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Abstract: The laser host materials undergo relatively small changes in their intrinsic properties due to various

sources during an experiment. These sources are often related to temperature change or applied stress, which may

cause change in optical properties of the material under study. Consequently, the crystal experiences an optical

anisotropy, which may affect the final outcome of the experiments. One way to reduce probable noises is to predict

the change in optical properties with respect to load. To predict the changing pattern of the refractive index in a

crystal, one needs to know both the elastic and photoelastic constants of the material. In this study, we utilized

density functional perturbation theory (DFPT) to extract the photoelastic tensor of Y2SiO5 and Eu-doped Y2SiO5

crystals. Using the photoelastic and elastic constants calculated, a Finite Element (FE) model was developed,

which allowed us to apply load and then post-process the results. This methodology enabled us to observe

the variation in refractive index (n), and consequently, the shift in the resonance frequency of the cavity. The

results obtained were in agreement with experimental measurements, falling within a 3% discrepancy across a

temperature range spanning from cryogenic to room temperature. This correlation suggests the feasibility of using

the current workflow as a predictive tool for evaluating variations in refractive indices over a specific interval.

Keywords: refractive index; resonance frequency; DFT; optical path length; elasto-optic constants

1. Introduction

An optical cavity, like a laser resonator, has certain frequencies at which it resonantly enhances
the electromagnetic field. These resonant frequencies are determined by the condition that the optical
path length of the cavity (the distance that light travels inside the cavity) be an integer multiple of the
wavelength of the light. This is necessary for the light wave to constructively interfere with itself after
each round trip in the cavity, and it’s what allows a laser, for example, to generate a strong, coherent
beam of light. Mathematically, the condition for resonance is given by [1]:

mλ = 2nL (1)

where m is the mode number (number of round trips in the cavity) is an integer, λ is the wavelength, L
is the physical length of the cavity andnis the refractive index. Now, if the optical path length changes -
either because the physical length of the cavity changes, or because the refractive index of the medium
changes (due to a temperature change) - then the other side of the equation above changes. To maintain
equality, the wavelength of the light must also change. But the frequency ( f ) and wavelength of light
are related by the speed of light (c):

c = f λ (2)

So if the wavelength changes while the speed of light remains constant, the frequency must also change.
Hence, a change in the optical path length of a cavity results in a shift in the resonant frequencies of
the cavity.
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Figure 1. The schematic view of an optical cavity. The light path in the cavity is indicated by circulating
arrows whereas the red arrows indicate entering and exiting light path.

In practical terms, this concept implies that by exercising meticulous control over the length of an
optical cavity, for instance, by delicately adjusting the position of one of the mirrors in a laser system,
we gain the ability to fine-tune the frequency at which the cavity resonates. A crucial outcome of this
mechanism is the potential to optimize the signal-to-noise ratio. This essentially entails boosting the
desired information, or the signal, in the output, while simultaneously minimizing any undesired
interference or noise, thereby enhancing the overall quality and accuracy of the laser’s performance.

For instance, the resonance frequency of a cavity is used to stabilize a laser’s frequency [2]. This
is achieved by aligning the laser’s frequency to the resonance frequency of the cavity, which means
transferring the stability of the cavity to the laser [3]. Hence, the reference cavity acts as an optical
resonator that serves as a frequency reference in optical frequency standards [4]. In turn, an ultra-high
frequency stability laser is an essential part of an optical atomic clocks [5], and a myriad of optical
precision measurements [6,7].

Given the importance of understanding the factors influencing the physical length of a cavity
or the refractive index of a medium, it is essential to examine the phenomena that contribute to
these variations. In this work, however, the analysis will primarily concentrate on changes in the
refractive index as a result of an external load. The photoelastic effect, which describes changes
in the optical properties of a material under mechanical deformation, is employed to examine this
alteration. Nevertheless, the applicability of the photoelastic effect is dependent on the availability
of the elasto-optic tensor elements. These elements are instrumental in discerning the optical path
difference across the crystal.

Furthermore, since the photoelastic properties of a material can be significantly influenced by its
electronic structure, and the fact that impurities within a crystal lattice can modify the distribution of
stress across the material that can subsequently lead to shifts in the material’s photoelastic behavior.
We investigate two cases: a pure case and a doped case.

Our initial step involves the calculation of photoelastic constants for both pure Yttrium Orthosil-
icate (YSO), denoted as Y2SiO5, and Europium-doped YSO. This process is executed through the
application of Density Functional Perturbation Theory (DFPT) [8]. Subsequently, leveraging the elastic
constants calculated in our previous study [9], we have developed a Finite Element (FE) model. This
model allows us to examine the impact of mechanical loads, specifically temperature and stress, on
the refractive index of both pure and Eu-doped YSO, which in turn allows us to observe the shift in
resonance frequency of the cavity.

1.1. Y2SiO5

YSO, is a dielectric material with biaxial anisotropy, and its refractive index at various frequencies
is well-documented [10]. It is a monoclinic biaxial crystal that belongs to the C2/c (C2h

6 ) space
group [11], where Rare-Earth (RE) ions can substitute for the Y3+ ions. It is a well-known host material
for RE ions, and it’s used extensively in optical research. Given the monoclinic nature of the crystal,
it necessitates four distinct dielectric functions, denoted as ϵ(ω), to accurately portray the material’s
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interaction with light. Here, ω represents frequency. These functions are particularly crucial in the
wavelength region where the material exhibits transparency [12,13]. The principal values of the
dielectric functions are unequal and they are ordered as ϵ11 < ϵ22 < ϵ33 [12]. The off-diagonal, ϵ12, is a
small value but it is non-zero.

ϵ =

ϵ11 ϵ12 0
ϵ12 ϵ22 0
0 0 ϵ33

 =

3.0897 0.0135 0
0.0135 3.1051 0

0 0 3.1645

 (3)

The YSO crystal structure is characterized by three distinct, unequal crystallographic axes, labeled
as a, b, and c. These axes have respective lengths of 14.51 Å, 6.81 Å, and 10.51 Å. Notably, axis b is
perpendicular to both a and c, while the angle between axes a and c is denoted by β [14]. Apart from
the primary crystallographic axes, YSO is further defined by its optical axes: D1, D2, and b [14,15]. The
relationship between these optical axes and the crystallographic axes is captured in Figure 2 [14].

In experiments involving YSO crystal, the optical beam is typically directed to propagate along
the crystallographic b-axis of the crystal and polarized along the D1 axis since this setup provides the
largest absorption [16]. Moreover, the b-axis aligns with the optic axis of the crystal, thereby making
it an axis of symmetry. This property can contribute to more predictable and desirable outcomes in
optical experiments.
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Figure 2. The angles and the relation between optical indicatrix axes and crystallographic axes.

2. Theory & Method

2.1. Theoretical Background

The elasto-optic effect illustrates the change in the optical properties of a material under the
influence of stress. The indices of refraction of an unstressed material can be described by Maxwell’s
equations, but it will lead to impractical long equations. To simplify, an ellipsoid as an analogy is
used to express the variation of refractive indices. This ellipsoid is known as indicatrix [17], and it is
identified by the following relation:

x2
1

n2
1
+

x2
2

n2
2
+

x2
3

n2
3
= 1 (4)

where x1, x2, x3 are the principal axes, and n1, n2, and n3 are their corresponding refractive indices.
The coefficients of this ellipsoid are the components of the relative dielectric impermeability tensor, Bij,
at optical frequencies, so the general form of indicatrix can be written as:

Bijxixj = 1 (5)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 May 2024                   doi:10.20944/preprints202405.0480.v1

https://doi.org/10.20944/preprints202405.0480.v1


4 of 15

This way the small change of refractive index produced by stress can be traced by a change in the
shape, size, and orientation of the indicatrix [11], and the changes in the coefficients of indicatrix, ∆Bij,
under applied stress, σkl or strain ekl , is given as:

∆Bij = pijklekl = πijklσkl (6)

where pijkl , and πijkl are fourth-rank elasto-optic and piezo-optic tensors. The left-hand side of the
above equation can be rewritten as:

∆Bij = B1 − B0 (7)

where B0 and B1 are the dielectric impermeability tensor before and after the applied stress [11].
Moreover, as the principal components of B tensor are simply the inverse of the dielectric tensor [11]
and the relation between refractive index and dielectric tensor is ϵ = n2, Equation 6 can be rewritten as:

∆Bii = [ϵ−1(σkl)]ii − [ϵ−1(0)]ii =
1
n2

1
− 1

n2
0

(8)

This means the knowledge of applied stress along with piezo-optic coefficients would show us how
much the refractive index would change with respect to applied stress.

The B is actually a 3x3 matrix in which it can be reduced with respect to the symmetry of the
crystal, and take the form that is similar to the dielectric tensor in Equation 3.

B =

B11 B12 0
B21 B22 0
0 0 B33

 (9)

In the same way, the πijkl which is normally a 6x6 matrix can be reduced to its corresponding monoclinic
form [18], which allows us to rewrite the Equation 6 as:

∆B =



π11 π12 π13 0 π15 0
π21 π22 π23 0 π25 0
π31 π32 π33 0 π35 0
0 0 0 π44 0 π46

π51 π52 π53 0 π55 0
0 0 0 π64 0 π66





σ1

σ2

σ3

2σ4

2σ5

2σ6


(10)

The resultant matrix multiplication becomes:



∆B1

∆B2

∆B3

∆B4

∆B5

∆B6


=



π11σ1 + π12σ2 + π13σ3 + 2π15σ5

π21σ11 + π22σ12 + π23σ3 + 2π25σ5

π31σ3 + π32σ2 + π33σ3 + 2π35σ5

2π44σ4 + 2π46σ6

π51σ1 + π52σ2 + π53σ3 + 2π55σ5

2π64σ4 + 2π66σ6


(11)

The ∆B matrix on the left-hand side of the above equation can be rewritten to its original matrix
form using index change notation as 23 and 32 → 4, 31 and 13 → 5, 12 and 21 → 6 [11]. Finally, the
monoclinic symmetry of the ∆B matrix was considered to attain its final form.
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

∆B1

∆B2

∆B3

∆B4

∆B5

∆B6


→

∆B1 ∆B6 ∆B5

∆B6 ∆B2 ∆B4

∆B5 ∆B4 ∆B3

sym.
−−→

∆B1 ∆B6 0
∆B6 ∆B2 0

0 0 ∆B3



we can now obtain the resultant B1 matrix, which contains the refractive index after applied pressure.

[ϵ−1(σkl)]ij =

ϵ−1(0)11 ϵ−1(0)12 0
ϵ−1(0)12 ϵ−1(0)22 0

0 0 ϵ−1(0)33

+

∆B1 ∆B6 0
∆B6 ∆B2 0

0 0 ∆B3

 (12)

ϵ−1(σkl)11 B6 0
B6 ϵ−1(σkl)22 0
0 0 ϵ−1(σkl)33

 =

∆B1 + ϵ−1(0)11 ∆B6 + ϵ−1(0)12 0
. ∆B2 + ϵ−1(0)22 0
. . ∆B3 + ϵ−1(0)33

 (13)

Finally, we reach the elements that correspond to the principal axes of the dielectric impermeability
tensor,

Bx
1 = ∆B1 + Bx

0 = π11σ1 + π12σ2+

π13σ3 + π152σ5 + ϵ−1(0)11

By
1 = ∆B2 + By

0 = π21σ1 + π222σ6+

π23σ3 + π252σ5 + ϵ−1(0)22

Bz
1 = ∆B3 + Bz

0 = π31σ3 + π32σ2+

π33σ3 + π352σ5 + ϵ−1(0)33

(14)

in which the corresponding refractive indices of the principal axes after the applied pressure is:

nx(σkl) =
√
(1/Bx

1 )

ny(σkl) =
√
(1/By

2)

nz(σkl) =
√
(1/Bz

3) (15)

2.2. Computational Method

The ab-initio calculations are carried out using the CRYSTAL [19], and VASP [20]. The CRYSTAL
code uses linear combinations of Gaussian Type Functions (GTF) as basis sets to construct the fictitious
wave functions. The exchange and correlation part of Hamiltonian were treated based on PBE0 [21]
method, and PBE [22]. An effective core potential atom-centered GTF basis set of triple-ζ valence
quality, augmented by a polarization function (TZVP), is adopted for each element in the system. The
truncation criteria for electronic integrals are controlled by five thresholds, which are set to 8, 8, 8, 10,
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and 20. Last but not least, the sampling of the reciprocal space was conducted using a shrinking factor
of 4, and the convergence criterion on total energy was set to 10−8 Hartree.

The VASP calculations were conducted with the following setup. The cut-off energy was set to,
520 eV, while the k-point set for the unit cell was selected to be 4×8×6. The convergence threshold
was set to 1× 10−8 eV, and the force criterion for geometry optimization was 0.00001 eV/Å.

The extraction of piezo-optic and elasto-optic elements is conducted by applying a sequence
of deformation matrices to the relaxed standard unit cell of YSO. These deformation matrices can
be found in the Appendix. Following each deformation, we calculate the dielectric constant of the
deformed unit cell. Subsequently, by employing a manipulated version of Equation 6, the piezo-optic
and elasto-optic elements are derived.

πijkl = ∆Bijσ
−1
kl (16)

For the finite element analysis, a 3D model was created and four pressure loads and a thermal
load were analyzed – uniaxial load in two different directions, biaxial load and hydrostatic pressure.
This is achieved by utilizing the pre-calculated elastic constants from our previous study [9], as well as
thermal coefficient constants courtesy of Sun et al [23] and Marion et al. [24]. The schematic view of
the crystal setup in ABAQUS is shown in Figure 3, a rectangular crystal with dimensions length of 5
mm, height of 4 mm, and depth of 1 mm.

b
D1

D2

Figure 3. Schematic view of the crystal geometry employed in FE model.

Due to the symmetry of the crystal, only one-fourth of the geometry was modeled and symmetry
conditions were imposed into the two symmetry axes D1 and D2 assumed. The mesh is refined to 0.5
mm to describe a reliable stress profile. The element type used in the crystal is an 8-node thermally
coupled linear brick element.

Following the application of temperature and stress to the model, we extract the resulting stress
matrices for further post-processing. This entails multiplying by the piezo-optic tensor to obtain
the affected impermeability matrix. The refractive index influenced by stress is then obtained by
performing the manipulations that were detailed in the preceding section.

3. Result & Discussion

The data presented in Table 1 illustrates both the experimentally obtained and the computationally
determined values for pure YSO. It also includes the refractive index values for YSO doped with Eu.
Upon a preliminary comparison of the experimental and calculated values using the PBE functional,
an overestimation was observed. In response to this discrepancy, the hybrid PBE0 approach was
employed, resulting in improved congruity between experimental and theoretical results for pure
YSO. Our results have the largest discrepancy with results provided by Weber [25]. So, we made
a comparison with those results. The discrepancies for nx, ny, and nz are 1.25%, 1.22%, and 1.77%,
respectively, which shows the overall agreement between our theoretical findings and the experimental
results.

When comparing the refractive indices of doped and undoped materials, a small but noticeable
increase is observed across all principal axes. The largest divergence occurs in the D1-direction, with
a relative increase of 0.0114. In contrast, the smallest change is detected along the b-axis, with a
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discrepancy of only 0.0071. While it is difficult to draw definitive conclusions from a single data point,
this trend suggests that impurities may increase the relative permittivity, leading to an increase in the
refractive index. This is consistent with the previous findings [26,27], who reported that RE-doping
can increase the dielectric constant of the host material, although their study did not focus on YSO.

Table 1. Refractive indices for principal axes of pure YSO and Eu-doped YSO: this work:*. Note: the exp.
values are obtained at 632.8 nm.

source nx ≈ nD1 ny = nb nz ≈ nD2

YSO-Exp. [25] 1.780 1.784 1.811

Exp. [28] 1.769 1.770 1.789

YSO-PBE* 1.8569 1.8578 1.8822

YSO-PBE0-D3* 1.7577 1.7621 1.7789

Eu:YSO-PE0-D3* 1.7691 1.7692 1.7892

Table 2 demonstrates the elastic constants calculated in our previous work. This table is introduced
with dual objectives. Firstly, these values contribute to establishing the Finite Element (FE) model
in ABAQUS. Secondly, these values help evaluate the accuracy of the photoelastic constants, which
represent changes in the optical properties of a material under mechanical deformation. There is a
lack of experimental data for both pure and doped versions of the YSO compound. However, the
accuracy of the photoelastic constants can still be probed by comparing the difference between the
elastic constants and refractive indices of the pure and doped compounds.

Table 2. Elastic constants of YSO, and Eu:YSO, Cij in GPa.

c11 c12 c13 c15 c22 c23 c24 c33 c34 c44 c46 c55 c66

YSO-Exp. [25] 65.8 - - ±70.6 185 - - 83.5 ±33.0 46.5 ±0.14 187 65.6
YSO-PBE [9] 212.21 62.78 78.65 11.64 197 49.50 -13.56 173.21 -21.07 61.42 10.08 48.41 69.25
YSO-PBE [29] 226 88 59 5 201 27 -0.3 156 -0.2 44 10 67 63

Eu:YSO-PBE [9] 209.35 60.17 77.59 11.47 190.82 47.39 -13.62 173.15 -20.99 61.21 10.03 47.70 69.24

Table 3 displays the piezo-optic constants for both pure and Eu-doped YSO that are obtained
based on the work of Erba et al. [30,31]. The choice of functional for our calculations was based on
the values of refractive indices presented in Table 1. Specifically, we continued with the same type of
functional, PBE0 since functional provided values closest to the experimental observations. In an ideal
scenario, our methodology’s accuracy would be confirmed by comparing our calculated photoelastic
constants with experimental equivalents. However, for both pure and Eu-doped YSO, such data
is currently unavailable. As a workaround, we validated our calculated piezo-optic and inherent
elasto-optic constants via their application in FEM simulations. In these simulations, we applied
loads and post-processed the results using the calculated piezo-optic constants. If the refractive index
resulting from these simulations, after the load application, aligns with the available experimental
refractive index under similar conditions, we can assert that our piezo-optic constants are correctly
determined.

Table 3. Piezo-optic constants of both pure YSO and Eu:YSO, πij. Unit=Brewsters, 1B = 10−12 Pa−1.

YSO π11 π12 π13 π15 π21 π22 π23 π25 π31 π32
PBE0-D3 -0.603 0.880 1.184 -1.223 0.164 0.551 0.557 -0.131 0.337 0.725

Eu:YSO π11 π12 π13 π15 π21 π22 π23 π25 π31 π32
PBE0-D3 -0.634 1.921 1.457 -1.229 0.195 1.580 0.815 -0.131 0.478 1.611

YSO π33 π35 π44 π46 π51 π52 π53 π55 π64 π66
PBE0-D3 0.313 0.365 -0.353 -0.037 -0.504 -0.073 0.459 -0.594 0.117 -1.476

Eu:YSO π33 π35 π44 π46 π51 π52 π53 π55 π64 π66
PBE0-D3 0.440 0.489 0.032 -0.268 -0.442 -0.281 0.269 -0.572 0.025 -1.526
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Table 4. Elasto-optic constants of both pure YSO and Eu:YSO, pij.

YSO p11 p12 p13 p15 p21 p22 p23 p25 p31 p32
PBE0-D3 0.41 0.147 0.158 -0.058 0.118 0.124 0.124 0.002 0.140 0.162

Eu:YSO p11 p12 p13 p15 p21 p22 p23 p25 p31 p32
PBE0-D3 0.110 0.189 0.195 -0.055 0.149 0.182 0.150 -0.000 0.172 0.197

YSO p33 p35 p44 p46 p51 p52 p53 p55 p64 p66
PBE0-D3 0.109 0.032 -0.022 -0.006 -0.067 -0.037 0.028 -0.028 -0.011 -0.071

Eu:YSO p33 p35 p44 p46 p51 p52 p53 p55 p64 p66
PBE0-D3 0.110 0.032 -0.003 -0.010 -0.071 -0.049 0.014 -0.028 -0.024 -0.062

To perform a comparative analysis, we utilized the measured values of relative permittivity from
the study by Carvalho et al. [10]. These values denote the real permittivity of pure YSO crystal against
varying temperatures with the uncertainty of below 0.26% [10]. As the YSO crystal is a biaxial dielectric
material with known refractive indices at optical frequencies, its permittivity plays a crucial role in this
comparison. Following this, we commenced with the application of thermal stress on the YSO crystal.
The temperature model employed is a thermomechanical one, where any temperature exceeding 0 K
incites a mechanical load on the crystal, thereby inducing stress on the unit cell. This stress is then
post-processed via the application of piezo-optic constants. This step assists in obtaining the refractive
indices influenced by the stress, thereby allowing us to perform an analysis of the material’s behavior
under thermal conditions.

To observe the orientation-dependent of the n versus temperature, we can refer to Figure 4. Here
we have plotted the variation of n in principal axes for both measured and calculated data. It is clear
that the calculated model follows the right trend with increasing temperature.

However in all directions, we observe the quadratic type curve for the measured data and the
linear type curve for the calculated data. This can be proved by comparing the fitted polynomials for
the measured and calculated curves, where we find the corresponding coefficients are as follows: a =
1.3×10−7, b = 2.4×10−7, c = 1.7(4908) for the measured curve and a = 3.1×10−9, b = -2.712×10−7, c
= 1.7(5770) for the calculated curve. These findings assert the linearity of the calculated data as the
coefficient of x2 being a, is in order of 10−9 while the coefficient a for the measured data is in order of
10−7. The main reason behind the linearity of the calculated result may be the extracted photoelastic
constants that are a result of Pockel’s effect [31], which is intrinsically a linear effect. It should be
added that Pockels’ effect is essentially a term allocated to linear electro-optic effect [11]. Since there
is no specific term for linear elasto-optic effect, we have extended the definition of Pockels’ effect to
linear elasto-optic effect. Therefore, the quadratic trait of the calculated curve might be achieved if the
extracted photoelastic constants were obtained with nonlinear traits known as Kerr effect [11]. Again,
the Kerr effect is a term coined for non-linear electro-optic effect but we extend its definition to cover
nonlinear elasto-optic effects as well.

Our calculated results can be further substantiated through a direct comparison with empirical
data sourced from Carvalho et al. [10]. A side-by-side representation of the corresponding values for
our measurements and calculations is presented in Table 5, with data points spanning from 6 to 296 K.
The table shows consistent precision in both the measured and calculated data, as indicated by the
four decimal places. The error percentages vary slightly across different temperatures, except for a
sharp increase at 500K and 1000K, demonstrating numerical stability. The data is also accurate and
reliable, as both measured and calculated values have four significant digits, which allows for a precise
comparison. The choice of four significant digits is justified by the sensitivity of the refractive index to
small deviations, which would affect the frequency significantly. For the D1 orientation, the deviation
in our point-to-point comparison is minimal. Additionally, the percentage of error remains unchanged
across the entire temperature range. For the sake of specificity, the maximum errors at D1, b, and D2

stand at 0.49, 1.84, and 2.78 respectively. The parentheses around the value of n after the decimal point
are only added to help the reader see how n changes along the temperature interval.
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Figure 4. The measured and calculated values ofnin all three directions of pure YSO. The subplots
with yellow shading show the same data at lower temperatures. The shading emphasizes the contrast
between the measured curves, which have a quadratic shape, and the calculated curve, which has a
linear shape.

Table 5. Comparison of measured and calculated refractive indices versus temperature for pure YSO.
The measured data is taken from [10].

measured calculated Error

Temp. (K) nD1 nb nD2 nD1 nb nD2 Err.D1 (%) Err.b (%) Err.D2 (%)

6 1.749(1174) 1.787(5427) 1.817(0071) 1.757(7000) 1.762(1000) 1.778(9001) 0.490 1.423 2.097
10 1.749(1174) 1.787(5427) 1.817(0071) 1.757(7001) 1.762(1001) 1.778(9002) 0.490 1.423 2.097
20 1.749(1276) 1.787(5528) 1.817(0162) 1.757(7002) 1.762(1003) 1.778(9004) 0.490 1.423 2.097
30 1.749(1687) 1.787(5952) 1.817(0529) 1.757(7004) 1.762(1004) 1.778(9007) 0.487 1.426 2.099
40 1.749(2575) 1.787(6784) 1.817(1321) 1.757(7005) 1.762(1006) 1.778(9009) 0.482 1.430 2.103
50 1.749(3836) 1.787(7965) 1.817(2445) 1.757(7006) 1.762(1007) 1.778(9011) 0.475 1.437 2.109
70 1.749(7664) 1.788(1770) 1.817(6818) 1.757(7009) 1.762(1010) 1.778(9016) 0.453 1.458 2.133

296 1.760(1088) 1.795(3696) 1.830(0966) 1.757(8983) 1.762(3055) 1.779(2097) 0.125 1.841 2.780

100 1.7(5035) 1.7(8859) 1.8(1836) 1.7(5770) 1.7(6210) 1.7(7890) 0.419 1.481 2.169
500 1.7(8046) 1.8(0887) 1.8(5505) 1.7(5832) 1.7(6274) 1.7(7986) 1.243 2.550 4.052
1000 1.8(7438) 1.8(6975) 1.9(7115) 1.7(5933) 1.7(6366) 1.7(8127) 6.083 5.610 9.543
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It’s important to highlight that for direction b and D2, the error seems to amplify faster as
temperature increases. To better understand the magnitude of error at higher temperatures, we utilize
a curve that has been fitted to predict the error beyond room temperature. The last three rows of
Table 5 display the measured values of the refractive indices—calculated using the fitted curves—in
comparison with the computed data. A significant rise in error is discernible at the 500 and 1000 K
points. It is crucial to recognize that the operating temperature for some RE-activated phosphors
is typically at or slightly above room temperature. For instance, the temperature required for laser
stabilization is at cryogenic levels [2,4], while for common phosphor applications, like lighting LEDs,
the operating temperature tends to be near or just above room temperature [32]. Thus, we can assert
that the predictions of the model align with experimental findings and are applicable for practical uses.
At least, this is the case for applications up to and smaller than room temperature.

After constructing and verifying the ability of the model to produce reasonable results, we
proceeded to investigate the changes in refractive indices with respect to the temperature of Eu-doped
YSO. The Eu concentration for the doped system was maintained at 6.25% to remain consistent with
our previous study [9], and it should be mentioned that the doping is performed only for site 1 of YSO.
The results of these computations are detailed in Table 6. Consistent with the findings for the undoped
system, the doped system also exhibits a linear pattern in its refractive indices.

Table 6. Calculated refractive indices for Eu-doped YSO with respect to temperature.

Temp. (K) nD1 nb nD2

2 1.769(1000) 1.769(2000) 1.789(2000)
4 1.769(1001) 1.769(2001) 1.789(2001)
6 1.769(1001) 1.769(2002) 1.789(2002)
10 1.769(1003) 1.769(2003) 1.789(2004)
20 1.769(1006) 1.769(2007) 1.789(2009)
30 1.769(1009) 1.769(2011) 1.789(2014)
40 1.769(1013) 1.769(2015) 1.789(2018)
50 1.769(1016) 1.769(2019) 1.789(2023)
70 1.769(1023) 1.769(2027) 1.789(2032)

100 1.769(1032) 1.769(2038) 1.789(2045)
296 1.769(5465) 1.769(7177) 1.789(8166)

Based on these calculated refractive indices, one can track the shift of resonance frequency for
pure YSO and Eu-doped YSO medium. Figure ?? shows the shift of the frequency with respect to
temperature. As the figure shows, the trend of the curves in both cases (pure and doped) are linear and
have an increasing trend in which the value of the principal axes keeps the same order of magnitude
D2>b>D1.

Next, our study involves assessing the impact of applying compressive and tensile loads directly
to the crystal, specifically focusing on the variation ofnin different orientations. We will reapply
pressure to the crystal during the FE simulation, which previously provided us with the stress tensor.
This tensor will then be subjected to further post-processing via the piezo-optic tensor to derive the
fluctuation of refractive indices about the applied load.

Figure 5 illustrates how n changes with the applied load in D1, D2, and D1D2 directions, as well as
hydrostatic pressure. From previous observations, we can anticipate a linear trend, as the piezo-optic
constants were derived based on Pockels’ effect. The focal points in this instance are the slope of the
hydrostatic pressure and the close approximation of the D2 and D1D2. As you can see in all figures the
maximum magnitude of change is related to hydrostatic pressure, and the curves corresponding to D2

and D1D2 are almost overlapping which might be explained due to the larger magnitude ofnin D2

direction.
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Figure 5. Refractive indices and frequency shift of pure YSO under load.

Interestingly, the doped crystal (Figure 6) exhibits similar behavior to the pure system. To discern
the differences between the pure and doped systems, we have contrasted the rates of change in
resonance frequencies for both systems, as tabulated in Table 7. The table demonstrates that doping
results in a steeper slope - as far as the magnitude of the slope is concerned - across all orientations.
Therefore, one could deduce that doping accelerates the rate of change in refractive indices, and by
extension, the resonance frequency. Regrettably, there are no such data available to corroborate this
for YSO, although a study conducted by Soharab et al. [33] analyzed the refractive index versus Nd
concentration in GdVO4, which seems to support the increasing trend of refractive indices with dopant
concentration.
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Figure 6. Refractive indices and frequency shift of Eu-doped YSO under load.

Table 7. The rate of change of resonance frequency (d f /dP) for pure & Eu-doped YSO with respect to
the applied load.

LoadAxis Doped nD1 nb nD2

D1 no -0.0869 0.0761 0.0886
D1 yes -0.0960 0.1381 0.1517
D2 no 0.1375 0.0957 0.1174
D2 yes 0.2810 0.2424 0.2465

D1D2 no 0.1318 0.0952 0.1169
D1D2 yes 0.2754 0.2402 0.2448

Hydrost. no -0.1616 -0.1071 -0.1179
Hydrost. yes -0.2818 -0.2399 -0.2399
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4. Conclusion

In this study, a multi-scale modeling workflow was developed and we have managed to calculate
the refractive index with respect to temperature, n(T), of both pure and Eu-doped YSO. To achieve this
the piezo-optic constants were extracted with the application of DFPT, and the calculated constant was
validated using the measured value of the n(T) for the pure YSO. For the selected temperature interval
(6 - 296 K) the maximum error between calculated and measured values was at 2.78% in D2 direction.
The main discrepancy between the developed model and the measured data is the shape of the curves,
where measured data possess a quadratic shape while the calculated data have a linear shape. As we
mentioned in the result section, this must be because we have extracted the piezo-optic constant based
on Pockels’ effect which is a linear approach in its origin. So, to decrease the discrepancy between
calculated and measured data non-linear effects known as Kerr’s effect must be added to the process of
piezo-optic extraction. Nevertheless, the workflow produces reasonable results for at least the selected
temperature interval. The produced results presented in Table 5 are important as they enable the
estimation of thermo-optic coefficients, which is crucial for the optimization and design of the optical
cavity.

Using the piezo-optic post-processing method, we successfully observed variations in refractive
indices for different applied loads and their respective frequency shifts. Our observations indicate
that hydrostatic pressure induces the most significant variation in the refractive index. Furthermore, a
linear relationship exists between the applied load and the change in refractive index. Doping amplifies
the variation magnitude, regardless of its orientation or magnitude of the applied load. Thus, it can be
inferred that an increase in impurity concentration amplifies the variation innand subsequently affects
the resonance frequency.

The accuracy of the results with respect to experimental and the applicability of this approach for
other host materials and dopants and the ease of the workflow suggest that the current approach has
the potential to be a straightforward alternative for the tedious experimental measurement. This is
especially the case for low-symmetry materials such as YSO. Nevertheless, the main purpose of this
work was to propose an approach to examine variation of the refractive indices for RE-doped YSO in
which we believe we have shown it is possible to do so to a large degree.
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Appendix A

Based on symmetry analysis the sets of applicable deformation to find all the independent piezo-
optic constants for a crystal with monoclinic symmetry is as follows [30,31]. The δ indicates the applied
strain on the relaxed crystal to obtain the piezo-optic coefficients.

D1 =

δ 0 0
0 δ 0
0 0 δ

D2 =

2δ 0 0
0 −δ 0
0 0 −δ

D3 =

0 δ 0
δ 0 0
0 0 0



D4 =

0 0 0
0 δ 0
0 0 −δ

D5 =

0 0 δ

0 0 0
δ 0 0

D6 =

0 0 0
0 0 δ

0 δ 0


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