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1. MOTIVATIONS
In [4, pp. 257-258] and [5], the functions in

Pt o) = % exp H\/llft _ 1)} _ ni)hn(x)f; (1.1)

were considered. In [4, pp. 257-258], it was pointed out that the unnamed polyno-
mials h, (x) satisfy
1 x d 1"
ho(z) = == | —— n=lewy, 1.2
() n!e® {d(xQ)] (v <) (12)
In [5], it was pointed out that the unnamed polynomials h,(z) and the Bell poly-
nomials By, (z) are connected by the identity

> () Bl = Cor D @S, wzo. )

k=0 k=0
where the Bell polynomials By (x) can be generated by

: > tk
en(€ ) = ZBk(m)
k=0

and the Stirling numbers of the second kind S (n7 k) can be generated by
- 1
(Gl ank . ke l{0}UN.

It was pointed out in [4, pp. 2577258] that the expression had been applied
in 1937 to the theory of hyperbolic differential equations. It was also pointed out
in [I0] that there have been some studies on interesting applications of Bell poly-
nomials By (x) in soliton theory, including links with bilinear and trilinear forms
of nonlinear differential equations which possess soliton solutions. See, for exam-
ple, [6l [, [§]. Therefore, applications of the Bell polynomials By (z) to integrable
nonlinear equations are greatly expected and any amendment on multi-linear forms
of soliton equations, even on exact solutions, would be beneficial to interested au-
diences in the research community.

To simplify main results in [5], among other things, the following conclusions
were established in the newly published paper [10].

Theorem 1.1 ([I0, Theorem 1]). For n > 0, the nth derivative of the generating
function F(t,x) of the polynomials h,(x) in (L.1) can be computed by

d"f;fi,x) _ Z[Zm 2n — 20— 1)!! < 2n fg)1> (i)];d(l_{)mm,

k=0 L{=k

where the double factorial of negative odd integers —(2n + 1) is defined by
(=™ 2"n!
N ) (_qynZ >
o - W gy 20
and the conventions ( ) 1 and (p) =0 for ¢ > p > 0 are adopted. Consequently,
the polynomials hy(x) for n > 0 can be expressed as

(=2n -1 =

n

a0l

l=Fk
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Theorem 1.2 ([I0, Theorem 3]). For n > 0, the Bell polynomials B, (x) and the
polynomials h,(x) can be expressed each other by

-y (-1 [Z 2 (Z)S(k,a] he(x) (1.4)
k=¢

£=0

and
n

() = 2in ; ]; (Z) (2n — 2% — 1)ULk, 0)

where s(n, k) for n >k >0, which can be generated by

n l’k e "
M:Z (nk)i' lz| < 1,

k!
n==~k
stand for the Stirling numbers of the first kind.

Theorem 1.3 ([I0, Theorem 4]). For n > 0, the Bell polynomials By, (x) and the
polynomials hy,(x) satisfy the identities

(z
Z( )2’@ on — 2k — 3)\hy(z kz

=0

Bg(%), (1.5)

(1.6)

and

Z( )[Z 0D By ) () = 2 (L7)
k=

£=0

In this paper, using two inversion theorems for the Stirling numbers s(n, k) and
S(n, k) and binomial coefficients (Z), employing properties of the Bell polynomials
of the second kind B(n, k), and utilizing a higher order derivative formula for the
ratio of two differentiable functions, the authors present two explicit formulas, a
determinantal expression, and a recursive relation for h,(x), derive two identities
connecting hy,(z) with B, (z), and recover the identity (L.3)).

Our main results can be stated as the following four theorems.

Theorem 1.4. Forn > 0, the polynomials h,(x) satisfy

hn@):ik; S (Z) <n—§>nk§;<—1>f[z<k—f>— 1) (%(/;)1) ‘

n—1
(x)n:H(x_k):{f(x—l)...(x—n+1), Zi(l)

is the falling factorial.
Theorem 1.5. Forn >0, the Bell polynomials By, (x) and hy,(x) satisfy
n k
S(n, k) AW
By(z)=-2")" oF > <£>2 (2k — 20 — 3)hy(z). (1.8)
k=0 £=0
Theorem 1.6. Forn > 0, the identity (L.3)) is valid and

n

o) = 3 (-1)" ’“S(Zkk)z(’;)w» (1.9

k=0 £=0
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Theorem 1.7. Forn > 0, the polynomials h,(x) can be computed by the determi-
nantal expression

1 Ao () 0 0 0
u A (2) Ao (z) 0 0
5 Ao () () M(x) 0 0
hn(z) = (=1)" ' : ,
(22nn—_52)' )\n—2($> (nIQ))\n—?)(m) )‘0('7:) 0
<2;;3;>:: Ac1(@) ("7 Ana(2) (D) Aol@)
TS @) (DAaa(e) (n22)X2(@)  (,25) M (@)
(1.10)
by the recursive relation
3 (”) M (@) = 20D (L.11)
r=0
and by the explicit formula
“~ 2(n— k) — 1)1 Ap(—z
o () :”'Z[ ([2(n _)k)]”] k(k' ) (1.12)
k=0
for n. >0, where
k[ ¢ k—1 .
e(z) = 2% > lZ(—UP (ﬁ) [Tw+29) T k=0
£=0 Lp=0 q=0

2. LEMMAS

In order to prove our main results, we recall several lemmas below.

Lemma 2.1 ([II, Theorem 1.4]). Forn > 0, we have

dn(eﬁ)ieﬁ(*l)n o n— 9% — n—k-1 U2
T = @) kz:%( DF(2n — 2k 1)!!(2<n_k)> .

Lemma 2.2 ([I4], p. 171, Theorem 12.1]). If b, and ay are a collection of constants
independent of n, then

ap = Z S(n, )by if and only if b, = Zs(n, k)ag.
a=0 k=0
Lemma 2.3 ([I4], p. 83, Eq. (7.12)]). If ar and by for k > 0 are a collection of
constants independent of n such that n > k > 0, then

a(n) = zn:(—mk (Z) b(k) if and only if b(n) = Zn:(—mk (Z) a(k).

k=0 k=0
Lemma 2.4 ([3| pp. 134 and 139]). For n > k > 0, the Bell polynomials of the
second kind, or say, partial Bell polynomials, denoted by By, p(x1,22,..., Tn—k+1),
are defined by
n! n—k+1 2N i
Bn,k(xlawa"vl’nkarl) = Z W H (7:) '
1<i<n,; €{0}UN [li= 4! o o

Dy i=n
S li=k
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The Faa di Bruno formula can be described in terms of the Bell polynomials of the
second kind By, (z1, 22, ..., Tn_g+1) by

TS oH0 = A GOBa (0K, A 2)
Lemma 2.5 ([3, p. 135]). Forn >k >0, we have
Bk (abxl, ab’zs, ... ,ab"_k"’lxn_kH) = akb"Bmk(xl, Xoyooy Tnky1), (2.2)
where a and b are any complex numbers.
Lemma 2.6 ([9, Remark 1]). Forn >k > 0, we have
n—k

Bmk(l,l)\,(l)\)(12)\),...,1_[(1@/\)

£=0

Lemma 2.7 ([I, p. 40, Entry 5)]). Let p = p(x) and q = q(x) # 0 be two differen-
tiable functions. Then

p q 0 0 0
P’ q q 0 0
k) P q" Ha 0 0
pl@) ] _ D7 : : .. : L (24)
q(x) gt (k=2) (k=2) (k=2 (k=3 . ) . .
p q ( . q( ) ... q 0
p(k:) q(k:) (k;)qk(kf) .. (’;k:;) q kq
— i /
p g (1)‘1( Y (k—2)q (k—l)q

for k> 0. In other words, the formula (2.4) can be rewritten as

&[] -

dz* | q(z) ) ’W(k+1)X(k+1)(x) ) (25)

where |W11)x (k+1)(z)| denotes the determinant of the (k+1) x (k + 1) matriz

Wity x(b+1) (@) = (U 1yx1 () Vigsnyxi(@)) 5

the quantity Uy 1yx1(z) is a (k+1) x 1 matriz whose elements ug,1(z) = pt~Y ()
for 1 <l <k+1, and Vigi1yxk(z) is a (k+ 1) X k matriz whose elements

=1\ ..
(i—3) i—i>0
. q r), t—J=
vij(x) = <J—1> @)
0, i—j<0

for1<i<k+1landl1<j<k.
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Lemma 2.8 ([2] p. 222, Theorem| and [12, Remark 3]). Let My =1 and

mi mi,2 0 R 0 0
ma1 ma 2 ma3 t 0 0
ms, 1 m3o ms3 - 0 0
M, =
Mp—21 Mp-22 Mp-23 - Mp_2n-1 0
Mp—-11 Mp-12 Mp-13 -+ Mp-1n-1 Mp-1n
Mn1 mn,2 mMn,3 e Mpn-1 Mp,n

forn € N. Then the sequence M, for n > 0 satisfies M1 = mq,; and
n—1 n—1
My, =mpnMn_1+ Y (=1)" "My, (H mj,j+1>MT_1, n>2. (2.6)
r=1 j=r

3. PROOFS OF MAIN RESULTS

Now we are in a position to prove our main results.

Proof of Theorem[1.]} By virtue of Lemma the formula ([1.2]) implies that

hn(z) = 1z (d> (u"_l/ze\/ﬁ), u = 2?

nler \ du
a0 ey (k) g ()
=S () e
k=0
_iﬁ =~ (n _1 k71/2(_1)k
e B ()3)
k=0 n
k
_ 2% — 0 —1
x eV (1) 12(k - 0) — 1] (2(k_£) ) ¢/2
£=0
L& (=) 1 o, W2k — -1\
*HZ o (k><n2> _kZ(q) [2(k —0) — 1! 2k 0) )"
k=0 n £=0
The proof of Theorem is complete. O

Proof of Theorem[1.5. The identity (1.6 in Theorem [1.3| can be rearranged as

n

—2% > (Z) 28 (2n — 2k — 3)Why,(x) = zn: s(n, k) B/;iw)_

k=0 k=0
Further utilizing Lemma [2.2] yields
n k
B, (z) 1 kN .0
= > S(n, k) > (€>2 (2k — 2¢ — 3)hy(x).
k=0 £=0
The proof of Theorem is complete. (I

Proof of Theorem[I.6 Interchanging the order of sums in the right hand side of
the identity (L.4)) in Theorem arrives at

n k
(1 Bala) = 3 () -2 XSO0l

k=0 £=0
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Further applying Lemma 2.3 leads to
23 st 01 net) = S0 (1) 0 i = 3 (7) Bt
=0 k=0 k k

which is equivalent to (1.3).
Employing Lemma in (|1.3) produces

n k k
(-1 ank Qk ( >Bg
k=0

£=0

The proof of Theorem [I.6] is complete. (I

Proof of Theorem[1.7. By straightforward computation, we obtain

rla-072) = (=5) Cora- o

(), 25 o

and, when denoting u = u(t) = (1 — t)~'/? and making use of the formulas (2.1)

and ,

dr exp [ffc(l - t)*1/2] (e—xu)(e)Bk,Z (u’(t), d (), ... 7u(k‘—[+1)(t>)

-y, (3

)
SR D
(g

o
~
ol
I
&~
II Mw
[=)

k

N 1 3! (2k —2¢+ D!

x £

— € Z(—JT) k.0 2 22""’2](:[4»1)’ t-}O

=0
et &

=5 D (=) Bre(111,31, .., (2k — 20+ 1)),

£=0

Taking A = —2 in ([2.3)) gives

k k n—1
Bnx (11,311, ..., (2n — 2k + 1)) Z ( ) [T+29)

{=

(=)

for n > k > 0. Therefore, we obtain

d* exp[—x(l—t)*lﬂ] e Fot Lt =
. e at o L
}5% d tk 9k Z I E :( 1) <p) H(p+2q) e )\k(x)
The equation (1.1) means that

n _p\—1/2 n _4\—1/2
hn(z) = lim d (1-1) e " lim a (1-1) .
=0 d tn exp[z(1— (1 —1t)~1/2)] =0 dt" exp[—z(1 — t)~1/?]
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Further applying the formula (2.5)) to

p(t) =1 —t)"Y% and q(t) = exp [—z(1 - t)_l/Q]

results in
ho(z) = (=1)"e™ lim exp[(n + 1)z (1 — t) /2]
t—0
P q 0 0 0
2 q q ~ 0 0
p// q// @)q/ 0 0
xlim | : : - : :
p(n=2)  ¢(n=2) (”12 g3 .. q 0
pr= =D ()= (el q
p(n) q(n) (fll)q(n—l) ... (ng)q// (njl)q/
1 qo(z) 0 0 0
;7:: q1(z) 2qo(fl?) 0 0
= q2() (D) (=) 0 0
=(=1)"e™ :
G gna(@) (") qn-s(2) qo(x 0
<2;{_%>:: Gn-1(x) ("1 dn—2(z) (- Da) @)
G @) (Dana(a) (e ()o@
1 Xo(z) 0 0 0
;7:; Ai(z) 2Ao(gg) 0 0
5z A2 () (1)/\1 x) 0 0
=(-1"| : : : 5 ,
@ Maca(@) ("THAams(z) o Ao(@) 0
G Aci@) (T Aa2@) o (TN (@)
Co @) (D@ o ()@ ()M@)

where g (z) = e " Ag(z) for k > 0. The determinantal expression ([1.10) is proved.
Applying (2.6]) to the determinantal expression ((1.10]) and considering Ao(x) =1
derive

(2n — 1N

(=1)"hn () = nAa(@)(=1)" " (@) + (=1)" s

n

F R0 (N a0z

This can be reformulated as (|1.11)).
From the equation (1.1)) and the above arguments, it follows that

hn(xz) = e * lim a1 exp —m—
n = X

t=0dt™ | /1 —t P V11—t
n dnfk

=¢e *lim Y _ ! d—keX _r
o 10 £~ k)dtr—F /1 —¢t dtk P V1—t
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) S| da* x
=€ Z lim Tk P T—
P k t%Odt V1 ttaodt V1 —¢
(=2)* 3
2 2! H P+ 20)
1 I /n k (—1)f ‘ L=,
= o (k> (2n—2k— 1)) T > (=17 (p) [T@+29)

k=0 q=0
which can be rewritten as . The proof of Theorem [1.7] is complete. O

4. REMARKS
Finally we list several remarks about our main results and other things.

Remark 4.1. Recently a new inversion theorem was discovered in [I3] Theorem 4.3]

which can be reformulated as that
n

"k . . n okl
sn:2<n—k>5k if and only if (—1) ”S":Z(_l)kk( n—1 >5k7

k=1 k=1
where s; and Sy are two sequences independent of n such that n > &k > 1.

Remark 4.2. The identity (1.4)) is slightly different from ([1.8)).
Remark 4.3. The identity ([1.9) is obviously simpler than (1.5)) in their forms.

Remark 4.4. Comparing (1.7]) with (1.11)) reveals that
n—k

S wm(—@ = (),

£=0
that is,

- Bz(:v)
> s(n,0) S = ~An(-).
=0
Further considering Lemma [2.2] deduces

Bp(z) = =2"3 S(n,O)A(—x).

=0
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