upper semicontinuity in ensuring solvability.

In particular, Example 3.2 presents a concrete application to heat transfer modeling in heteroge-
neous media. This example captures memory effects through fractional derivatives and incorporates
nonlocal boundary conditions derived from distributed sensor measurements. Such models are
widely relevant in engineering and applied sciences, including the simulation of heat flow in layered
composites, pollutant transport in porous soils, temperature distribution in biological tissues dur-
ing hyperthermia treatment, and thermal regulation in nuclear fuel rods. The problem formulation
uses a fractional differential inclusion with a convex-compact interval-valued right-hand side and
demonstrates how the abstract assumptions of the main existence theorem are verified in a physically
meaningful setting.

Example 3.1: Consider the Banach space X = C([2,3],R) with the supremum norm |ju|| =
SUPycip3) |u(t)], and let D = {u € C([2,3],R) : ||ju]]| £ M} be a non-void subset, where M > 0 is
chosen such that M > \/7 (tan~1(M%3 + ¢) + 1), ensuring boundedness, convexity, and closedness.

Define the set-valued mapping F : D — 2%\ {0} corresponding to the fractional differential inclusion
problem:
‘DYu(t) e \/L[tanfl(u( )05 ecost) Lsint] - [0,1], 2<t< 3,

y1(2) +y2u(3) = 3 J; u( dT+y4Zz 1 01t (v3),

€1CD05 (2)+€2CD05 ( :e3f2 cDOS ( )dT+€4Z 1pchOS ( ),

where ys = Lys = s = s = bt = Lea = Bty = boew = 1 = ooy = 3,05 = 2+ § for
i=1,234. The mapping F (u) is the set of functions v € C([2, 3], R) such that °D*”>v(t) belongs to

the interval \/7 < [tan™ L(u(t)02 4 e0st) + sint] - [0, 1], satisfying the boundary conditions. Since F is

upper semi-continuous with closed, convex values, 7 (D) C D, and F (D) is compact (by the Arzela
Ascoli theorem due to uniform boundedness and equicontinuity), the Bohnenblust-Karlin theorem
ensures the existence of a fixed point u € D such that u € F(u). For better understanding how a
solution exists for the fractional differential inclusion, we provide two simple visual illustrations.
Figure 1 shows a 3D plot where the inclusion operator is interval-valued. For each (t,u), the output
ranges from 0 up to a surface value—helping us visualize the uncertainty and variability in the system.
Figure 2 offers a schematic of the fixed point approach. It shows how the multivalued operator F
maps a function space D into itself. Due to essential properties such as compactness and convexity,
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the Bohnenblust-Karlin fixed point theorem ensures that some point u in D lies within its image F(u).
This fixed point, shown as a red star, represents the solution to our problem under the given boundary
conditions.

3D Surface Plot of RHS of Inclusion

Figure 1

Figure 2

We now present an example from heat transfer modeling, where fractional derivatives reflect
memory effects, and nonlocal boundary conditions arise from sensor data. This modeling framework
is widely applicable, for instance, in simulating heat flow in layered materials, tracking pollutant
dispersion in soil, analyzing heat propagation in biological tissues during medical treatments, and
predicting temperature distributions in nuclear fuel rods. By combining fractional calculus, set-valued
mappings, and sensor-based data, the model effectively captures systems where uncertainty and
memory effects play a key role
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Example 3.2: Consider a physical model involving heat transfer in a rod of unit length subjected to
spatially varying heat sources with uncertain intensity. The temperature distribution u(&), at position
¢ € [0,1], is governed by the fractional differential inclusion

‘D%u(¢) € F(¢,u(@)), ¢€(0,1), G.1)

where the right-hand side is an interval-valued map defined by

_ [ulsin(n¢) wlsin(ng) e
FEw = | Toa+w2) o +w) T 10 )"

This inclusion models the effect of uncertain heat sources in a heterogeneous medium. The order 1.8 of
the Caputo derivative reflects super-diffusion behavior due to long-range memory effects typical of
fractal or porous materials. The boundary behavior is defined by non-separated multipoint conditions

given as:
3 0.8
2u(0) +u(l) = Y yiu(o) +/02 u(t)dr,3.2 4)
i=1 :
3 0.8
3D%u(0) +2°D%u(1) = ZpicDO'%(Ui)—f—/Oz cD%u(y)dy,
i=1 :

with the parameters ¢; = %, 0i = %, and sensor locations ¢; = 0.3, 0.5, 0.7, while the integral bounds
are « = 0.2, B = 0.8. These boundary conditions incorporate both pointwise evaluations and averaged
measurements over the segment [0.2,0.8], simulating a practical scenario where temperature and heat
flux are monitored using discrete sensors and integrated thermocouple arrays. The function F({, u)
is convex-compact valued for each ¢, measurable in ¢, and upper semicontinuous in u, satisfying
assumption (A1) of the main theorem. For bounded u, the upper bound of the multifunction satisfies
assumption (A2) with F(¢,u) C [0,0:(Z)] where 6(¢) = 5(1+¢~¢). One computes

1
v = liminf% 0:(&)d¢ =0,
0

£—>00

ensuring that the measure of noncompactness condition is satisfied. Additionally, the technical
condition required in Theorem 2.0,

h h
0<[1+az bohy

T (1.8) h1h31"(1.2)} ~ 18247,

holds. Therefore, by Theorem 2.0, we conclude that the problem (3.1), (3.2) admits at least one
continuous solution u € C([0,1]).

4. Conclusions

This study considered a class of fractional differential inclusions with nonlocal and multipoint
boundary conditions, where the nonlinearity is described by an interval-valued set-valued mapping to
account for uncertainty in the internal source terms. The framework incorporates Caputo fractional
derivatives to model memory effects commonly observed in complex physical media. Under suitable
compactness and continuity assumptions, the existence of solutions was established using fixed point
theorems for upper semicontinuous set-valued maps with convex values.

A representative application to heat transfer in a rod with uncertain internal heating and dis-
tributed sensor feedback was provided to illustrate the theoretical results. The model demonstrates
how memory effects, measurement uncertainty, and nonlocal interactions can be captured within a
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unified analytical framework. The results are broadly applicable to problems arising in materials
science, biomechanics, environmental modeling, and nuclear engineering.

The methodology presented herein contributes to the mathematical analysis of real-world systems
governed by fractional dynamics and uncertainty. Possible extensions include the investigation of
uniqueness, stability, and the development of numerical methods for approximating such fractional
inclusion problems.
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