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Abstract: A reduced-dimension (RD) method based on the proper orthogonal decomposition (POD)
technology and the linearized Crank-Nicolson mixed finite element (CNMFE) scheme for solving
the 2D nonlinear Extended Fisher-Kolmogorov (EFK) equation is proposed. The method reduces
CPU runtime and error accumulation by reducing the dimension of the unknown CNMFE solution
coefficient vectors. For this purpose, The CNMFE scheme of the EFK equation is established and
the uniqueness, stability and convergence of the CNMFE solutions are discussed. Subsequently,
the matrix-based RDCNMFE scheme is derived by applying the POD method. Furthermore, the
uniqueness, stability and error estimates of the linearized RDCNMEFE solution are proved. Finally,
numerical experiments are carried out to validate the theoretical findings. In addition, we contrast
the RDCNMFE method with the CNMFE method, highlighting the advantages of the dimensionality
reduction method.

Keywords: extended fisher-kolmogorov equation; proper orthogonal decomposition; mixed finite
element; uniqueness and stability; error estimates; numerical experiment

1. Introduction

The primary goal of this research is to apply the POD-based reduced-dimension method to solve
the following 2D nonlinear extended Fisher-Kolmogorov (EFK) equation

ur+yANu—Au+ f(u) =0, (xt)€Qx],
u(x,0) = up(x), x€Q, 1)
u(x, t) = Au(x,t) =0, (x,t) €0Q % ],

in which Q C RY(d = 2,3) is a bounded convex polygonal domain with boundary 9Q. J = (0, T] is the
time interval, where 0 < T < oo. Coefficient v is a positive constant. uy(x) is known initial function.
f(u) = u® — u, is the Lipschitz continuous function of u, that is, there exists a positive constant C such
that

|f(u1) = f(uz)| < Clug — uy|. )

For simplicity, we assume that u((x) = 0 in the following theoretical analysis.

When y = 0 in (1), the second-order diffusion equation is obtained, which is called the standard
Fisher-Kolmogorov equation. Coullet et al. [2] added a stabilizing fourth-order derivative term to
obtain the equation (1), and called it as the extended Fisher-Kolmogorov equation. The EFK equation
has very important physical background. It was applied to various kinds of physics and engineering.
Because of the complexity of the equation, it is difficult to get its analytical solution. Therefore, it is
very important to solve the equation numerically. And there have been a lot of research results on this
equation. For instance, direct local boundary integral equation method [3], Fourier pseudo-spectral
method [4], and modified cubic B-spline and polynomial based differential quadrature method [5,6]
are applied to solve the EFK equation. Various four-order finite difference schemes [7-10] have been
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developed to solve the EFK equations, which have the four-order and second-order accuracy in space
and time variables, respectively. He [11] used a three-level linearly implicit finite difference method
to solve the 1D and 2D EFK equation, and the method is second-order convergent both in time and
space direction. Sweilam et al. [12] studied stochastic EFK equation by combining the compact finite
difference scheme and the semi-implicit Euler-Maruyama approach. Danumjaya and Pani [13] applied
mixed finite element methods to solve the EFK equation with different types of boundary conditions.
Doss and Nandini [14] employed a splitting technique to derive an H!-Galerkin mixed finite element
scheme for the EFK equation. Wang et al. [15] used a new linearized CNMFE method to study the EFK
equation, in which Vu belongs to the weaker (L?(Q))? space instead of the classical H(div; ) space.
In this paper, we establish the CNMFE scheme for the 2D EFK equation and analysis the uniqueness,
stability and convergence of the CNMFE solutions.

However, in practical problems, using CNMFE method to solve EFK equations is a problem
with a large number of unknowns, which makes running extremely slow, leads to an increase
in rounding errors, and makes it difficult to obtain accurate numerical solutions. Therefore, it is
crucial to lessen the number of unknowns in the CNMFE method of EFK equation to reduce the
computational load, save CPU running time, and minimize the accumulation of rounding errors in the
calculation process. The Proper orthogonal decomposition (POD) technology, reducing the amount of
unknowns in numerical schemes, is an efficient dimensionality reduction method for solving partial
differential equations (PDEs). It reduces the CPU running time and reduces the accumulation of
round-off errors. POD technology can be applied to numerical methods of various PDEs, such as
finite difference method [16-18], Schwarz domain decomposition method [19], finite spectral element
method [20,21] etc. For reduced dimension FE and MFE models based on POD techniques, there
are two dimensionality reduction method. One method is that the optimized models are established
through reducing the dimension of the FE or MFE subspace. The parabolic equation [22], Sobolev
equation [23], Burgers equation [24] and some other PDEs [25-28] are solved by the reduced-dimension
method of constructing the POD subspace. The other is a new reduced-dimension method for the
CNEFE [29,30] and CNMFE [31-34] solution coefficient vectors proposed by Luo et al. in 2020. In
[35], Luo and Yang combined unknown solution coefficient vector dimensionality reduction method
and continuous space-time finite element method to study the 2D non-stationary incompressible
Navier-Stokes equations.

Although there are existing reduce-order methods of the EFK equation, such as Literature [17],
which combines the high-order compact finite difference scheme with the POD method to obtain the
spatial sixth-order accuracy while greatly shortening the calculation time. Literature [33] uses the
POD technique to reduce the dimensionality of the two-grid CNMFE solution coefficient vectors, in
which, the matrix theory is used to deeply explore the stability and convergence of the TGRDECNMFE
solutions. However, the reduce-dimension method proposed in this paper is theoretically significantly
different from the above research methods. This paper integrates POD technology with the linearized
CNMEFE method, and proposes a new reduce-dimension method for 2D nonlinear EFK equations. In
this study, we adopt the CN fully discrete format in the temporal direction to achieve second-order time
accuracy. Additionally, we linearize the nonlinear term to significantly enhance computational speed
and efficiency while preserving model accuracy. Unlike Literature [33], our work utilizes traditional
finite element techniques to analyze uniqueness, stability, and convergence of the RDCNMEFE solutions.
Our proposed method combines the advantages of POD and linearized CNMFE methods for effective
dimensionality reduction of the nonlinear EFK equation. This approach not only maintains accuracy
but also greatly improves computational speed and efficiency, providing a novel insight and solution
for solving the EFK equation.

The structure of this paper is as follows. In section 2, we propose the CNMFE scheme and discuss
the uniqueness, stability and convergence of the CNMFE solutions. In section 3, we generate the POD
basis to derive the reduce-dimension matrix model of the CNMFE solution coefficient vectors and
analysis the uniqueness, stability and error estimate of the RDCNMEFE solutions. In section 4, we
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employ the numerical experiment of the 2D EFK equation to verify the effectiveness of RDCNMFE
method and correctness of theoretical analysis. In Section 5, we summarize the major conclusions and
findings.

2. The Crank-Nicolson Mixed Finite Element Method of the EFK Equation

2.1. The CNMFE Schemes

The Sobolev spaces and their corresponding norms mentioned in this paper adhere to standard
definitions (see [1]). In order to develop the CNMFE scheme of the EFK equation (1), we initially
introduce a diffusion term w = —Au, resulting in the following two lower-order equations

{ ur—yAw+w+ f(u) =0,(x,t) € QA x]J, )

—Au=w,(x,t)eQX].

Let V = H}(Q). With the Green’s formula, the mixed functional form of (3) is as follows.
Problem 1. Find {u,w}: [0, T| — V x V satisfying

(ut,v) +v(Vw, Vo) + (w,v) + (f(u),0) =0,Yo € V,
(w,g) — (Vu,Vg) =0,Vg eV, 4)
u(x,0) =0,w(x,0) =0,x € Q.

Let Sy, be the quasi-uniform triangulation subdivision on Q). The FE subspace V},, spanned by the
orthonormal basis {{;(x)} ]Ai , under the inner product in H!(Q), is defined as follows:

Vi, = {op € VNC(Q); vy k€ Pu-1(K), K € I} = span{yj(x) : 1 <j < M}, (5)

in which Py;_1(K) is generated by (M — 1)th degree polynomials on K € 3.
For given integer N > 0, let At = T/N, ¢" = ¢(t,), 9¢" = (¢" — ¢"~1)/At and 4)"’% =
(¢" + ¢"~1) /2. Therefore, we can rewrite Problem 1 at time t = ¢ -l in the following form.

(u(t,_1),0) + v(Ve(t,_1), Vo) + (w(t,_1),0) + (f(u(t,_1)),0) =0, Yo €V, o
(w(t, 1),8) = (Vult, 1), Vg) =0,¥g € V.
Then, the equivalent expression of (6) is as follows.
u" —yn1 _1 1 ap_1 n—1 n—1
{ (T’U) + (V"™ 2, Vo) + (0" 2,0) + (F(A"2),0) = (R} 2,0)+ (Ry 2,0),Yo eV,
(wn_%,g) — (Vu”_%,Vg) =0,VgeV,
)
where
/’tn_l 3 n—1 1 n—2
F@E) = SFr ) = Sf 2, ®
n_1 n_ ,n—1
Ry * = % - Mt(fn_%), )
n*% Ap—1
Ry #=f@""2) = flu(t,_1))- (10)

Let {uj;, w} } represent the CNMFE approximations of solutions {u, w} for Problem 1 at t, = nAt.
Thus, the CNMFE model of Problem 1 can be constructed as follows.
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Problem 2. Find {uj,w)} € V}, x V;(1 < n < N) satisfying
_1 _1 an—1
(0sujt, vp) —|—7(VwZ 2, Vo) + (wZ 2, o) + (f(ﬁZ 2),vp) =0,Yu, €V,
_1
(@, 2,8n) = (Vuy, 2, Vgy) = 0,98, € Vi, (1
ud(x) =0,w)(x) =0,x € Q
Remark 1. By means of a linearized term
An—3% 3 _ 1 _ 3, .- 1, ., 3 1
FE) = )~ ) = S - S - S g, )

we can observe that the formulation (11) is a linear scheme.

2.2. The Uniqueness, Stability and Convergence of the CNMFE Solutions

By employing the base functions of the FE space Vj, the solutions {u}, wj } of Problem 2 can be
formulated in the form of

i

M
Uy = Zuh,éj g-up, wy =) Wil =0 Wy, (13)
j=1 j=1

where { = (1,82, -+ ,{m) is the orthonormal base, satisfied

(gugj) 1]r Lj=12--,M.

u, = (U, up, -, LI{[M)T and Wi = (W), Wi, - - -, W,:‘M)T are the unknown coefficient vectors of
CNMEE solutions. From the expression of the solutions {uj}}, wj; } of (13), Problem 2 can be represented
equivalently in the following matrix model.

Problem 3. Find {U]}, W)} € RM x RM and {u}},w}'} € Vj, x V},(1 < n < N) satisfying

_1 _1 An_l
Uy +9BW, >+ W, 2 =F(U, ?),
b gt
W, Z-BU, Z=0, 14)
M M
up =Y Uit = Uy -, wip =) Wil =Wy -,
=1 j=1
where
B = (bjj)1<ij<m bij = (VT Vi),
and ) 3 .
F(U, ?) = *(*F(Uﬁ_l) - EP(UZ_z))
3 M n—1 1 M n—2
= <_(2(f(2 U G5),Gi) — E(f(z Uy °C5), i) h<ism
j=1 =1

Theorem 1. The Problem 3 has the unique solutions {u}}, wji} € Vi, X Vj,.

Proof of Theorem 1. Problem 3 can be written as

At At At A -1 An—1
U (up) (1 ey (w (e ) g
-B I wy B -1 wit fo) ’
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where I stands for the M x M unit matrix, and O denotes zero column vector of M x 1.

From the definitions of matrices I and B, we know that they are positive definite and thus
invertible. From (15), we can conclude that the coefficient matrix is invertible as well. Hence, there
exists a unique set of solutions (uj;, wj) € V}, x V;, for Problem 3.

O

In order to prove the stability of the CNMFE solutions, we need to introduce the properties of B
in Problem 3.

Lemma 1. [36, Lemma 1.19] Matrix B satisfies the following inequality
IBllew < C,[|B7Hleo < C. (16)

Theorem 2. Both the CNMFE solutions {ujy,w; } and their solution coefficient vectors {U}, W} } are
unconditionally stable.

Proof of Theorem 2. We represent (14) as

A
N

= _1 _1 _1
B 1o,Uu +yW, >+ B 'W, 2 =B 'F(U, ?),

1 1 (17)
w, *=BU, °.
Substituting the second formula of (17) into the first formula, we obtain
- _1 _1 An—1
B o,u} +9BU, > +U, =B 'F(U, 7). (18)
Taking the inner product of (18) and d; 1, we have
= - 1 _ _1 _ An—L1. -
(B~19.u},0,u) +y(BU, 2,d;Up) + (U, 2,d;U}) = (B-'F(U, ?),3:Uj). (19)
The left side of (19) is that
- - 1 1
(B~'a,uy, o,Uy) + y(BU,, 2,0:U}) + (U, 2,3,Uy) o0
_1\1l= v 1 1 1 _
= BRI+ S (B R — BRuy P o (U P,
and the right side of (19) is that
_ Apn—1. - 1.1 Ap—1 1.1=
(B'E(U, 2),9:Uy) < Cll(B™)2 G IIEW, )l + [1(B~") 20, U} 1> (21)

Combining lemma 1 with the global Lipschitz-continuity of f(u), the first term of (21) can be
estimated as

1+ 1 Ap—1
1B~ 1)z |S I F(t, »)|1?

2

N

3 4y 1 _
CHZF(UZ 1)—§F(UZ 2)

1 2

CQB””Z”—ZHUZ5 +HHUZU—PW%W+¢Hu%W) (22)
c(uy" —up2|? + up—t - ul)? + || Fu)|1?)

C(uY)? + [E@)|? + up= |2 + juy-2)1?)
CHe(uy P+ up2?),2<n <N,

INCINCIN N

d0i:10.20944/preprints202408.2117.v1
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where ||U)|| and ||F(U))|| are bounded. Combining (20), (21) and (22), we have

0% 1 1. 1 _ _ _
sag (BRGNP = |BRuy ) + S (Ui = (g~ 1P) < C+ Cjuy 12+ g 2P). 29)

Multiplying both sides of the inequality of (23) by 2At and summating from 2 to n(n < N), we

have
n

1 n -1 )
I < UG+ vl B2UG > +248 ) C+CAt Y |ju, |2
i=2 i=0

: 24
< (1+’Y\|B%||oo)||U},||2+CT+CAfnf||U§l||2/ -
i=0
noting that ||U}|| < C, then
[LHIESS C—l—CAtni:l g |12 (25)
i=0
Applying the Gronwall Lemma to (25), we obtain
Ul )? < Ce“™™ < C,1<n<N. (26)
And because
Wyl = [BU, || < Bl [Uy || < ClIUR[I < C 1T <n < N. (27)
From (26) and (27), we have
Uzl + Wil <C1<n<N. (28)
Due to ||{]| < C, we can easily get
[ || + oy |l = 1 - Cll + Wy - 2l < CIURIHIEI + CIWRIIZI < 1 <n < N. (29)

(28) and (29) indicate that the CNMFE solutions and their coefficient vectors are unconditionally
stable.
O

In order to analyze the convergence of the linearized CNMFE scheme, we first need to establish
the projection operator Rj,.

Lemma 2. Let Ry, : V — Vj, satisfy the following relation

(V(¢p— Rut), VX) =0, VYx € Vi, (30)
and

19— Rigllzz(cx) + Hllp = il ) < C2 9l cay D

9 = Rapulliz e < CH (Il + 19111200 2

In order to facilitate theoretical analysis, the errors can be decomposed into
u(ty) —up = u(ty) — Ryu(ty) + Ryu(ty) —uy = 1" + 06", (33)

w(ty) —wj = w(ty) — Rpw(ty) + Ryw(ty) —wj = 1" +«". (34)

Subtracting (11) from (7) and using (30) att = ¢, 1, we obtain the following error equations.
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gn — gn—1 1 _1 AL An—3
(T,vh)JrV(VK" 2, Vo) + (" 2,0) + (f(0"72) — f(4), *),on) 35)
n _ n—1 _1 _1
= —(5 o) = (P h o) + (R 3,0 + (Ry 2,01), Vo, € Vi,
_1 _1 _1
(k"72,8,) — (V0" 2,Vgy) = —(7""2,81), Y&n € Vi (36)

In order to obtain the error estimates, we introduce the following lemma, which is easily obtained
by Taylor expansion.

_1 _1
Lemma 3. R;l 2 and RZ 2 satisfy the following estimates
_1
IR} 21> < CAP|ugst| o 12, (37)

_1
IR 211> < C(u) AP [usst | o 2 (38)

Based on Lemmas 2 and 3, the following theorems for Crank-Nicolson fully discrete error estimates
is obtained.

Theorem 3. With u}, = Ryu(ty), assume that the solution’s regular properties for (4) satisfy uy € L*(H?),
upr € L®(L?), u,w € L®(H?). Then there exists a positive constant C independent of h and At such that

lue(ty) = up | < CORII* 1+ (02 st oz, (39)

where |||+ [[| = ([l o) + llwll o2y + el 2(e2)-

Proof of Theorem 3. Taking v;, = 6"~z and h = K"~ in (35) and (36), respectively, we obtain

6" — flo" 1%

A an—1
SAr—— (VT VEE) b (62,07 2) o (F(@2) - (i 2),6" %)

o — -1 1 1 1 n—1 1 n-j 5 0
= (CE e b e () e - (e,
k"2 — (VO"~2, V&""2) = — (2" 2,5 1), “h

Multiplying (41) by -y and adding it to (40) and using Cauchy-Schwarz inequality and Young
inequality, we obtain

L
20t

— () - (F ) — f() D), 00 ) (At9> )

_1 _1
H(RYT2,0"73) + (Ry 2,07 72) — (22
"

_1 _
=212+ o (11612 = e H1%)

" — 1 n—} n—1} no1l D S| Ll a1 4
< (ST R R iRy o e et @)
An—% *”_% n—2 n—1
FULF@EE) = @+ ) b
T”_Tnfl 2 _1 _1 1 1
< o[ | IR IR bR )+ ey
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A an—1
For the nonlinear term || f (ﬁ"’%) —f (ﬁZ 2)|I?, Using Young inequality, we have
Ap—1 an—3
If(a"=2) = f(@, *)IP?
2
_ 3 n—1 1 n—2 3 n—1 1 n—2
2
— 3 n—1\3 3 n—1 1 n—2\3 1 n—2 3 n—1y\3 3 n—1 1 n—2\3 1 n—2
= 2(u ) > 2(u ) +ou 2(”h ) + o, —l—z(uh ) 5t
3 n—1\3 n—1\3 1 n—2\3 n—2\3 3 n—1 n—1 1 n—2 n—2 ?
= |20 = )~ SR - ) - S ) R - )
2
3 43
< E(unfl_uzfl)[(unfl)Z_f_unfluzfl_’_(uzfl)Z] ( )
2
1, ,_ _ _ 2 _
+¢‘2(un 2__uZ Z)Kun 2)24_un ZuZ 2‘F(”Z Z)ﬂ
3 n—1 n—1y2 1 n—2 n—2 2
St = R )
9 1
= @+ + TP+ (G0 TR
< CUT P+ 1T 22+ oI + 19 2]1%).
Noting that
e N )
L | g .
5| Saf Il (@4
Substitute (43) and (44) into (42) to obtain
0% 1 1 _
T2 + 5 (6712~ 16" ))
1 tn n—1i n—2 _1 4
< (g [ IR IR R+ IR R + 7 R) )
AT+ (17212 + 10712 + (10" HI> + 10" 2]12).
Summing fromn = 2,- - - , ], the resulting inequality becomes
/ 1
yiE Y (K2 A+ (1 - canl|el|?
n=2 ]
_1 _1 1
< 0P+ Car Y IRy 2+ IRy F 1P+ 22 ) (46)

n=2

]71 t]
+CAE Y ([T + []6™]1) + C/O ¢ ds.
n=0

Choosing Aty, when 0 < At < Aty, 1 — CAt > 0, and using discrete Gronwall Lemma and Lemma
3, we obtain

! 1
A Y K22+ 0P
n=2

= L
< 0P+ car Y TP+ cat Y]
n=0 n=2

_1 ty
< 0P+ CUIT" g2y + NI lezm(Lz)Jr/O Ie12ds) + C(AE) utt | o 12

/ 1 1 t
n—z n—z 1 J 7
(IRY 22+ IRy 212+ )+ [ mli2as @9
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Combining Lemma 2, (47) and the triangle inequality, the proof of (39) is accomplished.
O

Theorem 4. With uj = Ryu(t;) and w} = Ryw(ty)assume that the solution’s regular properties for (4)
satisfy ut, wy € L>(H?), upe € L*(L?), u,w € L®(H?). Then there exists a positive constant C independent
of h and At such that

leo(ty) = cwopll < COR > 1l + (A8 futael | o 12, (48)
where [[| % [[| = ([l o) + llwll o2y + el 22y + lwll 22

Proof of Theorem 4. From (36) we can get

K" — anl vor — Venfl " — n.nfl
(72 ) (T ) e (T ) e
n__ 97171 1
Taking v, = A and g, = "2 in (35) and (49), respectively, we obtain
" — 971—1

Nl—=

2 n n—1 n n—1
L1 0 —0 L1 0" —0
‘ At +7<VK YA >+(K Y
1 9117971—1

An— 1 AN—
+ () - s, S0
Tn—Tn71 911_91171 1 9n_9n71
- (e e e
nf% Gn_enfl nf% gn_gnfl
+(R1 ) TR )

e L B s

(50)

Nl—

- ) . (51)
Multiplying (51) by 7 and adding it to (50) and using Cauchy-Schwarz inequality and Young

inequality, we have

" — anl 2

Y _
S (e — ) +

n_ gn—1 n _ gn—1
= (e ) - (s - h, B0
(T ) (s 20

At At At
_ _ _ 52)
e\ 7o) e—e et (
RIFz22 7 RIT2 . n-1
a1 =L n—1 n—12 o _— -1 2 o — 1 2
< (s - HE+ IR R e | S | | S|
Qn_enfl 2

_1 _1
+C([l" =2 + [|x"~2]1%) +

2

1
At

Similar to (44),
H " — 7.[7171

2 1 ta
< — 7T 2 .
Qt ~ At ‘/tni1 H t(s) || dS (53)
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Multiplying (52) by 2At, summing from n = 2,- - -, ] and using (43), (44) and (53) to obtain
on — enfl 2

]
T2 + At
VKP4 At ) AL

n=2

J _1 1
<l P ot Y (T P+ I 2P+ E 10 2P+ IRy 2P+ IRy 217 (54)
n=2

J ty J
et Y A2 C [ lns) |2+ () s + Car Y (22
n=2 n=2

Using the Gronwall Lemma, we have

" — anl 2

]
T2 + At
Y|P+ Ar Y A

n=2

J-1 J 1 1 4
< il P+ Cat Y (TP + 16™17) + Cat Y (IR 21>+ IRy 21>+ [|[7" 2 1) (55)
n=0 n=2

4 [ )P + 1 (5) s

Substitute (47) and Lemma 3 into (55), we get
J on — gn—1 2
712
P oy | S
t 1
< AR +C [T U+ () P)s + gz + 1 H B

+HC(A)* gt | 12

(56)

Combining Lemma 2, (56) with the triangle inequality, we complete the proof. [

3. The reduced-dimension method of the Crank-Nicolson mixed finite element solution coefficient
vectors of the EFK equation

3.1. Construction of POD basis vectors

Firstly, we need to compute the initial K-step solution coefficient vectors {U!, WJ'}X_ of
Problem 3, which will yield two M x K snapshot matrices A1 = (U}i, uz, .- ,Uf) and A, =
(W,11, wW2,..., Wf ). Secondly, we need to compute the positive eigenvalues and arrange them in
descending order p;; > pip = -+ = piy, > 0(r; = rank(A;)) of A;A] (i = 1,2), and the associated
eigenvectors to form the matrix ®; = (@i ®in  Piy,) € RM>"i_ Finally, choosing the first d column

vectors of ®; as a set of POD bases ®; = (4’1‘,1/401‘,2/ o ,q)ild) (d < r;,i =1,2), they satisfy the following

equalities
14; — @@] Ajll> = i1, =12, (57)
A M
where ||Alx = sup llAo] and |lo|| = | )_ |vi|? of vector v = (v3,05,--- ,00m)T. When n =
oerm (7]l i=1
1,2,---,K, it follows that
[} — @1 @7Uj || = [[(A1 — ®1@] Ar)e" || < [|(A1 — @197 A) l2]le”[| < /Frar, (58)

W — @,@] Wi || = [|(A2 — @2@] Ay)e"|| < [|(Az — @283 Ad) |2 ]le” || < o1, (59)

Here, ¢"(1 < n < K) denotes the unit vectors whose nth component is 1. Therefore, ®; =
(@i1Pio Pig) (d<1;,i=1,2)is aset of optimal POD bases.
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Remark 2. Since the order M x M of matrix A;Al (i = 1,2) is much larger than the order K x K of matrix
AiTAl-, and the eigenvalues of Al-AiT and AZ-T A; are equal, thus we first calculate the initial d eigenvalues
wij(1 < j < d) of matrix AT A; and their corresponding eigenvectors ¢;,;(1 <j < d). Then we use the relation
@ = Aig; i/ \/Hij (1 < j < d) to obtain the eigenvectors of A;A}, and generate a set of POD basis vectors
D= (@1, P Pia)(d <)

3.2. Formulation of the RDCNMFE scheme

Firstly, letting ot = (af, a3, -, &)1, Bl = (B}, B4, -+, p5)T, and U% = (U7, UY,, - - -,
UZ;M)T and W" = (ng,Wgz,- . ,WgM)T represent the RDCNMEFE solution coefficient vectors.
Secondly, we can instantly obtain the first K RDCNMEFE solution vectors U} = ®4 <I>1TUZ =: ®1af)
and W/ = ®,®I W} =: ®,/(1 < n < K) from section 3.1. Finally, by using U’} = ®a!t, W =
®,B5(K+1 < n < N) instead of {U}}, W]} in Problem 3, the following matrix-based RDCNMFE
scheme can be established.

Problem 4. Find {U}, Wi} € RM x RM and {u”}, w1} € V;, x V(1 < n < N) satisfying

Vi = o7, B = OTW)1<n <K
- T R
d>18tad+'de>2ﬁd —|—¢2ﬁd :F((Dlad ),K—i—lgngN,

_1 1
@, 2 B 2 =0,K+1<n<N, (60)

M M
ug =) Uil =Uy-T=®10j-§, wj=) Wili=Wi {=®p; [, 1<n<N,
A =

in which {U}, Wi} (n = 1,2, - ,K) are the first K solution coefficient vectors for Problem 3. The definitions
of matrix B, vector F, as well as FE basis function vectors { = ({1(x),{2(x), -+, Cpm(x)) are given in section
2.2.

3.3. The uniqueness, stability and error estimate of the RDCNMFE solutions

For the RDCNMEFE solutions of Problem 4, the unique, stable and convergent properties are as
follows.

Theorem 5. Under the same assumptions as Theorem 3 and 4, if {u", w"} € V x V are the weak solutions to
Problem 1 and {u;’,wg} € Vj, x Vy, are the solutions to Problem 4, then for any 1 < n < N, the RDCNMFE
solutions have uniqueness and unconditional stability, and the following error estimate is obtained.

[ — uf|| + [|w" — wjl| < C(K* + AP + /g + v/ Fod+1)- (61)

Proof of Theorem 5.(1)  Discuss the uniqueness of the RDCNMFE solutions.

For 1 < n < K, Theorem 1 guarantees the uniqueness of solutions {uj},wj/} to problem 3.
Therefore, the solutions {u/}, w/}} generated from first and fourth formulas in problem 4 must also
be unique.

For K+1 < n < N, using U} = ®1a/j, W] = ®,87(K+1 < n < N), the last three formulas of
Problem 4 can be converted to
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S n—1 n—1 An—1
ouj+yBW, >+ W, 2 =FU, ?),K+1<n<N, (62)
_1 _1
W, ?-BU, >=0K+1<n<N, (63)
M
ug = ZUdJCJ—Ud g wj= ZWd]@ Wi, K+1<n<N. (64)

]7

For K +1 < n < N, the set of solutions {ul}, w'}IV_ 1 for Problem 3 is unique. Since (62) — (64)
follow the same formats as problem 3, the set of solutions {u/}, w!}!V | for (62) — (64) is also
unique.

(2) Demonstrate the stability of the RDCNMEFE solutions.

When 1 < n < K, since the vectors in ®1 and ®; are orthonormal, using Theorem 2, we have

[ujll + lwgll = lug -2l + [[Wg -l
= |®1@{ U} - ||+ [ @22 W} - || ©5)
< C([Ju || + ezl
<C1<n<L
When K +1 < n < N, since B is a positive definite symmetric matrix, we can rewrite (62) a
-15 n—j . Syl
atud+7W +B"W, *=B F(Ud ),K+1<n<N. (66)
Putting (63) into (66), we have
15 791 nf% nf% -1 Rnf%
B atud+73ud +U, =B F(Ud ), K+1<n<N. (67)

Taking the inner product of (67) and o;U,

1

_ _ _1 _ _1 _ A1l _
(B~1a,uf, 8,ut) +y(BU, ?,0,Uf) + (U, *,0U) = (BT'F(U,; ?),9,;U’),K+1<n<N.

(68)
Then the left side of (68) is that
- - 1 1
(B~19,U%,9,U%) +y(BU, 2,d;Ul) + (U, 2,3,;Ut)
1 ks R
= B S (B — B P) 69)

oI = g P, K +1 << N,
and the right side of (68) is that

(Rl ), 3y < B RIF@] P+ (B R K+ 1<n <N, (0)
Using the same technique as (22), we have

1B Y IF@ 2|2 < C+ cun 2 + [u2[2), K+1< n < N. (71)

Combining (69), (70) and (71), we have
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2_ n—1 2_ n—1
(B2 — B 2) 4+ o (R - )

(72)
< CHC(ui P+ ut?)?),K+1<n < N.

Multiplying both sides of (72) by 2At, and summating from 2 to 1, we obtain

lugi? IIUdllz+7IIBZUd||2+2AtZC+CAt Z [y ?
i=2 =0 (73)

< (1 IBER) YR+ CT+ CAr Y Ul K +1<n < N,
i=0

Noting that
Iuz)* = @ @iu,|* < Cllu;* < ¢, (74)

putting (74) into (73), we have

n—1 .
jug|l> < c+caty U3 K+1<n<N. (75)

i=0

Using the Gronwall Lemma for (75),

HUZHZ<C€C”At<c,K+1<n<N. (76)
And
[Wall = IBU | < ||IBl|||Uj]| < Cl[Uz]| < C,K+1<n<N. 77)
So we have
Uzl +[wgll < 1<n<N. (78)

Thus, noting that ||C|| < C, we get
|l + lwgll = [l - Zll + W - Zll < Cllugl - IZ]] + ClIWg][ - Il < €, K+1<n <N. (79)

From (65) and (79), the RDCNMEFE solutions {u/j, w/}(1 < n < N) are unconditional stable.
Analyse the error estimate of the RDCNMEE solutions.

When 1 < n <K, from ||{]| < C, (58) and (59), we have

[y = ugll + oy =il < UG = UglloliZll + Wy = Wil [IC]

Cl|u; — @1 @7 U} | + | W); — 220, Wi| (80)
C(\/Hdm + /1), 1 <n <K

When K +1 < n < N, letting §" = U} — U] and p" = W} — W/}, and combining (17), (66) and
(63), we obtain

NN N

—-15 ¢n n—3 1 n—l B! ; B! k"*%
B '0:8" +yp" 2+ B 'p"2 F(U )—BF(U,; *),K+1<n<N, (81)

Pt =B&" 1, K+1<n<N. (82)
Putting (82) into (81), we have

A1
B13,8" +yB&" 2 46" % = BTF(U], 2) ~B7'F(U), ?),K+1<n<N. (83)

d0i:10.20944/preprints202408.2117.v1
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Taking the inner product of (83) and 9;5",
(B~13,0",3:6™) + 7(B6™2,8,8") + (6" 2,3,5") s
= (B'F u” Y _p-1F ﬁ”’% ,0i0™"),K+1<n<N.
( ( d
Then the left side of (84) is that
(B~13;0",3:0™) + 7(Bo"2,3,0") + (6" 2, 3,0")
ks 1oene
= B+ 5L (B2~ BEe ) 5)
ny2 n—1 < <
o (0~ [ B K+ 1< < N,
and the right side of (84) is that
(BF(l ) — BE@) ), 807)
1’1 o . (86)
< ClB2|LIFW, ?) - F(U,

1 i
)2+ |(B™1)23:8" |2 K+1< n < N.

Combining Lemma 1 with the global Lipschitz-continuity of f(u), the first term of (86) can be
estimated as

D=

11 Ap—1 An—
I(B)2IIZ |, ) — F(Uy *)|?
1 2
n— 1 n— 2 n—1 n—2
71—" —ZF
H( i i )- < (s )2 ) )
ol
< C(llom 2+ o 2|| +1<n<N.
Combining (85), (86) and (87), we have
Bn2 Bln—12 n||2 n—1y2
L (IBES" 2~ | BE ") + o (16712 — 6" P) )
< C(Ia" P+ 16" 2)?), K+ 1< n < N.
Multiplying both sides of (88) by 2At, and summating from K + 1 to n(n < N), we obtain
1 n—1 .
18717 < ll6%12 + B2 6% |2 +-cat Y |&
_ i=K-1 (89)
<CloX|P+cat Y |I8FK+1<n < N.
i=K—1
Noting that
1857 = fJugy = ug||* = Uy — @7 ug|” (90)
Putting (90) into (89), from (58) and (59), we have
n—1 .
197" < Cprgea +CAE } 0 |87 K41 <n < N. ©1)

i=K—1

d0i:10.20944/preprints202408.2117.v1
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Applying the Gronwall Lemma for (91),
1671 < Cpr,g416<" < Cprgn, K+1<n < N. (92)
And
" = 1BS"[| < C|[Bl||6"]| < C[|8"[l, K+ 1 <m <N, (93)
thus, we get
[6" 1+ lle" [l < C(VHra+1 + Vi2a+1), K+ 1 <n < N. (94)

Further, from |||| < C, we obtain

[y = ugll + llwop =gl < [[Uj; = Willeo - 8] + W5 = Willeo - [I2]]
< fup = ugl - 1gl + [Iwy — wall - ligll (95)
<

C(\/Hra+1 + /Hoar1), K+1<n <N.

Using the triangle inequality, Theorem 3 and 4, (80) and (95), we obtain

[ —ugll + lw™ —wgll <[ —ull + luy — ugll + " — will + [y — Wyl

(96)
S C(R?+ AP+ /i + /Hadr), 1 <n < N.

O

4. The Numerical Examples for the EFK Equations

In order to verify the effectiveness of the RDCNMFE method, we can compare the errors and
orders between the genuine, CNMFE and RDCNMEFE solutions and CPU runtime on different time
nodes. We here adopt the numerical experiment that the following 2D nonlinear EFK equation has a
genuine solution. Generally speaking, it has no genuine solution.

up + Au — Au+ud —u = g(xy,x0,t), (x1,%2,t) € (0,1)% x (0, T],
u(0,x9,t) = u(1,x,¢) =0,u(x1,0,t) = u(x1,1,¢) =0, teo,T],
Au(0,x3,t) = Au(1,x,t) = 0, Au(x1,0,t) = Au(xy,1,t) =0, te0,T], 7
u(x1,x2,0) = sin(7rx1)sin(7rxy), (x1,x2) € [0,1]%,

in which g(xq,x0,t) = e H(—=2 + 4r* + 271%)sin(7rx; )sin(7rx,) + e~3*sin® (a1 )sin®(71x,), we may
obtain the genuine solution u(x1,xs,t) = e 'sin(7txy)sin(7txy) of (97). The genuine solution of
the auxiliary variable w is w(x1, x2, t) = 27t%e~*sin(7rx; )sin(7Tx,).

Firstly, the initial 20 CNMEFE solution vectors {U}, Wy }(n = 1,2,---,20) are obtained by
calculating Problem 3 to establish the snapshot matrixes A; = (U}, U2, -, Uﬁo) and A, =
(W}ll, wW2,..., Wﬁo). Secondly, we calculate the eigenvalues ;t,»,j(i =1,2,j=1,2,---,20) (arranged
decreasingly) and the associated eigenvectors ;bj,j(i =1,2,j=1,2,---,20) of the matrixes AiT A;(i =
1,2). Then, we find that VHi7 < h2 + At2, so that we just need to extract the first 6 eigenvectors 4’1‘,]'
of the matrix AiT A;(i = 1,2) to construct a set of POD basis vectors ®; = ((pi,l,gaz-’z, e ,(pi,é), where
@i = Aicpi/]./\/;f-,]-(i =1,2,j=1,2,---,6). Finally, we compute the RDCNMFE solutions {u/}, w/}} of
(97) by Problem 4 and the CNMEFE solutions {u!!, w!'} of (97) by Problem 3 when & = 1/2/100 and
At =1/100 at t = 1. And they are compared with the genuine solution respectively, exhibited in
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Figure 1 and Figure 2. As evident from Figures 1 and 2, the RDCNMFE and CNMEFE solutions closely
mirror the genuine solution.

genuine solution of u CNMEFE solution of u RDCNMFE solution of u

Figure 1. (a) The genuine solution u" at t=1. (b) The CNMFE solution u} at t=1. (c) The RDCNMFE
solution u; at t=1.

genuine solution of w CNMFE solution of w RDCNMEFE solution of w

Figure 2. (a) The genuine solution w" at t=1. (b) The CNMFE solution wj; at t=1. (c) The RDCNMFE
solution w} at t=1.

For comparison, we give the errors and convergence orders of the CNMFE and RDCNMFE
solutions for u and w at t = 1 in Table 1 and Table 2, respectively. As can be observed from
Tables 1 and 2, the errors and convergence rates of the RDCNMFE method are nearly identical
to the CNMFE method, which aligns with the previous theoretical analysis. Figure 3 offers a more
visual representation of the comparative results of the error convergence orders between uj and u/;
and between wj and w}.

Table 1. L2 errors and order between the genuine, CNMFE and RDCNMEE solutions of u at t=1.

CNMFE Method RDCNMFE Method
Grid  ||u" —ufl|]| Order [|u"—uYj|| Order

10 x 10 3.0742e-03 - 3.0742e-03 -

20 x20 7.5577e-04 2.0242 7.5577e-04  2.0242
40 x40 1.7251e-04 21313 1.7251e-04 2.1313
80 x 80 2.7256e-05 2.6620 2.7274e-05  2.6611
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Table 2. L2 errors and order between the genuine, CNMFE and RDCNMEE solutions of w at t=1.

CNMFE Method RDCNMEFE Method
Grid ||w" —w}|| Order ||w"—w/|| Order

10 x 10 1.0990e-01 - 1.0990e-01 -

20 x20  2.7344e-02  2.0068  2.7344e-02  2.0068
40 x40  6.5061e-03  2.0714  6.5069e-03  2.0712
80 x80  1.2863e-03 23385  1.2901e-03  2.3345

-0.5

0
T

Log(error)

, ® .
w (& n
T T T

o
o
T

IS
T

45

2 19 138 a7 16 15 14 13 12 A1 -
Log(1/h)

Figure 3. Comparison of error results of u and w.

To provide additional evidence for the effectiveness of the RDCNMFE method, we recorded
the errors and the CPU running time for computing the CNMFE and RDCNMEFE solutions at ¢ =
1.0,1.5,2.0,2.5,3.0, respectively. These results are obtained by solving Problems 3 and 4 and shown in
Table 3.

As demonstrated in Table 3, with the increase of time, the CNMFE method with 2 x 6561 degrees
of freedom requires considerable CPU runtime at each time node, where the running time increases by
approximately 30s for every additional 0.5s. While performing at the same time node, the RDCNMFE
method, with only 2 x 6 degrees of freedom, requires very minimal CPU runtime, with an increase in
running time of only about 0.1s for every additional 0.5s. The calculation time of the CNMFE method
is approximately 70 times greater than that of the RDCNMFE method when ¢t = 3.0. This experiment
demonstrates that the RDCNMFE method significantly reduces CPU running time. Furthermore, the
results from the Table 3 indicate that the RDCNMFE method produces slightly less L2 errors compared
to the CNMFE method. In summary;, it is clear that the RDCNMEFE method surpasses the CNMFE
method, proving it as an effective numerical method for solving the 2D nonlinear EFK equation.

Table 3. Comparison of L2 errors and CPU runtime of CNMFE and RDCNMFE solutions.

CNMFE Method RDCNMEFE Method
Real time ||u" —uj|| ||lw" —wj}|]| CPUruntime(s) |[|u" —ufj|| ||lw" —w}|| CPU runtime(s)
t=1.0 2.7256e-05 1.2863e-03 224.368 2.7274e-05 1.2901e-03 4.410
t=15 2.5421e-05 1.4650e-03 260.357 4.7928e-05 1.4653e-03 4.545
t=20 1.7506e-05 1.4287e-03 285.453 1.7724e-05 1.4523e-03 4.635
t=25 1.1089e-05 1.3743e-03 311.536 1.5943e-05 1.6888e-03 4.678

t=23.0 6.8308e-06 1.3343e-03 342.801 6.8312e-06 1.3403e-03 4919
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5. Conclusions

In this study, we have focused on the reduced-dimension method of Crank-Nicolson mixed
finite element solution coefficient vectors for 2D nonlinear EFK equations In order to give a full
demonstration of the effectiveness of the reduced-dimension method, we have established the CNMFE
scheme of the 2D nonlinear EFK equation and discussed the uniqueness, stability, and convergence of
CNMEE solution. Then, we have generated the POD basis based on the initial K CNMFE solutions,
constructed the RDCNMFE matrix model, and employed the traditional finite element techniques to
analyze the uniqueness, stability and error estimation of RDCNMEFE solution. Additionally, numerical
experiments have been conducted to comparatively evaluate the performance of the two methods.
Compared with the CNMFE method, the RDCNMFE method has fewer degrees of freedom at each
time node. This characteristic enables the RDCNMFE method to greatly reduce computational load,
running time, and error accumulation. In particular, this paper has simplified the actual calculation
by linearizing the nonlinear term without iterative numerical calculation. Therefore, the RDCNMFE
method constitutes a novel numerical technique for tackling nonlinear PDEs.

In future research, we intend to extend the scope of application of this method to PDEs with
variable coefficients (in this paper, the coefficient < is a constant). Additionally, we believe this
approach can be adapted to more complex engineering problems.
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The following abbreviations are used in this manuscript:

POD proper orthogonal decomposition

CNMFE Crank-Nicolson mixed finite element

RDCNMEFE reduced-dimension Crank-Nicolson mixed finite element
EFK extended Fisher-Kolmogorov
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