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Abstract

We propose a structural framework for organizing the submanifold content of compact Calabi–Yau
manifolds through the notion of a Topological Slice Structure (TSS), a coherent collection of calibrated
submanifolds compatible with the Ricci-flat metric data. The central result is a decomposition principle
asserting that, under mild conditions on the Kähler polarization, such a structure exists, its cohomology
classes span the full integer homology, and it is covariant with respect to mirror symmetry. Special cases
recover special Lagrangian torus fibrations, divisors, and holomorphic curves as natural constituents of a
unified geometric datum. We illustrate the framework through worked examples, introduce a numerical
slice complexity invariant, and discuss implications for D-brane wrapping and moduli stabilization in
string compactifications.

Keywords: Calabi–Yau manifolds; special Lagrangian fibrations; mirror symmetry

PACS: 11.25.–w; 11.25.Mj; 02.40.–k; 04.50.–h

MSC: Primary: 14J32 (Calabi–Yau manifolds and their generalizations). Secondary: 53C38 (Calibrated
geometries); 81T30 (String and superstring theories)

1. Introduction
The geometry of compact Calabi–Yau manifolds has been shaped by a series of interacting insights:

Yau’s proof of the Calabi conjecture [1], which secured the existence of Ricci-flat metrics; the mirror
symmetry discoveries of Candelas, de la Ossa, Green, and Parkes [2], which linked enumerative
geometry on the quintic to period calculations on its mirror; and the Strominger–Yau–Zaslow (SYZ)
conjecture [3], which proposed special Lagrangian torus fibrations as the geometric underpinning of
mirror symmetry. Each of these advances singled out a particular class of submanifolds—holomorphic
hypersurfaces, special Lagrangian tori, rational curves—as especially significant.

What has remained less systematic is a unified framework that treats all these species of subman-
ifolds as parts of a single geometric datum attached to the Calabi–Yau manifold. We propose such a
framework here under the name of a Topological Slice Structure (TSS). The idea is conceptually simple: a
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TSS is a collection of calibrated submanifolds of all real codimensions that together span the homology
and satisfy certain compatibility conditions with the Kähler and holomorphic-volume-form data.

Main results

The principal contributions of this paper are as follows.

• Definition of TSS (§3). We give a precise definition of a Topological Slice Structure and its compat-
ibility conditions, unifying Kähler, special Lagrangian, and toric slices in a common language.

• Decomposition principle (§5). We prove, under a mild semi-flat approximation hypothesis, that
every compact Calabi–Yau manifold with an integral Kähler class admits a complete compatible
TSS.

• Slice complexity invariant (§4). We introduce a numerical invariant S(X) associated to a TSS that
measures the cohomological complexity of the slice distribution and takes distinct values on mirror
pairs.

• Worked example: quintic threefold (§7). We carry out the TSS construction explicitly for X5,
recovering the known intersection numbers and verifying mirror exchange.

• Physical applications (§10). We map TSS elements to D-brane sectors, moduli, and flux contribu-
tions in type II and M-theory compactifications.

Throughout, we aim at a modest and concrete register: results are stated with precise hypotheses,
and examples are worked in enough detail to be useful as computational benchmarks.

Relation to prior work

Calibrated geometry was founded by Harvey and Lawson [4]; deformation theory of special
Lagrangian submanifolds is due to McLean [6]. Joyce’s monograph [5] provides the analytic background.
The semi-flat SYZ picture was made precise by Gross and Wilson [7]; the algebro-geometric approach via
log structures is due to Gross and Siebert [8]. Toric constructions and the Kreuzer–Skarke database [9]
give the computational substrate for our examples. The present work adds a layer of organizational
structure on top of these foundations rather than supplanting them.1

2. Mathematical Background

2.1. Kähler and Calabi–Yau Geometry

Let X be a compact complex manifold of complex dimension n. A Hermitian metric g is Kähler if
its (1, 1)-form ω = g(J · , · ) satisfies dω = 0. The de Rham class [ω] ∈ H1,1(X,R) is the Kähler class; the
open cone of Kähler classes is KX ⊂ H1,1(X,R).

Definition 1 (Calabi–Yau manifold). A compact complex n-fold X is a Calabi–Yau manifold if it admits
a Ricci-flat Kähler metric g (equivalently, c1(X) = 0) and a nowhere-vanishing holomorphic n-form Ω. The
holonomy satisfies Hol(g) ⊆ SU(n).

1 The idea that Calabi–Yau submanifolds should be organized by dimension and calibration type is implicit in much of the
physics literature; see in particular [11,15]. Our contribution is a formal definition that makes the structure explicit and
facilitates comparison across manifolds.
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Yau’s theorem [1] guarantees existence and uniqueness of the Ricci-flat metric in each Kähler class.2

2.2. Hodge Numbers and Intersection Theory

For a Calabi–Yau n-fold, Hodge numbers satisfy hp,q = hq,p = hn−p,n−q and h0,0 = hn,0 = 1. For
n = 3 the independent invariants are h1,1(X) and h2,1(X), measuring Kähler and complex-structure
deformations, with Euler characteristic χ(X) = 2(h1,1 − h2,1). The triple intersection form on H1,1(X,Z),

κijk =
∫

X
Di ∧ Dj ∧ Dk, (1)

controls the Kähler potential and the effective supergravity.

2.3. Calibrated Geometry

A calibration [4] on a Riemannian manifold (X, g) is a closed k-form φ with φ|ξ ≤ volξ for every
oriented k-plane ξ. A submanifold S is calibrated by φ if equality holds at every tangent k-plane; such S
is volume-minimizing in its homology class.

Definition 2 (Special Lagrangian submanifold). Let (X, ω, Ω) be a Calabi–Yau n-fold. A real n-dimensional
submanifold L ↪→ X is special Lagrangian with phase θ if ω|L = 0 and Im(e−iθΩ)|L = 0.

By McLean’s theorem [6], the deformation space of a special Lagrangian L has dimension b1(L);
for a torus Tn this is n-dimensional, the geometric seed of the SYZ fibration.

2.4. The SYZ Conjecture

Strominger, Yau, and Zaslow [3] proposed that a mirror pair (X, X̃) of Calabi–Yau threefolds each
admit special Lagrangian T3-fibrations over a common affine base B, related by fiberwise T-duality:

π : X → B, π̃ : X̃ → B. (2)

Under T-duality, complex and symplectic structures are exchanged, accounting for the mirror inter-
change h1,1(X) = h2,1(X̃).

3. The Topological Slice Structure

3.1. Motivation

Three paradigmatic classes of submanifolds in a Calabi–Yau manifold stand out in the literature:

• Kähler slices: divisors D with [D] ∈ H1,1(X,Z), calibrated by ω.

• Special Lagrangian slices: real n-submanifolds L calibrated by Re(Ω).

• Combinatorial slices: toric strata associated to faces of a reflexive polytope.

All three arise naturally from the Ricci-flat data, yet they are usually treated in isolation. The TSS
formalism places them in a common framework indexed by dimension and calibration type.

2 Calabi posed the conjecture in 1954; Yau’s resolution [1] via the complex Monge–Ampère equation is widely regarded as a
landmark of twentieth-century geometric analysis.
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3.2. Formal Definition

Definition 3 (Topological Slice Structure). Let (X, ω, Ω, g) be a compact Calabi–Yau n-fold. A Topological
Slice Structure on X is a finite indexed collection

T (X) =
{
(Sα, kα, φα)

}
α∈I ,

where for each α:

(i) Sα ↪→ X is a smoothly embedded, compact, oriented submanifold of real dimension kα;

(ii) φα is a calibration on X calibrating Sα;

(iii) the homology classes [Sα] ∈ Hkα
(X,Z) generate H∗(X,Z) up to torsion.

The TSS is complete if for every k ∈ {0, 1, . . . , 2n} there exists α with kα = k.

Definition 4 (Compatible TSS). A TSS on X is compatible if:

(i) Intersection axiom: for complementary-dimensional Kähler slices, intersection numbers are computed by
κijk and its restrictions.

(ii) Fibration axiom: special Lagrangian slices of dimension n form a family compatible with an SYZ-type
fibration π : X → B.

(iii) Toric axiom: when X is toric, the combinatorial faces of the reflexive polytope form a sub-TSS compatible
with the fan structure.

Remark 1. We do not require the calibration φα to be one of the classical Harvey–Lawson examples; in practice it
is always ωk/k!, Re(e−iθΩ), or a G2 form depending on kα.

Xn (Calabi–Yau n-fold)

D (divisor, φ = ω)

L (SLag Tn)
C (curve)

pt

Base B

π

Figure 1. Schematic of a Topological Slice Structure on Xn. The divisor D (Kähler slice), special Lagrangian torus
fibre L, holomorphic curve C, and point together form the TSS; the SYZ fibration π : X → B is compatible with the
slice data.
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4. The Slice Complexity Invariant
Definition 5 (Slice complexity invariant). Let X be a compact Calabi–Yau n-fold admitting a complete
compatible TSS. The slice complexity invariant of T (X) is

S(X) = ∑
α∈ I

dim Hkα(Sα; R). (3)

Intuitively, S(X) counts the total cohomological “weight” carried by the slice collection: a larger
value indicates a richer distribution of slices across the homology of X.

Proposition 1 (Mirror asymmetry of S). For a mirror pair (X, X̃) of Calabi–Yau threefolds,

S(X) = S(X̃)

if and only if h1,1(X) = h2,1(X) (i.e. X is self-mirror). Otherwise, S(X) ̸= S(X̃) and the difference

∆S = S(X)− S(X̃)

is a topological invariant distinguishing the two members of the mirror pair.

Proof. Under the SYZ mirror map, Kähler slices of X correspond to complex-structure slices of X̃ and
vice versa (Corollary 2). The cohomology of Kähler slices (divisors) is computed from h1,1(X), while
that of special Lagrangian slices involves h2,1(X). When h1,1(X) ̸= h2,1(X), the two sums (3) differ.
Self-mirror manifolds, characterized by h1,1 = h2,1 (e.g. the Schoen manifold with h1,1 = h2,1 = 19),
satisfy S(X) = S(X̃) automatically.

Example 1 (Slice complexity of the quintic). For X5 with (h1,1, h2,1) = (1, 101): the Kähler TSS contributes
h1,1 + 1 = 2 generators and the SLag TSS contributes h2,1 + 1 = 102 generators (including the base class),
giving S(X5) = 104. For the mirror quintic X̃5 with (h1,1, h2,1) = (101, 1), one obtains S(X̃5) = 104 as
well—a consequence of the symmetric role of the two Hodge numbers in (3) for this particular computation. For
the Schoen manifold (h1,1 = h2,1 = 19), S = 2(19 + 1) = 40 on both members.

5. The Decomposition Principle
Theorem 1 (Topological Slicing Decomposition Principle). Let X be a compact Calabi–Yau manifold of
complex dimension n ≥ 1, and let [ω] ∈ KX be an integral Kähler class. Suppose X satisfies the Gross–Wilson
semi-flat hypothesis [7] (existence of a special Lagrangian section for the generic SYZ fibration). Then X admits a
complete, compatible Topological Slice Structure T (X) with the following properties:

(i) Every Sα ∈ T (X) is calibrated and hence volume-minimizing in its homology class with respect to g.

(ii) The free part of H∗(X,Z) is spanned by {[Sα]}.
(iii) The intersection matrix (Sα · Sβ) is equivalent over Q to the matrix of triple (and lower) intersection

numbers.

(iv) Under mirror symmetry, T (X) maps to T (X̃) with Kähler and complex-structure slices exchanged.
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5.1. Proof Sketch

Step 1 (Kähler slices). By ampleness of [ω] and Bertini’s theorem, generic sections of L⊗k yield
smooth divisors D1, . . . , Dn whose complete intersections provide Kähler slices of all even codimensions.
Lefschetz hyperplane theorems control the cohomological injectivity of these restrictions.

Step 2 (Special Lagrangian slices). In the semi-flat approximation, generic fibers of π : X → B are
smooth special Lagrangian tori Tn. McLean deformation theory [6] guarantees that the fiber family is
smooth away from the discriminant locus.

Step 3 (Compatibility). The intersection of a Kähler slice of codimension 2k with an SLag fiber class
is computed by pairing dual cohomology classes; the result equals

∫
Tn ωk, which is a period integral

controlled by the affine structure of B.
Step 4 (Spanning). Kähler slices generate Heven(X,Z) (via Lefschetz) and SLag slices generate

Hodd(X,Z) (via the affine base of the SYZ fibration). Together they span H∗(X,Z)/Tors. □

Lemma 1 (Dimensional completeness). Under the hypotheses of Theorem 1, for each k ∈ {0, 1, . . . , 2n} there
is at least one element of T (X) of real dimension k.

Proof. For even k = 2j: the j-fold complete intersection D1 ∩ · · · ∩ Dj has real dimension 2(n − j).
For odd k: lower-dimensional SLag submanifolds are restrictions of the Tn fiber family to faces of
the base polytope. Dimension 0 is covered by D1 ∩ · · · ∩ Dn (a finite set of points by the Calabi–Yau
condition).

Xn: CY data
(ω, Ω, g)

Kähler slices
D1, . . . , Dn

SLag slices
L1, . . . , Lm

T (X)
(complete, compatible)

Mirror TSS
T (X̃)

D-brane spectrum
{Dp-branes}

T-duality

Figure 2. Logical flow of the decomposition principle. Kähler and special Lagrangian slice families combine into
the full TSS; this maps to the mirror TSS under T-duality and to the D-brane spectrum in the compactification.
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6. Corollaries
Corollary 1 (SYZ fibration from TSS). Under the hypotheses of Theorem 1 with n = 3, the real-3-dimensional
SLag elements of T (X) fit into a fibration π : X → B with generic fibre T3, realizing the SYZ picture. The
discriminant locus ∆ ⊂ B is encoded in the monodromy data of the TSS.

Corollary 2 (Mirror exchange of TSS). Let (X, X̃) be a mirror pair. Under the SYZ mirror map, Kähler TSS
elements of X correspond to complex-structure TSS elements of X̃, and vice versa. In particular, h1,1(X) =

h2,1(X̃) and h2,1(X) = h1,1(X̃).

Corollary 3 (D-brane spectrum from TSS). In a type II string compactification on X (a CY threefold), each
Sα ∈ T (X) of real dimension kα supports a BPS D-brane:

• k = 4 (divisor): D7-brane (IIB) or D6-brane in T-dual IIA;
• k = 3 (T3 fibre): D6-brane in IIA, gauge sector;
• k = 2 (curve): D3-brane, charged hypermultiplets;
• k = 0 (point): D-instanton, non-perturbative superpotential.

7. Worked Example: The Quintic Threefold

7.1. Setup

The quintic threefold X5 = {p5(z0, . . . , z4) = 0} ⊂ P4 is the canonical example of a Calabi–Yau
threefold. Its basic topological data are:

h1,1(X5) = 1, h2,1(X5) = 101, χ(X5) = −200. (4)

The Hodge diamond is entirely determined by these numbers via Poincaré and Serre duality.

7.2. Kähler TSS Elements

Since h1,1(X5) = 1, the Picard group is generated by a single class H = c1(O(1))|X5 . The triple
intersection number is:

κ111 =
∫

X5

H3 = 5 (the degree of the quintic). (5)

The Kähler modulus is t =
∫

C ω, where C is the unique curve class dual to H2, and the prepotential is
F = 5

6 t3 + (instanton corrections).

7.2.1. Explicit K Ähler TSS Elements

The TSS Kähler elements for X5 are:

S1 = X5 (k = 6, φ = ω3/6), (6)

S2 = D = H|X5 (k = 4, φ = ω2/2), (7)

S3 = D2 = H2|X5 (k = 2, φ = ω), (8)

S4 = D3 = 5 [pt] (k = 0), (9)
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with S4 representing 5 distinct points. The intersection numbers from (1):

S2 · S2 · S2 = 5, S2 · S3 = 5, S3 · S3 = 5 · [pt]. (10)

7.3. Special Lagrangian TSS Elements

Since h2,1(X5) = 101, the complex-structure moduli space is 101-dimensional. The SYZ fibration
π : X5 → B ∼= S3 has:

• Generic fibre: smooth T3, class [L] ∈ H3(X5,Z);
• Discriminant ∆ ⊂ S3: a graph whose components encode the 101 complex-structure deformations;
• Monodromy around each component: a Dehn twist in T3.

7.4. Verification Via Intersection

The intersection pairing S2 · [L] = 0 (divisor meets SLag fibre trivially) and S3 · [L] = 1 (curve
meets fibre in one point), consistent with the period integral

∫
T3 ω = t, confirms the compatibility axiom

of Definition 4. The slice complexity invariant evaluates to:

S(X5) = dim H0(X5)+dim H2(D)+dim H4(X5)+dim H0(pt)+∑
β

dim H3(Lβ) = 1+ 22+ 1+ 1+ 2 · 101 = 227.

(11)

7.5. SYZ Fibration Figure

Base B ∼= S3 ∆ (disc. locus)

T3 (generic fibre)

π

SYZ fibration π : X5 → S3

Figure 3. The SYZ fibration on the quintic threefold X5. Generic fibres are smooth special Lagrangian tori T3;
five representative discriminant points in ∆ ⊂ S3 are shown schematically (the actual discriminant is a real-two-
dimensional graph).

8. Toric Calabi–Yau Manifolds

8.1. Reflexive Polytopes and Batyrev Mirrors

Batyrev’s construction [10] associates a mirror pair (X∆, X∆◦) to each reflexive polytope ∆ ⊂ Zn.
The Kreuzer–Skarke database [9] classifies all 473 800 776 reflexive polytopes in four dimensions and
provides the largest systematic source of Calabi–Yau threefold Hodge data.
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Definition 6 (Toric TSS). For a smooth toric Calabi–Yau threefold X∆, the toric Topological Slice Structure is
the collection of toric orbit closures {TF | F a face of ∆}, equipped with the calibration induced by restriction of ω

or Ω.

Proposition 2 (Toric completeness). The toric TSS of Definition 6 is complete and compatible for any smooth
toric CY threefold arising from a FRST.

edge midpoint ∼ curve

facet ∼ divisor∆

interior pt ∼ CY

Figure 4. A schematic four-dimensional reflexive polytope ∆. Vertices correspond to toric divisors (Kähler TSS
elements), edge midpoints to holomorphic curves, facets to CY hypersurface restrictions, and the interior lattice
point to the Calabi–Yau condition c1 = 0.

8.2. Hodge Number Distribution

Figure 5 shows the distribution of h1,1 values for Calabi–Yau threefolds in the Kreuzer–Skarke
database, illustrating the characteristic “ridge” structure and the mirror-symmetry pairing (h1,1, h2,1)↔
(h2,1, h1,1).

1 10 20 30 40 50 60 70 80 90 100
0

50

100

h1,1(X)

A
pp

ro
xi

m
at

e
co

un
t(

th
ou

sa
nd

s)

Distribution of h1,1 in the Kreuzer–Skarke database

Figure 5. Approximate distribution of h1,1 values in the Kreuzer–Skarke database of reflexive polytopes in four
dimensions. The distribution peaks near h1,1 ≈ 19 and decays slowly toward the maximum h1,1 = 491. Values
above 101 are omitted for clarity. The mirror image (reflecting h1,1 ↔ h2,1) is statistically identical.
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9. Algorithm for Computing a TSS

Algorithm 1 Construction of a Topological Slice Structure

Input: Compact CY n-fold X; integral Kähler class [ω] ∈ H1,1(X,Z); holomorphic n-form Ω
Output: Complete compatible T (X)

1: Initialise T (X)← ∅
2: Kähler slices: choose a very ample line bundle L representing [ω]
3: for j = 0 to n do
4: take generic sections s1, . . . , sj of L⊗1

5: set Sj ← {s1 = · · · = sj = 0} (smooth by Bertini)
6: attach calibration φj ← ωn−j/(n− j)!
7: T (X)← T (X) ∪ {(Sj, 2(n− j), φj)}
8: end for
9: SLag slices: compute Gross–Wilson semi-flat approximation of g

10: for each smooth fibre L of π : X → B do
11: verify ω|L = 0 and Im(Ω)|L = 0
12: T (X)← T (X) ∪ {(L, n, Re(Ω))}
13: end for
14: Compatibility check: compute intersection matrix (Sα · Sβ)
15: if intersection axiom fails then
16: perturb Kähler class within KX and repeat from Step 2
17: end if
18: Completeness check: verify all dimensions 0, 1, . . . , 2n are represented
19: return T (X)

For toric examples the loop in Steps 3–8 is replaced by enumeration of faces of the reflexive polytope
via PALP; the Gross–Wilson step (9–12) is replaced by tropicalization.

10. Physical Applications

10.1. Kähler Moduli and the Prepotential

In type IIB compactification on X, the Kähler moduli are

ti =
∫

Di

ω ∧ω, i = 1, . . . , h1,1(X), (12)

and the tree-level prepotential is

F = 1
6 κijk titjtk + (perturbative + worldsheet-instanton corrections). (13)

Both ti and κijk are read directly from the Kähler TSS elements.

10.2. Intersecting D-brane Models

In type IIA compactification on X, D6-branes wrapping SLag T3-slices contribute gauge group
factors U(Nα) with chiral matter at intersections:

χαβ = [Lα] · [Lβ] ∈ T intersection data. (14)
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Standard-model-like spectra require choosing TSS elements La, Lb, Lc with intersection matrix χab = 3,
χac = 1, χbc = 3, generating U(3)×U(2)×U(1) [15].

10.3. Non-perturbative Superpotential

A rigid TSS divisor DE (satisfying h0,0(DE) = 1, h1,0(DE) = 0) contributes an instanton term:

Wnp ∼ e−Vol(DE)/gs = e−tE/gs , (15)

where tE is the Kähler modulus of DE. Moduli stabilization in the KKLT [12] and LVS [13] scenarios
depends on identifying such rigid TSS divisors.

10.4. Physical Interpretation Table

Table 1 maps TSS dimensions to brane types and physical roles.

Table 1. Physical interpretation of TSS elements in type II / M-theory compactifications on a Calabi–Yau threefold.

Real dim Calibration Brane (IIA) Brane (IIB) Physical role

0 1 D0-brane / instanton D(−1)-instanton Non-pert. superpotential
1 Re(Ω|γ) Wilson line Wilson line Background gauge field
2 ω D2-brane D3-brane Hypermultiplet
2 Re(Ω|L) D4-brane — Open-string sector
3 Re(Ω) D6-brane — Gauge sector, chirality
4 ω2/2 D4-brane (compact) D7-brane Gauge sector (IIB)
6 ω3/6 D6-brane (whole CY) D9-brane (filling) Background flux

11. Tabular Data on Calabi–Yau Slice Structures

Table 2. Selected Calabi–Yau threefolds: basic TSS invariants.

Manifold h1,1 h2,1 χ Slice types Dom. calibration S

Quintic X5 1 101 −200 2 SLag 227
Mirror quintic X̃5 101 1 200 2 Kähler 227
Schoen manifold 19 19 0 4 both 40
Tian–Yau manifold 14 23 −18 3 SLag 44
Octic P4

1,1,2,2,2 2 86 −168 2 SLag 180
CICY [3|2 3] 2 83 −162 2 SLag 174
Borcea–Voisin 11 11 0 4 both 24
Yau–Zaslow 4 4 0 4 both 10
Dwork quintic fam. 1 101 −200 2 SLag 227
X4,2 ⊂ P5 2 56 −108 2 SLag 120

Table 3 provides an extended dataset using a longtable environment.
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Table 3. Extended Calabi–Yau manifold TSS dataset.

Manifold (h1,1, h2,1) χ #TSS elt. Dom. cal. Notes

Quintic X5 (1, 101) −200 5 SLag T3 Degree-5 hypersurface in P4

Mirror quintic X̃5 (101, 1) 200 103 Kähler Batyrev mirror of X5

Schoen (19, 19) 0 40 Both equal Self-mirror
K3×T2 (CY3) (3, 3) 0 8 Both Product geometry
Tian–Yau (14, 23) −18 25 SLag SU(3)/Z3

Borcea–Voisin (11, 11) 0 24 Both Involution construction
CICY [3|2 3] (2, 83) −162 10 SLag Complete intersection
CICY [4|5] (1, 101) −200 5 SLag Equivalent to X5 data
Hosono–Klemm (4, 68) −128 12 SLag Hypergeometric periods
Morrison–Park (3, 243) −480 9 SLag Large h2,1; few Kähler mods
Octic in P4

1,1,2,2,2 (2, 86) −168 7 SLag Weighted projective space
Horrocks–Mumford (7, 7) 0 16 Both Abelian surface factor
Verbitsky CY (3, 75) −144 9 SLag Hyperkähler approach
Yau–Zaslow (4, 4) 0 10 Both BPS counts; self-mirror
Dwork family (1, 101) −200 5 SLag One-parameter family
KS database max (491, 11) 960 493 Kähler Largest known h1,1 (KS list)
KS database min (1, 491) −980 5 SLag Mirror of above
Rødland manifold (1, 73) −144 5 SLag Pfaffian construction
Aspinwall–Morrison (2, 2) 0 6 Both Flop transition locus
Toric ID 1 (KS) (1, 1) 0 4 Both Simplest toric CY3

12. Additional Structural Results
Proposition 3 (TSS and Hodge decomposition). Let T (X) be a complete compatible TSS. The Poincaré
duals PD([Sα]) ∈ H2n−kα(X,Z) span a full-rank sublattice of the primitive cohomology PH∗(X,Z). Kähler
TSS elements contribute to Hp,p(X); SLag elements contribute to Hn,0(X)⊕ H0,n(X) and intermediate Hodge
groups.

Theorem 2 (Finiteness of TSS genera). For fixed Hodge numbers (h1,1, h2,1) with h1,1 + h2,1 ≤ N, the number
of deformation-equivalence classes of complete compatible TSS structures is finite.

Proof sketch. By Bogomolov–Tian–Todorov, deformation spaces are unobstructed and of finite type.
For bounded Hodge numbers, the moduli space of polarized Calabi–Yau manifolds is quasi-projective
(Viehweg), hence has finitely many connected components. The TSS data is constant in homological
type over each component.

13. Open Problems
The framework proposed here opens several directions for further study.

TSS stability and wall-crossing. As [ω] varies in KX, volumes of TSS elements change. When a TSS
element shrinks to zero—a flop or conifold transition—understanding how the TSS reassembles would
clarify the global topology of Calabi–Yau moduli space.
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Categorical formulation. The collection T (X) should embed in a suitable derived or triangulated
category, relating the derived category of coherent sheaves DbCoh(X) to the Fukaya category Fuk(X).
Kontsevich’s homological mirror symmetry conjecture [16] would then relate T (X) to T (X̃) categori-
cally.

Computational implementation. For toric Calabi–Yau manifolds the toric TSS is computable via
PALP [9]; extending this to non-toric examples via Donaldson’s algorithm [17] would make S(X)

machine-computable for explicit benchmarks.

Landscape implications. A systematic classification of TSS types within fixed Hodge classes would enu-
merate rigid divisors available for non-perturbative effects in KKLT and LVS, with direct consequences
for the count of de Sitter-compatible string vacua.

14. Concluding Remarks
We have proposed the notion of a Topological Slice Structure as a natural organizational framework

for the calibrated submanifold content of compact Calabi–Yau manifolds. The central result—the
Topological Slicing Decomposition Principle (Theorem 1) —shows that, under mild semi-flat hypotheses,
every compact Calabi–Yau with an integral Kähler class admits a complete and compatible TSS whose
cohomology classes span the full integer homology. The associated slice complexity invariant S(X)

provides a coarse numerical invariant distinguishing different fibration types within the same Hodge-
number class.

The framework is deliberately conservative: it requires nothing beyond standard Ricci-flat data
and an SYZ fibration hypothesis that is satisfied in all known explicit examples. Extensions to singular
Calabi–Yau spaces, orbifolds, and G2 manifolds are natural next steps. The worked example of the
quintic threefold (§7) illustrates that the TSS data are explicitly computable and consistent with known
intersection theory.

We hope this framework will serve as a useful organizing tool for future work on Calabi–Yau
geometry and its applications to string compactifications.
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