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Morawetz estimates.
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1. Introduction

We will consider the following Cauchy problem for the nonlinear defocusing damped Schrodinger
equation posed on RY x T, for any space dimensions d > 1:
0 + Axyu +ib(t)u — Aululf =0, (t,x,y) e RxRI xT, 1)
u(0,%,y) = f(x,y) € HY(R? x T),

where .
Ary =Y Ac+05,
i=1

with T = R/277Z endowed with the flat metric and A > 0. Here u = u(t, x,y) : [0,00) x RY x T — C,
b : [0,00) — C is a measurable function that contains dissipative and oscillatory terms and 0 < g <
4/(d —1). We shall assume also Rb(t), Ib(t) € C([0,00)) with Rb(t) > 0,

f _(RB(H)\ _
B(t) _/0 b(s)ds, gl(fj(t) —b>0, @)
”e_%B(t)”L”([O,oo)) < oo. 3)

The first two conditions above ensure, in the strict inequality regime, that every global solution of (1)
behaves like the solution to the associated free equation, that is b(t) = A = 0if t — 4o00. The main
target of this paper is show the decay and scattering of the solutions to (1) in the energy space. More
explicitly we will prove the following result:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 1.1. Letd > 1, A > 0 and let u € C([0,00); H' (R?)) be a global solution to (1) with initial data
f € HY(R? x T) such that (2) and (3) are satisfied. Then, for2 < r < 222 (2 < r < oo, ifd = 1), one
achieves

tim [[e®O(t,3,) | ey = 0. @

In addition, the solution to (1) scatters, that is, there exist f1 € Hl(Rd x T) such that

tEr:Eoo W u(t, x,y) - eimx’yfiHHl(Rde) =0, ()
if

@ 4<p<ity

(b) 0 < B < 4/dunder the condition that (2) is fulfilled with strict inequality.

The nonlinear Schrédinger equation

o+ Au — |ulfu=0 ©)

u(0) = f(x) € H'(RY),
represents a cornerstone in the mathematical physics, with deep implications across quantum mechan-
ics, nonlinear optics, plasma physics, and fluid mechanics. In the quantum mechanics, for example,
this equation provides crucial insights into Bose-Einstein condensates by modeling the self-interactions
of charged particles. The scattering properties of solutions to (6) represent a classical problem in math-
ematical physics, thoroughly documented in [1] and references therein. Understanding the asymptotic
behavior of these solutions fundamentally depends on analytical tools such as the Morawetz multiplier
technique and the resulting estimates. Morawetz estimates were first established in [2] for the Klein-
Gordon equation with general nonlinearity. Their significance in scattering theory became evident
when they were subsequently employed to prove asymptotic completeness in noteworthy studies: first
by [3] for the cubic NLS in R? (that is, (6) with f = 2), and later by [4] for the Schrodinger equation
in RY with pure power nonlinearity as in (6), when 4/d < B < 4/(d — 2). A significant method-
ological advancement has recently simplified scattering proofs through the development of bilinear
Morawetz inequalities, also termed interaction or quadratic Morawetz inequalities. Key contributions
to this approach include the studies [5] and [6] examining cubic and quintic defocusing NLS in R?;
the analysis in [7] demonstrating interaction Morawetz properties and asymptotic completeness for
cubic defocusing nonlinear Schrodinger equation in R?; the work [8] presenting interaction Morawetz
estimates without bilaplacian involvement for L?-supercritical H!-subcritical nonlinear Schrédinger
equation in R? with d > 1, including applications to the nonlinear problem in 3d exterior domains; the
comprehensive survey [9] establishing quadratic Morawetz estimates and scattering for the nonlinear
Schrodinger equation in L2 — H'-intercritical case. In our previous work [10] (see also [11-13]), we
developed a method combining Morawetz inequalities with localization steps and interpolation within
a contradiction framework to demonstrate solution decay in energy space, applicable to equation (6).
Motivated by this we present a generalization of this technique to the damped nonlinear Schrédinger
equation defined on the wave-guide spaces R? x T, for any space dimensions d > 1. The nonlinear
Schrodinger equation with linear damping is essential across various scientific fields, such as nonlinear
optics, plasma physics, and fluid dynamics. It provides key insights into complex phenomena includ-
ing optical pulse propagation in nonlinear materials, wave dynamics in plasmas subject to magnetic
fields, and specific fluid flow behaviors. For further details and examples, we refer to the studies
presented in [14] and [15]. Our novel contribution simplifies and extends the approaches used in
[16-19]. We also point out that the methods utilized in the aforementioned papers, are circumvented
here, due to the necessity of dealing directly with the complex-valued function b(t) appearing in
equation (1). To be more precise, here we establish new Morawetz-type identities and their interaction
variants, along with corresponding inequalities, applicable to equation (1). We focus on localizing the
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nonlinear terms appearing in these Morawetz inequalities onto suitable space-time regions, where the
spatial sets are specifically selected as cubes in R?. Finally, by employing an argument by contradiction,
we deduce the decay behavior of the LP(R? x T)-norms of solutions to (1) when t — oo, provided
that the exponent p satisfies 2 < p < 2(d 4+ 1)(d — 1) and, as straightforward effect, the scattering in
H'(RY x T).

2. Preliminaries

Before outlining our main achievements, we will unveil some necessary notations and several
useful results. For any two positive real numbers a, b, we write a < b (resp. a 2 b) to denote a < Cb
(resp. Ca > b), with C > 0, we unravel the constant only when it is necessary. We introduce the Banach

spaces L' (R%) = L}, and L?L;Iy, for 1 <r < oo, endowed with the norms

£, = [, |Gyl dudy < oo,

and

q 4
s, = (1@l a)

respectively, with obvious modification for r = co. We define also
_1
HY (R x T) = Hyj, = (1— Ay —9y) 2L"(R? x T)
and
HyHy = (1= Ay) 72 (1—97) 2 L%,

We adopt the notation L‘(’?l t) X when one restricts ¢ in some interval having endpoints 0 < t;,f, < oo.
We itemize, at this point, a series of achievements available in [13]. We recall the following existence
and uniqueness result

Theorem 2.1. Letd > 1and 0 < B < +%; be given. Then, the following holds:

1. For any initial condition f € H'(R? x T), the equation described in (1) admits a uniquely determined
local-in-time solution
u(t,x,y) € C([0,T); HY(R? x T)),

where T depends on ||fHH21cy, ie, T = T(Hf||H%y) > 0.

2. The solution u(t, x,y) admits a global extension with respect to the time variable.

We notice that the local existence and uniqueness for (1) follows directly from the theorem above
since e=4(") is a bounded function on the set [0,00). The global well-posedness instead from the

inequality (25) below. We have likewise the Strichartz estimate

Proposition 2.1. Let be d > 1, and o € R. Then the following homogeneous estimates hold

1675 £l 310 < Ul 7)
when (g, r) verify the condition
d
Z4i=0s ®

with s < % and satisfy the following

o 4<g<ooand2<r<oco ford=1;
o 2<g<ooand2 <r < oo ford=2;
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e 2<g<ooand2<r<oo ford > 3.

Furthermore the following inhomogeneous inequalities are fulfilled

t.
”/ e TR E (T)dT < Cl[F]]
0 L{LYHO
provided that
2 d 2 d d
Sy 2 8% s (0,2) £ (2,2).
T3t 2 =2, (62)#(22)

Moreover the following extended inhomogeneous estimates are satisfied

t .
H/o e/ (7,3, y)dT

q
LILLHY

when the Schrodinger-acceptable pairs (q,r) and (§, 7) verify the condition

1,1 d(1 1
g 4 2\# r)

with2 < q,r < coand 2 < 4,7 < oo and satisfy the following

e ford =1, no additional conditions are needed;
e ford =2, conditions r < oo and ¥ < co are required;
e ford > 3, the further conditions

Lol 2o 4
qg ¢ d — 7~
are needed.
We have also the following (see again [13])
Lemma 2.1. Assume that d > 1, 5 < p < 4 and o = %1;4.
(90,70, G0, Tp), such that
1 1 1 1 1
0 < Y A VY v <=z
Go" 7o Go 7o 2
1 1 d—2 1 d
— 4 =<1, —_— ] =< —
9o do d fo d-—2
1 d d 1 d d
—F <, —+t <z
qGo 1o 2 qo To 2
2 d d 2 d 2 d
— T =55 —+—4+—+—=4d,
G 1o 2 9do To o To
1 Q 1 o, 2(1-0

B+, g (BrLF 1o pd

For d = 1,2 we get the same conclusion provided that we drop conditions (13).

Moreover we can also assume that
B Bl_, B

qo  2rg T

s
L'y Ho'

< CJ[F]]

W
|
N

40f16

©)

(10)

(11)

(12)

Then one can find ¢ € (0,1) and

(13)

(14)

(15)
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Lemma 2.2. Assumed > 1 and % <B< %. Then one can find 2 < ¢ < 00,2 < p < oo such that:

2 1 1
4z 1
7 =2 (16)
1 1
p P T
1 1 B
[l I 1
7 €+qg’ (18)

where (qo,7,) is a couple given as in Proposition 2.1.

Lemma 2.3. For every 0 < s < 1, > 0 there exist two positive constants C; = C1(B,s) and C; = Ca(B, s),
such that:
+1
Julullg; < Clal gy Il < Callul™

We observe that the solutions to (1) enjoy the following conservation laws

lu(®)llgz, = e "Wl Hu(b) =H(f), (19)

where

2\e 2RB(t)
H(u(t)) = 2"B() / |Vyti(t,x,y)|? dxdy + =———— 572 / u(t,x,y)|F+? dxdy

281

/3+2/ /RXT Rb(s)e*TBOu(t, x,y)|P? dxdy. (20)

We utilize the change of variable
o(t, x,y) == eBOu(t,x,y) (21)

and see that u satisfies (1) if v solves

{ 010 + Ay,yv = Ae=PRB(1) 9By, (t,x,y) € [0,00) x RY x T, 22)

v(0,x,y) = f(x,y).
We multiply the above equation by 7(t, x, i), integrate by parts w.r.t. the x-variable, achieving,

1d

2 _
D3 Jas lo(t, x,y)| dxdy—/Rd Vay0(t, x)Vyyo(t, x,y)dxdy

_ Ae—PRB(1) t,x,y) P 2dxdy.
[ A PR Olo(t, x, )| 2dxdy

Then, by taking the imaginary part we arrive at

1d

2 _
2 a0t Jrior |o(t, x)|“dxdy = 0.

Thus, solutions that are local in time satisfy the conservation of mass
2 2
o132, = 1712,

That is, the first identity in (19). We multiply the equation in (22) by 9;v(t, x, ), integrate by parts w.r.t.
the x, y-variable and take the imaginary part, we have

%/d (Vx,yv(t, X, Y)V,y0t0(t, x) + Ae PRBO (¢, x,y)|Po(t, x)ara(t, x))dxdy =0.
R4xT
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The previous identity enhances to the following
! 2, A pwB() B2
/]Rdx’]I‘ Eatlv"'yv(tr xy)T+ me otlv(t, x,y)| dxdy =0
and then to

1 R
ot /Rde<2|Vx,yv(t,x,y)|2 ,B+26 —PRB(t) (¢, x, y)|ﬁ+2)dxdy (23)

A p—
= [Sﬁ—i—z Rdxqr%b(t)e mB(t)Iv(t,x,y)W*dedy.

Integrating w.r.t. the t-variable the above identity (23) we get
1
/Rdx’ll‘ (|Vx,yv(t, X, y) |2 ﬁ T 23 —PRB(t) |Z)(t X, y)|/5+2> dxdy
‘B + 2 / /l‘{dXT ﬁ%B |U(t X, ]/) "B+2dxdyds (24)

- (2|vx,yv(o,x,y>|2 o0 x )2 sy

RIxT

The above identity (24) indicates that the quantity

7 1
H(v(t)) - /I‘de’]l‘<|vx’yv(t’x’y)|2 ‘B+26 —PRB(t) |v(t X, y)|ﬂ+2)dxdy
ﬁ+2/ /Rdx’]r%b(t) —BRB(t) lo(t, x, y)Iﬁ“dxdyds

is conserved. Hence, we get the local conservation of the Hamiltonian in (19) with H(u(t)) as in (20).
The above conservation laws (19) infer also the bound

B(1) < Hew)u

e

B(
i ]| ae® ], S H@O) + 1, (25)
3. Morawetz Identities and Inequalities
Our first contribution here is the Morawetz equalities associated to (1). We start with the following

Lemma 3.1 (Morawetz identities). Let d > 1 and u € C(]0, c0); H}C,y) be a global solution to (1) with initial
data f € H}(,y such that (2) and (3) are satisfied. Moreover, let i = (x) : R? — R be a sufficiently reqular
and decaying function, and denote the virial by

V(t :——/ P B(1) t,x,y)|? dxdy.
(t) Ri T (xX)[e*Vu(t, x,y)|" dxdy
Then the following identities hold:

V(t) =23 /]Rde 2B a(t, x,y)Vap(x) - Vyu(t, x,v) dxdy (26)
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and

i)t:—/ A2 By (t, x,y) |2 dxd
(t) . (x)|e”Vult, x,y)|" dxdy

+4 RdXTeNEB(t)qu(t, x,y)D2¢(x) - Veu(t, x,y) dxdy

- %/Rd T5328?'3“)14(1?,x,y)V,cl,b(x)~B(x)qu(t,x,y) dxdy
X

2B APBO g (x) u(t x,y) [P dxdy,
B+2 JrixT

(27)

where D3 € M g,.4(R?) is the Hessian matrix of  and A2 = Ay (Axyp) the Bi-Laplacian operator.

Proof. We choose a smooth rapidly decreasing solution # = u(t,x). The general case eB()u ¢
C ([0, 00); H}C,y) can be recovered via a classical density argument. The proof of (26) and (27) is similar
to the one given in [10], for instance, since one can use the transformation (21) and then the equation
(22). Thus we skip it. O

We continue with the following

Lemma 3.2 (Tensor Morawetz). Assume d > 1 and let u(t,x,y) € C(]0,00), H'(R%)) be a global
solution to (1) such that (2) and (3) are satisfied. ~Furthermore, let us denote by z(t,x1,x2,Y)
2B uy (t, 1, y1)uz(t, x2,y2) and a(xy, x2) = W(x1 — x2) and set the tensor action

M) (298)

=g (RixT)? Z(t, %1, X2, Y1,Y2) Va0 2(t, X1, X2, Y1, Y2) - Vi 5, 8(X1, X2) dx1dxody1dys,

where Vi, x, = (Vy, Vi) and (R x T)2 = (RY x T) x (R? x T). Then the following identity holds:

M(t) =2 T Dima(xl,xg)vxl|eB(t)u1(t,x1)|2VxZ|eB(t)u2(t,x2)|2dxldxzdyldyz
4p ARB(t
T80T Jmtry

4R - e4%B(t)vI1u(xl)D§1xl (xllxz)vxl (X])|M(XZ)| dxldxzdy1dy2

Oluq (8, x1) [PH2|ua (t, x2) [PAra(xy, x3) dxydxodyrdys

+4R (RdXT)Z64%B(t)vx2M(X2)DJZC2x2 (x1, %2) Vi, u(x2) | (x1) |* dxy dxodyr dys.
(29)

Proof. As above, we choose a smooth, decaying solution to (1). From now on we hide the variables ¢,
y1 and y; to simplify the calculations. Note that,

i012(%,¥) + Axy vy 2(x1, 22) = BB uy (x7) [ug (21) [Pz (x2) + 2By (1) |2 (x2) [Pua (x2),  (30)

with Ay, v, = Ay, y; + Ay, y,- Then, we differentiate the action (28) w.r.t. time variable, obtaining

V=20 [ Al )l (B, )20, %) duddyidy;
+4§R/ Ax1 %2 xl/XZ)M(VXVVXZ)Q(xler) “(Viy, V,)Z(x1, x2)] dx1dxodyrdyn
+NE(H),

(31)
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where, by the identity (30) and after exploiting the symmetry of a(x1, xp) in combination with Fubini’s
Theorem, we have

NE(1) (32)
2
= /3+ﬁl (RIXTY: B0 1y (x1) [Pz (x2) P Bx a1, x2) dxrdxady dy
2
—i—lel (RixT)? ARB(#) |tz (x7) |’5+2|u1(x1) |2AxZa(x1,x2) dxydxydy1dy,
4B

= 511 Jimory: emB(t)|u1(x1)|5+2|u2(x2)|2Ax1a(x1,x2) dx1dxody1dy,

We will consider now the linear terms, that are the ones associated to A . The approach displayed in
[7] and [11] brings to

2R (RixT)? Axy rz2(x1, %2) ] [(Axy 38 (X1, X2)Z(x1, X2) ] dx1dx0dy1dy,

+4%R (RixT)? Ay, ,2(x1,%2)][(Vxy, Vi )a(x1, x2) - (Vi Vi, )Z(x1, x2)] dxydxodyrdys

= Jimavry A% a(x1,%2) PO (x1) PP u(xz) [P dxrdxady dy,

+4* B R /(]Rde)Z \ER (xl)D,zclxlu(xl, x2) V1 (1) |z (x2) |2 dxydxydy1dy,

L 4ARB(O R - Vgt (x2) D2, a(x1, %2) Viy o (x2) [u1 (1) |> doy dxady dya.
(33)
Notice that, by using again the symmetry of a(xy, x2) and integration by parts we get
/(Rdx’ll‘)z A% a(x, 22) [P (ey) Pl Ou(x) P diey dxadyndy
~ JmixTy Ay By (1, 32) B (er) PPV u(x2) | dxrdeadyrdys
= Jigtvry D2 L a(x1,%2) Vi, [eBDu(x1) 2V, B (x2) 2 dxydxady dys. (34)

By merging (32) and (33) one earns finally the idenity (29). O

3.1. A Localized Morawetz Inequality

We start this section with an outcome that is a consequence of Lemma 3.1 above. More precisely

Lemma 3.3. Assumed > 1and let u € C([0,0); H}C,y) be a global solution to (1) with initial data f € H}(,y
such that (2) and (3) are satisfied. Then it holds that

ARB(Y) , ,
o g, ) P2t 22, 30) Py

< & ARB()7 7 (¢ M.V ¢ t 2 dxydxydy,d
~ J/(Rdx'ﬂ‘)ze w1 (t, x1,y1) |x1 — x2] w1 (tx1, Y1) [ua (b, x2,y2)|° dxrdxodysdys,

(35)
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e t 2|y (1t 2 dxydxodyd
/(Rdx’ﬂ‘)z Wﬁll( 2 x1,y1) [P [ua(t x2, y1) |° dxadxody dyn
_ (x1 —x2)
<3 /(Rdm2 BT i (1, Y gy Vet (b )t x y2)I? dxidxadyidys,
(36)
ford =1, where (x; — x5) 1= (1+ |x1 — x2|2)2.
Proof. We first notice, by Fubini’s Theorem, that
M(t)
= %/(Rdx’]l‘)z BB i1y (1 %1, 1) Vg a(x1, %2) - Vgt (%1, y2) [u2 (8, X2, y2) |? dxidxady dys.
(37)

We choose now ¢ = (xq,x2) = |x1 —x2| if d > 2 and ¢ = (x; — xp) for d = 1. Elementary
computations bring to

X1 — X2 d—1
Vx1|x1 - x2| = m/ Ax1|x1 - x2| = m,
D§1X1|x1 - x2| = D3262X2|x1 - x2| = _D§1X2|x1 - x2| (38)
_ 1 _ (=2 (1 — )k
|1 — x2 |1 —x2| [x1 — 2] |
forl,k=1,...,d,and
X1 — X2 1
\% — = — -, A (X]—Xp) = ——,
X1 <X] X2> <X1 — x2> x1< 1 2> <X1 — x2>3
Dilxl <x1 - x2> = DJ2(2)C2 <x1 - x2> = 7D§1X2 <x1 - x2> (39)
_ 1 Sy — (x1 —x2)¢ (1 —x2)x |
(x1 — x2) (x1 —x2) (x1—x2)

We will look now at the identity (29) in the case d > 2 only, since the case d = 1 can be handled in a
similar way. We have then

R /(Rd xT)?2 e BT u(x1) D2y a(x1, x2) Vi T (x1) [u(x2) | dxrdxadyidys

~ ) (40)
_ 4RB(t) [Vt (x1)| 2
R /(Rde)Z € Xyl |u(x2) | dx1dxodyrdys,
with e
Vaeu(x;) = Vu(x;) — Vu(x;) - | l_],
() = V) = V() S hp
fori,j = 1,2, i # j. Analogously, we have
R /(Rd XT)2 e4§RB(t)szu(XZ)Dyzczxza(xlf X2) Vi, i(x2) |u(x1) [* dxydxody, dya
- ) (41)
_ axB(r) | Vi (52)| 2
%/(Rdxﬂrﬂe Xy |u(x1)|” dx1dxody1dys.

d0i:10.20944/preprints202504.1483.v1
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Moreover, by Cauchy-Schwartz inequality, one achieve also

2 /(Rde)Z D,Zcma(xl, x2)Vy, 1B u(xq) °V1, 168 1 (x,) |2 dxydxodyr dyy

=8 /(RM)Z eTBUID2 | a(x1,2x0)R(11(x1) Vi (x1))R(1(x2) Viyu(x2)) dxrdxodydys

ARB(1) B B
—38 / R (a(x) Vi u(x1)) - R((x2) YV ayu(x2)) dxidrady dya
(RIxT)?2

|1 — 22|

\ Vi i
<af e (' WatEL 3y Va0, <x1>|2) dndvdpdy. @)

The above inequality in combination with (40) and (41) yields

2 (RixT)? D,%m (xl,xz)Vx1|e ul(t x1)| VxZ|e uz(t x2)| dxdxodydy,

R V(1) DRy, 2) Vo) () P dadadydy

R [ OV u(0) Dl 1) V() ju(n) P duidzadydys > 0

By an use of the previous bound in the equality (29), one arrives at (35). O

We obtain the following corollary, that is a direct outcome of the previous lemma,

Corollary 3.1. Let u € C([0, oo);H,lc,y) be a global solution to (1) with initial data f € H}W such that (2) and
(3) are satisfied. Then, far any Q(r) = & + [—r,7]?, with r > 0 and % € R* one has,

/0 /(Qd( ey 64%B(t)|u(t, x1,y1)\ﬁ+2|u(t, x2,y1)|2dx1dx2dy1dy2 < 0. (43)
rs T

Proof. By integrating (35) with a(x1, x;) as in (38) w.r.t. the time variable on the interval | = [t1,t;],
with t1,t € [0, 0), one obtains

t=t,

S MO, (1 =x) g t 2 dxydxadyd
|:J/(Rd><']1')ze x it x1, 1) M =) w1t x1, 1) u2(t, x2,y2) [~ dxydxady, dya -

ARB()
L p+2
> ‘/(Rdx']r 0 ||u1(t xl,y1)| |u2(t XZ,y1)| d?quZdy]dyz

\xl

ARNB(t B+2
2 /0 /(Qﬁiz(r)x’]l‘)z e |1/l(t, X1, y1)| ‘M(t, X2, y1)| dxldedyldyZ/

where in the last line of the previous chain of inequalities we used that, for any # € RY,

1 1
inf —_— = inf — > 0.
x1,%02€Q4(r) |x1 - x2| x1,2,€Q4(r) |x1 - x2|

Applying again the Cauchy-Schwartz inequality and by the conservation laws (19), one infers also

_ t=t,
%/ ARBOY (¢, xlfyl)g Vi ur(tx1,y1) [ua(t, X2, y2) [ dxidxadydy,
(RIxT)2 lx1 — 22|

t=H
S flhy, < oo (44)

Finally, we get (43) when t; — 0,tp — co. O
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4. The Decay of Solutions

This section focuses on the demonstration of the first part of Theorem 1.1. Namely one has:

Proof of (4). It is enough to prove the decay in (4) for a suitable 2 < g < 2d+2 , because the general
case follows by the conservation laws (19) and interpolation. More prec1sely 1t is enough to show that

i [leB(0) _
Jim (e u(t, x/y)IILE%e 0. (45)

Then the property (4) follows for all 2 < g < 2;%12 by (45) and the fact that

sup 1B D (s, x,y)||H%y < oo. (46)
teR ’

We recall the following localized Gagliardo-Nirenberg inequality (see [12] and [13])

y S FeRd

d+3 d+1
HXH s < Csup <||X||L2 ] ) ||X|}f1+13/ (47)
(@d)xT)

where Q4(1) = % + [~1,1]%. Assume now by contradiction that (45) is not fulfilled, then by (46) and
by (47) we deduce the existence of a sequence (f,, x,) € R x R? with t, — o0 and €y > 0 such that

inf [|eB(tn) = el (48)

u(ty, x) ||%2(Q‘;n(l)><T)

Note that by (26) and (46) one attains

a — B(t) 2
su P dt /Rdeg(x xn)|e u(t,x,y)| dx| < oo,
where &(x) is a smooth, non-negative cut-off function, so that &(x) = 1 for x € Q4(1) = [~1,1]? and
Z(x) =0forx ¢ QS(Z) = [2,2]%. Therefore, by an application of the Fundamental Theorem of

calculus we establish the inequality

< Clt—o0], (49)

_ B(c) 27 _ _ B(t) 2
/RdXTC(x xn) e\ u(o, x)|"dx /R"’ng(x xn)|e”\Vu(t, x,y)|~dx

for a C > 0 which does not depend on 1. We choose ¢ = t, and have
/RMT ¢(x —xn) P (o, x)Pdx > /Rde &(x — x0)[BEu(ty, x)2dx — Clty — |,  (50)
which results, having in mind the support property of the function ¢(x), in
B(0) 24 >/ B(tn) (£, x) [2dx — Cltn — 51
e\ (o, x)|"dx > ey (ty, x)| dx al.
Sy Pt 2 [ 1l )P = Cltu o] 61
By combining this result with (48), it follows that there exists T > 0 so that

. . f) 2
et gy 128 iz, 2 em) 2 (52)

and, by Holder inequality,

lrnlf(te(tftlfﬁ) et x)HUS” Qxy (2 )XT)) v 3

d0i:10.20944/preprints202504.1483.v1
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for some €1 > 0. Observe also that, because t,, — oo, it is possible to assume, up to a subsequence, that
the intervals (., t, + T) are mutually disjoint. In particular we come by

byt T
ST ST [ o) gy 1 x1 ) P22t 20, 0) P dsdadysdy
N/ sup )2 _ﬁWB(t)HLw 0o |e u(t, 2, y1)|F21Bu(t, xo, 1) P dxydxodyrdys
FeR4 2)xT
N/ sup B (8, x1, y1) P2 |u(t, x2, 1) |? dxydaydy, dys.
FeR4 2)xT)?

(54)
Thus we get a contradiction since the right hand side of (54) is bounded, as it can be seen form (43). O

Remark 4.1. The condition (3) is required to ensure not only an effective use of the Morawetz technique
as one can see from Lemmas 3.1 and 3.2. We do not need to impose further lower bounds to e"B() when
4/d < B < 4/(d —1). Notice also that, for 0 < B < 4/d one has e P*B() < (1 4 )=, this bound
guarantees that By tB()y has a strong limit in L,Zf,y when Nb(t) > 0, as underlined in [19], avoiding the
nonexistence of scattering solutions.

5. Analysis of the Solutions in the Strichartz Spaces and Scattering

Here, we present some results associated to the control of the solution of (1) in the Strichartz
norms. They are pivotal for the proof of the second part of the Theorems 1.1.

Proposition 5.1. Letd > 1, A > 0 and let u € C([0,00); H'(R)) be a unique global solution to (1) with
initial data f € H'(R? x T) such that (2) is satisfied. One has:

a) if} <P < 71, and assuming (3) is also fulfilled, then
eB(t)u(t, x,y) € L?QL;‘]H; (55)

with (qo,7,) as in Lemma 2.1;
b)) fo<p< %, and assuming (2) is fulfilled with strict inequality, then

BOu(t,x,y) e L{LLH;, (56)

with (q,1) = ( (b+2) }3+2)

Proof. Case % <B< %. Bear in mind the integral operator associated to (22) be defined, for any

feH!
. £ .
7}(eB(t)u) = ethuyf 4 k/o e PRB(T) pi(1=T) sy <|eB(T)u(T)|ﬁeB(T)u(T)) dr. (57)

Then, in view of (2), one gets by a combination of Proposition 2.1, Lemmas 2.1, 2.3 and the Holder
inequality

1P ul e S 1) g+l PRIl (58)
(to,) (tg00) % 1Y
< B(-),,|BeB() < B(-), 1A
~ ||u(t0)||H},’y + |||e u‘ e MH q‘g’ ilg : ||u(t0)||H%/y + ||€ M” (1+ﬁ)q~q/ (1+5)1’IQHS
(tg0) - Hy (o) L v
B (1-0)(1+p) 0(1+p)
S lluto)llp, + lle ) ”HL?O )Lﬁd/szHe uHL'(kJ i
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An application of (4) and Lemma 2.5 in [13] gives, for a suitable big ty > 0, that e u(t,x,y) €
L?fo,OO) LY H;,. Finally, by a continuity argument we deduce (55).

Case0 < B < %. Within this framework, the previous approach can be followed with slight adjust-
ments. Having in mind the Sobolev embedding H; C Ly, which is valid for § > %, then one can
acquire the chain of inequalities

B(1) < () s e+ [~ BRB) 6B 1BB()
el o S Dot + e PRoORP OOl (59)
S, + e OBy e Ouly o
0% X ,00
< ~B(-) B B(-), (1P B0 .
S [lutto) Iy, + lle IILZOM)IIe ull ?;O,W)L;Hﬁlle ulnger;H;
< ¢ B(),11P B(-) .
S ), + 1Pl 1Pl
0, /0
with
_ 2p(p+2)
1—(d—2)B

and because the strict inequality in (2). Again by (4), Lemma 2.5 in [13] and a continuity argument we
conclude that (56) holds true. O

Corollary 5.1. Assume (¢, p) are given as in Lemma 2.2 and let u(t, x, y) be the unique solution to (1) with
0<B< d4j and such that (2) is satisfied. Then one gets

HeB(t)u(t, x'y)||LfL£L§ + ||eB(t)u(f/ X, Y)Vayu(t, x,y)||LfL§L§ < oo, (60)

a) if% <B< %, and assuming (3) is also fulfilled;
b)) ifo<p< 4 and assuming (2) holds with strict inequality.

Proof. We will concentrate first on the case % <B< %, the proof of case 0 < g < % follows from

(59). We display ||eB®u(t, x,y)|| Leppre < 00, the other estimate can be handled in a similar way. By (9),
t=xX=y

Lemma 2.2 and Holder inequality one achieves

B(t) < —BRB(t) | ,B(-);|BB(")

I Oult 2 ), ez S Netto) g, + POl Ol g
< lu(t B(-),||P B0 '
S oy, e ulige | repglle™ el g

We conclude by choosing a suitable big ty > 0 and utilizing the previous Proposition 5.1. [
We now turn back to the proof of the scattering for the solution to (1).

Proof of (5). By using the integral operator (57) and the Strichartz estimates (7), (9) we obtain

HeB(t)e—itAx,yu(t) _ eB(t/)e—itAx,yu(t/) = ‘
Hl,

/t - (e_,SERB(.) |eB(.)u|ﬁeB(.)u) (s)ds
t/

H,
< (e PRBO)BOy BBOy oo + ||e*ﬁ§RB(-)vxry<|eB(-)u|ﬂeB(~)u) e o2
(L) ™*7Y (L) X"y
Hence
: B(t) ,—itAyy _ GB() —itAyy . oy _
tl,lt;rgooHe e u(t) —e>\e u(t) 0, 0 (61)
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. _BRB(- . . _BRB(- . .

t,t —o0

This limit can be provided arguing as in the proof of Proposition 5.1, by exploiting (55), (56), (60)
together with Lemma 2.2. So, (5) follows thus from (61) above. O

Remark 5.1. We also emphasize that exponential decay can be obtained directly through interpolation between
the conservation of mass stated in (19) and the estimates derived from the Sobolev embedding combined with
(25). More explicitly, one obtains

1B u(b)]g, S1.

Xy "
Nevertheless, this inequality is insufficient to establish a decay behavior as strong as the one described in (4) of

Theorem 1.1, which characterizes a more restrictive property of solutions to (1). Additionally, the analysis above
does not take into account the scenario where RB(t) = 0, that is when ib(t) is a real-valued function.

Remark 5.2. It is important to emphasize that our results apply broadly to a wide class of damped nonlinearities
satisfying the condition (2). In particular, they cover situations where the damping term behaves asymptotically

as
a
t) = t>
Rb(t) A+t a>0, a>0, 0,
as well as cases of the form
i
= < a >
Rb(t) T 0<a<l a>0 t>0,

which were examined in [19]. Moreover, the techniques and results developed herein extend naturally to even
more general forms of damping terms, thereby enabling the analysis of nonlinear Schrodinger equations with
complex time-dependent damping structures, such as

Gt In ¢ =
%u +b(H)u — Aululf =0, t>3,

iatu + Ax,yu +
with 6 > 1, where E(t) is a real-valued continuous function, and parameters d, aq and wy that characterize
the precise rate and structure of the damping effect. These types of equations were previously considered in the
literature, for example in [17], highlighting the flexibility and applicability of our approach.

6. Conclusions

We extend the outcomes obtained in [16], [17], [18] and [19] to the partially periodic framework.
In our work, the assumptions imposed on the function ib(t) are close to the more general ones stated in
[19], with the added novelty that our approach is capable of treating the one-dimensional case d = 1 as
well. Moreover, we incorporate an oscillatory component within the perturbed propagator eB()+itAxy 4
feature that has not been addressed in the aforementioned works. In addition, our strategy significantly
simplifies the proof of scattering in the energy space for the damped Schrodinger equation, even when
considered on the flat Euclidean geometry R for 0 < g < ﬁ. The implementation of bilinear
Morawetz inequalities provides insight into the decay behavior of the Lﬁ,ynorm of the solutions of (1):

specifically, we show that the decay rate is faster than ¢~ RB(t)

when the Hamiltonian (20) is positive.
This enhanced decay property broadens the class of admissible perturbations, even allowing the limit
case b = 0. It is important to emphasize that we have opted for a conservative set of assumptions
regarding the nonlinear terms in (1). Indeed, we are convinced that our methodology extends naturally

to perturbations b(t) satisfying

—BRB(t at 5
e.B ()Sm, 0S0(1<1, D(l<0(2, a>0, tZO,
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with B(t) defined as in (2), as well as to the case ®B(t) < 0. These extensions form the basis of our
future investigations.

7. Open Problems and Further Developments

The theoretical framework developed in this paper is general and robust, allowing for a direct
analysis of energy decay in solutions to damped Schrodinger equations with partial periodic local
nonlinearities. The versatility of our approach suggests its applicability to several significant open
problems, particularly:

® A detailed analysis of scattering phenomena in energy spaces for solutions to the equation (1)
within the focusing regime, characterized by A < 0. Such an investigation would deepen the
understanding of the interplay between damping and focusing nonlinearities.

®  Anexploration of decay and scattering behavior of solutions to fourth-order nonlinear Schrodinger
equations, such as

oru — (Ax,y)zu +ib(t)u — Aujulf =0,

where (Ax,y)2 = Ayy(Ayy) is the bilaplacian operator. This would help clarify the long-term
dynamics and stability of higher-order dispersive models under nonlinear damping effects.

* A thorough investigation into the decay rates and scattering properties of solutions to other
related nonlinear dispersive equations, including the nonlinear Beam equation such as

Opett + A2u + b(t)u 4 u + Aujulf =0,

with (Ay)? = Ax(Ay). This can be done also in the partially periodic setting.
* A comprehensive study of the scattering dynamics for nonlinear Klein-Gordon equations of the
form
At — Ay + b(t)u +u+ Aululf =0,

including the the partially periodic case.
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