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Daniel Brox

Independent Researcher; brox@alumni.caltech.edu or dbrox@ece.ubc.ca

Abstract: A correspondence between fault damage mechanics and critical point models of seismic
activation is presented, and a method of testing the correspondence against seismic measurements is
outlined.
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Introduction
An increase in the number of intermediate sized earthquakes of moment magnitude M > 3.5

in a seismic region preceding the occurrence of a mainshock event, referred to as seismic activation,
has been documented by various researchers [5]. For example, seismic activation was observed in
a geographic region spanning 21◦N − 26◦N × 119◦E − 123◦E for a period of time between 1991 and
1999 preceding the magnitude 7.6 Chi-Chi earthquake [9]. Figure 1 shows a schematic plot of the
cumulative distribution of earthquakes of different magnitudes in a seismic activation region in two
different time intervals of equal duration preceding occurrence of a major (7 < M < 8) earthquake
at time τ = τ0. In this figure, τ is a real time parameter, and τ0 is the characteristic time of major
earthquake recurrence assuming an earthquake of similar magnitude occurred in the same region at
τ = 0 [21,29]. Importantly, the cumulative distribution of earthquake magnitudes in a time interval of
fixed width increasingly deviates away from a Gutenberg-Richter distribution as the end of the time
interval approaches τ0.

Figure 1. Plot of the cumulative distribution of earthquakes of different moment magnitudes in a seismic
activation region in two different time intervals of equal width preceding occurrence of a major earthquake at
∆τ = τ0 − τ = 0 [21,29].

As a means of predicting the time τ = τ0 at which a mainshock event preceded by seismic activa-
tion occurs, it has been hypothesized that the average seismic moment Mτ of earthquakes occuring in
time intervals (τ, τ + ∆τ) preceding a mainshock event obeys an inverse power of remaining time to
failure law:

Mτ ∝
1

(τ0 − τ)γ1
(1)
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and that the cumulative Benioff strain C(τ), defined as:

C(τ) =
n(τ)

∑
i=1

M1/2
0,i , (2)

where M0,i is the seismic moment of the ith earthquake in the region starting from a time τ = 0
preceding the mainshock event, and n(τ) is the number of earthquakes occurring in the region up to
time τ, satisfies [27]:

C(τ) = a − b(τ0 − τ)γ2 , γ2 = 1 − γ1/2. (3)

The exponent selection of 1/2 in equation (2) is not necessary to derive formula (3) with a different
arithmetic relation between γ1 and γ2, but appears to have been selected by previous researchers based
on Benioff’s finding that the elastic rebound of an earthquake is proportional to the square root of its
seismic moment. When formula (3) is fit to real seismic data, a typical value of γ2 is 0.3 [5,28]. Notably,
validity of equation (1) has been questioned by some researchers who claim measurements of seismic
activation can be explained in terms of mainshock event foreshock occurrence without acceleration of
seismic release [14,31].

A model of seismic activation based on fault damage mechanics (FDM) has been used to derive
equation (3) with a value γ2 = 1/3 [2]. In this derivation, the seismic activation region is modeled
as a 1D fault consisting of perfectly plastic material whose effective shear modulus decreases to 0 as
τ → τ0. The result γ2 = 1/3 is obtained from an effective shear modulus evolution equation based on
non-equilibrium thermodynamic considerations [1].

In addition to the FDM model of seismic activation, a statistical mechanics model of seismic
activation known as the Critical Point (CP) model has been put forth to derive equation (3) with a
value γ2 = 1/4 [21]. In this derivation, the inverse power of remaining time to failure law:

Mτ ∝
1

(τ0 − τ)3/2 (4)

is asserted based on identifying the mean rupture length Rτ of earthquakes occuring at time τ with the
correlation length of a statistical mechanical system described by a time dependent Ginzburg-Landau
equation for which:

Rτ ∝
1

(τ0 − τ)1/2 , (5)

which implies relation (4) given the scaling relation Mτ ∝ R3
τ [22]. Table 1 shows typical fault material

displacements and rupture lengths for earthquakes of different moment magnitudes.

Table 1. Approximate relation between earthquake magnitude, fault material displacement, and fault rupture
length.

Moment Magnitude Average Fault Material
Displacement (m) Fault Rupture Length (km)

4 0.05 1
5 0.15 3
6 0.5 10
7 1.5 30
8 5 100

Importantly, previous work on the CP model has not explained why it is physically reasonable
to describe seismic activation earthquake occurrence statistics with thermal equilibrium statistical
mechanics formalism. Therefore, the first objective of this article is to conjecture how FDM and CP
models of seismic activation are in correspondence with each other with provision of computational
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evidence. The second objective is to outline how the conjectured correspondence can be tested against
seismic measurements.

To meet these objectives, the article develops two different seismicity models: the earthquake
cascade model and the renormalization group theory of earthquakes [25,26]. The earthquake cascade
model provides an explanation for earthquake occurrence statistics in windows of time preceding
a mainshock event in terms of the statistics of metastable clusters of fault material of different size
within the activation region that can join together to create larger clusters or undergo slip events to
initiate earthquakes. The renormalization group theory of earthquakes explains how the formalism
of equilibrium statistical mechanics accounts for time scaling of cumulative Benioff strain during
seismic activation in terms of statistical mechanics critical scaling theory, without explicitly identifying
the relevant statistical mechanical system. For the purposes of this article, the earthquake cascade
model is developed into a random matrix model of the seismic activation region stiffness matrix, and
the renormalization group theory of earthquakes is developed into a description of time evolution
of the random stiffness matrix model. In so doing, correspondence between FDM and CP seismic
activation models is clarified, because the random stiffness matrix is an FDM description of fault
material elastoplastic deformation, and time evolution of the random stiffness matrix is specified by
2D critical scaling theory. The conjectured correspondence between FDM and CP seismic activation
models is of applied science interest because it implies a finite dimensional nonlinear dynamical system
governs real time evolution of the activation region elastic model before mainshock event occurrence,
and this implication can be tested against seismic measurements.

The outline of the article is as follows. Section 2 introduces the earthquake cascade model with
reference to laboratory studies of rock fracture, and explains how this model is related to a random
matrix model of the seismic activation region stiffness matrix by finite element analysis. Section 3
provides a computation of metastable cluster size distribution in terms of random matrix eigenvalue
statistics, conjectures how time evolution of the random stiffness matrix model is described by 2D
statistical mechanics critical scaling theory, and outlines how this conjecture can be tested against
seismic measurements. Section 4 comments on applications of seismic activation statistical physics
models.

Materials and Methods
Earthquake Cascade Model

It has been observed that fracture processes occurring within the Earth preceding unstable slip
along a mainshock fault are analogous to fracture processes occurring in triaxially loaded rock samples
preceding sample failure [19]. Triaxial test results indicate 4 stages of rock deformation leading to
sample failure [10]:

• crack closure
• elastic deformation
• stable microcrack growth and extension
• unstable crack extension

Triaxial loading of sandstone samples with recording of acoustic emissions has further indicated
that before unstable crack extension occurs, microcracks nucleate into clusters along faults where
unstable cracks later propagate, in a process called shear localization [11]. These clusters are metastable
in that they gradually grow in size before unstable crack extension occurs rapidly, and are the laboratory
analog of clusters of metastable earthquake fault material whose size distribution is quantified by the
earthquake cascade model.

The earthquake cascade model describes earthquake occurrence along a 2D earthquake fault. It
defines Nn(τ) as the number of metastable clusters of fault material of area 2n at time τ, and provides
time evolution equations for these numbers based on cluster joining and earthquake occurrence rates.
Depending on selection of these rates, either of the earthquake magnitude cumulative distribution

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 25 July 2025 doi:10.20944/preprints202502.0683.v7

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202502.0683.v7
http://creativecommons.org/licenses/by/4.0/


4 of 8

curves shown in Figure 1 can be approximated by the model. For example, at sufficiently low rates of
earthquake occurrence, time invariant metastable cluster size statistics are:

N2 =
N1

2b′ , N3 =
N2

2b′ , ..., Nn =
Nn−1

2b′ , (6)

for some constant b′, whereby:
Nk = 2k N1(2k)−b′ , (7)

and:
2k Nk ∝ (2k)1−b′ . (8)

Under the assumption earthquake occurrence rate is proportional to metastable cluster area, equation
(8) specifies a Gutenberg-Richter scaling relation between frequency of earthquake occurrence and
earthquake rupture area if b = b′ − 0.5. To explain this statement, note that if NcM is the number of
earthquakes of moment magnitude greater than or equal to M occurring during the time interval
(τ, τ + ∆τ), the Gutenberg-Richter law implies:

NcM ∝ 10−bM, (9)

which using the seismic moment-magnitude relation:

M =

(
log10 M− 9

1.5

)
, (10)

and corner frequency scaling relation:
M ∝ ω−3, (11)

implies the frequency f (ω) of earthquakes with corner frequency ω and rupture area proportional to
ω−2 satisfies:

f (ω) ∝ ω2b−1 = (ω−2)0.5−b. (12)

To modify the earthquake cascade model so it accounts for a continuum of possible metastable
cluster sizes, the approach presented here is to adapt previously developed stochastic process models
of landslide occurrence to model earthquake occurrence. Importantly, these stochastic process models
depend on whether the landslide is in a condition of secondary or tertiary creep, so their adaptations
to describing seismicity depend on whether cumulative Benioff strain is increasing at a constant rate
or accelerating.

FDM Random Matrix Model

A scalar Kesten process is a stochastic process:

vk+1 = λk+1vk + ϵk+1, (13)

where i is a discrete time index, v0 = 1, and λk and ϵk are identical and independently distributed
random variables. This process has been used to model sequences of landslide velocity measurements
by assuming λk and ϵk are log-normally distributed with ⟨log λk⟩ < 0, in which case the sequence of
velocities are distributed according to an inverse gamma distribution P(v)dv satisfying:

P(v) ∝ v−b′′−1, (14)

for some constant b′′ for sufficiently large velocities v [16]. In developing process (13) to model
earthquake occurrence during periods of non-accelerating cumulative Benioff strain, it is logical that
the seismic stochastic process reflect classical mechanical time evolution of the seismic region of
interest, and output a random variable whose distribution accounts for the Gutenberg-Richter law.
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To this end, first suppose the seismic activation region is contained within a hemisphere H
centered on the Earth’s surface, and subsurface material within the hemisphere is meshed with finitely
many structural elements. Then, according to classical mechanics, a vector of nodal displacements
U(t) to a finite strain elastoplastic deformation of material within the hemisphere at time τ + t satisfies
a differential equation:

M̃Ü(t) + D̃(τ)U̇(t) + K̃(τ)U(t) = F(t), (15)

where M̃, D̃(τ), and K̃(τ) are the finite element mass, damping, and tangent stiffness matrices at time
τ, F(t) is the vector of external forces acting on the nodes, and the time increment t is sufficiently
small that the matrix coefficients can be regarded as constant over the time interval (τ, τ + t) [3].
Equivalently, differential equation (15) can be written:

d
dt

[
U(t)

M̃U̇(t)

]
=

[
0 M̃−1

−K̃(τ) −D̃(τ)M̃−1

][
U(t)

M̃U̇(t)

]
+

[
0

F(t)

]
, (16)

which in absence of external forcing has the solution:[
U(t)

M̃U̇(t)

]
= eL̃(τ)t

[
U(0)

M̃U̇(0)

]
, (17)

where:

L̃(τ) =

[
0 M̃−1

−K̃(τ) −D̃(τ)M̃−1

]
. (18)

A special case of solution (17) occurs when eL̃(τ)t is a symplectic matrix, in which case the equation
may be interpreted as a map between tangent spaces of a classical phase space manifold induced by an
energy preserving flow. In this case, each eigenvector of L̃(τ) with eigenvalue 0 identifies a marginally
stable nodal displacement of the activation region, in that it is on the cusp of stable oscillation and
unstable exponential growth. In accordance with previous fault dynamic investigations, it is these
marginally stable states of nodal displacement that constitute a classical mechanical definition of
metastable clusters [7]. Assuming activation region fault material is being strained at a non-zero
rate, the momentum of the marginally stable states constitutes a classical mechanical definition of
metastable cluster size.

Next, to describe the metastable cluster distribution with a stochastic process, define a stochastic
process Pk of vector random variables to replace the classical mechanistic vectors M̃U̇(k∆t), and
suppose:

Pk+1 = Jk+1Pk + Ek+1, (19)

where Jk is an m × m random matrix and Ek is a 1 × m random vector, for m equal to the number
of marginally stable states. For example, in the special case where Jk is diagonal with independent
log-normally distributed entries, and Ek has independent log-normally distributed entries, process
(19) is equivalent to m independent Kesten processes, and these processes determine probability
distributions of the momentum magnitudes pk of the marginally stable states whose mean values, in
absence of accelerated seismic release, remain constant in time.

Here, instead of supposing the pk are independently distributed, we conjecture stochastic process
(19) can be defined to return real positive values p1, p2, ..., pm with a random matrix eigenvalue
distribution:

P(p1, p2, ..., pm) = e∑m
k=1 ln F(pk ,β(τ))|∆(p1, p2, ..., pm)|β(τ), (20)

where ∆(p1, p2, ..., pm) is the Vandermonde determinant of the positive eigenvalues, ln F(p, β(τ)) is a
confining potential of the positive eigenvalues in 1 spatial dimension, and β(τ) is a time dependent
damage parameter [12].
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Results
FDM Random Matrix Eigenvalue Computation
2D Critical Scaling Theory

The renormalization group theory of earthquakes postulates the existence of τ-dependent statis-
tical mechanical models related by renormalization group transformation, whereby the cumulative
Benioff strain at time τ equates to the expectation value ⟨C⟩τ of a statistical mechanical observable C
for which:

dk⟨C⟩τ

dτk , (21)

is infinite for some finite positive integer k = ki at a sequence of values τi approaching τ0, and τ0

identifies a model fixed by the renormalization group transformation [25]. In the thermodynamic
phase diagram of the statistical mechanical model, each value τi locates a point of phase transition,
while the value τ0 locates a critical point [13].

The renormalization group theory of earthquakes is hereby developed by conjecturing that there
exists a sequence of values p̄i for which:

dki ln F( p̄i, β(τ))

dτki
, (22)

is infinite at τ = τi. More specifically, the function F(p, β(τ)) can be interpreted as a statistical me-
chanical partition function with fugacity and inverse temperature parameters p and β(τ). Importantly,
this conjectural reinterpretation of the time dependent parameter β(τ) in equation (20) as an inverse
temperature parameter suggests the underlying statistical mechanical model is a 2D Wick rotatation of
a random matrix spectral statistics model in 1+1D [18]. For sake of specificity, it is further conjectured
that the 2D statistical mechanical model of accelerating seismic release has 2m bosonic fields, where m
is the number of accelerating marginally stable modes in the activation region. An example of such a
statistical field theory is provided by the 2D sine-Gordon model [8].

Geophysical Test

From a geophysical testing point of view, if it is true that the real time evolution of a seismic
activation region elastic model preceding a mainshock can be quantified in terms of a 2D statistical
mechanics model renormalization group flow, expressible as a nonlinear dynamical system of finite
phase space dimension, a geophysical signal processing technique known as singular spectrum
analysis should apply to determine this phase space dimension [6]. Therefore, it is conjectured that
measurements of relative changes in seismic wave velocity between pairs of seismic stations in a seismic
region obtained at regular time intervals during a seismic activation series can be input to a time
domain multichannel singular spectrum analysis algorithm to output a finite phase space dimension
[17]. More specifically, the number of channels of the algorithm equates to the number of station
pairs, and the number of singular values output by the algorithm in different time windows preceding
a mainshock event counts the number of unstable stress/strain modes contributing to mainshock
rupture nucleation. With reference to previous geophysical application of singular spectrum analysis,
performed in the frequency domain, the signal processing algorithm suggested here is different in that
it should be carried out in the time domain τ rather than the frequency domain [24].

Discussion
Previous work has identified predicting the time of occurrence of mainshock events as an applica-

tion of statistical physics models of seismic activation, but this application has not yet been realized
[5]. In more recent times, the artificial intelligence algorithm QuakeGPT has been developed for the
purpose of forecasting earthquake occurrence, using seismic event record training data created with a
stochastic simulator [23]. Therefore, a practical application of statistical mechanics models of seismic
activation may be to be improve stochastic simulation of seismic event records for use in earthquake
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forecasting technology, acknowledging that rigorous tests of model validity against real seismic data
must be passed before achieving this objective can be considered a realistic possibility.

In conclusion, work towards improving current earthquake early warning systems can proceed in
two directions. Firstly, work can be done to determine whether or not observed changes of the Earth’s
elastic velocity model preceding mainshock events can be processed to extract an integer identifiable
as the phase space dimension of a nonlinear dynamical system. Secondly, theoretical work can be
done to elaborate upon the statistical mechanics model of seismic activation presented in this article to
determine other tests of its scientific validity and potential for practical application.
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