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Abstract: In this paper we do apply a generalized expansion method to the 2D Chafee-Infante model
with time variable coefficients. We do point out successfully in an unified way multiple explicit
nonautonomous solutions for this model. The main improvements of this method do consist in the
choice of a wave variable nonlinear in respect to time variable, in expressing the solution of the
studied equation through finite series with variable coefficients as well as in taking a full advantage
from a first order nonlinear ODE with at least a fourth-degree nonlinear term as an auxiliary equation.
We do investigate upon the propagation of nonautonomous solitons and we do discuss the influence
of the variable coefficients too. Graphical representations of some specific solutions are provided. The
generalized expansion algorithm could be used to solve other types of higher dimensional, integrable
and non-integrable nonlinear dynamical models.
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1. Introduction

The two-mode nonlinear partial differential equations (NPDEs) represent extended form of the
standard mode NPDEs. Both types of NPDEs, standard and two-modes, play a considerable role in
explaining pragmatic phenomena in various fields [1].

The evolutionary standard NPDEs involve a first-order partial derivative in respect with time
and describe the unidirectional motion of a single wave. The dual/two-mode equations are NPDEs
of second order in time, and govern the propagation of two wave modes, in the same direction
simultaneously, with the same dispersion relation but with different phase velocity, linear and nonlinear
parameters. At present, investigations on the two-mode problems are mainly based on the Korsunsky
proposed method [2]. It shows that for deriving the two-mode PDEs, it is necessary to collect, as
two distinct components, the nonlinear terms N(u, uyu,...) and the linear terms L(uuy, n > 2),
other than u;. For more information and developments that have been achieved for two-mode
PDEs, we recommend the following articles and the references therein [3—6]. The dynamics of the
two-mode KdV equation associated to the standard mode third order KdV equation, was studied
by various analytical methods: the reductive perturbation [7], the Hamiltonian system [8], or the
Bell polynomials [9]. In [10], it was found that the two modes are solitons that separate without
any change of their initial shapes and velocities except for the phase shifts after each collision. Also
in [11] the bright, dark, periodic, and singular-periodic dual-wave solutions are constructed for the
two-mode Sawada-Kotera equation arising in fluids by the modified Kudryashov and new auxiliary
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equation methods. A finite series in terms of tanh-sech functions is proposed as a suggested solution
for dual-mode version of the nonlinear Schrédinger equation [12]. More exactly dual-mode dark and
singular soliton solutions have been obtained. The innovative tanh-expansion method and Kudryashov
technique are used in [13] to the dual-mode Kadomtsev-Petviashvili equation to find the necessary
constraint conditions that guarantee the existence of soliton solutions. Multiple kink solutions are
pointed out in [14] for the two-mode Sharma-Tasso-Olver equation, and for the two-mode fourth-order
Burgers equation by using the Cole-Hopf transformation combined with the simplified Hirota’s
method. Three different techniques including the tanh-expansion method, the rational sine—cosine
method and the Kudryashov-expansion method have been applied in [15] in order to study the
dynamic behaviours for a dual-mode generalized Hirota—Satsuma coupled KdV system.

The contributions of this work are two-fold. First, we find explicit dual-waves solutions for the
dual/two-mode Caudrey-Dodd-Gibbon (TMCDG) equation for arbitrary nonlinearity and dispersion
parameters, « and B. Previosly, only the case « = = +1 was considered in [16], using the Hirota
method. Second, we study the influence of the mentioned parameters as well as of s which stands for
phase velocity, on the wave propagations, showing how the dual-wave propagation depends on them.

The paper is organized as it follows: After the Introduction, in section 2, an overview on the
general form of the TMCDG equation is provided. In section 3 we present basic facts on the Kudryashov
method [17,18] and the exponential expansion method [19]. The findings of our investigation, when
the previous methods were applied to TMCDG equation, are pointed out in section 4. A general
discussion and some graphical representations of the acquired solutions are presented in section 5.
Section 6 is dedicated to some conclusions and final remarks.

2. Formulation of dual/two-mode equations

2.1. General form of the two-mode equation

The general form of the two-mode equation proposed by Korsunsky [2] is as follows:

Upt — S2Uny + (E?t - ucsaax) N(u, uyu,...) + (aat - ,Bsaax> L(tpx, n>2)=0. (1)
Eq. (1) is established from the standard mode equation: uy + N(u, uxu,...) + L(ttpy, n > 2) = 0. In the
dual/two-mode Eq. (1), u(x, t) is the unknown field-function, s > 0 is the interaction phase velocity,
la| <1, |B| < 1represent the nonlinearity parameter and dispersion parameter, while N (u, uyu, ...)
and L(uux, n > 2) indicate the nonlinear and respectively linear terms. It is important to note that
the existence of the dispersion is essential for finding soliton solutions [20,21]. The way of generating
a two-mode equation used here for CDG could be also applied to other NPDs, as for example the
Eckhaus-Kundu Eq. [22] or the Kundu-Mukherjee-Naskar Eq. [23].

2.2. Two-mode Caudrey-Dodd-Gibbon (TMCDG) equation

In this paper we use a standard mode equation like as [24]:
Gt 4+ aG*Gy + bGyGpx + mGGsy + G5y = 0, )

where a, b, m are positive parameters [25], Gs, is the linear term, while the nonlinear one is represented
by aG2Gy + bGyGyy + mGGsy. It is used to describe various phenomena in plasma physics, nonlinear
optics, fluid dynamics, solid—state physics, mathematical biology, chemical kinetics, as well as quantum
field theory [26]. It can for example shows how long waves flow in shallow water under gravity
and in a one-dimensional nonlinear lattice. For a = 180, b = m = 30, the Eq. (2) becomes the
Caudrey-Dodd-Gibbon (CDG) equation [27]:

Gt + 180G%Gy 430G, Goy + 30GG3y 4+ Gsy = 0. (3)
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Many computational strategies have been successfully employed in order to develop various soliton
solutions that provide a more hidden characterization of the shallow water [28-30].

Based on the Korsunsky proposal scheme, the two-mode equation associated to the Eq. (3) is
under the form:

d ] ] d
Gt — °Gox + <at — txsax> (180G*Gyx + 30GxGay + 30GGsy) + (at - ﬁsax> Gsx=0. (4

It is obvious that for s = 0, after integrating regarding time f, the previous equation is reduced to
the standard mode Eq. (2). It describes the propagation of two shallow waves under the influence of
phase velocity s, nonlinearity «, and dispersion p factors. By expanding it, we arrive to the equivalent
expression:

Gat — 52Gax + 30[12GGy Gt + 6G2Gt + Gt Gax + GxGiapyr + GiGax + GGap) ] —

()
30us [12@ (Gx)? +6G2Gax +30 (Gax)? + 2GxGax + GGy | + Gsy) — PsGex = 0.

In order to solve (5), we use the wave variable ¢ = kx — ¢t and therefore we transform it into the
travelling wave equation of the following form:

<02 - k2s2) G" — 30¢[12kG(G')? + kG2G" + K*(G")? + 2K3G'G®) + K¥GGW]—

(6)
30ak?s[12G(G')? + G2G" + k*(G")? + 2k2G'G®) + K2GGW] — K (c + kps)G'®) = 0.

In [16], one-soliton solution has been derived for (4) through the simplified Hirota method. It was
obtain if and only if # = B. In the next section we will extend this result, showing how the equation can
be solved for arbitrary nonlinearity and dispersion parameters, « and 8. New dual-waves solutions of
(4) will be reported for the first time, using two well-known solving methods: the Kudryashov and
the exponential expansion methods. These are two of the methods for solving NPDEs based on the
auxiliary equation techniques, but other alternative approaches, as for example the attached flow [31],
the symmetry method [32,33], or the BRST technique [34] could be also considered.

3. Brief overview of the applied methods

In this section we will take a brief review of the two methods applied later to TMCDG equation.
They are effective analytical methods for finding the travelling wave solutions of NPDEs with the
generic form:

E(u, up, ty, g, Uxx,...) = 0. (7)

Here E is a polynomial function with respect to some specified independent variables x, t, and
u = u(x, t) is the unknown function. When the wave transformation is applied:

u(t,x) =u(g), ¢ =kx—ct, (8)
where k, ¢ are constants, the Eq. (7) becomes an ODE in u = u(¢) and its derivatives in respect to :

F(u, u', u",..) =0. )
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3.1. Basics on the Kudryashov method (KM)

In this section a brief overview of the KM method [35,36] is presented. Let us assume that the
solution of Eq. (9) can be expressed as follows:

N .
u(@) =) a4Q(9), (10)
j=0

where the arbitrary constants aj, j= 1,N, ay # 0, are determined later and Q(¢) is the solution of the
equation [37]:
Q'(§) = Q%) - Q). (11)
The positive integer N can be found by taking into consideration the homogeneous balance between the
highest order derivatives and the nonlinear terms which appear in the travelling wave Eq. (9). The general
solution of the auxiliary Eq. (11) is:

1

Q) =1z

Vd = const. # 0. (12)

By substituting Egs. (10) and (11) into Eq. (9) yields to a polynomial R(Q(¢)). By setting all the coefficients of
R(Q(¢)) to zero, the parameters a;, k, ¢ can be explicitly determined by solving the equations of their algebraic
relations. Then, setting the obtained solutions in Eq. (10), one can finally generate new solitary wave solutions for
the master Eq. (7).

3.2. Basics on the exponential expansion method (EEM)

In this section a brief overview of the EEM [38] is presented. In this case the solution of (9) is supposed to
have the following form:

N
=0

where p;, j = 1, N are arbitrary constants to be calculated such that py # 0 and f(&) is the solution of the following
auxiliary equation:

£1(§) = pe O 120, (14)

where the parameters p, r appear.

The positive integer N can be determined by balancing the highest order derivatives and the nonlinear terms
in Eq. (9). By inserting the expansion (13) with the value of N along with auxiliary Eq. (14), into Eq. (9) yield to a
polynomial P(e/(¢)). By setting all the coefficients of P(ef(¢)) to zero, the parameters pj, p, 1, k, ¢ can be explicitly
found by solving the attained system of algebraic equations. Then, introducing the obtained parameters and the
solution of Eq. (14) into exponential expansion (13), one can generate new solitary wave solutions for Eq. (7).

4. Construction of dual-wave solutions: mathematical analysis

In this section we will construct the dual-wave solutions to the TMCDG Eq. (4) via the methods described
above.

4.1. Application of the Kudryashov method

Let us suppose that the solutions of Eq. (6) are expressed in accordance with (10)-(11). Taking into
consideration the homogeneous balance between the most nonlinear term G2G" and the higher order derivative
G(6), we conclude that N = 2. Therefore, we will search for the travelling wave solutions under the form:

G(&) = ag + mQ(E) + a2 [Q(8)]. (15)

By substituting (15) and (11) into (6), the left-hand side of the underlying ODE becomes an eight degree
polynomial in Q. Setting the coefficients of power Q/, j = 0,8 to zero yields an algebraic system for parameters a;,
i=0,20¢kuapB. By using the Maple program, the following set of solutions are obtained:

Solution 1: Vk, Vs > 0,V |a| <1, and
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. kZ[Z . 4K?
0 — oM = 4= 5
’ 1410 ’ (16)
o
c1p = *ks, B = g B <1;
Solution 2: Vk, Vs > 0,V |a| <1, Vap and
apg = %/ a] = —ay,
k {4k2a2 +3a3 & \/16k4a% + 24k2a3 + 9a3 + 64k2apsa + 6452 + 48{1%501}
C34 = (17)
/ 8 4
{i\/E[a% + 3k2a + 2k*] — 3a3 — 13k%a3 — 2a3[9k* + 4sa] — 8k2ay[k* + 3szx]}
p= 165k ’
with

E = 9a3 + 24k%a3 4 16a3 (k* + 3sa) + 64k2azsa + 645, |B| < 1. (18)

Plugging (16) and (17) along with the solution of the auxiliary Eq. (11) into Eq. (15), we obtain the following new
dual-wave solutions:

G t) = 21 4 1 — 1 ’ vd 19

12(x,t) = 313+ A= A= , (19)
1 1 1 2

Gaa(x,t) =ap [12 BEEwrEC= + (1 +d6(kx763/4t)) ] , vd, (20)

where the waves’ velocities c1 » and c3 4 are given by the expressions (16) and (17).

4.2. Application of the exponential expansion method (EEM)

In order to determine the dual-wave solutions of TMCDG equation through the EEM method, the finite
expansion solution of Eq. (6) related to the homogeneous balance between dispersion and nonlinearity, is derived
as follows:

G(&) = po + pref©) + ppe? (@), 1)

By plugging Eq. (21) along with the auxiliary Eq. (14) into travelling wave Eq. (6) and equating the coefficients of
various powers of exponential terms to zero, a set of algebraic equations involving p;, j = 0,2, p, r, ¢, k is derived.
Its solution is obtained with the help of Maple program, under the form:

Vpo, Vo2, Vs >0, Yk, Vp,Vr, |a| =|B] =1, p1 =0, c = Esk. (22)
Substituting the relations (22) into Eq. (21), we should look for other TMCDG solutions in the form:
G(Z) = po + 2. (23)

For example, taking into account the solution of the auxiliary Eq. (14) and considering pr > 0, the dual-wave
solution is derived as a periodic one:

Gas(x,1) = po+ 22 tan [2/prk(x £ st) + 4], (24)
with pg, p2, k, p, 1, 4, s > 0 arbitrary constants.

5. Disscussions on the dual-wave solutions

Let us now analyze the dual-wave solutions obtained in the previous section. We will give here their
graphical representations that will help us to understand better the dynamical behaviour of the model.

Let us start with the solutions (19). Their 3D and 2D graphics are presented in the Figure 1 by considering
particular values of the free parametersasd = 3,k = 2,and « = 0,8, B = 1 for different values of s. The subgraphs
(a1) — (a3) present the spatio-temporal variation of these solutions for s = 1, 3, 10, respectively. The subgraphs
(b1)-(b3) show the cross-sectional 2D plots of (a1) — (a3) when x = 0.
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Figure 1. The 3D plots of the dual-wave solutions G1(x, t) (red color) and G; (blue color) given by (19),
fora =08, 8 =1,d =3,k = 2, and the phase velocities: (a41) s =1, (ap) s = 3, (a3) s = 10. The 2D
cross-sectional of (a1)—(a3) at x = 0 are ploted in (b1 )—(b3).

The two waves G (x, t) and G(x, t) interact with each other. Upon increasing the phase velocity, the width
of each of the two waves is decreasing, but the amplitudes remain unchanged. The above behaviors are clearly
displayed with the 2D plots given by the subgraphs (b1) — (b3). The impact of the wave number k and of the the
interaction phase velocity s, on the motion of the waves (19) are shown respectively in the subgraphs (a), (b) from
the Figure 2 . It can be seen from the subgraph (a) that the profiles of G; and G, are stable for k € [0,1] and then
the profile of G is higher than that of Gy, when k increases from 1 to 5. This happens under particular values
x=1t=1,s=3,d=3,a4=0,8, B = 1. On the other hand, the profile of G, is lower than that of G; and their
profiles become stable for phase velocity s> 6, whenx =1,t =1,k=1,d =3,4 =0,8, § = 1 are considered.

(a) (b)

e

Figure 2. (a) The effect of the wave number k whens =1,d = 3,0 = 0,8, f = 1, () the effect of the
phase velocity parameter s whenk =1,d = 3, « = 0,8, p = 1 on the motion of the two-mode waves
Gi(x, t) (red color) and Gy (x, t) (blue color) given by (19) forx =1, = 1.

Moreover, in order to analyze the dynamical behaviour of the novel dual-mode solution (20), the 3D and 2D
graphics are presented in the Figure 3, by considering particular values of the free parametersasa, =0,1,d =3,
k=2,a = 0,2, for various values of phase velocity s. The subgraphs (a1) — (a3) present the physical structure
of the dual-waves Gs(x,t) and G4(x, t) upon increasing s (s = 1, 3, 5) which are respectively associated to the
values of B = 0,881, 0,971, 0,997. The motion described by (20) looks as singular dual kink-waves, as it is clearly
shown in the subgraphs (b1) — (b3), representing the 2D plots of (a;) — (a3) for x = 0. The collision of the waves
occurs for the phase velocity s = 5. The influence of parameters k, s, and « on the motion of dual-waves (20) is
illustrated in the subgraphs (a) — (c¢) from the Figure 4. When increasing both the wave number k within [1, 3]
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and the phase velocity s inside the interval of values sy, = 6,8 and smax = 12, we observe that the profiles of
Gs(x, t) and G4(x, t) increase and remain fixed for any values k > 3,s > 12.

- fay

833340107

8333210

e ]
0,

G500 G0N

G40 G400

G304
- 833310
G401

83328107

0

Figure 3. (a) The 3D plots of the dual-wave solutions G3(x, t) (red color) and G4(x,t) (blue color)
given by (20) fora, = 0,1,d = 3,k = 2, « = 0,2 and variable s. Three phase velocities were considered:
(a1) s =1, (a2) s = 3, and (a3) s = 5. The 2D cross-sectional of (a1) — (a3) at x = 0 are plotted in

(b1) — (b3).

Next, we will analyze the remaining of the obtained solutions. The 3D and 2D graphical configurations of
the dual-mode solutions (24), are presented in the Figure 5. The subgraphs (a1), (a3) show the physical structure
of the two-mode waves Gs(x, t) and Gg(x, t) upon increasing s (s = 0,3 respectively s = 1), for the particular
values of the free parameters pg = 1,00 =4,k =0,1,p =0,5,7r =2, =0, || = |B| = 1. Both waves have a
periodic evolution, following tan-shapes that collide with each other. For a fixed phase velocity parameter s, the
periods of the dual-waves are the same. As s increases, one can observe from the 2D plots which are shown in the
subgraphs (by), (b), that the periodicity increases for Gs(x, t) and Gg(x, t). The influence of the parameters k, s,
on the motion of the two-mode waves (24), whenx =3,t =3,p0 =1,00 =4,p=0,5,r=2,9=0, |a| = || =1,
are presented in the subgraphs (a)—(b) from the Figure 6.

(a) (b) (c)

83410

— 833107

G3 s3ssaio )

Gy

8333331077

83333286107

Figure 4. The effect on the motion of the two-mode waves G3(x, t) (red color) and Gy4(x, t) (blue color)
given by (20), at x = 3, = 1, of: (2) wave number k whens =5,a =0,2,a, =0,1,d = 3, (b) phase
velocity s when k = 2,4 = 0.2, = 0,1,d = 3 and (c) the nonlinearity parameter « when k = 2,5 =5,
4, =0,1,d = 3.
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(by)

20 |
Gs(0:t) L

Figure 5. The 3D plots of the dual-wave solutions Gs(x, ) (red color) and Gg (blue color) given by (24),

with [a| = || =1,p0=1,02=4,k=0,1,p =0,5r=2,4 = 0, and the phase velocities: (a41) s = 0,3,
(a2) s = 1. The 2D cross-sectional plots of (a1), (42) at x = 0 are plotted in (b1), (b2).

(b)

20 T T

10

-20
0

(o
]
W

Figure 6. The effect on the motion of the two-mode waves Gs(x, t) (red color) and Gg(x, ) (blue color)
given by (24) at x = 3, t = 3. of: (a) the wave number k when |a| = |f| =1,5 =0,3,p0 =1, p» =4,
p=0,5r=2,q=0, (b) the phase velocity parameter s whenpy =1,0, =4,k=0,1,p =0,5,r =2,
q=0.

6. Concluding remarks

In this work, we investigated the two-mode Caudrey-Dodd-Gibbon (TMCDG) equation that reads:

0 0 0 0
Gy — sszx + 30 (a — NSE) (6G2Gx + GGy + GG3x) + (a — ‘Bsa> Gsy = 0.
Two eficient schemes namely, the Kudryashov-expansion and the exponential-expansion, are implemented in
order to construct new dual-wave solutions. The previous studies [16] related to this model were all based on
the unitary values of nonlinearity and dispersion parameters, x = B = £1. In our article, novel dual-mode wave
solutions given by (19), (20) and (24) are generated for arbitrary nonlinearity and dispersion parameters, « and .
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For the best of our knowedge they are reported here for the first time. Some interesting properties of the dynamical
behavior of the TMCDG model were pointed out using the graphical representations of the new aquired solutions.
They can be summarized as it follows:

- The TMCDG equation admits all the classes of solutions, hyperbolic, harmonic and rational, as the unimodal
Eq. (3). As examples, we have shown that, using the Kudryashov-expansion method, the TMCDG waves move in
dual-mode, bright and kink-waves shapes, while by using the exponential-expansion method, the motion could
appear as having a dual tan-periodic pattern. Of course, these are not the only solutions that can be generated,
other solutions appearing for different values of p and r.

- The influence of the main parameters (phase velocity s, wave number k and nonlinearity «) is explained
using the graphic representation of the solutions. Depending on their values, the parameters can increase or
decrease the velocity of the dual-waves.

In conclusion, in this article novel dual-mode waves are fruitfully generated for arbitrary « and . As it was
mentioned earlier, previously the TMCDG model has been studied via the simplified Hirota method, and only
one soliton solutions with the restricted condition on the nonlinearity and dispersion parameters, ®« = f = +1
were reported.

The approach used here can be applied to any evolutionary NPDE of interest in mathematical physics and
engineerings, in order to achieve new dual-wave equations and their associated solutions. Ourselves, we will
investigate in future works the possibility of extending the two-mode procedure to other higher-dimensional
NPDEs, trying also to implement alternative techniques [39,40].
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