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Abstract Although some alternative metrics have been proposed in classical gravity, the singularity problem
remains unresolved perfectly. To satisfy the super-gravitational requirement of a black hole without
singularities, we propose some possible finite-size structure to avoid the confused one. In this research, the
degenerate Fermi electron gas is first used to reveal that the Fermi electron gas cannot shrink to a point
regardless of how much energy it obtains; therefore, the singularity existing at the center becomes very
unreasonable. To avoid these problems, a finite-size nucleus of the black hole is proposed and explained by the
behaviors of the Fermi electron gas and Fermi neutron gas for this finite-size nuclear model. We construct the
Kerr-Newman black hole by using a non-rotating but charged finite-size nucleus, a compact-like star, which is
surrounded by counter-rotating and corotating electrons. Based on this model, the super-gravity the same as
the one from a black hole is presented, and the speed of light observed at far-away places can be nonzero at the
event horizon.
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1. Introduction

Some candidates of the black holes have been found for many years [1-3]. Although we don’t
know what the structure inside the black hole is, we can make sure that there is some heavy mass
gathering in a small space which we call the outer boundary, the event horizon, of the black hole. For
a long time, the center of a black hole is thought as a singularity and all mass as well as all charges
gather there. The massive particles, even light, cannot escape the black hole due to ultra-strong
gravity. Butis it true for light or a photon such as a massless particle? As we know, recent observation
shows that a black hole fast moves in one direction and leaves a trajectory including many stars in
formation in space [4]. It reveals that such a black hole shall have an inner heavy finite structure to
generate super-gravitational fields around it. The zero dimension of the singularity inside a black
hole seems to be unable to explain such a phenomenon.

Recently, gravitational waves from the mergers of binary black holes have been revealed by
LIGO and VIRGO several times [5-8]. Because the mass of each black hole exists within each event
horizon, the merger means that two event horizons have to intersect with each other, then their mass
can merge, and finally, several equivalent solar-mass energy was released to space. Actually, the mass
of the new black hole is less than the summation of the two original black holes. A problem is where
does the lost mass go? It is just the merger causing a collision between the two black holes and then
resulting in mass loss. The lost mass is transferred to other forms such as the gravitational wave and
electromagnetic wave. These mergers seem to reveal that gravitational waves were from the collisions
of inner structures of two black holes. Due to the variation of the total mass, the spacetime structure
outside the new black hole is also different from that of the two black holes before the merge. If the
gravitational wave is confined in the black hole, the black hole behaves like a closed system and the
spacetime structure outside it cannot change without the gravitational wave delivering some
information about the variation of mass inside the black hole. In addition, the other observation from
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a binary neutron star showed both receiving signals of gravitational waves and electromagnetic
waves almost at the same time [9]. Since gravitational waves and electromagnetic waves originate
from the same black hole and both follow the null geodesic in the same spacetime structure, we might
ask why the gravitational wave can leave the black hole, but light cannot.

On one hand, the singularity has a nonphysical infinite density in mass, charge, and energy
there; on the other hand, the mergers of two black holes also imply the inner structure of the black
hole to be a very high-density nucleus. It gives rise to a curiosity about whether this singularity is
reasonable in a black hole or not. In this research, we first discuss this topic from the characteristics
of light at the black hole. Then we consider energy conservation applied to a black hole and its
previous star to propose a finite-size nucleus in the black hole and discuss the limitation of nuclear
size. Finally, the discussion of the radial speed of light predicts the expansion of the black hole to be
observable.

2. The Velocity Of Light In The Schwarzschild Black Hole

Before obtaining deeper perspectives about the structure of the black hole, first, we discuss
something interesting that light propagating from outer space, passes through the event horizon, into
the non-rotating and uncharged black hole with a Schwarzschild radius Rs=2GM/c?, where M is the
mass of the black hole, c is the speed of light in free space, and G is the gravitational constant. This
discussion is easy to examine whether such a kind of black hole theory can be further improved or
not. Its spacetime structure is described by the Schwarzschild metric and there is one event horizon
for this kind of black hole. The Schwarzschild metric [10-15] in the spherical polar coordinate (r, 8, ¢)

and the coordinate time f is expressed as
R R\
ds? = "M ¢2dt? — eAMdt? — dh? — r2sin?0d¢p? = c? (1 - TS) dt? — (1 - TS> dr? — df? — r?sin%0d¢?, (D
where the coordinate time f in a gravitational field is the time read by the clock stationed at infinity
because the proper time and coordinate time become identical there [14]. Then we derive the
propagation equation of light in this metric. Light propagates along the null geodesic with ds?=0, and
the velocity of light in the Schwarzschild metric has been obtained [10-13] which is

1 (dr)2 L1 ( d@)2 L1 ( - d¢>2 2 @)
—— r— rsimv—| =-c-.
Rs\2 \dt Rs\' dt Rg dt
(-5 R
T r r
Considering light propagating along the radial direction with the radial velocity v, that is,

#= () (-5

It gives v=0 at r=Rs where light has to spend infinite time passing through or leaving away from
the event horizon. Because all our observations proceeded on the Earth, we have to use the viewpoint
of a far observer, to predict what we should “see” on the Earth according to the Schwarzschild metric
or the black hole theory. Then considering a test massive particle, the spending time from ro to Rs
observed by a far observer on the Earth is [13]

Rs A Rg 1
f dt = —f dr = oo, 4)
T T

S

where A is a constant between 0 and c. The integral in Equation (4) gives the infinitely spending time
from a finite distance 7o to Rs. Therefore, the Schwarzschild metric or the black hole theory predicts
that from the viewpoint of a far observer on Earth, nothing can enter the black hole even if he can
wait 30 billion years, which is predicted by the black hole theory. Clearly speaking, it results in
nothing passing through the event horizon into the black hole in finite time, in the viewpoint of
observations on Earth far away from the black hole. Furthermore, according to the infinite redshift of
light rays at the event horizon, it would even be unlikely to see any variation in the black hole because
no light information can be detectable from the event horizon. However, this might induce a problem.
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Recently, the Event Horizon Telescope (EHT) has shown images about the accretion disk of the M87
black hole [16]. The expansion and seeds of black holes are also reported [17-19]. Therefore, the issue,
of whether the nowadays black hole theory can explain the expansion of a black hole or not, is raised.

If the gravity of the black hole doesn’t change during the light propagation, Equation (3) tells us
that the radial speed of light has two solutions with the same value but different signs at the outer
event horizon [20]: one is into the black hole and the other is away from the black hole. Furthermore,
the light should not stop at the event horizon and continuously propagate across the event horizon.
If the gravitational wave is confined in the black hole, the black hole seems to behave like a closed
system because no gravitational wave can deliver some information from the inside of the black hole.
More detailed, for the radial light or a radial photon, its trajectory is along a radial direction and
described by ds?=0. Then its velocity is expressed in Equation (3) and the coordinate time ¢ and the
proper time 7 taken from ro to r (ro>r = Rs) are respectively

(" 1 _ro—71 Rs (ro—Rs
t(r) = —Rdr— +—1In —R.) (5)
roc(1-25) ¢ ¢ -k

and
T
1
o) = [ ————de
(15

T R\ /2 RA\Y?1 (R
:[_0(1__5) SL(1-E) H_s)m
c 1o c r c

Actually, the 7-r relation in Equation (6) is also suitable for describing the radial photon inside
the event horizon keeping in a fixed direction towards the center of the black hole. Therefore, for 7(r),
the 7-r curve is continuous through r=Rs, and light or a photon spends a finite proper time across the
event horizon.

Therefore, when we describe the spacetime structure in the vicinity of a black hole, it has a
problem to explain the expansion of the black hole. Furthermore, the speed of light at r<Rs is also
unreasonable. According to these, we try to use another metric to solve these problems in this paper.

r01/2 + (ry — Rs)Y?
r1/2 + (r — Rg)1/2

] . 6)

3. The Physical Finite-Size Nucleus Model In The Black Hole

3.1. A Charged Sphere With A Radius Of Fifty Meters And The Universal Energy

In this following, we propose new perspective for the black hole to start solving the above
problems, by discussing the physical viewpoint on the structure of the black hole based on electrons
and nuclear physics. All the above-mentioned research [21-29] is deduced from the mathematical
viewpoint without any physical assumptions of material structures. If we review the evolution of a
star at the final stage, it tells us that the star could become a white dwarf star, neutron star, or black
hole, dependent on its initial mass. In 1931, Chandrasekhar used special relativity and quantum
statistical thermodynamics to give a non-rotating star with a mass limit of 1.4 Me (Chandrasekhar
limit) due to electron-gas degenerate pressure [30,31]. Such a star is called a white dwarf star, which
will collapse into a neutron star if its mass is slightly more massive than the Chandrasekhar limit [32].
This kind of neutron star was predicted to collapse further when its mass is exceeding this limit. But
in 1939 and later, Oppenheimer and others, only based on the Pauli exclusion principle and neutron-
neutron repulsion, the first predicted that neutron stars to have another mass limit of approximately
0.7 Mo (the Tolman—-Oppenheimer—Volkoff limit) [32-34]. However, at that time, nuclear physics only
considered Coulomb’s and nuclear forces between neutrons, protons, and electrons, without strong
interaction and any inside structures such as quarks and gluons. Until now, the collapse of a star to
a black hole still accords to the thoughts one century ago. Before collapse to a smaller size, the
physical laws remain useful and therefore, we have to and are unavoidable to consider energy

d0i:10.20944/preprints202109.0354.v2
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conservation to see whether the collapse can be continuous to a singularity, or eventually stop at a
certain size. Due to the new physics such as strong interaction, developed after the 1940s, we propose
another way to emphasize the finite-sized nuclear structure inside the black hole. The real material
structure allows us to consider this viewpoint. Recently, the proton experiments [35] showed the inside
pressure of the proton as high as 10%° Pascals, and it is almost 10 times as large as the core pressure of a
traditional neutron star. Such strong pressure indicates a great ability for the proton to bear the gravitational
squeeze. Therefore, gravity collapse is so doubtful to reconsider the internal structure of the black hole. A report
reveals the equivalent mass-energy of the observable universe is about 1.3x107° J [36]. Theoretically speaking,
the Coulomb’s interaction shows a lot of necessary work done to for charges to form a charged sphere. Let us
consider a case where 1.4x10% Coulomb (C) electrons to form a sphere. So many electrons have mass of
7.96x10%° kg. If these electrons are gathered from infinity to form a sphere with a radius of 50 meter, as shown
in Figures 1(a) and 1(b), then the mass density is 1.52x10%* kg/m?, which is within the density range of a white
dwarf star, in which the inside pressure is supported by the degenerate pressure of the Fermi electron gas.
According to the description in the Feynman Lectures Volume II [37], the inverse-square law of the
Coulomb force is still a good approximation when the distance between two charges is as small as
1015 meter. In our case, the distance between two electrons is 2.25x10-15 meter, which is larger than
the criterion of 10> meter. Thus, the self-energy of our case can be still appropriately calculated by
the classical electrodynamics. Here we consider the additional charged case that the Coulomb’s interaction
is calculated. The Reissner—-Nordstrom metric for the exterior geometry is defined by [38-41]

2 KO (12, K

ds*=c*(1 +— 4+
c2r cr? c2r c4r?

-1
> dr? — d6? — r2sin?0d¢>. @)

By adopting the gravitational mass function M of a homogeneous star in the Reissner-Nordstrom
metric, it gives [39,42,43]

2GM Y KGQ?
o =1-—-e¢e +c4r2' (8)

where Q is the total charge and e" is one metric potential similar to that in Equation (1). Therefore,
to move 1.4x10%! Coulomb electrons into a one-meter-radius sphere from infinity one needs to do the work
against Coulomb’s repulsive interaction for establishing the self-energy which approximates [44]

ZGM)]l/ 2

K\Y2 [ [ev(r) -l ( c2r
Eself = (E) f 47TC2pe(T) 2
0

dr

RKlAnr?p,(r)dr] (7

=] [ pe(r) ]j ar'?p,(r")dr’
0 r 0

3(8.987 x 10%)(1.4 x 1031)2

— 70
- m =2.114 x 1070, 9)

IR

where the mass term can be ignored and the charge density p. is constant throughout the charged sphere. Thus,
even if we use all the observable energy of the universe, theoretically speaking, we cannot shrink 1.4x10%!
Coulomb electrons to a smaller space even a single point. As we know, a black hole cannot obtain so much
energy before collapse or compressing everything into a singularity. Thus, in this case, the black hole
has a finite-sized nucleus. The result is possibly used for the charged star.
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Figure 1. (a) A lot of electrons are moved together from infinity. (b) 1.4x10% C electrons gathering
to form a sphere with a radius of 50 meter. It needs energy more than 107° J, which is the total energy
in the observable universe or the energy since the birth of the universe.

3.2. A Neutral White Dwarf Star Consisting Of Fermi Electron Gas

Since a lot of black holes are evolutionary from stars with totally finite energy, the initial black
hole should also have finite energy. Theoretically speaking, the black hole should have a finite-size
nucleus in it. Here we adopt the part of the white dwarf model at absolute zero temperature where
N Fermi electrons and N/2 helium nuclei coexist at the final stage of a superstar to prove it [45,46].
The volume of the star with a radius of Rois

4

and the total mass of the star is

M = (m, +2m,)N = 2m,N, (11)

where 1. is the electron mass and m. the neutron mass. Then at temperature T=0 K, the total kinetic
energy of the Fermi electron gas in the ultra-relativistic condition is [46]

3
= —Ncpy, (12)

ZnVOm;‘cS( Py )4 _ 2mVopfc 3th< 3N )1/3
B B 4

eT p3 MmeC h3 4 \8nV,

where the momentum of the Fermi electron is

3N /3
YERRS 13
Py 8V, (13)

The total kinetic energy of helium nuclei is almost zero because they are Boson gas to be able to
occupy the same lowest-energy state. The total energy of the star without Coulomb’s energy at the
final stage is

Utotar = U + Nmgc? + 2Nmy,c* + U,

3th( SN )1/3+N 24+ 2Nmy,c*+U 14
~—2 &, m,c myc g0 (14)
where the gravitational mass function M of a homogeneous star is [39,42,43]
2GM KGQ?
=1-e*+ ¢ (15)

c?r c4r2’
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where e™ is one metric potential in the Reissner-Nordstrom metric. Therefore, for the uncharged

case of Q=0, the self-energy calculated by considering an inhomogeneous star with a radius of R is

R 1— -A(r) R Gl4 2 d
- 4nc2pmudr _ [4mr2p(r)dr]
9 2 r
0 0

.
f anr?p(r')dr’. (16)
0

For the homogeneous white dwarf star, the above equation gives

3GM%  3G(2m,N)? [ 4m\'/3
- ~ ( ) . 17)

97 5R 5 3V,

In the later, we will use energy conservation to discuss whether the singularity model in the
black hole is reasonable or not.

3.3. The Possible Black-Hole Solutions Of The Nuclear Matter

Next, we consider one negatively charged case again where some Fermi electron gas exists at
the center of the black hole to check whether it could be a singularity at the center or not. It means
negative charges are more than positive ones, and one situation is that the center consists of some
neutral part and the Fermi electron gas. Equation (12) tells us that U. has infinite energy when Vo is
close to zero. However, electron gas cannot become a singularity point because it needs infinite
energy revealed by Equation (8). When to discuss the gravitational collapse [10,11,13], the Fermi
electron gas is a good example to check whether the gravitational collapse is reasonable or not [47].

Then we use a neutron star to discuss another possibility to form a black hole. Due to the
supernova producing ultra-high pressure, most electrons and protons are supposed to react to turn
into neutrons. After that, 2N neutrons theoretically exist there. General Relativity is important in the
high-density regions of the white dwarf and neutron stars. Considering the spherically symmetric
metric, the general relativistic equations of hydrostatic equilibrium are the Tolman-Oppenheimer-
Volkoff (TOV) form [31,48-53],

4 c 26 !
e = i

and
dm(r)
dr

= 4mr?p(r). (19)

When discussing the neutron star, neutrons are the main roles. Theoretical studies of pure
neutron matter derived from the nuclear many-body problem using two and three-body potentials
fitted to laboratory measurements of nuclear properties by experimental nucleon-nucleon (NN)
scattering data, give the density of nuclear matter inside a large nucleus like 28Pb ~ n+=0.16
nucleon/fm? or ps=2.7x10™ g/cm? [33,51-53]. Based on these values, neutron stars with densities are
estimated that up to ~ 7ps [33]. However, it even reveals a prediction of the central pressure close to
625 MeV/fm? when the central density approximates 8.5ps calculated by the hadronic equation of state
(EOS) [33]. This central pressure value is equal to 10% Pascals, which is the same as the inside pressure
of the proton experimentally reported [35]. Therefore, we can expect the central density of a neutron
star at least to be 8.5ps by considering the pressure equilibrium. On the other hand, it is reported that
one demonstration of the hadronic EOS is consisting of two polytropes (i.e., p=pop?) [33], where y is
the polytropic exponent, also called the adiabatic index [54]. The two exponents y1=4/3, valid for the
nuclear matter at densities below ps/3, and y2=3 are connected at the transition pressure p=p./8 and
baryon density ps/2, where the pressure p»=250 MeV/fm3=10%# dyne/cm? [33]. According to these best-
fit EOS parameters, it results in scaling between radius R and mass M as follows
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R pé/(3y—4) M¥-2)/Gy-4) (20a)
or

M pé/(y"Z) RBY=4)/(r-2), (20b)

If the proportional constant K is considered in Equation (20b), mathematically speaking, it will
give possible conditions that this neutron star becomes a black hole at R=Rs. Then the R equation
satisfying R=Rs is given by

ZGKpé/(V—Z)RSGY-‘U/(Y—Z)

5 2 (21a)
or
2 (r-2)/(2y-2)
—-(2y-2
Rs = py * )(ﬁ> - (21b)

Explicitly, this expression reveals Rs dependent on the proportionality of K and y, and has a
singularity at y=2 which shall be avoided and unused. When y is determined, the smaller K is, the
larger Rs. Except for this, there is another division using three-polytropic pieces to fit a fixed-region
EOS [52-54]. In this piecewise-polytropic EOS, each piece is specified by two parameters including
the density p: and the polytropic exponents yi for i=1,2, and 3 [52-54]. These six parameters plus the
core-crust transition density po are a total of seven parameters used in this fitting EOS [52]. In these
pieces, the pressure p and energy density ¢ is continuous everywhere and the pressure and energy
density within piZp=pi, for i=1-2, and p=pi, for i=3, satisfy [52-54]

p(p) =p; (g)yi (22)

and

p ( Pi-1 ) p
e=—L (e, - L (23)
yi—1 Uy =1 pisy

where
_In(p;i/pi-1)

~ In(p;/pi-1) 24

Vi

A good fit is found for three polytropic pieces with fixed divisions at p1=1.85ps and p2=2p1=3.70ps
[54]. The third density boundary ps is chosen to be 2p2 [52,54]. Because po<p: is required in this
polytropic-piecewise EOS, the value po=2x10'* g/cm?® is chosen as the first density parameter in the
same reference [53]. There is another choice of po to be ps/2.7 or 10 g/cm? [52]. The corresponding p1,
p2, and ps for the EOS FPS are 1034283, 10°1%2, and 10%% dyne/cm?, respectively [53]. The other
parameters for the EOS AP3 are 1034392, 1035464, and 10%452 dyne/cm?, respectively [53]. Using these
parameters, three polytropic exponents can be calculated for three polytropic pieces by applying
Equation (24). Actually, not only npeu matter has been discussed, but also hyperons, pions, Kaon
condensate, and quark matter have also been shown the parametrized EOSs [53]. All the candidate
EQOSs perform very close to trends even some of them crisscross each other as shown in Figure 2.
Because the central pressure can be as high as 10% Pascals or 625 MeV/fm?, the corresponding central
mass density is 8.5ps at least. The three-polytropic EOS is bound by ps=2p2=7.4ps which is below our
requirement. The p-p relation is even considered the central density of 20ps [51]. Therefore, for
simplicity, we adopt a unified model to describe the polytropic EOS for the neutron star as the red
line plotted in Figure 2, and it can extend to p>9ps=2.43x10"5 g/cm?3. This polytropic EOS has the form

4.2
logp —logp, = = (logp —log py) (25)

or
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P = Po (;%)2'8, (26)

where po=ps/2.7=10" g/cm? and po=10%7 dyne/cm?=0.2485 MeV/fm?. In addition, the y=3 polytropic
EOS is denoted by the yellow line [51].

37.

36.

g

o 35.F

c

>

©

£

=)

=)

o°

34.1 npey
N Hyperons
. Mesons
A Quarks
.
33.
A v
Fo-’
1 1 1
14. 14.4 14.8 15.2
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Figure 2. Pressure versus rest mass density for the set of candidate EOSs containing npeu matter,
hyperons, pion, Kaon condensates, and quark matter [53]. All these EOSs are performed close to each
other and even some EOSs are crisscrossed. For simplicity, we adopt a unified model to represent the
p-p relation for the neutron star which is drawn by the red line. The yellow line is for the y=3
polytropic EOS.

From Equation (26), it gives
dp\~' G [p () +%?] [m(r) + 41'[1"3%2)]
} (%> 2 [1 _26m(r)

rc?
Equation (27) can be solved numerically as long as the central density is given. On the other hand,

dp(r)
dr

3 (27)

substituting Equation (26) into Equation (18) directly gives the m-p relation

p(r) +E3(20) \
@(p(r)g“(l /()2”’)(”) BE) 3
m(r) = o Fo dr > b2, (28)
2| P+ B(5D)
| heeE@a

where y=2.8. Because (dp/dr)< 0 in the neutron star, the denominator is positive. Once dp/dr in
Equation (27) is obtained, then m(r) in Equation (28) can be calculated where p(r) is evaluated by
iteration based on the finite-difference method. In our simulations, the radial difference Ar of 103

meter is used for calculations. This Ar is sufficiently convergent that the calculations of Ar=10" are
almost the same as those of Ar=1073. If the condition

2G
< 20m)

c?

= Rs(r)

(29)


https://doi.org/10.20944/preprints202109.0354.v2

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 July 2024 d0i:10.20944/preprints202109.0354.v2

9

is satisfied, then the neutron star can be treated as a non-rotating and uncharged black hole with a
radius of r. Here the Schwarzschild radius Rs is dependent on mass m(r) and radius . When the
equality in Equation (29) is considered, substituting Equation (28) into Equation (28) gives

p(Rs) + 22 Po (P( s))

Po [1+86 RzPo(P( 5)) l—OJ (30)
y Do (P (Rs)) (dP (r) > Po
Po\ Po dr r=Rg

If only the p-p relation like Equation (22) or Equation (26) is used, there is no solution of p(Rs)=0
to the black hole for y>=2, revealed in Equation (30). A reachable situation of p(Rs)=0 at r=Rs is given
for y<2. One possibility to fix this situation is to correct the expression of P(r) by adding one or more
terms of order n with n<y. A simple correction is to add a term of —kc?p(r) where k is a positive
constant, and then Equation (30) becomes

( \
(1 —k)p(R )_l_Po p(RS)
J S ( Po ) I1_8GC7T S kp(Rs) + 86T RzPo(P( s))l

[P e (22 )]

=0, (31)

Po

and, mathematically speaking, it gives a few possible solutions including one at p(Rs)=0. Then the m-
p relation becomes

( Y
[(1_k)p(r)+%(¥> ](47") po (P _ 1
() —kcz)(dg_gﬂ) g (20" o) + &

\

m(r) =< = r12. (32)
r
2 | (-Bp0)+E 2y (P@)’
“ (o (M) ke (462
Y c
\ Po \ Po dr J
Except for p(r)=0, the other possible zero solutions in Equation (31) obey
8GT[
I1 - s kp(Rs) + 8Gm Rzp" (5) l =0, (33)
0

or

p(Rs)

Po

(1-k)p (R5)+p0< ) —0 (k>1), (34)

which can give the possibility of r=Rs in Equation (32). In Equation (34), it gives a solution of a
Schwarzschild black hole if we can find the mass density such that

c2r-1 K
p(Rs) = l(k -1) —l py (35)
Po

On the other hand, some demonstrations by using Equation (33) are shown in Figure 5 3. One y
case is calculated and shown in Figure 3, where the central density pc is between 2x10'® and 1.1x10"
kg/m?. When m(r) in Equation (28) is applied, it is easy to do by changing the value of y. In this y case,
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y=2.80 in Figure 3. The green line represents the star’s radius where r=Rs. Since Equation (18) or (27)
describes a non-rotating and uncharged star, »=Rs is the limit of possible solutions due to the
denominator. Figure 3 exhibits p=8x10' kg/m?3 corresponding to the most left curve and p=1.1x10"
kg/m? to the most right one so that the radius of the black hole at p=8x10'? kg/m3 is smaller than that
at p=1.1x10" kg/m?. In our calculations, the ratio of the star’s radius to Rs is 1.14365 at p=1.1x10"
kg/m3 and 1.12547 at p=8x10" kg/m?3. In all our calculations, the ratio is convergent to 1.125 as the
previous report [39].

5000

4500 [

4000 [

) 7 1.1x10%°

yd
1000 /8x10"
500 1 / pd

~
0 T L . .
0 1000 2000 3000 4000 5000

Radius (m)

Schwarzschild Radius (m)
S N oW ow
14, (=] W (=3 [4.]
(=] o o [=] [=]
8 8 8 8 8

Figure 3. The calculations of the Schwarzschild radius Rs at different radii r according to the TOV
equation where pc is 1.1x10" and 8x10" kg/m?, respectively. The green line represents the black-hole
criterion where the star’s radius r=Rs. The r-Rs relation for the case of po=10%7 dyne/cm?, po=ps/2.7=10'
g/cm?, and y=2.8.

3.4. Proposing Possible Blacks Hole With Finite-Size Nuclear Structures

When considering the charged effect, the exterior spacetime of a charged star can be described
by the Reissner-Nordstrom metric [38-43,55-59]. The Einstein-Maxwell stress tensor of the isotropic
fluid and electromagnetic field in terms of the Faraday-Maxwell tensor Fu=0uA—0vAu is
[39,41,42,55,56,58,59]

1 1
= (P + pc®)utu, + PSY + E(FWFW - Zaﬁ‘F“ﬂFaﬁ>, (36)

where Ay is an electromagnetic four potential, u+ is the contravariant four-velocity of the fluid, pc? is
the energy density of the fluid, and P is the isotropic pressure in the fluid. Consider the electric charge
density pein the matter then the total charge is [40-43,55,56]

Q) =r*E() f 4mr’ pe(r')[l—ZGm(r’) KG(fr,(z ’)l dr'.

(37)

The above gravitational mass m(r) inside the sphere of radius r represents the energy
conservation as measured in the star’s frame. One can find that another of Einstein’s equations gives
a differential equation for m(r), [38,39,55,58,59]

dm(r) Q (r)dQ (7”)
dr = 4mp(r)r® + 2r  dr

(38)

Since m(r) represents the gravitational mass inside the sphere of a radius , then Equation (38)
represents the energy conservation measured in the star’s frame [39]. From the covariant conservation
of the mass-energy stress tensor, Tw=0, one gets the hydrostatic equilibrium equation that
determines the global structure of electrically charged stars. Then we obtain the modified TOV
equation as [39,41-43,55,58,59]
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4mr KQ?(r)
dPe) _ _26( PO ) + %5 (P ~ G| ko) a0 2
dr ~ 12 P c? 1 26m(r) | KGQ%*(r) dnrt  dr (39
[ T c4r?

Furthermore, if an incompressible fluid is considered, then p(r) is a constant whole of the body.
Therefore, the energy density is also constant in the whole star. Based on this, the small electric-charge
effect on mass is discussed next. As mentioned before, the zero-charge case in the Reissner—
Nordstrom metric corresponds to the interior Schwarzschild structure. When a few electric charges
exist in the star, the mass distribution is perturbed according to Equation (38). Then the charge Q(r)
is treated as a small perturbation, and mass and charge are the forms [39]

Q(r) = Q1(r) (40)

and

m(r) = mo(r) + my(r), (41)

where mo(r) is the mass of the uncharged star, and Qi(r) and m1(r) are the perturbed small charge and
mass distributions to be determined. Equation (41) reveals that the total mass in the electric-charge
case is more than the uncharged case. Thus, the increasing mass can improve the optimized ratio of
r to Rs when a few electric charges are in the neutron star. Next, defining a characteristic length Rc by
(39]

3c?

R? = ——, 42

then the r-dependent mass within the sphere of a radius r is
c?r®  c?R, ( T )3 c?R,

2GRZ _ 2G \R, 2G

mo(r) = x3, (43)

where a dimensionless variable x=r/Rc is introduced. It has been proved that the so-called
Schwarzschild limit in an uncharged and non-rotating star gives [39]

c?R 2R 9 ”
GM Ry 4 (44)

which is the same as the limit of our simulations that R/Rs=1.125. Even more, the similar upper-ratio
limit for the charged and non-rotating star has been given by [60,61]

KGq?

R 2R? +3( o4 ) KGQ(R)Z
=S < +— |[R2 43—~
2R 9R? 9R ct ’

(45)

where Q(R) is the total charge of the star. Suppose the electric charge density is proportional to the
energy density in the smally charged effect, that is,

G
Pe = |2Ps (46)

where «a is a proportional constant. Then the electric-charge distribution is given by [39]
3
Q:(x) = 2% (sin"1 x—xy1-— xz), (47)
and the mass distribution is [39]

3
ml(x) :§a2 (3x—x3 —3y1—x2 Sin_lx); (48)

d0i:10.20944/preprints202109.0354.v2
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if K=G=c=1 is used for natural units. Finally, Equation (44) becomes
R 9 52942 (49)
—— =——1.529a".
GM 4

In Equation (49), it seems that a=0.4044 gives the value at the right side equal to 2.00 but is out
of the small-charge range. Actually, it has been pointed out that this quasiblack hole configuration is
given by the extremal charged case where a is as high as 0.99 [38]. On the other hand, a smaller value
has been reported for a similar case, a charged perfect fluid model with high compactness [62]. In this
model, the minimum value in Equation (45) gives

1 c 2 Rmin 2 Rmin 1

Unnax GM Ry  0.5337972212

= 1.87337 < 2, (50)

which the radius of the compact star is smaller than the Schwarzschild radius. In this minimum
condition, the total charge is Q(Rp,) = 1.648824 X 10%° € and the one corresponding event horizon
is

_GM [G2M?  KGQ(Rpin)?

T+—

GM
C2 C4 C4 = 1194C—2 = 0597R5, (51)

where M = M. In this reported case, 1y < Rp;;, < Rs. According to this, a double-characteristic
structure, based on the perfect fluids, is proposed to explain the existence of the black hole as shown
in Figure 4. This kind of black hole has a total charge zero or nonzero, and may have three regions or
more. In this structure, the inner region denoted by I is a positively charged region and the almost
whole mass of the black hole exists here, the middle region denoted by II is a neutrally thin region to
protect the inside positive charges from easily electrically neutralizing the outside negative charges,
and the outmost region denoted by III is a very thin negatively charged layer to balance the inner
positive charges. One possible constitution in Region I is protons, which are covered by the neutral
Region II consisting of materials such as neutrons. The appropriate metric used in Region I and
Region Il is the Reissner-Nordstrom metric. Kerr-Newman metric where Region I and Region I have
no rotation. If the rotation is small so that the Rq [62] is a good approximation, then the Kerr-Newman
metric can be used here. On the other hand, the appropriate metric outside Region III can be the Kerr-
Newman metric because all charges enclosed by the outer dashed circle are zero or nonzero, and the
total angular momentum is also zero or nonzero. Therefore, the charged term Ronew and rotation term
anew are both zero or nonzero dependent on the characteristics of Region III. The whole negative
charges in Region III are supposed to move in circular orbitals and produce zero electric fields in
Region I and Region II. Because the minimum radius is R,;; = 0.9367Rs for the case of the total
charge Q = 1.648824 x 102° C [62], this negatively charged region can exist between R, and Rg
to ensure that the whole structure is within the Schwarzschild radius Rs. The amount of negative
charges may be different from Q to reach the criterion of a black hole. In such a case, the balanced
total charge in Region III also changes. The most advantaged composition of Region III to form a
black hole is the electron because its mass is only about 9.1 x10-* kg. However, there is a very strong
Coulomb attraction between Region I and Region III. If Region III is initially at rest, it will be quickly
attracted toward Region II and Region I. Therefore, one possible situation for Region III consisting of
electrons is to move ultra-relativistically around Region I and Region II a little similar to the M87
black hole image surrounded by a hot disk accretion [16]. The equatorial motions of charged test
particles in the Kerr-Newman metric have been studied [63-67], in which the case of [ = 0 in the Kerr-
Newman-Taub-NUT metric is also our research here. Based on these report [63-67], our model can
have strongly support.


https://doi.org/10.20944/preprints202109.0354.v2

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 July 2024 d0i:10.20944/preprints202109.0354.v2

13

Kerr-Newman metric

Protons

Aeissncr—Nordstrém\

metric

Figure 4. The cross-section structure of a double-characteristic black hole with a total charge zero or
nonzero. This kind of black hole has a positively charged region I, possibly consisting of protons,
which is covered by neutral thin Region II such as neutrons. Their outmost thin layer consists of
negative charges denoted by Region IIl. These negative charges such as electrons may move
corotating or counter-rotating surrounding Region I and Region II. The place including Region I and
Region II is described by the Reissner-Nordstrom metric and the place in Region III and outside this
Region is described by the Kerr-Newman metric. Region III exists between 0.9367Rs and Rs in
which the minimum radius Rmin=0.9367Rs of Region II and total charge Q = 1.648824 x 10?° C in
Region I are considered [62]. Due to this structure of the black hole, the radius of Region III is required

to be less than the outer event horizon r, = (Rs + \/ R% — 4d2,, — 4R5,new> /2, then the criterion of a

Kerr-Newman black hole. Therefore, a finite-size structure [38,39,62] in the Reissner-Nordstrom
metric transforms into a black hole described by the Kerr-Newman metric.

Then we start from the Kerr-Newman metric to discuss this model mentioned above. This
starting point is chosen by the reason that Region III includes rotating charges, so it is better to
describe the spacetime by the Kerr-Newman metric than the Reissner-Nordstrom metric which is
only suitable for Region I and Region II. The Kerr-Newman metric is [25,44,68]

A — a%sin?8 2 A — asin20
ds? = &czdtz LA p*dO? + 2acsin?6| 1 — %) dtd¢
P A P
A — a*sin*
- [p2 + a®sin?6 (2 - %)] sin?8d¢?, (52)
where
p% =12+ a’cos?0, (53)
A=r? —rRs + a® + R}, (54)
and
KGQ?
2 _
RG=—3— (55)

The term related to angular momentum is a = [/Mc. Three conservation constants of motions for
a test particle of mass m and electric charge g can be obtained by Hamiltonian [65,66], which are

Gupydxtdx’ = —m2c?, (56)

E=-m = —gut— gtd)(i) + q4, (57)
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and
L= Ty = g¢tt + g¢¢¢3 - €A¢, (58)
where the vector potential for electromagnetic fields is [65-67,69]
T
A=A dx* = g—z (dt — asin?6d¢). (59)
The equation of motion is
Duf _ gy (60)
m—— = eF u",
Dt v

where F}' = d,A* — 9,A". Using the general form of the Hamilton-Jacobi equation, the following
differential equations governing the motion of the charged test particle can be deduced [63-67,70]:

dr

p* g5 = EPR), (61)
do
Pr = (62)

,d¢9  (aEsin?6 —cL) N alE(r? + a?) — acL + KqQr] 63
di sin2@ A ’ (63)

and

t
p? i 2+ a®)[E(r? + a?®) — acL + KqQr] — (a®Esin?0 — acL), (64)

where 1 is the affine parameter related to the proper time 7 of the particle divided by its mass m
[63,67,70,71], the Carter constant is zero here [63-65,70],

Pr(r) = [E(r? + a?®) — acL — KqQr]? — A[m?c*r? + (cL — aE)?], (65)

and
aEsin?6 — cL\’
V = [(cL — aE)? — m?c*a®sin?0] — <—) . (66)
sin 6
We consider the circular orbits in Figure 4, where the satisfied conditions are

Pr(r) = 0 (67)

and
dPr(r)
=0 68
. (68)

Three orbital configurations have been discussed at § = 0,7, 8 = /2, and 6 = +/K/a?, where
K and a are defined in the reference [65]. From the latitudinal equation of motion, it follows that the
circular orbit passing through 6 = 0 and 7 only exists when Q=0 [63,64]. Therefore, in our case of Q #
0, we simply consider the circular motion in the equatorial plane. In the case of particles with nonzero
mass and a high specific charge, the above two conditions for the circular orbitals give two solutions
for E and L, which are [64,65]
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Rgr —2a* — 2R} iZa\/r2 — Rsr +a? + R}

K
£=(-=F) ©)
2r2 — 3Rsr + 4a? + 4R} + 4a\/r2 — Rgr + a% + R}
and
KqQ a(Rsr — 2a® —2R3) £ 2(r? — az)\/r2 — Rsr +a? + R}
L= (- 70

2r2 — 3Rsr + 4a? + 4R} + 4a\/r2 — Rgr + a% + R}

If the rotation of the charged test particle on the equatorial plane is counter-rotating, then the
energy and angular momentum of the charged test particle are calculated with the sign *-" in the
above two equations. Otherwise, the sign ‘+’ is chosen if the charged test particle moves corotating.
In this metric, the frame-dragging effect is

¢
o= =9 71)
u Gt

Although it exists in the Kerr-Newman source, the circular orbital can be corotating (prograde)
and counter-rotating (retrograde) in the locally nonrotating frame [64,65,67,71]. Then we can calculate
the energy E and L by using the known a and Ro. According to Ref. 62 [62], the total charge Q =
1.648824 x 102° C gives

R, = KGQ2—048R 72
Q — ct - Y S- ( )

In our model, we consider electrons moving in circular orbitals on the equatorial plane,
surrounding Region I and Region II at radius r between 0.9367Rs and Rs, where Region I and Region
II are static, so the rotation term is 2=0 and the charged term is Ro=0.48Rs in the E and L calculations.
The spacetime in Region I and Region Il is described by the Reissner-Nordstrom metric. Because the
negative charges in Region III move ultra-relativistically surrounding Region I and Region II, the
spacetime in and outside Region III is described by the Kerr-Newman metric. Therefore, the nonzero
new rotation term anew exists which is produced by the surrounding negative charges. A simple choice
of the negative charge in Region III is the electron whose mass is very tiny and only 9.1x10-! kg, so
we consider electrons as the negative charges in Region III.

Next, we discuss how to construct a finite-size structure to satisfy the criterion of a Kerr-
Newman black hole. The event horizons of the Kerr-Newman black hole, determined by A=0, are

Q,new

Ty = > , (73)

Rs + \/Rf — 4a2,,, — 4R2

where - is the inner event horizon and r- is the outer horizon event. If the Kerr-Newman black hole
is expected, then it needs 7>Rmin=0.9367Rs at least. In order to reach this criterion, small and small anew
and Rouew are better. Based on this, we use negative charges in Region III to balance the positive
charges in Region I so the term Ronw can be reduced to zero. However, due to the surrounding
electrons, the nonzero angular momentum of electrons brings nonzero aww. For the purpose of
decreasing the new rotation term anew, both corotating and counter-rotating electrons are considered.
The simple situation is that the corotating and counter-rotating electrons are equal, and their total
charges are -Q, —1.648824 x 102° C. When the rotation term a of Region I and Region Il is zero, the
angular momenta of the corotating and counter-rotating electrons are the same in magnitude, which
are
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2r2\/r2 — Rgr + R},

Li(a=0)=% (— KqQ) (74)

- cr /) 2r?2 —3Rgr + 4R

Therefore, if these two kinds of electrons are equal in number and move in opposite directions
at very close orbitals, then the summation of their angular momenta is ~ 0. In the simple situation, we
have anew~0 and Ronew~0, sO

RS + \/RSZ‘ - 4arzlew - 4R(22,new

r, = 2 = Rg > 0.9367R;. (75)

In this case, the event horizon is larger than the radius of Region III and includes Region I and
Region II. The number of total electrons is N=1.029x10%. As a result, a Kerr-Newman black hole with
anew=0 and Ronew=0, or a Schwarzschild black hole is formed by using our model in Figure 4. In such a
case, the radii of the counter-rotating and corotating electrons are denoted by r1 and r2, respectively.
The radii satisfying r+>=max(r1,r2) are drawn in Figure 5(a), where the red points are the allowed radii
for the whole structure including Region I, Region II, and Region III which can be black holes. More
allowed radii are close to Rmin=0.9367Rs, and the allowed radii decrease when they are close to Rs. On
the other hand, the corresponding orbital energy and angular momentum for the counter-rotating
(red) and corotating (green) electrons are plotted in Figure 5(b) and 5(c), where the very small rotation
term a =< 0.03Rs is considered with a constant Ro=0.48Rs, and the radii are between 0.938Rs and
1.007Rs. Because the surrounding electrons are attracted by the positive charges, the orbital energy is
negative no matter if it is a counter-rotating or corotating electron. Both kinds of electrons have the
same energy when 4=0. In Figure 5(c), the angular momenta show the counter-rotating electron has
positive angular momentum and the corotating electron has negative angular momentum by
definition. When a=0, both kinds of electrons have the same angular momenta in magnitude.

Not only the Schwarzschild black hole but also the Kerr-Newman black hole can be formed in
our model. Next, we consider the occupation of the counter-rotating electrons is aiN and the
occupation of the corotating electrons is @2N, where a1=0 and a2=0, and a1 + a2 is not necessarily
equal to one. If a1 + a2 <1. The finite-size structure including Region I, Region II, and Region III is
positively charged. Otherwise, If a1 + a2 > 1, the finite-size structure is negatively charged. Therefore,
if a1 + a2 # 1, we have nonzero total charge Quew=(1 - a1 - a2)Q and

KG(1 —ay — a)*Q?

Ré,new = c4 = (1 —a; — aZ)ZRé- (76)

If L1 is the angular momentum of the counter-rotating electron and L: is the angular momentum
of the corotating electron, then the total angular momenta are

L= alNLl + azNLz, (77)

and the new corresponding rotation term of the finite-size structure is

L L
[M + (o + a;)Nm,]c — Mgc

anew -

(78)

In order to have a small anew, the values of a1 and a2 are expected to be close to each other. Some
allowed radii of the counter-rotating and corotating electrons are plotted in Figure 5(d), where a1 is
fixed at 0.50 and four different a2 values, 0.28 (purple), 0.34 (cyan), 0.45 (green), and 0.62 (yellow) are
chosen. As a2 increases, the trend of the allowed 2 decreases at the same r1. In this case of 1=0.50, the
minimum a2 is 0.277 by our calculations. In conclusion, our model can construct black hole and the
property of the black hole is dominated by the corotating and counter-rotating electrons, which
makes the black hole charged or uncharged, and rotating or non-rotating.
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Figure 5. (a) When a1=a2=0.5, the radii of the counter-rotating and corotating electrons denoted by r1
and r2, respectively, satisfy r+>=max(r1,72) here. (b) The corresponding orbital energy for the counter-
rotating (red) and corotating (green) electrons where the very small rotation term a = 0.03Rs is
considered with a constant Ro=0.48Rs, and the radii are between 0.938Rs and 1.007Rs, where both are
plotted from up to down. (c) the corresponding angular momentum for the counter-rotating (red) and
corotating (green) electrons are plotted in Figure 5(b) and 5(c), where the very small rotation term a
<0.03Rs is considered with a constant Rg=0.48Rs, and the radii are between 0.938Rs and 1.007Rs,
where the red parts are plotted from down to up and the green parts are plotted form up to down.
(d) When a1 = 0.5 and four a2 values, 0.28 (purple), 0.34 (cyan), 0.45 (green), and 0.62 (yellow) are
chosen, the allowed radii r1 and r2 satisfying r+>=max(r1,r2) are plotted. As a2 increases, the trend of
the allowed r2 decreases at the same 71.

Furthermore, the Schwarzschild radius is linearly proportional to m(Rs)=M so the average
density of a black hole is

3c®

32nG3M?’ (79)

'5 =
It shows that the average density is inversely proportional to the total mass square. Therefore,
the higher the average density is, the lower the total mass and radius.

3.5. Energy Conservation Between Different Energy Transformations

In the following, we consider the possible size of a neutron star. Due to the supernova producing
ultra-high pressure, 2N neutrons theoretically produce. Because of the supernova, in fact, aN
neutrons transfer to the radiation energy and the work to compress the materials, and (2-a)N
neutrons are left there. The volume is changed from Vo to V. Then the total kinetic energy of the rest
(2-a)N neutrons within the volume V in the ultra-relativistic condition is [46]
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27'[Vm,‘§c5( Df )4 B 2nVep} _ 32— a)Nhc l3(2 —a)N
c

1/3
=~ , 80
N h3 h3 4 8rV l (80)

my

where the momentum of Fermi energy for the neutron gas is

3(2 — a)N]"?
pr=th [Wl - Co

Finally, the total energy of these (1-a)N and (2-a)N neutrons approximates to
Ulgem = Uy + (1 — @)Nm,c® + (2 — a)Nmyc? + UFe**

1/3
+ (1 —a)Nmyc? + (2 — a)Nm,,c® + U;*t, (82)

_ 3(2—a)Nhc[3(2—-a)N
~ 4 8nV

where the self-energy of gravity forming those (2-a)N neutrons in the homogeneous density
distribution is

2,272 1/3
36(2 — a)*m;iN (4n> . 83)

5 3V

rest —
Ug™" =

Similarly, when we consider the inhomogeneous case, then the rest self-energy of gravity of the
star with a radius of R'is

[1-e™] f © Gamrp(r)dr J Carr?p(r)dr, (84)
0 0

R’
ugest =J; amc?p(r) 5

where R<R and e~*") is the metric potential in Equation (1). Considering energy conservation, it
gives
1/3
2 2
+ Nmgc* + 2Nmy,c* + U; < . (85)

e 32N)hc[3(2N)
Utotal < 4 87TVO

From Equation (85), it clearly shows that V>0 and V<V so the (2-a@)N neutrons form a finite-size
volume, and they cannot shrink to a point.

3.6. The Up Limit of The Nuclear Size In The Black Hole

In fact, it has been revealed that the upper-mass limit of the white dwarf star, calculated by the
homogeneous-density model, is close to the inhomogeneous-density model by considering dp/dr and
dm/dr [45,46]. The correction is to multiply the self-energy in the homogeneous-density model by a
constant of 1.124 [45,46]. in such a compact star, the homogeneous-density model is a good
approximation. Therefore, we can adopt the homogeneous density in both Equations (16) and (84)

for the compact star. Furthermore, by ignoring the total energy of rest electrons, Equation (85) gives
1/3

aNm,c? + [2(2)1/3 —2-a)@2-a)? (%)1/3] 31\;hc (811;0)1/3 . 3Gn;$lzvz [4 2wy (%)1/3] (:_;)) o, ©6)

where V=gVo with 0<f<1. When « is small and considering the Taylor expansion to the linear term for
(2 — )3, then Equation (86) becomes

a ay (1\Y313Nhe / 3N \V?  3G6m2N? 1\3] s 4m\ 3
2 1/3 _ - — _ n _ _ 2 _ .
aNm,c?* +2(2) [1 (1 2) (1 6) (ﬂ) 2 (SnVO) + 5 [4 (4—4a+a?) (ﬁ) ] (3V0) > 0. (87)
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After arranging the above equation, it gives

2 1 _13hc/ 3N\
amy B+ 2| (B =1+ 50 - | T ()
3 1/3
+z GMEN[4(B)Y/3 — (4 — 4a + a?)] (31/ ) > 0. (88)
0

Then solving a, the range is

( { (square root term) + lmn z(ﬁV0)1/3 + he (3N)1/3 N 152 Gm%N (4_7.[)1/3]}]

3
-l TN |
<a
j {(Square root term) + lmncz(ﬁVo)1/3 + he (2_17\;)1/3 152 om (4?”)1/31}1
< min< 2 he 3NN 6 A 173 ,(89)
L (@) *t3eminN () l |

where the square root term is

square root term

3N\Y3 12 am /37
= {lmncz(ﬁVo)1/3 + hc (E) + ?Gm,le <?> l

5

[hc 3N\'/* 3 2N 4n 3he 3N 13
_4 _(_) +2
8 \4m

12

+ ?Gmn l [1- (3)1/3]} . (90)

This square root term depends on N, §, and Vo. All other parameters are well-known constants.
This @ range approximately gives the exhaust of neutron particles in the event of a supernova.
Equation (89) can estimate the mass of a black hole and its nuclear volume [20] by considering the
number of neutrons in the original star.

Then according to Equation (90), we demonstrate two situations and theoretically study the
trend between the low limit @ and  as shown in Figure 5. The first situation is the star radius r equal
to Ro, in which three cases of 2Mo, 3Mo, and 4Mo are considered in this situation. In our calculations,
three curves for the three cases of the first situation are plotted in Figure 5, and they are indigo (2Mo),
green (3Mo), and red (4Mo) curves from the left to the right. These three cases are also circled and
denoted by r=Re. The other three cases for the second situation circled and denoted by r=0.1 Ro in
Figure 5, are the indigo, green, and red curves corresponding to 2Mo, 3Mo, and 4Mo from the left to
the right. The radius of each star in the first situation is 10 times larger than that of each star in the
second situation. Therefore, in the second situation, the density of the star is 1,000 times larger than
that of the star with the same mass in the first situation. In both situations, the curves of the lightest
star (2Mo) are at the most left and the curves of the heaviest star (4Mo) are at the most right. In these
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curves, the low-limit @ means the minimum exhausting energy and 8 represents the ratio of the final
volume to the initial volume for each star experiencing supernova. If a smaller final volume is
expected after a supernova, the exhausting energy has to be more than that of the larger final volume
because a lot of exhausting energy is used to do work on compressing the initial volume to a smaller
final one. In Figure 5, the low-limit « increases from 10% to 90% when $ decreases from about 10-* to
101 for the 4-Mo case of the first situation, and from about 10-1° to 10-1¢ for the same case of the second
situation. Theoretically speaking, the denser star needs more energy to compress itself to a smaller
volume than a less dense star. For example, exhausting 10% mass or considering the low limit a=0.2
can reach a much smaller § of about 103 in the first situation than it in the second situation, where f3
is about 10-1%, a much higher value. All these results are obtained by considering energy conservation.

Recently, the similarity between the neutron star and the black hole has been discussed [47]. The
compression of neutrons and helium atoms under extreme pressure has been studied [72,73]. Neutrons and
protons are both baryons composed of quarks and gluons. They have much ability to change their sizes and the
force inside them is the strong interaction which is 10%° times larger than gravity. The experiment about the
distribution of pressure inside the proton also showed the average peak pressure about of 10% Pascals near the
center of a proton [34]. This pressure much exceeds the pressure estimated by most neutron stars. When we
compress the rest (2-a)N neutrons, they can become much smaller as shown in the quark-matter phase diagrams
[74,75] and all the volume V is within the event horizon of a black hole. In our discussions, we want to
reveal the truth that the so-called curvature singularity inside the black hole, such as =0 in the
Schwarzschild black hole, is a mathematical discussion in the Schwarzschild metric, not from
physical foundation. In the traditional black-hole theory, the knowledge tells us that everything
inside the black hole inevitably reaches =0 due to strong gravity, without considering any physical
reality, and energy input and output. The evolution from the star to a black hole should follow energy
conservation, and the black hole reasonably has a finite-size nucleus in it, not a singularity.

2 — —

— 4Me
3Ma
2Me

— =0.1 Ro

F=Ro +—

o Low Limit

0.4

0.2

.1}

B

0% 1072 10° 1078 107 10°

Figure 5. A demonstration between a and f according to Equation (90). There are two groups plotted
where the right group is 1,000 denser than the left group. Each group includes three cases where the
mass of the star is 2Mo, 3Mo, and 4Mo from left to right, and the radius of the star is the same in each
case. The results show that the denser star wastes more energy to reduce its size at the same final
volume.

4. Removing Curvature Singularities Of The Black Hole Through A Finite Nuclear Core In The
Schwarzschild-Like And Reissner-Nordstrem-like Metrics - A Simple Review

The curvature singularity problems have been specially solved in 2005, and the way to cure the
pathologies existing in the theory of General Relativity is by using a Gaussian mass density
distribution and a Gaussian charge density distribution [21-28] which is the same concept as our
thoughts in this paper. No matter the singularity at the origin or on the ring, it can be removed by
this method. According to the results [21-28], our finite-size nucleus model can also remove the ring
singularity from the theory of General Relativity. We will summarize their works in the
Schwarzschild-like and Reissner-Nordstrem-like metrics as follows.
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A popular way to cure the pathologies in the theory of gravity such as the curvature singularities
in the black holes is the noncommunity first proposed in 2005 [21]. Noncommunity is an intrinsic
property of the manifold without depending on curvature. The physical effect of noncommunity is
that the pointlike body is no more meaningful and the smeared body is the only thing that has to be
dealt with [21]. In this situation, this concept is realized by substituting pointlike structures with a
Gaussian function with minimal width v describing the corresponding smeared structures [21].
Then the Gaussian mass density is proposed to be [21-25,27,28]

) M 72
po(7) = (@m)372 &P (‘ E) (91)

where M is the total mass of the source and 7 is the position vector. The event horizon radius 71 can
be found where goo(r1)=0 so, considering the linearized elements of the Schwarzschild metric, it is

determined by the equation
_26M (1 1} o

where the incomplete lower Gamma function is defined by [21-26,28]
b X
y(a;x> = f dttb/a-1le-t, (93)
0

Then the expression of the mass M in terms of ru is

Vrctry

M = . 94
") = 26y t/2; 72 /49) O
In the limit of 7 /V9 < 1, it leads to
c2\md
M- M, = : (95)

2G

It implies a minimum nonzero mass to allow the existence of the event horizon in the
noncommutative geometry. When M=My, the event horizon is shrunk to the origin, and the event
horizon disappears when M<Mo.

When we apply Equation (91) directly on the full Schwarzschild line element, the mass

distribution is [22]
2M (3 r?
mr) =—y|=:;— . (96)

Vo \2'49
The event horizon radius 71 is determined by the equation [22]
4GM (3 13 97
ry = =— |

This equation gives one degenerate event horizon at M=Mo=1.9V9c?/G [22]. Especially, when
M>Mo, there are two event horizons much different from the single event horizon of the conventional
Schwarzschild metric based on the pointlike source at the center. The other result shows the event
horizon when M<Mo. This research gives no curvature singularity at the origin in replacing a regular
de Sitter core at a short distance [22].

Similar discussions can be extended to the charged black hole where the Gaussian charge
distribution is introduced as [23,28]

N Q r
Per(T) = W exp <— E) (98)

d0i:10.20944/preprints202109.0354.v2
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where Q is the total charge. Then the electric field distribution is obtained [23,25,28]

Fy =2, (3.0 99
(r)_ﬁr2y<§'ﬁ>’ ( )

where K is Coulomb’s constant. The mass distribution function is the same as Equation (96) in the
Schwarzschild-like metric. Finally, the Reissner-Nordstrem-like metric is obtained as

ds? = —goodt? + gogdr? + r2dQ?, (100)
where
_ 1 26m(r) KGQ*[ ,(1 r? T 1 r? Lot
Yoo = c2r o2 |V \2°39) " 297 \2° 29 (10D)
with

_2M (3 7?

When we compare the above solution to the conventional Reissner-Nordstrem metric at a large
distance, it means that the gravitational and electrical contributions are indistinguishable, and the
asymptotic observer measures the total mass-energy including both contributions only. Therefore,
considering the gravitational energy-momentum tensor T’ |matt and the electromagnetic energy-

momentum tensor T, o the total mass-energy of the electro-gravitational system is defined as

Mei—g = fﬁ do” (T lmase + Ty ler), (103)
>
where X is a f=constant, closed three-dimensional surface at infinity. Then we have [23]
g = 1——4GMel_g)/ Eﬁ
o0 Varcz T \2'49

2 2 Ty(l'—rz> 2
KG 1 r 27 2 3 r
+ Y 2= — __\2'%) 29 —ryl=;—=||. (104)
r2ct 249 249

+ r
V29 9

It gives the same conventional Reissner-Nordstrem metric at a large distance. It also results in
two event horizons, one event horizon, and no event horizon dependent on the total mass-energy Me:-
¢ which is related to ru and Q. The expression of M is [23]

M = KQZ
=9 " o\ 2mdc?

1 Vi ryc? KQ? (1 7h o (17
(1.n%){T e () g ()|} oo

Y\2'39

This research also gives the de Sitter spacetime instead of a curvature singularity at a short
distance so there is no singularity in the origin neither naked nor shielded by the event horizons [23].
The noncommutative geometry for describing deformations of General Relativity can improve the
conventional black hole solutions of Einstein’s equation [28]. It cures the singularity behaviors of
gravity at the centers of black holes in the above metrics [28].

When we consider the rotating black hole, we can obtain the Kerr-like metric [24]. The Gaussian
mass density in Equation (88) is still used here. The total mass M here is

M = 411[ dr r2py(r), (106)
0
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and the mass distribution function is [28]

r M 3 2
0 =
2

According to the expression of Equation (106), the point r=0 is the origin or the center of the black
hole in space, not any point on a ring with a finite radius. As we know, the gravity of the black hole
is very strong and it makes all mass together as much as possible. All the mass of a black hole cannot
form a ring in space because gravity can make them very close to each other. Therefore, the ring
singularity which we consider does not exist in real space. In the following, we use differential
geometry to explain it. Usually, the coordinates to describe the Schwarzschild metric are convenient
the spherical coordinates (r,0,8) plus the time coordinate t+ which consists of spacetime with
dimension n=4. The difference between the Euclidean spacetime and conventional Schwarzschild
spacetime is that the singularity exists at r=0 and a Schwarzschild radius Rs is defined and used.
When we discuss the Kerr metric, we can use the Boyer-Lindquist coordinates (r,6,0) and the
particular Cartesian coordinates (x,y,z) [11,12]. The Kerr metric in the Boyer-Lindquist is expressed
as [15]

ds? = —c2dt? = <dTr2 + d92>p2 — (cdt — asin29d¢)2% +((r? + a¥d¢ — acdt)2 Si:zg, (108)
where
p? =1r%+ a’cos?6, (109)
A =71?—71Rs+ a’. (110)
From A=0, the positions of the two event horizons can be solved, which are
_ 2 11/2
T =&+ (&) —a? (111)
o2 [\2 |
_ 11/2
r. = A _ <&)2 —a? / (112)
-=2 7 |\2 | -

Without considering the same time coordinate ¢, both coordinates can be related to each other as
follows

x =12 + a?sin 0 cos[(¢ — arctan(a/r))], (113)

y = /1% + a?sin 0 sin[(¢ — arctan(a/r))], (114)

and

z=rcosb. (115)
They can form an ellipsoidal surface described by
2 2 2
x“+y z
——+—=1 116
r2+a? r? (116)
5. New Explanation To The Kerr-Schild Form

In the Kerr metric, the so-called Cartesian coordinates (x,y,z) are an axially symmetric spheroidal
geometry and are also called the Kerr-Schild form. This geometry at 2>0 does not pass through the
origin x=y=z=0 and it shows the curvature singularity at »=0 and z=0. Using the terminology in

d0i:10.20944/preprints202109.0354.v2
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differential geometry, this axially symmetric spheroidal geometry is a smooth manifold
N={(x,y,2) € R*|} — {(x,y) € R?|x?* + y* = a? z = 0}. In particular, the geometry, in this case, is not
defined in the region {x? + y? < a? z = 0}. They would not be appropriate coordinates to describe
the things in the real world because it lacks the origin x=y=z=0 and a ring singularity exists. As we
mentioned previously, if we apply the finite-size nuclear structure in the black hole, then this ring
singularity at =0 and 6=mnt /2 is naturally moved. Without imposing the pointlike concept, here a
physical solution is adopted by using the finite-size nuclear structure and it satisfies the conservation
of energy. At r—0 in the Boyer-Lindquist coordinates, we can choose enough small radius dr to
enclose the point =0, and in this enclosed region 0<r<dr we have

limm(r) < lim {gn(drf max[p(O),p(dr)]} o, (117)

where p(r) is the mass density function at r and max[p(0),p(dr)] is the maximum of the mass density
in this region. Then the conventional Kerr metric in this m—0 region becomes [29]
2 2 2
r“ + a“cos“6
ds? - dt? — —————dr? — (r* + a®cos*#)d6?
r<+a
— (r? + a?)sin?0d ¢?, (118)
which is the flat Minkowski spacetime in the oblate spheroidal coordinates. Then we let the smooth
manifold M described by the coordinates (r,0,0) be another one, that is, M ={r € [0,),6 €

[0,7],¢ € [0,2n]} —{r = 0,0 = n/2}. It means that we have a map & projecting a point on the
manifold M to the one on the manifold N, that is,

§:(r,0,¢9) — (x,y,2). (119)

The inverse map can project a point on the Cartesian space back to the Boyer-Lindquist space,

that is,
EL(x,y,2) — (1,0,9). (120)
In addition, the ring singularity in (x,y,z) is mapped to the singularity in (r,0,P)
E{r=0,0=mn/2}— {(x,y) € R?|x* + y> = a?z = 0}. (121)

In fact, a similar concept also appears in this reference [24] where the family of confocal ellipsoids
is mentioned. Explicitly speaking, this kind of singularity shall not appear in real space, and it is a
mathematical singularity to be necessarily removed in the theory. Hence, we remove this kind of
singularity in the theory by using a physical way, that is, the finite mass and charge density
distributions in space. It is also similar when we deal with the Kerr-Newman metric later.

After the above discussions in previous section, then the Kerr-like metric by applying Equation
(107) is [24]

2 3102
ds® = <1 - Zr'ngrClz(r)> de? + 4a;(jzr:(r) sin?0dtd¢ — %drz — p?do? — 51;129 [(r? + a?)? — Aa?sin?0]d®?, (122)
where
p? =712+ a’cos?0 (123)
and
2G6m(r)
— 2 _ 2
A=rc—r 2 + a“. (124)
Therefore, we have the event horizons from the real solutions of the equation [24]
2Grym(ry)
2+a?-— T —p (125)

c2

It also gives a minimum mass value Mo that two distinct event horizons exist at M>Mo for the
non-extremal black hole, a single degenerate event horizon at M=Mo for the extremal black hole, and
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a black hole cannot be formed at M<Mo. One important thing is to consider the asymptotic form at
0=n/2 and r—0 where the conventional Kerr metric exhibits the singularity ring. This asymptotic
form leads to the rotating de Sitter geometry in which the Ricci curvature at the singular ring is [24]

4GM
T (126)

It is the constantly finite curvature of the rotating de Sitter geometry. The singular ring in the
conventional Kerr metric is replaced by a regular de Sitter, Saturn-like region of non-zero width in
this Kerr-like metric so the mass source leads to a singularity-free metric to cure nonphysical features.
In other words, the finite jump in curvature due to the de Sitter belt is instead of the conventional
infinite discontinuity.

As m—0, the Kerr-like metric becomes the flat Minkowski spacetime in the oblate spheroidal

rlir51+R(r,9 =n/2) =

coordinates
2rem(r) 4arGm(r) p?
dSZ = (1 — W) dtz + Tsmzﬁdtdq,’) — Kd?"z — p2d92
sin%6
— [(r? + a?)? — Aa?sin?0)], (127)

6. The Kerr-Newman-Like Metric And The Velocity Of Light In The Black Hole

There is other metric to discuss Einstein’s spacetime structure, such as the traditional Kerr-
Newman metric [10-15,20]. A singularity with infinite mass density at the center of the black hole is
problematic as such that a lot of research would like to remove it. If we adopt a finite-size nucleus for
a black hole, this mathematical singularity can disappear automatically. As mentioned previously
[25], the Kerr-Newman-like metric removes a mathematical singularity at ¥=0 and 8 = ©/2 from the
traditional Kerr-Newman metric [25]. This has been reasonably explained in Sec. 4 and Sec. 5. On the
other hand, the accretion disc is made up of a lot of plasma and electrons, so the materials that the
black hole swallows contain positively and negatively electric substances very often, and it is difficult
to maintain a black hole electrically neutral at any time. Therefore, it is a more reasonable choice to
consider rotating and charged black holes. In Equation (127), the Kerr-Newman-like metric with a
finite-size nucleus [25] is a more appropriate way to describe the spacetime at the rotating and
charged black hole. About the rotating charged black hole, using the Newman-Janis algorithm in the
Boyer-Lindquist coordinates, the line element of a Kerr-Newman-like metric [25] similar to Equation

(52) is
A — a®sin?6 2 A — a®sin?6
ds? = p—zczdt2 - %drz — p?dB? + 2acsin?6 <1 - p—2> dtde
A — a®sin?8
— [pz + a’sin?0 (2 — T)l sin?6d¢?, (128)

in which p? is the same definition as Equation (123) and A is similar to the one in Equation (124), but
r-dependent on Rs and Rg, that is,

5 2G6m(r) , KG 5
A(m,q) =r —rc—2+a +Fq(r), (129)

where

2 _ % a ——]. 130
1) =1V 219 N AR 24@) (130)

1 72
Q? 2(1 rz) TV(?%) 2 <3 r
)\ 2Y) ry

This Kerr-Newman-like metric also results in three possible situations including the
nonextremal black hole exists with two distinct event horizons at M>Mo, an extremal black hole with
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a single degenerate event horizon at M=Mo, and no black hole at M<Mo [25]. In this metric, the
coordinate time t in the Kerr-Newman-like metric is also the time read by the clock stationed at
infinity because the proper time and coordinate time become identical [14]. The velocity of light is
ds>=0, and using Equation (127), we have the velocity equation of light in terms of (dr/dt, rd6/dt,
rsinfd¢/df)

S —
A(m, q)[A(m, g)—a?sin?0] \dt r2[A(m, q) — a?sin?0] \' dt
_[A(m, q)a?sin?0 — (r? + a?)?] (rsin@ d_(;b)2
r2[A(m, q) — a®sind] dt
_ 2ac[-A(m,q) + (r? + a?)]sinf ( d(;b) _ 2

r[A(m, q) — a®sin?6] rsing dt

4

(131)

Then we can build the connection between the reasonable speed of light and the proposed
nuclear structure.

Similar to Equation (2), Equation (131) gives the relationship between three velocity components
of light (dr/dt, rd6/dt, rsinfd¢/dt) in the Kerr-Newman-like metric. The appropriate and reasonable
way to use Equation (131) is that each velocity component is real and finite. We have discussed the
velocity of light for the rotating and charged black hole [44,68]. Especially, if we want to discuss light
propagating into a black hole, the radial speed of light at the event horizon must be nonzero. By
Equation (131), the radial velocity v of light propagating along the radial direction at the black hole
is

dr p?
v, =—=4 C.
dt = JA(m, @)[A(m, q) — a?sin?6]

(132)

In actual physical phenomena, it requires the radial velocity real, nonzero, and non-complex
everywhere. Two solutions are given in Equation (132) [20], one is forward and the other is backward
the event horizon. Thus, the denominator in Equation (132) has to be real and the first condition is

26m(r)  G*m(r)? KGqg(r)*> G*m(r)?
. ()_I_ ()+a2+ CI()_ g)

rtor— = = >0, (133)
and
26m(r)  G*m(r)? KGqg(r)? G*m(r)?
r’—r 2( )+ g ) + a?cos?6 + qi ) _ E ) >0. (134)
c c c c
The other condition is
26m(r) G*m(r)? KGg(r)?> G*m(r)?
o 2OO) EOR | KOH0? G
and
26m(r)  G*m(r)? KGqg(r)? G*m(r)?
r’—r 2( )+ g ) + a?cos?6 + qi ) _ f ) <0. (136)
c c c c

However, in Equation (127), the time transfer between the local reference frame and the far-away
reference frame is
A — a”sin?0

ds? = Tczdtz, (137)

and it has to be positive. According to this, the second condition in Equation (136) is unsatisfied
anymore. Hence, at any position 7, it requires

d0i:10.20944/preprints202109.0354.v2
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KGq(r)? B G*m(r)? S

a®cos?6 + " " 0, (138)
In the equatorial plane where 8 = m/2, it more strictly requires
Kq(r)? > Gm(r)2. (139)

If the above condition is satisfied, then we can find real and finite solutions for Equation (132) to
describe the radial speed of light in the rotating and charged black hole. Based on this model, the
speed of light observed at far-away places can be nonzero at the event horizon. The discussion of the
radial speed of light predicts the expansion of the black hole to be observable.

7. Conclusion

In summary, the reasonableness of the singularity of the black hole is studied in this paper. When
we consider that everything in the black hole collects at a singularity, the infinite density of mass,
charge, gravitational energy, and electric energy would be very nonphysical. Does it give rise to a
curiosity about why all masses, as well as all charges, gather at a point? However, the black hole is
very possibly evolutional from a star with finite energy. Such a structure doesn’t obey energy
conservation. If we believe in the singularity in the black hole, we just believe in the knowledge in
the 1920s or 1930s, one hundred years ago. At that age, people still had no deep ideas about neutrons,
they even didn't know what the strong interaction and quarks are. They just treated a mathematical
solution as a real physical object without any believable proof of its physical truth. When we put the
black hole and the Big Bang together, we will see very clearly that singularity is just a contradictory
concept. The ultra-super strong gravity of the singularity before the Big Bang will affect the explosion
and stop the expansion of the universe.

About singularity, an example of the degenerate Fermi electron gas is used to check whether the
singularity exists or not. It clearly shows that no matter how large the energy of the Fermi electron
gas is, those electrons cannot shrink to a point, physically speaking. They always have finite volumes
discussed in statistical mechanics. The singularity also tells us that gravitational energy and
Coulomb’s energy are infinite there. Since a lot of black holes are evolutionary from stars with finite
energy, it is unreasonable to have infinite energy for black holes. We also use a case of 1.4x10%
Coulomb electrons at infinity to demonstrate that to collect those electrons in a sphere with a radius
of 50 meters needs to do a work of 2.114x107 Joules, which is more than the energy in the observable
universe. In such a case, the distance between two electrons is larger than 10> meter whereas classical
electrodynamics is still useful. This case tells us that the traditional concept of gravitational collapse
cannot shrink those electrons to be a singularity, and the process of the collection is physical. We have
to input a lot of energy to gather those electrons in a small space. Hence, the charged sources
described by the Kerr or Kerr-Newman metrics are not easily small in space because Coulomb’s force
is against the shrinking process. Then we use the neutron gas as the most possible constituents after
a supernova to discuss their volume based on energy conservation. The result also tells us a similar
result as we have already known in the Fermi electron gas. So theoretically speaking, a black hole has
a finite-size nucleus inside it, not a singularity.

One important thing in this paper is that a complex structure of a double-characteristic black
hole is proposed where the total charge can be zero or nonzero. This kind of black hole has a
positively charged region I, possibly consisting of protons, which is covered by neutral thin Region
I such as neutrons. Their outmost thin layer consists of electrons. We follow the report that a charged
and non-rotating compact star with a mass of solar mass and a radius of 0.9367Rs can have a charge
as high as 1.648824x102° Coulombs. Adopting these quantities in our model, the spacetime in Region
I and Region II is described by the Reissner-Nordstrom metric. Within the outmost layer, the
spacetime is described by the Kerr-Newman metric, and the place outside the outmost layer is also
described by the Kerr-Newman metric. The counter-rotating and corotating electrons in Region III
can make the whole structure charged or uncharged, and rotating or non-rotating. Some allowed
radii of the counter-rotating and corotating electrons are given to reach the whole structure within
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the outer event horizon of the Kerr-Newman black hole. Due to this structure, it reaches r+>max(r1,12)
so the black hole is formed by our model. A simple case gives a Schwarzschild black hole when both
the counter-rotating and corotating electrons are equal, move on very close orbitals, and the total
charge of the whole structure is zero. In such a case, a finite-size structure in the Kerr-Newman metric
transforms into a Schwarzschild black hole. To sum up, our model can construct black holes, and the
properties of the black holes are dominated by the corotating and counter-rotating electrons, which
make the black holes charged or uncharged, and rotating or non-rotating.

Finally, from the Kerr-Newman metric, we build the relationship of the three velocity
components at each point for light in the black hole. If the singularity is replaced with the finite-size
nucleus in the black hole, then the mathematical singularity in the Kerr-Newman metric at #=0 and
0 = m/2 automatically disappears. For the special case of a=0 and Ro=0, it tells us that there are two
solutions for the radial speed at the Schwarzschild radius. Especially, the investigations of
gravitational waves from binary black holes reveal that gravitational waves can escape black holes
away from their inside [5-8]. Theoretically speaking, both light and the gravitational wave follow the
same spacetime structure at the black hole and their trajectories are null geodesic. It means that light
should escape the black hole. Furthermore, based on this finite-nucleus model, the speed of light
observed at far-away places can be nonzero at the event horizon. The discussion of the radial speed
of light predicts the expansion of the black hole to be observable.

Data Availability Statement: All data that support the findings of this study are included within the article.
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