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Abstract: The set of Boolean functions has a simple basis formed by the meet and the negation. Is it possible to
have a similarly basis for any subset of finitary operations on a finite set with more than three elements? It is
known that any set of finitary operations on a finite set can be expressed as a set of operations preserving some
relations on this set. A clone on a finite set is a set of finitary operations on this set containing all the projections
and stable by composition. It is also known that the set of clones on a finite set is a complete lattice. The maximal
elements of this lattice was completely described by Rosenberg in 1965. In this paper, we determine clones of
the form Pol ¢ N Pol A sited directly below Pol A where A is a fixed regular relation and ¢ a binary relation to be
characterized.
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1. Preambule

In 1941, Post presented the complete description of the countably many clones on two elements
set. It turned out that, all such clones are finitely generated and the lattice of these clones is countable.
The structure of the lattice of clones on finitely many (but more than 2) elements is more complex and
is of the cardinality 2%, For the k-element case, with k > 3, not much is known about the structure
of the lattice of clones in spite of the efforts made by many researchers in this area. Therefore, every
new piece of information is considered valuable. Indeed, it would be very interesting to know the
clone lattice on the next level (below the maximal clones) and even a partial description will shed more
light onto its structure. The description of this lattice will also help to find a simple basis for any set of
operations on a finite set which is useful for the progress of logic and computer science. The complete
description of all submaximal clones is known (below certain maximal clones) only for the 2-element
case and the 3-element case (see [8-10]), however the result in ([8]) and many result in the literature on
clones including those discussed in ([8,9,13,14,16]), require intensive knowledge of submaximal clones
on arbitrary finite sets.

Recently, we have determined the eleven types of binary relations ¢ such that the clones Pol o N
Pol p are covered by Pol p, where p is a fixed h-ary central relation (h > 2) on a given finite set (see [6]).
Clone theory is considered to be very important because of its use to understand universal algebras
and the problem of decidability in computer science. In fact, clone theory is also related to constraint
satisfaction problem. The main problem is to decide whether a function on a finite set preserving some
relations on this set belongs to a fixed clone on that set. For example, given a first order structure
(A; F; R) where A is a finite set; F the set of fundamental operations on A and R the set of all relations
on A. It is known that Pol R, the set of function on A preserving every relations on R, is a clone. Given
a function g € Pol R, decide whether g belongs to the clone generated by the fundamental operations
of (A; F; R) is NP-complete. Clone theory is also useful to determine weak bases on sets of larger size
(see [1-3]). Clone theory could also be useful for determining minimal bases to facilitate calculations
in logics based on finite residuated lattices, which are tools of artificial intelligence. Our objective is to
describe all submaximal clones determined by regular relations on finite set (because these submaximal
clones are not studied in the literature for non-trivial regular relations on given finite set) to complete
the Burle’s theorem (see [9], Page 161) . Since regular relation is difficult to handle, We begin this

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202412.0377.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 December 2024

20f17

project by the cases of binary relations. A natural way to extend this research would be to consider
relations of arity greater than 2.

2. Structure of the Paper

This paper is organized as follows : In Section 3 we give some necessary tools to understand this
work and state the main result of this paper. In Section 4 we characterize the non-trivial equivalence
relation ¢ such that the clone Polo N Pol A is maximal below Pol A. Section 5 is devoted to the case of
bounded partial order. We prove that there is no submaximal clone. Section 6 studies the case of prime
permutation. We show that for any prime permutation relation s on Ei, Pol A N Pol s® is maximal below
Pol A if and only if A is fs-closed. Section 7 is reserved to the case of binary central relations. We prove
that Pol o N Pol A is maximal below Pol A if and only if Cy N [x]c is not empty where C; is the set of
central element of o and e is the equivalence relation characterizing A.

3. Preliminaries

In this Section, we give some basic notions necessary to follow this work; for more details you can
refer to ([7,9,11-13]). We begin with some generality on clone theory.

Let A be a fixed finite set with k elements, n and & be positive integers. An n-ary operation on
Ais a function f : A" — A. By (’)I(qn) we denote the set of all n-ary operations on A, and by O 4 the

set L>Jl(’)1(:) of all finitary operations on A. For 1 < i < n, the i-th projection on A is the operation
n>

ﬂl-(") : A" — A,(ay,...,a,) — a;. For arbitrary positive integers m and n, there is a one-to-one

correspondence between the functions f : A" — A™ and the m-tuples f = (fi, ..., fm) of functions

fit A" - A(fori=1,...,m)via f — f = (f1,..., fm) with f; = nl(m) offoralli=1,...,m. In
(n) (n)

particular, 77(") = (ry", ...,y ") corresponds to the identity function f : A" — A”. From now on, we
will identify each function f : A" — A™ with the corresponding m-tuples f = (f1,..., fu) € ((91(:))”‘
of n-ary operations. Using this convention, the composition of two functions f = (f1,..., fu) : A" —
A" and g = (gl,...,gp) : A" — AP can be described as follows: go f = (g10f,...,gp0 f) =
(g1(fi,eosfm)r--- s 8p(fis-- s fm)) where gi(f1,..., fn)(a) = gi(fi(a),..., fu(a)) foralla € A" and
1<i<p.

A clone on A is a subset C of O4 that contains all projections and is closed under composition;
thatis 7" € Cforalln > 1and1<i<n, and go f € C(") whenever g € C(™) and f € (C(")™ (for

m,n > 1;. The clones on A form a complete lattice £ 4 under inclusion. Moreover, for each set F C Oy4
of operations, there exists a smallest clone that contains F, which will be denoted by (F) and will be
called clone generated by F. Clones can also be described via invariant relations. An h-ary relation p
on A is a subset of A". For an n-ary operation f € (91(:) and an h-ary relation p on A, we say that f
preserves p (or p is invariant under f, or f is a polymorphism of p) if whenever f is applied coordinatewise
to h-tuples from p, the resulting h-tuple belongs to p i.e., for all (ay;,...,a,;) € p,i = 1,...,n,
(flar1, .- a10), f(ag1, ..., 80) ..., f(api, ..., ap,)) € p. For any family R of (finitary) relations on
A, the set Pol R of all operations f € O4 that preserve each relation in R is easily seen to be a clone
on A. Moreover, if A is finite, then it is a well-known fact that every clone on A is of the form Pol R
for some family R of relations on A. If R = {p}, we write Polp for Pol{p}. Let p C A"; for an
integer m > 1and a; = (a14,...,ay,) € A", 1 < i < h, we will write (ay,...,a;) € p if for all
j € {1, .. .,m}, (11]‘,1, .. .,llj,h) €p.

Since A is finite, it is well known that every clone on A other than O 4 is contained in a maximal
clone. We say that an h-ary relation p on A is fotally reflexive (reflexive for h = 2) if p contains the h-ary
relation /, defined by

M= {(ar,...,a,) € A" | Fi,j € {1,...,h} 1i#jand a; = a;},

d0i:10.20944/preprints202412.0377.v1
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and is fotally symmetric (symmetric if h = 2) if p is invariant under any permutation of its coordinates. If
p is totally reflexive and totally symmetric, we define the center of p, denoted by C,, as follows:

Co={acA|(aa,..  a)cpforallay,...,a €A}

We say that p is a central relation if p is totally reflexive, totally symmetric and has a nonvoid center
which is a proper subset of A. The elements of C, are called central elements of p. A nonvoid and proper
subset of A is called unary central relation. Let p be a binary relation on A, p is an equivalence relation
if p is symmetric, reflexive and transitive; p is non-trivial if p # A2 and p # {(a,a) | a € A}, pisa
bounded partial order if p is reflexive, transitive, antisymmetric and there exist L, T € A such that for
allx € A, (x, T) € pand (L, x) € p. p is a prime permutation relation if p = s° the graph of the prime
permutation s with the same length p (where p is prime).

For aninteger h > 3, a family T = {6,...,60,} (m > 1) of equivalence relations on A is called
h-reqular if each 6; (1 < i < m) has exactly h blocks, and for arbitrary blocks B; of 6; (1 < i < m), the
intersection By N By N ... N By, is nonempty. To each h-regular family T = {64, ...,6,,} of equivalence
relation on A, we associate an h-ary relation A on A as follows:

A={(ay,...,a5) € A" | (Vi)(3]) j # i such that (a;,a;) € 6;}.

Relations of the form A are called h-regular (or h-regularly generated) relations. It is clear from the
definition that h-regular relations are totally reflexive and totally symmetric, their arity & satisfies
3 <h < |A|,and h = |A] holds if and only if T is the one-element family consisting of the equality
relation. The characterization of maximal clones on finite sets given in [15] is well known. Therefore
we have that whenever a relation 7 is a non-trivial equivalence relation, a bounded partial order, a
binary central relation, a prime permutation relation or an h-regular relation with (3 < h < |A|), the
clone Pol y is a maximal clone. The binary diagonal relationon Ais Ay = {(a,a) |a € A}.

We continue with some fundamental results on clone theory. The following result characterizes
all maximal clones on finite sets.

Theorem 3.1. [15] For each finite set A with |A| > 2, the maximal clones on A are the clones of the form Pol p,
where p is a relation of one of the following six types:

(1)  a bounded partial order on A,

(2)  aprime permutation on A,

(3)  aprime affine relation on A,

(4)  a non-trivial equivalence relation on A,
(5)  acentral relation on A,

(6)  an h-regular relation on A.

For h € N\ {0}, Rff) denotes the set of h-ary relations on A. R4 denotes the set of all finitary
relations on A. For a set F of finitary operations on A, Inv(F) denotes the set of relations preserved by
every operation in F. A relational clone on A is a subset R of R4 such that Inv(Pol R) = R. The set of all
relational clones with inclusion is a lattice called lattice of relational clones. For R C Ry, [R] denotes
the relational clone generated by R.

For instance, it is nice for us to give the following remark useful to justify some inclusions between
clones.

Remark 3.2. ([9], Theorem 2.6.2, 2.6.3 Page 132) Let R C Ry,

1. Iff € PolR, then f € Pol([R]).
2. Ifoand o’ are relations such that o' € [{c}], then Polo C Polo’.

For two clones C and D on A, we say that C is maximal in D if D covers C in L 4, we also say that
C is submaximal if C is maximal in a clone D and D is a maximal clone on A. For a maximal clone D,
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there are two types of clones C being maximal in D: C is meet-reducible if C = D N F for a maximal
clone F distinct from D (but not necessarily unique) and C is meet-irreducible if it is not meet-reducible.

Definition 3.3. ([9], Page 126) Let h € N\{0}. An h-ary relation p € Rgl) is called diagonal relation if there
exists an equivalence relation e on {1,...,h} such that o := {(ay,...,ay) € A" | (i,j) € e = a; = a}.

The set of all diagonal relations on A is denoted by D4 and Dy = {@} U | J Dgi), where DXI) is
h>1

the set of all h-ary diagonal relations on A. In particular, A" and 6" = {(x,x,...,x) € A" | x € A} are
diagonal relations on A. Fore more details, see [9].

From now on, we assume that we are working on the set Ex = {0,1,...,k — 1}. For any integer
2 < h <k, we denote by LZ the set t%k. It is well known (From Theorem 3.1, relation of type (6)) that
the Stupecki clone Pol li is a maximal clone. Subclones of Pol t’,i are known (see [9], Page 161, Burle’s
Theorem). If ¢ is an equivalence relation, we denote by [4], the o-class of a.

Remark 3.4. For any h-regular relation on Ey, we have 3 < h < k. The case h = k is given by the Stupecki
clone Pol ti. Submaximal clones of Stupecki clone are known.

In this paper, we consider the h-ary (3 < h < k) regular relation A on Ej; defined by the h-ary
regular family T = {64,...,60,,}, where m > 1 and every non-trivial equivalence relation 6;,1 <i <m
contains & blocks.

Now we define some types of binary relations useful to express our results. Let k and / be two
integers such that /1, k > 3. For a prime permutation s of order p on Ey, we denote by 85 the equivalence
relation consisting of pairs (a,b) € E? with a = s'(b) for some 0 < i < p.

Definition 3.5. Let A be an h-ary regular relation on Ey and o be a non-trivial equivalence relation on Ej.

1. Wesay that A is o-closed if (a1, ...,a,) € A whenever (uq,...,uy) € A for some uy,...,u, € Ex with
(a;,u;) € o foralll <i<h.

2. Thereis a transversal T for the o-classes means that there exist uy, ..., u; € Ey such that (u;, uj) ¢ o for
all 1 <i <j <t (uj, tiy,... uy) €Aforalll <iy... iy <tand T ={uy,...,ut}.

Let € be the binary relation defined on Ej by
e={(ab) € E,% | (a,b,a3,...,a;) € A,Vas,...,a, € Ex}
and the h-ary relation -, defined by :
v ={(aq,...,a) € E,’j | Jv1,...,04 € Eg, (v1,...,05) € A, and

V1<i< h,le,. -'rjh—Z S {1,. . ,h}\{l}, (Ui,ﬂi,ﬂjl,. ..,a]-hfz) S )\}

We will denote by £, the set {1,...,h} and Sy, the set of all permutations on {1,...,h}, h > 2.
Now we state the main result of this paper.

Theorem 3.6. Let A be an h-ary regular relation on Ej determined by the h-ary regular family T = {61, ...,60y }
and o be a binary relation on Ey such that Pol o is a maximal clone. Then Pol o N Pol A is a submaximal clone
of Pol A if and only if one of the following conditions is satisfied:

I. o is anon-trivial equivalence relation and A is o-closed;
II. o is a non-trivial equivalence relation, A = <y, and for all x,y € Ey,
[x]oe N [yle # &
. o isaprime permutation and A is 6,-closed;
IV. o is a binary central relation and for all x € Ey, Cy N [x]e # @.

Before the Proof of Theorem 3.6, we give some examples to fix some ideas.
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Example 3.7. Let Eyg = {0,1,2,3,4,5,6,7,8,9}. Let 61 be the equivalence relation with blocks {0,1,2},
{3,4,5},{6,7,8,9} and 6, the equivalence relation with blocks {0,3,6},{1,4,7},{2,5,8,9}. Then T =
{61,602} is an 3-ary reqular family.

1. Set® = 6 N6. Wehave 6 = Ag, U{(8,9),(8,9)} and A is 6-closed. Thus Pol A N Pol @ is maximal
below Pol A.

2. Lete = {(a,b) € E3, | (a,b,c) € A, Ve € Eyg} and o be the equivalence relation with blocks
{0,1,2,3,4,5,6,7},{8,9}. 1t is easy to show that ¢ = 61 N6, = 6. Furthermore, ¥x,y € Eq,
[x]e N [y]s # @. Hence Pol A N Pol ¢ is maximal below Pol A.

3. Let m = (01)(23)(45)(67)(89). 7 is a prime permutation on Eqg of order 2 and 6 is the equivalence
relation with blocks {0,1},{2,3},{4,5},{6,7},{8,9}. Set Ty := {0, }. Then the regular relation A, is
0 r-closed. So Pol Ar, N Pol 1° is maximal below Pol A, .

The Proof of Theorem 3.6 follows from propositions 4.1, 5.1, 6.2 and 7.1.
Firstly we look at the non-trivial equivalence case.

4. Non-Trivial Equivalence Relation

Let A be an h-ary regular relation (3 < I < k) on E; determined by the h-regular family T =
{61,...,0}, m > 1and o be a non-trivial equivalence relation on E; with f classes (t > 2).
Here we state the main result of this section.

Proposition 4.1. Let A be an h-ary reqular relation (3 < h < k) on Ey determined by the h-reqular family T =
{61,...,0m}, m > 1and o be a non-trivial equivalence relation on Ej with t classes (t > 2). Then Pol A N Pol &
is maximal below Pol A if and only if (A is o-closed) or (A = vy, and for all x,y € Ey, [x]s N [y]e # D).

The necessary condition of Proposition 4.1 is given by Lemmas 4.2, and 4.4.

Lemma 4.2. Let A be an h-ary regular relation (3 < h < k) on Ejy determined by the h-regular family
T =1{6y,...,0u}, m > 1and o be a non-trivial equivalence relation on Ej with t classes (t > 2) such that A is
o-closed. Then Pol A N Pol ¢ is maximal below Pol A.

Before the Proof of Lemma 4.2, we will give some useful properties of ¢ in Lemma 4.3. For
a,b € E!, we write (a,b) € o if (a;,b;) € o foralll < i < n, where a := (ay,...,a,) and b :=
(b1,...,by). Let g € Pol A \ Pol o be an n-ary operation, then there exist (a1, b1), ..., (ay,by) € 0 such
that (g(a1,...,an),8(b1,...,bn)) & 0.

Lemma 4.3. Let m > 1 be an integer, A be an h-ary regular relation (3 < h < k) on Ey determined by the
h-reqular family T = {64,...,0,}, m > 1 and o be a non-trivial equivalence relation on Ej with t classes
(t > 2),let g € Pol A\ Polo be an n-ary operation . Then for all e,d € E}' such that e # d and (e, d) € o,
there exists an m-ary operation f,z € ((PolANPolo) U {g}) such that (f,(e), foq(d)) & 0.

Proof. We distinguish two cases: (i) m = 1 and (ii) m > 1.

Let g € PolA \ Polo be an n-ary operation. Then there exist (a1,b1),..., (s, by) € 0 such that
(¢(ar,...,an),8(by,...,by)) & 0. Form = 1,lete,d € E; such thate # d and (e,d) € o, we will
construct a unary operation f,; € ((PolA NPolc) U{g}) such that (f.(e), fea(d)) ¢ . For1 <i <n,
consider the unary operation f., defined on Ey by fi,(x) = a; if x = e and f!,(x) = b; otherwise. Since
(a;,b;) € oand Imf,, = {a;, b;}, then f,, € Polo. Furthermore, A is totally reflexive, thus f!, € Pol A
and fi, € PolA NPolo. Let f,; be the unary operation defined on Ex by : fo4(x) = g(fL(x),..., f14(x)),
Vx € Er. We have f,; € ((PolA NPolo) U {g}) (because f!, € PolA NPolc) and (fu(e), fer(d)) =
(¢(ay,...,an),8(b1,...,bn)) & 0. Hence, f,,; is the operation wanted.

Letm > 1, e,d € E}' such that e # d and (e,d) € 0, then there exists 1 < i < m such that

ej # d; and (e;,d;) € o, we can construct f,; as in Case m = 1. Set fed = fed; © ﬂl-(m). We have

fed € ((PolANPolo)U{g}) and (fed(e)'fed(d) = (g(ay,...,an),8(by,...,by)) ¢ 0. Hence fed 18
the m-ary operation wanted. [
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Proof. (Proof of Lemma 4.2). Let g" € Pol A\ (Polo NPol A) be an n-ary operation. Using the operation
constructed in Lemma 4.3 we will show that ((PolA NPolc) U {g}) = Pol A.

We have ((PolANPolo)U{g}) C Pol A. It remains to prove that PolA C ((PolANPolo) U{g}).
Let u € Pol A be an m-ary operation on E. Let us show that u € ((PolA NPolco) U {g}). Fore,d € E}
such that e # d and (e, d) € o, there exists an m-ary operation f,z € ((PolA NPolo) U {g}) such
that (f,4(e), foq(d)) & o (by Lemma 4.3). Set S = {f,; | e,d € E}’, (e,d) € o and e # d}, denoted
for reason of simple notation by S = {f; | 1 < i < ¢} ( Card(S) = /) and define the mapping
ext: EJ'! — E,TH], by ext(x) = (x, fi(x),..., fi(x)), forall x € E}".

Let x,y € E}! such that x # y, we have (ext(x),ext(y)) € ¢. In fact, if (ext(x), ext(y)) € o, then
(x,y) € o,x # yand (fxy(x), fxy(y)) € 0. Thus, fxy € S; contradiction(due to lemma 4.3).

Now we define the operation H on the range of ext by H(ext(x)) = u(x). We choose and fix
T = {e1,...,e:} such that (ei,e]-) ¢ 0,V1 <i < j<t(due to o contains t blocks). Define the unary
operation a on Ex by a(a) = i if and only if (a,¢;) € 0. Thus forall a € E,(a,¢,(,)) € 0. We have

~~ —

ext(EJ") G E{*™, so we can construct an extension H of H on E}"™* as follow:
Aly) {u(u) if Ju e. El : (ext(u),y) € o,
U(Cx(yy)sr -+ Cu(y,)) Otherwise.
Let us show that H € PolA N Polo. Firstly, we show that H € Polo. Leta = (ay,...,a,,¢) and
b= (by,..., by ) suchthat (a,b) € 0. We distinguish two cases:

Case 1: There exists u € EJ such that (ext(u), a) € 0. Then (ext(u),b) € ¢ (because (a,b) € o
and ¢ is transitive); hence (H(a), H(b)) = (u(u),u(u)) € 0.

Case 2: For all u € E}", (ext(a),u) ¢ o, then for all u € E", (ext(u),b) ¢ o (because (a,b) € o
and 0 is transitive). Forall 1 <i <m +1, ey, = ey, (since (a;, b;) € 0).

Therefore, (H(a), H(b)) = (u (€a(ar)r -+ Caap, ) U (Ca(py)r - - .,ea(hm+l))> € 0. Thus H € Polo.

Secondly, we show that H € Pol A.

Letay = (a1, a1p), - 8m = @mis-- - Amh)s -0 Al = (Amiopr - Amiep) € A, then for
ally € EZ‘%, there exists v € E" such that H(y) = u(v) and (y1,...,ym,v) € o (by the definition of
).

Forall 1 S ] S h, set d] = (alrjl N ,am,j, ce /um+l,j>/ b] = (e"‘(ul,j)’ e ,ea(uml/_),

. ’e“(ﬂmM,j))’ d; = (111,]', .. .,llm,]‘) and b; = ((ea(allj), . ,e“(um,j)). We have (d], b]), (d;, b;) eo, 1< ] <
h.

Since d; = (ﬂl,j/ R .,amM/]') € EMtl there exists v = ("01,]-, ... ,vm,j) € EJ' such that
H(d]) = M(ZJ]') and ((111,]-, “ee ,am,j), (?)1’]’, vee ,'Um,]')) € 0. Thus (H(dl), ey H(dh)) = (u(vl), .o ,u(vh)).

Foralll <i<mand1l <j<h, ('oi,j,ea(ui,],)) € cand (ea(ai/l),ea(m),...,ea(ul_’h)) € A; since A is
o-closed, we have (v1,...,v;;) € A, V1 <i < m.

Therefore (u(zzu,...,vmll),u(vm,...,vmlz), (u(v1p, - ..,vm,h)) = (u(vy),...,u(vy)) =
(H(dy),...,H(dy)) € A (because u € PolA). Thus H € PolA. It follows that H € PolA N Polc
and for all x € E", H(x, fyui0(x),..., fuy1(x)) = H(ext(x)) = Hoext(x) = u(x). Thus u =
Hoext € ((PolANPolo)U{g}). Therefore PolA C ((PolANPolc) U {g}). We conclude that
((PolANPolo)U{g}) = Pol A and Pol A N Pol ¢ is maximal below PolA. [

Lemma 4.4. Let A be an h-ary regular relation (3 < h < k) on Ey determined by the h-regular family
T =1{6y,...,0n}, m > 1and o be a non-trivial equivalence relation on Ey with t classes (t > 2) such that
A = qp and for all x,y € Ey, [x]s N [yle # D. Then Pol A N Pol o is maximal below Pol A.

Before the Proof of Lemma 4.4, we recall some notations. The binary relation ¢ is defined by
e={(a,b) € E,% | (a,b,a3,...,a,) € A,Vas,...,a, € Ex}.

Note that T = {uy,...,u;} is a transversal for the o-classes such that T" C A and the h-ary relation 7y,
is defined by :
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v = {(ar,...,a,) € E,’j | Jo1,...,05 € Ex : (v1,...,05) € A, and V1 < i < h,Vjy,...,jn_2 €

{1,...,h}\{i}, (vj,a;, a5, ... ,4;, ,) € A}.
For all x,y € Ei, we choose and fix ayy € [x], N [y]e (because [x], N [y]e # D).

Proof. Let g" € PolA \ (Poloc NPolA) be an n-ary operation. Using the operation constructed in
Lemma 4.3, we will show that ((PolANPolo) U{g}) = Pol A. We have ((PolANPolo)U{g}) C PolA.
It remains to prove that PolA C ((PolANPolo)U{g}). Let u € Pol A be an m-ary operation on Ej.
We will show that u € ((PolA NPolc) U {g}. Using the notations given in the proof of Lemma 4.2, we
define the operation H as follows:

fi(y) = {“u(x)u(yl,...,ym) if 3x € E]' : (ext(x),y) € o,
Ko (Y1) otherwise.

Let us show that H € Pol A N Pol ¢. Firstly, we show that H € Polo. Leta = (ay, ..., a4, () and
b= (by,..., by ) such that (a,b) € 0. We distinguish two cases:

Case 1: There exits x € E] such that (ext(x), a) € 0. Then (ext(x),b) € o (because (a,b) € o and
o is transitive). We obtain

(H(a), H(b)) = (@u(x)uay,.oam)r Cu(x) by, b)) € O

Case 2: For all x € E}!, (ext(x),a) ¢ o, then for all x € E}, (ext(x),b) & o (because (a,b) € o
and ¢ is transitive).

We have (H(a), H(b)) :~(“u1u(a1,...,um)r"‘ulu(bl,...,bm)) € 0. Thus H € Polo.

Secondly, we show that H € Pol A.

Let a1 = (611,1, ... ,Ill,h), e,y = (am,l, . ,am,h), e, Ay = (am+g,g, .. -/am+€,h) € A. For
all1 < j < hsetd; = (ay,..., 4pj, -, 4yyp;) and b; = (111,]‘/ .. .,am/]«). We will show that
(H(dy),...,H(dy)) € A. We look at the following two cases:

Case 1: For 1 < j < h, 3xj = (x1j,...,%y,j) € E}' such that (ext(x;),d;) € o. Then, H(d;) =
01 e 01 jmtin) = P (b)) Forall1 < j < h, setv; = u(b;). We have (vy,...,v;) € A
(because u € Pol A). Since A = 7, we obtain (H(d,),...,H(dy)) = (e ()7 - e, u(by) € A
(due to the fact that for 1 <i <h, ("‘u(xi)u(bi)'vi) € ¢).

Case 2: There exists 1 < j < h such that Vx € EJ"", (ext(x),d;) ¢ 0. Then H(d;) = (b))
j

We obtain (H(dy),...,H(dy)) = (“u(xl)u(bl)"'"“ulu(bj)"'"“u(xh)u(bh))' Since (u(b1),...,u(by))
€ Aand (“u(xl)u(bl)'”(bl)) € ¢, we conclude that

(“u(xl)u(bl)’ u(by),...,u(by)) € A. Repeating the same argument, we obtain by induction that
the resulting h tuple (H(dy),..., H(d;)) isin A. Thus, H € Pol A.

For all x € E", H(x, fuie(x), ..., fuy1(x)) = H(ext(x)) = Hoext(x) = u(x). Thus, u =
Hoext € ((PolANPolc)U{g}). Therefore PolA C ((PolANPolc) U {g}). We conclude that
((PolANPolo)U{g}) = Pol A and Pol A N Pol ¢ is maximal below PolA. [J

The sufficient condition of Proposition 4.1 is obtained by the following proposition.

Proposition 4.5. Let A be an h-ary regular relation on Ey (3 < h < k) determined by the h-regular family
T ={64,...,0}, and o be a non-trivial equivalence relation on Ej with t classes (t > 2)such that Pol A N Pol &
is maximal below Pol A. Then, A is o-closed or A = vy, and for all x,y € E, [x]s N [y]e # D.

It’s proof is obtained from the following Lemmas.

Let A be an h-ary regular relation (3 < h < k) on E; determined by the h-regular family T =
{61,...,0,}, m > 1and o be a non-trivial equivalence relation on E; with f classes (f > 2). We set :

oj = {(a1,...,a) € E,’z | Juy € [at]o, .. uj € [aj]o, (w1, uj, 8541, a) €AY, 1 < j< h We
have A C ¢; C E and Pol A NPolo C Pol A NPolgjfor1 < j<h(duetoo; € [{A, c}]).

Let (a,b) € EZ \ o and (e,d) € o such that e # d. Consider the unary operation f; defined on Ey
by
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Ailt) = {a ift=e,

b otherwise.

Since (¢,d) € o and (fi(e), fi(d)) = (a,b) & o, then f; ¢ Polo; but fi € PolA NPolo; ( because
Im(f1) = {a,b}, {a,b}h C A C 0, in fact A and g; are totally reflexive). Therefore, for 1 < j < h,
PolA NPolo C PolA NPolo;. Since 0y, is totally reflexive, totally symmetric and A C 03, C E,’g, we
obtain the following three cases: (1) A =03, (2) A C 0, € Ellg and (3) o, = E,}(’.

We begin with case (1) A = 0y,. The following lemma shows that A is o-closed.

Lemma 4.6. Under the assumptions of Proposition 4.5 and A = oy, we have A is o-closed.
Proof. Assume that A = ¢y,. It follows from definition that A is o-closed. O

We continue with case (2) A C 03, C EI’:. The next lemma proves that this case can not occur.
Lemma 4.7. Under the assumptions of Proposition 4.5, the case (2) A C 0y, € E,’: is impossible.

Proof. Assume that A C 0y, C EI". Let (ay,...,a,) € E' \ o and (uy,...,u;) € 03, \ A. There exists an
equivalence relation 6 in the h-regular family T associated to A such that for 1 <i < j <h, (u;,u;) is
not an element of 6. Consider the unary operation g defined on E; by g(x) = a; if and only if x € [u;],.
Hence g preserves A (because g restricted to each 6;-class is constant) and does not preserve oy, (because
(u1,...,uy) € oy, and (g(uq),...,8(uy)) = (ay,...,a,) ¢ o). Hence PolA NPolo C Poloy, NPolA C
Pol A. Thus Pol A N Pol ¢ is not maximal below PolA. O

Now we finish our investigation with case (3) 0, = E,}j. We recall that o has f classes (t > 2). For
i > 2, we denote by ¢; the i-ary relation defined on Ey by: &; = {(ay,...,4;) € E;; | 3a} € [m1]o, ... 4} €
[ailo, {a),...,a}" C AL
Wehave oy, = &), = E,’z and {; satisfies one of the following two conditions : (3.1) &; = Ef, (3.2) ; # E}.
In the case ¢; # E,t(, we denote by n the least integer N such that {y # E,I(\I . Since ¢, = E’,:, we
have n > h. The next result shows that only the case (3.1) is possible.

Lemma 4.8. Under the assumptions of Proposition 4.5 and o3, = E}i’, we have &y = EL.

Proof. Assume that {; # E,t(. The minimality of # yields that {,,_1 = EZ_l. It is easy to check that ¢, is
totally reflexive and totally symmetric. Furthermore, we have Pol A N Polo C PolA NPol¢; € PolA
(due to o binary, n > I, &, totally reflexive and totally symmetric). Let (ay,...,a,) € Ef \ A and
(u1,...,uy) € A\l The unary operation f defined on Ey by

a; ft=u;1<i<h,
f(t)Z{

ap otherwise.

preserves ¢, (because n > h, Im(f) = {ay,...,a;}, ¢, is totally symmetric and totally reflexive )
and does not preserve A ( because (uy,...,u;) € Aand (f(u1),..., f(uy)) = (aq,...,a;) ¢ A. Thus
PolA # Pol ¢, and we have PolA NPolo C PolA NPol¢, C PolA; contradicting the maximality of
Pol A NPolc in Pol A. Hence, & = E;. [

Now we assume that & = E,t{. Therefore there exist uy,...,u; € Ej such that (u;, u]-) ¢ o,
1<i<j<tand {u,. ..,ut}h C A Weset W = {uy,...,u}; Wis a transversal of ¢ and A.

Forj € h, wesetd; = ﬂ (0j)s- Tt is easy to check that 4; is totally symmetric and totally reflexive.

SESy

We have ¢), = E,i‘. For1<j<h-1,AC 0; C E,i’ and we distinguish the following cases: (4.1) A = 5j,
(42) A C6; C Eland (43) 6; = EJL.

Now, we study the subcase (4.2) A C 6; C E]’C’. The following lemma shows that this case can not
occur.
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Lemma 4.9. Under the assumptions of Proposition 4.5 and there is a transversal W of o-classes such that
W C A, thereis no 1 <j<h-—1suchthat A C 6; C E,;(’.

Proof. Assume that there exists 1 < j < h —1 such that A C (Sj - E];(‘. Then a similar argument
as in the Proof of Lemma 4.7 shows that PolA N Poloc C PolA NPold; ¢ PolA and we obtain a
contradiction. [

We continue our discussion with subcase (4.1) A = J; for some 1 < j < h — 1. We can see in the
following lemma that it is also impossible.

Lemma 4.10. Under the assumptions of Proposition 4.5 and there is a transversal W of o-classes such that
Wh C A, thereis no 1 <j< h—lsuchthat)\zéj.

Proof. Assume that thereis1 < j < h —1suchthat A = 5]-. Since §; C 5]-, foralll1 <i<j<h-—1and
h—1
ACé, foralll <i<h—1,thenA C ﬂ 0 =01.
i=1
Thus, A = 61 (due to A C 47). Recall that 6; = ﬂ (01)s and
SESh

or = {(ay,...,a,) € E} | 3u € By, (a,u) € o A (w,ay,...,a,) € A}

Thus 07 # EJ. We have the following possibilities: (i) o1 = A and (ii) A C oy C E.

Assume that (i) A = oy holds. Let (ay,...,a;) € EI' \ A; since W = {uy,...,u} is a transversal,
without loss of generality we can affirm that (uq,...,u,) € Aand (a3, u1),...,(ay,uy) € ¢ (*). Thus,
(a1,up,...,uy) € op = A. By induction and the totally symmetry of A, we obtain (ay,4a,...,a;) € A;

contradicting the choice of (a1, a, ..., a;,). Therefore (i) A C o7 C El holds. Since A = M (01)s, we
s€S

have Poloy C Pol A; in addition o7 € [{c,A}], so PolA NPole C Pol oy. It follows that Pol Ahﬂ Polo C

Poloy C PolA. Let (a,b) € E?\ o and (1,v) € o such that u # v. Let f; be defined on Ey by f(t) = a if

t = uand f(t) = b otherwise. Then the unary operation f; preserves o (because 07 is totally reflexive

and Im(f1) = {a,b}) and does not preserve ¢ (due to (u,v) € o and (f1(u), f1(v)) = (a,b) & 0.

Therefore PolA NPolc C Poloy. A similar argument as in the proof of Lemma 4.7 shows that

PolANPoloy € PolA. Thus, PolA NPole C Poleyg NPolA C Pol A; contradicting the maximality of
PolANPoloinPolA. O

From Lemmas 4.6, 4.7, 4.8, 4.9, and 4.10, we conclude that forall 1 <j < h—1,6; = EZ. Therefore

& = El'= [ (01)s. Hence El' = 07 = (071); forall s € S,
SESy

Now we assume that for all (ay,...,a;) € Ei’, Ju € [a1]y such that (u,ay,...,a;) € A and there is
a transversal W = {uq,...,u;} for o and A such that Wh C A

Forh <1<k wesetp, = {(a1,...,4) € E{ | Ju € Ex, {u} x {ay,...,a}" "1 C A}.

Clearly A C p;, C EZ, and every p;, h <1 <k, is totally symmetric. Since ¢ is a binary relation and
h > 2, we have Poloc N Pol A & Pol A N Pol p;,. We distinguish the following three cases : (1) A = py,
(2) A pp G Ef and (3) o = EJ.

Now, we study the subcase (2) A & pj, & El'. We show in the next lemma that (2) is impossible.

Lemma 4.11. Under the assumptions of Proposition 4.5, oy = A and there exists a transversal W =
{uy,...,us} of o-classes such that W" C A, subcase A C py, C E,}(Z is impossible.

Proof. Use same argument as in the proof of Lemma 4.7. [
We continue with subcase (3) p; = E,’(‘. It is also shown that this case is impossible.

Lemma 4.12. Under the assumptions of Proposition 4.5, o1 = A and there exists a transversal W =
{uy,...,us} of o-classes such that W" C A, subcase py, = E,’j is also impossible.

d0i:10.20944/preprints202412.0377.v1
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Proof. Assume that pj, = E’]:. We will show that pj = E’,j.

Suppose that p; # Ellj. Let n be the least integer such that p,, # E}. Then n > h (because p;, = EI}(‘).
Since n,h > 2, we have Polo NPolA & Polp;, NPolA. Furthermore, p, is totally reflexive (due to
Pn—1 = E,'Zfl). Let (ay,...,a,) € E,}(’ \Aand (uy,...,up) € A\ lZ. The unary operation f defined on Ej
by :

a; ift=u;1<i<h,
f(t)Z{

ap; otherwise.

preserves p, (because n > h and p,, is totally reflexive) and does not preserve A (because (u1,...,uy) €
Aand (f(uq),...,f(uy)) = (a1,...,a5) ¢ A). Hence Polo NPolA & Polp, NPolA & PolA, con-
tradicting the maximality of PolA N Polc in PolA. Thus py = E’,j. Set Ex = {ay,...,a;}. Then
(ar,...,a;) € E’,ﬁ = 0k, so there exists u € Ej such that {u} x {ay,...,a;}""1 C A. Thus u is a central
element of A; contradiction. O

Now we finish our discussion with subcase (3) A = py,.
Forh <1 <k, we set

Y = {(al,. . .,al) S E]l< | Jov4, . ..,01 € Ep {U1,...,Ul}h C AV <i < l,le,...,jh_z €
{1, .. ,l}\{l}, (Ui/ Aj,Qjyy - - .,El]‘hiz) c /\}

Clearly A C 7, C E;{’, and every y;, h <1 <k, is totally symmetric. Since ¢ is a binary relation and
h > 2, we have Poloc NPol A & Pol A NPolvy;,. 7y, satisfies one of the following three cases : (1) A = 1y,
2) A CE and (3) 1, = E}.
Firstly, we show that the subcase (2) A G 7, & EJ! is impossible.

Lemma 4.13. Under the assumptions of Proposition 4.5, 01 = A, there exists a transversal W = {uq,...,us}
of o-classes such that W" C A and pj, = A, subcase A G v, & E,’j is impossible.

Proof. Assume that A & v, & E,i‘. Using similar argument as in the proof of Lemma 4.7 we obtain the
conclusion. O

Secondly, we prove also that subcase v, = El}(‘ can not occur.

Lemma 4.14. Under the assumptions of Proposition 4.5, 01 = A, there exists a transversal W = {uq,...,us}
of o-classes such that W' C A and pj, = A, subcase v, = E,}j is impossible.

Proof. Assume that ;, = E,i‘. We will show that 7 = E,Ig .

Suppose that ¢, # E’,ﬁ. Let n be the least integer such that 7, # E}'. Then n > h ( because
Yn = E,’j) and 7, is totally reflexive. Using a similar argument as in the proof of Lemma 4.7, we
obtain Poloc N PolA & Poly, NPolA & Pol A, contradicting the maximality of Polo N Pol A in Pol A.
So, Yk = E]lz.

Now we show that this fact yields A = E,}(’. Since vy = E’,;, then for every ay, ..., a,_1 € Ex there
exist certain vy, ..., v,_1 € E, with

(vo,v1,...,0p_1) EA (4.1)

and
VOo<i<h- 1,Vj1,...,jh_2 S {0,...,h — 1} \ {Z}, (ai,vi,ah,...,ajhfz) S (4.2).
By induction, we will show that

Vi>0 Vag,...,a,,l [S Ek | (ao,...,a,,l,vl,vtﬂ,...,vh,l) eEA (43)

For! =0, (4.3) follows from (4.1). Assume (4.3) holds for1 < < h—2. Then (ag,...,a;_1,7;, V41, - -,
vy_1) € A from (4.3). Choosing u = v;, we can see that (ag,...,a4;_1,4;,0141,...,0_1) € pp = A. B
(4.3) and | = h, we get A = E! which is a contradiction. [
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Now we end this discussion with subcase (1) A = 7,

Let € be the binary relation defined on Ej by

e={(a,b) € E,% | (a,b,a3,...,a,) € A, Va3, ..., a, € E;}. The following proposition show that ¢ is
an equivalence relation and the next lemma gives the link between the equivalence classes of € and ¢.

Proposition 4.15. ([9], page 205-206 ) Under the assumptions of Proposition 4.5 and v, = A, € is an
equivalence relation on Ey. Furthermore, for all a,b,ay, ..., a,_1 € Ey such that (a,b) € €, we have
(a,a1,...,ay,_1) E A<= (b,ay,...,ay_1) € \.

Lemma 4.16. Under the assumptions of Proposition 4.5, 01 = A, there exists a transversal W = {uq,...,us}
of o~classes such that W' C A and «y;, = A, then for all x,y € Ey, [x]¢ N [y]e # @.

Proof. Assume thaty, = A. Weseta, = {(a1,...,a;) € El' | (a1,a2) € 0}

Assume that &, C A. Let (ay,...,a;) € Ef{‘, there exists v € Ej such that (a1,v) € cand (v,ay,...,a;) €
A. Since &, C A, we have {v} x {ay,...,a,}""1 C A. Thus (ay,...,a,) € A (because A = p;,). So,
E,}(’ = A; contradiction. We conclude that o, € A. Let (ey, ..., ey) € E,’j \ A such that (e1,ep) € 0. We set
Brn={(ay,...,ap) € El' | Jv € [a1)o, (v, a2,0j,,...,aj, ,) €A Vji,...,jno €{1,..., h}}.

Clearly, we have A C B, C E,’z. (e1,...,en) € B \ A, taking v = e;. Hence A C B, C E]’z.

IfAC By C E,’:, then using a similar argument as in the proof of Lemma 4.7 we obtain a
contradiction. So, B, = E,’{l. By induction on | > & and the fact that B, ;1 is totally reflexive, we can
show that By = E,’g.

Assume that Ex = {ay,...,a}. Then (ay,...,ar) € Ef = By and there exists v € [a1], such that
(v,az,ah,. ..,ajhfz) €NV, jna €{1,...,k}. Thus (v,ap) € eand [a1]¢ N [a2]e #@. O

Now we are ready to give the proof of Proposition 4.5 and 4.1.

Proof. (Proof of Proposition 4.5) Combining Lemmas 4.6-4.16 and Proposition 4.15, we obtain the
result. O

Proof. ( Proof of Proposition 4.1) The necessary condition of Proposition 4.1 is given by Lemmas 4.2
and 4.4 and the sufficient condition is obtained by Proposition 4.5. [

Secondly, we investigate the bounded partial order case.

5. Bounded Partial Order

Let A be an h-ary regular relation (3 < h < k) on Ej and ¢ be a bounded partial order on Ej with
greatest element T and least element L. In this section, we will show that Pol A N Pol ¢ is not maximal
below Pol A. We recall the relation oy defined below. o1 = {(ay,...,a,) € E}' | 3u € Ey, (a1, u) €
oA (u,ay,...,a,) € A}. Wehave A C 07 C E,’j and PolA NPolo C PolA NPoloy C Pol A.

Now we state the main result of this section.

Proposition 5.1. Let A be an h-ary regular relation on E (3 < h < k). If ¢ is a bounded partial order on Ej
with greatest element T and least element L, then Pol A N Pol o is not maximal below Pol A.

The proof will be shared in Lemmas 5.2, 5.3 and 5.4. Comparing A and o1, we have the following
cases: (1) A=0y, (b) AC o1 CEland (c) o1 = E}. The next lemma shows that the case (a) is
impossible.

Lemma 5.2. If PolA NPolo is maximal below Pol A, then the case A = oy is impossible.

Proof. Assume that A = 0y. Letay,...,a, € Ex, wehave (ap, T) € cand (T, T,...,a;) € A (due to
T greatest element of ¢ and A totally reflexive). Thus (ap, T,...,a;,) € 01 = A. Hence T is a central
element of A; contradiction.

O

Now we look at the case (c). The following lemma shows that it is impossible.
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Lemma 5.3. If PolA N Pol o is maximal below Pol A, then the case oq = EZ is impossible.

Proof. Assume that oy = E;{’. Letay,...,a, € Ex; wehave (T,ay,...,a,) € EZ = 07, there exists u € Ej
such that (T,u) € cand (u,4ay,...,a;) € A. Hence u = T (due to T is the greatest element of ) and
(T,ay,...,a) € A. Therefore T is a central element of A; contradiction.

[

Finally we show that the case (b) is also impossible in the next lemma.
Lemma 5.4. If PolA N Pol o is maximal below Pol A, then the case A C oy C Ei‘ is impossible.

Proof. Assume that A C o1 C E}'. Let (a1,...,4;) € E,}(’ \ o1 and (uy,...,uy) € 01 \ A. Consider again
the unary operation ¢ defined on E; by g(x) = a; if and only if x € [u;]g, where §; € T and T is
the h-regular family associated to A. g preserves A and does not preserve oy, since (uy,...,uy) €
op and (g(u1),...,8(up)) = (a1,...,a,) ¢ o7 and g restricted to each 6;-class is constant. Hence
PolANPolo C Poloyg NPol A C Pol A, contradicting the maximality of Pol A N Pol o below Pol A. [J

Proof. ( Proof of Proposition 5.1) Using Lemma 5.2, Lemma 5.3 and Lemma 5.4, we observe that
Polo N Pol A is not maximal below Pol A. [

Thirdly, we investigate the case of prime permutation relation.

6. Prime Permutation Relation

In this section, s is a fixed point free permutation on E; with s? = id ( p prime). We denote by s°,
the graph of s. In other words, s° = {(a,b) € E? | b = s(a)}. Let 6, be the equivalence relation on E
consisting of all pairs (a,b) € EZ with a = s'(b) for some 0 < i < p.

Definition 6.1. Let k > 3, A be an h-ary regular relation (3 < h < k) and s be a fixed point free permutation
on Ey with sP = id ( p prime ). An equivalence relation 0 is said transversal to s if s € Pol 6 and 6; N0 = Af,
where Ag, is the equality relation on Ej.

Here we state the main result of this section.

Proposition 6.2. Let A be an h-ary reqular relation on Ey and s be a fixed point free permutation on Ey with
sP = id ( p prime). Then Pol A N Pols® is maximal below Pol A if and only if A is Os-closed.

Before the proof of this proposition, we recall the following characterization of the relational clone
generated by the prime permutation s and the regular relation A.

Proposition 6.3. ([16], Proposition 3.14) Let k > 3, A be an h- ary regular relation (3 < h < k) and s be a
fixed point free permutation on Ey with sP = id ( p prime ). The relational algebra [{s°, A }] contains one of the
following relations:

(1) anon-trivial equivalence relation which is either 6s-closed or transversal to s;

(2)  anaffine relation determined by an elementary abelian p-group (k; +) such that there exists an element
c € kwiths(x) =x+cforall x € k;

(3)  a central relation;

(4)  aOs-closed reqular relation.

The next lemma gives the sufficient condition in Proposition 6.2.

Lemma 6.4. Let k > 3, A be an h-ary regular relation (3 < h < k) and s be a fixed point free permutation on
Ey with s? = id ( p prime ). If Pol A N Pols® is maximal below Pol A, then A is 8s-closed.


https://doi.org/10.20944/preprints202412.0377.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 December 2024 d0i:10.20944/preprints202412.0377.v1

13 0f 17

Proof. Assume that Pol A N Pols° is maximal below Pol A. From Proposition 6.3, the relational algebra
[{s°, A}] contains a relation 7 satisfying (1), (2), (3) or (4). Thus Pol A N Pols® C Pol A NPoly C Pol A.
From Rosenberg’s classification theorem (see Theorem 3.1 ) Pol vy is a maximal clone. Assume that
v # A, then PolANPoly C PolA ( because Pol A and Pol+y are two different maximal clones).
Thus PolA N Pols® € PolANPoly € PolA. Leta € E;. Consider the constant unary operation
C, with value a. It is easy to see that C, preserves A and v and C,; does not preserve s°. Hence
PolA N Pols® C PolA NPoly C Pol A, contradicting the choice of s. Therefore v = A and we conclude
that A is 0s-closed. [

The converse of the equivalence in Proposition 6.2 follows from the following result due to
Rosenberg and Szendrei.

Proposition 6.5. ([16], Proposition 4.3) Let k > 3, s be a fixed point free permutation on Ey with sP = id (p
prime) and A be an h-ary 0s-closed regular relation (3 < h < k). The relational subalgebras of [{s°, A}] form a
4-element boolean lattice consisting of [{s°, A}], [{s°}], [{A}] and [{ A, }].

The next Corollary gives the maximality of Pol A N Pols® in Pol A.

Corollary 6.6. Let A be an h-ary regular relation on Ey (3 < h < k) and s be a prime permutation relation on
Ej such that A is 65-closed. Then Pol s® N Pol A is maximal below Pol A.

Proof. It follows from Proposition 6.5. [J
Proof. (Proof of Proposition 6.2) It follows from Lemma 6.4 and Corollary 6.6. [

Fourthly, we focus our attention on binary central relation case.

7. Binary Central Relation

In this section, we give a necessary and sufficient condition on a binary central relation ¢ such
that the clone Pol o N Pol A is covered by Pol A, where A is an h-ary regular relation on E; (3 < h < k).
Let o be a binary central relation on Ey. For | > 2, we set
wy = {(a,...,a) € EL | 3u € Ex, (ay,u),...,(a;,u) € cand {u} x {ay,.. a1 C A}, From
definition wj is totally symmetric for 2 < I. We consider again the equivalence relation ¢ defined on Ej
by
e={(ab) e E,% | (a,b,a3,...,ay) €AV as,...,a, € Ex}.

Here we state the main result of this section.

Proposition 7.1. Let k > 3, A be an h-ary regular relation on Ey (3 < h < k) and o be a binary central relation
on Ey. Then PolA N Pol o is maximal below Pol A if and only if for all x € Ey, Cy N [x]¢ # @.

The necessary condition of Proposition 7.1 is stated in the following Lemma.

Lemma 7.2. Let A be an h-ary regular relation on Ex (3 < h < k) determined by the h-regqular family
T =1{64,...,0m}, m > 1and o be a binary central relation on Ey such that Vx € Ey, Cy N [x]¢ # @. Then
Pol A NPol o is a submaximal clone of Pol A.

Proof. Assume that Vx € E; , C, N [x]e # @. For all x € Ei, we choose and fix ¢y € Cy N [x]e. Let
g" € Pol A\ (Polo NPol A) be an n-ary operation. Using the operation H constructed in the proof of
Lemma 4.3, we will show that ((PolA NPolco) U {g}) = Pol A.

Clearly, we have ((PolA NPolo) U {g}) C PolA. It remains to prove that PolA C ((PolA N
Polo) U{g}). Letu € Pol A be an m-ary operation on E. We will show that u € ((PolANPolc) U {g}.
We extend H to H defined by:

Fi(y) = u(x) if y = ext(x),
Y otherwise.

Cu(y,.iym )
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Let’s show that H € Pol A N Pol ¢. Firstly, we show that H € Polo.

Leta = (ay,...,a,.¢)and b = (by,..., by ¢) such that (a,b) € 0. We distinguish two cases:

Case 1: If a = ext(x) and b = ext(y), then x = y (From Lemma 4.3). Hence (H(a), H(b)) =
(u(x),u(x)) € 0.

Case 2: Forall x € E/",a # ext(x) or For all x € E/",b # ext(x); without loss of generality,
we suppose that For all x € E}',a # ext(x). Then (H(a), H(b)) = (cy(a,,...a,,) H(b)) € 0 (because
Cu(ay,am) € Co). Thus H € Polo.

Secondly, we show that H € Pol A.

Letay = (a11,---,a10) - @m = @i, Qp)r s Ayt = (Amsoer -,

Apyop) € A Foralll < j < h,setd; = (ayj,... apj ..., ayy;) and bj = (ayj, ..., ay,;). We will show
that (H(dy),...,H(d,)) € A. We distinguish again two cases:

Case1: V1 <j<hd = ext(b]-), then we obtain
(I:I(dl), .. ,H(dh)) = (u(by),...,u(by)) € A(dueto (by,...,b,) € Aand u € Pol A).

Case 2: There exists 1 < j < h such that H(d;) = Cu(by) then we have (H(dy),...,H(dy)) =
(H(dy),.. Cub,) ..,H(dy)) € Abecause (Cu(b]-)'”(bf)) € ¢, Ais totally symmetric, (u(by), ..., u(by))
€ A and we can replace gradually u(by) by Cu(bk) until obtained the desire tuple. Thus H € Pol A.
Forall x € EI", H(x, fys0(x),..., fmri(x)) = H(ext(x)) = Hoext(x) = u(x). Thus, u = Hoext €
((PolANPolo) U{g}). Therefore PolA C ((PolANPolc)U{g}). We conclude that ((PolA NPolo) U
{g}) = Pol A. Thus Pol A N Pol ¢ is maximal below PolA. [

The sufficient condition in Proposition 7.1 is given by the following statement.

Proposition 7.3. Let A be an h-ary regular relation (3 < h < k) on Ey and o be a binary central relation on
Ex. If Pol A N Pol o is maximal below Pol A, then ¥x € Ey, Cy N [x]¢ # D.

The proof of Proposition 7.3 is investigated in the following Lemmas.

Let A be an h-ary regular relation (3 < h < k) on E and ¢ be a binary central relation on E; such
that Pol A N Pol o is maximal below Pol A. Recall that wy = {(a1,a2) € EZ | Ju € Ey, (a1,u), (a2, u) €
oand {u} x {ay,a}" "1 C A}

Clearly 0 C wy C E,% and Pol A NPolo C PolA NPolwy C PolA (due to A totally reflexive and
wy € [A,0]). We look at the following three subcases: (1) ¢ & w> G E?, (2) wp =cand (3) wy = EZ.

Firstly, we show in the next lemma that the subcase (1) ¢ & wy & E,% can not occur.

Lemma 7.4. Under the assumptions of Proposition 7.3, the subcase ¢ G wy & EZ is impossible.

Proof. Letc € C,. Since 0 C wy € E%, then w; is a binary central relation with ¢ € Cg,. Therefore
o and w; are two different central relations. Thus PolA N Polo, C PolA NPolw, C Pol A (because
Pol A and Polw, are two different maximal clones and ¢ C w») , contradicting the maximality of
Polo NPol A below Pol A. [

Secondly, we show that subcase wy = ¢ is also impossible.
Lemma 7.5. Under the assumptions of Proposition7.3, the subcase wy = o is also impossible.

Proof. Assume that wy = . In this case we have h = 3 (because A is totally reflexive ). For [ > 3, we
set

91/ = {(611, .. .,611) S Ell( | Ju € Ek, (al,u) € oand le, .. -/]'h72 (S {1,. . .,l}, (u,az,ajl,. . ~;ajh—2) €
AL

Clearly A C 05 C E]%, hence 6} is totally reflexive and Pol A N Polo C Pol A NPol6; C Pol A(due
to 05 € [A, 0)).

Let ¢ € C,. Since c is not a central element of A, there exist ay, a3 € Ej such that (c,a,a3) ¢ A. So
(c,a2) € 0, (az,a3,¢), (az,a2,a3) € A. Hence (c,ap,a3) € 645\ A. Thus A C 6} C E3.
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If A C 64 C E}, then using a similar argument as in the proof of Lemma 4.7, we obtain Pol A N
Polo C PolA NPol#; C PolA; contradicting the maximality of Pol A N Pol o below Pol A. Hence
0, = E;.

Now we will show that 6] = E’,:. We assume that 6] # E’,ﬁ. Let 11 be the least integer N such that
0y # EN. Then 3 < n < k and 0, is totally reflexive (due to 6/, ; = E;"'). A similar argument as in
the proof of Lemma 4.8 yields that PolA N Polo C PolA NPol 6, C Pol A(due to 6, is not a diagonal
relation); contradicting the maximality of Pol A N Pol o below Pol A. Thus 6] = E,’g.

Furthermore, We show that ¢ C ¢. Let (4,b) € ¢. Since 9,’< = E,’g, there exists u € Ej such that
(u,a) € eand (b,u) € 0. Letc € C,. We have (a,¢),(b,c) € o and (a,b,c) € A (because (a,b) € ¢).
Hence (a,b) € wy = . Therefore e C 0.

Let (x,y) € E,%. We assume that Ex = {x,y,4a3,...,a;}. Therefore (x,y,as,...,a;) € E,’g = 6;. So
there exists u € Ej such that (x,u) € o and (u,y,v1,...,0,_2) € Aforall vq,...,v,_» € E;. Thus
(y,u) € e. Hence (y,u) € o (because ¢ C o). Thus (x,u),(y,u) € o and (x,y,u) € A (because
(y,u) € ¢). Therefore (x,y) € wy, and ¢ = w, = E; contradiction. [

We finish with subcase (3) w, = EZ. The following lemma shows that every e-block contains a
central element of ¢.

Lemma 7.6. Under the assumptions of Proposition 7.3 and w, = EZ, then for all x € Ey, Cy N [x]¢ # @.

Proof. Assume that wp, = E,%. We will show that w;,_; = E,’Z‘l. If w,_1 # EZ_l, then we denote
by 7 the least integer N such that wy # EY. Then 2 < n < h — 1. Since wy, is totally reflexive and
n > 2, for (a,b) € o such thata # b and (u,v) ¢ o, the unary operation f defined by f(a) = u and
f(x) = vif x # a, preserves w, and A; and does not preserve 0. Hence Pol A NPolo C Pol A N Pol wy;
it remains the next inequality to conclude. Let a,b € o such thata # b, we fix a1 = (a,a,...,a), a2 =
(a,b,...,a),...,ay, = (a,a,...,b),ntuples of E}'. Let (uy,...,u,) € E}. The n-ary operation g defined
on Ex by g(a;) = u;for 1 <i < nand g(x) = uj otherwise, preserves A (due to A totally reflexive and
h > n) and does not preserve w, (due to a; € wy, 1 <i<nandg(ay,...,an) = (u1,...,ux) € EY);
therefore Pol A N Pol w,, C Pol A; contradicting the maximality of Pol A N Pol o in Pol A. Thus wy,_1 =
Ep-L

Further we show that wj, = El'. It is easy to see that wj, N A is an h-ary totally reflexive and totally
symmetric relation contains in A and Pol A NPolo C Pol A NPol(wy, N A). We discuss two subcases: (i)
wy NA = A, (if) wy, N A C A We proceed first with case (ii). Since A N wy, is totally reflexive, we have
Pol A NPolo C Pol A NPol(wy, NA). Choosing (uy,...,u;) € A\ wy and using an operation similar to
¢ below, we obtain that Pol A N Pol(wy, N A) C PolA, contradicting the maximality. Hence case (ii) can
not occur. Now we suppose that (i) holds. It means that A is a subset of wy,. Thus three subcases can
occur: (i) A = wy, (i) A C wy, C El and (iii) wy, = E}.

We begin with subcase (iii) wj, = E,i‘. Using a similar argument as above in the proof of the
fact that wy,_; = E,ilfl, we can observe that w; = E,’g . Therefore A has a central element which is a
contradiction.

Now we continue with subcase (ii) A C wy, C EJ. A similar argument as in the proof of Lemma
4.7 shows that this case is also impossible.

We finish with subcase (i) A = wy,.

We consider the relation

o1 = {(a1,...,q) € EL | Ju € E,(ayu),...,(apu) € candVjy,...,.jno € {1,...,1},
(u,ay, ajl,...,a]-h_2) €A} forl > 2.

We observe that A is a subset of ¢,. Hence, we obtain two possibilities: (i) A C ¢, C EJ! and (ii)
E’;{l = Q.

Firstly, we discuss case (i) A C ¢, C E,’j. Let ¢ € Cy. Since c is not a central element of A, there
exist ap,...,a, € Ej such that (c,ap,...,a;) ¢ A. Hence, (ay,¢,as,...,a,) ¢ A (because A is totally

symmetric). We have (a;,¢) € ofor2 <i < hand (c,c, aj, - ..,a]-hfz) € Aforalljy,...,j,0€{1,..., h}.
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So (ay,¢,...,ay) € ¢, \ A. Using the h tuple (ay,¢, ..., a;) and the operation g defined in the proof of
Lemma 4.7, we obtain Pol A N Polo C Pol A N Pol ¢, C Pol A, which is a contradiction.

Secondly we investigate case ¢j, = E,’z. A similar argument as in the proof of Lemma 4.7 shows
that ¢ = E,’g.

We assume that Ex = {ay,...,ar}. Then (ay,...,a;) € E,’g = ¢y, so there exists u € Ejy such that
(ay,u),...,(ax,u) € cand (u,az,4aj,...,4a; ,) € Aforalljy,...,j,_» € {1,...,k}. Hence u € C; and
(u,ay) € e. Thus Vx € Ei, Co N [x]e #D. O

Proof. ( Proof of Proposition 7.3) It follows from the combination of Lemma 7.4, Lemma 7.5 and
Lemma7.6. O

Proof. (Proof of Proposition 7.1) It follows from the combination of Proposition 7.1, Lemma 7.2 and
Proposition 7.3. [

8. Conclusion and Further Research

In this work, we have characterized all binary relations ¢ such that the clone PolA N Polc is a
submaximal clone of Pol A for a fixed regular relation A on a k-element set (k > 2). The complete
characterization of submaximal clone in the lattice of clone on finite set is still opened and we will
continue to explore it in our future work.
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