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1. Introduction

In this paper, we define generalized Tetranacci quaternions in the next section and give some properties of
them and Tetranacci and Tetranacci-Lucas quaternions as special cases. First, we present some background
about quaternions and generalized Tetranacci numbers.

A quaternion is a hyper-complex number and is defined by

q = ap +ia1 + jaz + kaz = (ag, a1, az, a3)
where ag,a1,as and as are real numbers or scalers and 1,4, j, k are the standard orthonormal basis in R
The set of all quaternions are denoted by H. Note that we can write
g=ao+p

where p = ia; + jas + kaz. ag and p are called the scalar part and the vector part of the quaternion g,
respectively. The ag, a1, as, a3 are called the components of the quaternion q.
Addition of quaternions is defined as componentwise and the quaternion multiplication is defined as

follows:

(1.1) i2 =% =k* = ijk = —1.
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Note that from (1.1), we have
(1.2) ij =k = —ji, jk=1i=—kj, ki =j = —ik.

So, multiplication on H is not commutative.

The product of two quaternions ¢ = ag + ia1 + jas + kag and p = by + iby + jbs + kb3 is
gp = (aobo — a1by — agby — agbs) + i(apby + a1bg + a2bs — asbs)
+j(aoba — a1bs + az2by + asbr) + k(agbs + a1bs — azby + asby).
The conjugate of the quaternion ¢ is defined by
q" = (ag +ia1 + jas + kaz)* = ap — ia1 — jas — kas.
For two quaternions p, ¢ we have
(@) =q¢ (p+9)"=p"+4¢", (pg)” =q"p" and (p*q)" = ¢"p.
The norm of a quaternion ¢ is defined by
N(q) = llall == g¢* = a§ + af + a3 + a3.

The norm is multiplicative:
N(pq) = N(p)N(q)-

Division is uniquely defined (except by zero), thus quaternions form a division algebra. For two quaternions

p,q € H, we have

(pg) ' =q 'p".

The inverse (reciprocal) of a nonzero quaternion g is given by

A generalized Tetranacci sequence {V,}n>0 = {Vo(Vo, V1, V2, V3)}n>o0 is defined by the fourth-order

recurrence relations
(13) Vo=Va1+ Vi o+ Vi3 +Vay

with the initial values V) = ¢o, V1 = ¢1, Vo = ¢o, V3 = ¢3 not all being zero.
This sequence has been studied by many authors and more detail can be found in the extensive literature
dedicated to these sequences, see for example [11], [16], [17], [19], [27], [28].

The sequence {V},},>0 can be extended to negative subscripts by defining
Vin = =Votn-1) = Ven—2) = Ve(ns) + V(-

for n =1,2,3,.... Therefore, recurrence (1.3) holds for all integer n.
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The first few generalized Tetranacci numbers with positive subscript and negative subscript are given in

the following Table 1.

Table 1. A few generalized Tetranacci numbers

n Va Vo

0 Co Co

1 (1 C3 —C2—C1—Cp
2 ca 2¢o —c3

3 c3 2¢1 — ¢

4 co+c1+co+c3 2co — 1

5 co + 2¢1 + 2¢co + 2c¢3 2c3 — 2c0 — 2¢1 — 3¢y
6 2co + 3¢, + 4eo + 4es co + ¢1 + beg — 3es
7 4co + 6¢1 + Tea + 8cs 4cq — 4eo + 3

8 8¢y + 12¢1 + 14¢o + 15¢3 4cg — 41 + ¢

If we set Vo = 0,V; = 1,V, = 1,V3 = 2, then {V,,} is the well-known Tetranacci sequence and if
we set Vo = 4,V7 = 1,V = 3, V3 = 7 then {V,,} is the well-known Tetranacci-Lucas sequence. In other
words, Tetranacci sequence {M,,},>0 and Tetranacci-Lucas sequence {R,},>0 are defined by the fourth-

order recurrence relations

(1.4) My, = My 1+ Mo+ My 5+ My g, My=0,M =1, My =1, My =2
and
(15) R,=R, 1+R, o+R, 3+ R,_4, Ry=4,Ri=1,R,=3,R3 =1T1.

The sequences {M,, },>0 and {R, }n>0 can be extended to negative subscripts by defining
M_p=-M_(n_1)— M_(n_2) — M_(,_3) + M_(;,_y)
and
R ,=-R_(n-1)—R_(n_2)y— B_(n_3) + R_(n_y

for n = 1,2,3, ... respectively. Therefore, recurrences (1.4) and (1.5) hold for all integer n. Next, we present

the first few values of the Tetranacci and Tetranacci-Lucas numbers with positive and negative subscripts:

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
M, 0 1 1 2 4 § 15 29 56 108 208 401 773 1490
M_, 0 O 0 1 -1 0 0 2 =3 1 0 4 -8 5
R, 4 1 3 7 15 26 51 99 191 367 708 1365 2631 5071
R, 4 -1 -1 -1 7 -6 -1 -1 16 -19 4 -1 31 —53
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For all integers n, usual Tetranaci and Tetranacci-Lucas numbers can be expressed using Binet’s formulas

Oén+2 Bn+2 n+2 6n+2

Y
@—B)a-—Na-0 B-aB-nB-0 (-a0-Br-0 6-a0-50-1

(see for example [11] or [30])

M, =

or

-1 -1 o—1 ., _
n71+ﬂ /8711_{_7 n71_|_ 5n1

1.6 M, = 2"
(16) "= 58" 56— 8 5y 8 50 — 8

(see for example [7])
and

respectively, where o, 8, and & are the roots of the cubic equation z* — 23 — 22 — 2 — 1 = 0. Moreover,

s
BEE S
v = i‘%“ R

where

1/3 1/3
Lo | (e 56T (65 [563
O\ 12 54 108 54 108 '
We present Binet’s formula of the generalized Tetranacci sequence.

COROLLARY 1. The Binet’s formula of the generalized Tetranacci sequence {V,,} is given as

Vn _ AOén_6+Bﬂn_6+C"/n_6+D(5n_6

where
4 = 50;__18(%03 + (Vo + Vi +Wa)a? + (Vi + Va)a + Va)
b= 5%_—18(‘/363 + (Vo + Vi + V)82 + (Vi + V2) B + V3)
c = 5’2_—18<VW3+(%+V1 F V)2 4 (Vi + Va)y + Va)
D = 555 8(V353 + (Vo+Vi+V0)8% + (Vi + V3)6 + Va)

Proof. For a proof see [21, Corollary 1.3.].

In fact, Corollary 1 is a special case of a result in [1, Remark 2.3.].
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Note that the Binet form of a sequence satisfying (1.3) for non-negative integers is valid for all integers n,
for a proof of this result see [13]. This result of Howard and Saidak [13] is even true in the case of higher-order
recurrence relations.

o0
Next, we give the ordinary generating function Y a,z™ of the sequence V.
n=0

0

(oo}
LEMMA 2. Suppose that fy, (x) = Y. anz™ is the ordinary generating function of the generalized
n=
x) s given by

Tetranacci sequence {Vy, }n>0. Then, fy, (

Vo + (Vi =Wo)z+ (Vo= Vi = Vo)a? + (Vs = Vo — Vi — Vp)a®
B 1l—2—22—a3— 2t '

(1.7) fv.(x)

Proof. Using (1.3) and some calculation, we obtain
. (@) =z fv, (@) =2 fv, (2) = 2° fv, (2) =2 fy, (2) = Vo + (Vi = Vo)a+ (Va = Vi = Vo)a® + (V3 = Vo = Vi = Vp)a®

which gives (1.7).
The previous Lemma gives the following results as particular examples: generating function of the

Tetranacci sequence M, is
oo

fum, (z) = Z M, z" =
n=0

1—z—a%—a%—24

T

and generating function of the Tetranacci-Lucas sequence R,, is

4 -3z —22% — 28

1—xz—a%—123—a*

fr,(z) = Z R,2z" =
n=0

2. Generalized Tetranacci Quaternions and their Generating Functions and Binet’s Formulas

In this section, we define generalized Tetranacci quaternions and give generating functions and Binet
formulas for them. First, we give some information about quaternion sequences from the literature.
There are various types of quaternion sequences which have been studied by many researchers. Horadam

[12] introduced nth Fibonacci and nth Lucas quaternions as

3
Qn - Fn + Fn+161 + Fn+262 + Fn+363 - ZFnJrses
s=0

and
3

Rn - Ln + Ln+161 + Ln+2e2 + Ln+363 - Z Ln+ses
s=0

respectively, where Fj, and L, are the nth Fibonacci and Lucas numbers respectively. He also defined

generalized Fibonacci quaternion as

3
P,=H,+ Hn+1el + Hn+2€2 + Hn+3€3 = ZHnJrses
s=0

where H,, is the nth generalized Fibonacci number (which is now called Horadam number) by the recursive

relation Hy = p, Hy = p+q, H, = H,—1 + H,—2 (p and ¢ are arbitrary integers). Halici [8] gave the
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generating functions and Binet formulas for the Fibonacci and Lucas quaternions. We can list a few references

of quaternion sequences. We list the references of a few second order quaternion sequences as
[4],[9],[18],[23],[25]
and we list the references of a few third order quaternion sequences as
(3,[6],[24],[26].

Soykan [22] introduced the Tetranacci and Tetranacci-Lucas quaternions as fourth order quaternion se-
quences.
We now define generalized Tetranacci quaternions over the quaternion algebra H. The nth generalized

Tetranacci quaternion is

~

(21) Vn = Vn + ’iVn+1 + jVn+2 + kVn+3.
As special cases, the nth Tetranacci quaternion and the nth Tetranacci-Lucas quaternion are given as
M, = M, + iMnJrl + jMn+2 + anJrS

and
-ﬁn = Rn + iRnJrl + jRn+2 + kRnJrB
respectively. It can be easily shown that

(22) ‘777, = anl + Vn72 + Vn73 + Vn74'

The sequence {BCV,, },,>0 can be extended to negative subscripts by defining

~

Ve ==V_oino1) = Votme2) = Vonos) + Vo(n—g)-

for n = 1,2,3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.

The conjugate of ‘7n is defined by
Vo =V = Vi1 — jVira — Vg,

Now, we will state Binet’s formula for the generalized Tetranacci quaternions and in the rest of the

paper, we fix the following notations:

a = l+ia+jo®+ka?,
B o= 1+iB+iB>+ kB,
T o= l+iv+i + kR
0 = 146+ j6° + k&
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THEOREM 3. (Binet’s Formula) For any integer n, the nth generalized Tetranacci quaternion is
(2.3) Vi, = Ada" 5 + BBB" % + €3y + Dss"°

where A, B,C and D are as in Corollary 1.

Proof. Using Binet’s formula of the generalized Tetranacci numbers, we obtain

‘7n = Vo+ iVn—i—l + jVn+2 + kVn+3
_ Aan—(ﬁ +Bﬂn_6 ‘l‘C")/n_G +D5n—6 +i(A0én_5 + Bﬂn_5 + C,}/n—s +D(5n_5)
+j(AOén_4 + Bﬁn_4 + C"}/n_4 +D5n—4) + k(Aan—B —|—B,8n_3 + C’YH_S +D5n—3)

= Aaa" 5+ BBB" % + Cyy" 6 + Dss" .

This proves (2.3).

As special cases, for any integer n, the Binet’s Formula of nth Tetranacci quaternion is

_ 1 -1~ -1, 0—1~_,_
«a aan—l+ ﬁ Bﬁn 1_|_ B ,y,yn 1+ 56 1

2.4 = a2
(24) 5o —8 53-8 5y —8 56 — 8

and the Binet’s Formula of nth Tetranacci-Lucas quaternion is
(2.5) R, = aa™ + BA" +3y™ + 66™.
Next, we present generating function.

THEOREM 4. The generating function for the generalized Tetranacci quaternions is

Vot (= Vo)z + (Vo — T = Vo)a® + V10
B 1l—z—a?—a3 -2t

(2.6) > Vaan
n=0
Proof. Let
g(z) = Z Vo™
n=0

be generating function of generalized Tetranacci quaternions. Then, using the definition of the generalized

Tetranacci quaternions, and substracting zg(z), z2g(z), 23g(x) and z*g(x) from g(x), we obtain (note the
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shift in the index n in the third line)

00 0o e ) &S]

= E V" — E V,z" — 2 g V" — 23 E V,z" — zt E V,x"
n=0 n=0 n=0 n=0 n=0
00 o 0 00 e

_ § nxn _ E Vn$n+l _ § ann+2 _ E ann+3 _ E ‘/nxn—&-él
n=0 n=0 n=0 n=0 n=0
00 ) ) 00 0

= E V,z" — g Vy_1x™ — E Vy—ox™ — E Vy_zz™ — E Viy—ax
n=0 n=1 n=2 n=3 n=4

~ ~

= V0+( 1*%)56‘#(‘72*‘71*%)$2+(‘73*‘72*‘71*‘70):173.

Note that we used the recurrence relation ‘7” = 17“71 + I7n72 + ‘7“73 + ‘7”,4. Rearranging above equation,

we get N R R R R R R R R R
 Vo+ (Vi =Vo)z+ (Vo — Vi — Vo)a? + (Vs — Vo — Vi — V)a?
B l—z—22—a3—2a4

g()

)

or
Vo+ Vi = Vo)o+ (Vo — Vi — Vo)a?2 + V123
17— 22 _ 23 _ 44

g(x) =
since Vs = Vo + Vi + Vo + V_1.

)

As special cases, the generating functions for the Tetranacci and Tetranacci-Lucas quaternions are

(2.7)

o~ o (42K + (1 +j+2k)z+ (§ + 2k)2® + (j + k)2®
> Mya" =
o l—z—a2—a3—a?

and

(

2.8)
iﬁ £ (4414 +35+7k)+ (=34 2i +4j + 8k)x + (=2 + 3i + 55 + 4k)x? + (—1 + 4i + j + 3k)2®
n=0

1l—z—22—23—24
respectively.

Now, we present the formula which give the summation of the first n generalized Tetranacci numbers.

THEOREM 5. Forn > 1, we have

1
2.9 V,=-(Vn 2V, + Vo1 — Vo + V1 — V3).
(2.9) SV, 3( 2+ 2V, + Vi = Vo + Vi = V3)

p=1
Proof. This is a Theorem in Soykan [21, Theorem 2.6].
Note that from above theorem, we have
n n
1
D Vo = Vot Vp=Votg(Vara+ 2V +Voa = Vot Vi — Vi)
p=0 p=1

1
(2.10) = g(Vn+2 +2V, 4+ Voo + 2V + V4 — V).
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Note that, as special cases, for every integer n > 0, we have
ZM— Mo +2M, + My, 1 — 1)

and

ZR (Rpto +2Rn + Ru_1 4 2).

Next, we present the formulas Wthh give the summation of the first n generalized Tetranacci quaternions.
THEOREM 6. The summation formula for generalized Tetranacci quaternions is
ZV n+2+2V + Vo 1+¢)
where
c=2Vo+Vi—=Va+i(=Vo+ Vi —V3) +j(=Vo —2V1 = V3) + k(=Vo — 2V1 — 3V2 — V).

Proof. Using (2.10), we obtain

n n n n n
Z‘Afp = ZVpHZVpH +jZVp+2+chVp+3
p=0 p=0 p=0 p=0

p=0

(Vo +...+ Vn) + i(Vl + ...+ Vn+1)

+i(Va+4 oo + Vogo) + E(Vs + ... 4 Vig3).

and so,
3i Vp = (Va2 +2V + Vioy +2Vp + V4 — V3)
p=0
+i(Vigs + 2V + Vi + 2Vo + V1 — V3 — 31))
+i(Voga + 2V + Vin +2Vo + Vi — V3 = 3(Vo + V1))
+h(Vigs + 2Vias + Voo + 2Vo + V1 = V3 = 3(Vo + V1 + Va))
= Vo + 2V, + Vq +c
where
c = 2o+ Vi—=Va+i(2Vo + Vi — V3 =3V) +7(2V0 + V1 — V3 = 3(Vo + V1))
+k(2Vo + V1 = Vs = 3(Vo + Vi + Wa))
= 2V +Vi—Va+i(—Vo+ Vi — V) +4(—Vo —2Vh — V5) + k(—Vh — 2V4 — 3V2 — V3).
Hence .
Z = —(Vpia + 2V + Vg + ).
p=0

This proves (2.9).


http://dx.doi.org/10.20944/preprints201903.0129.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 March 2019 d0i:10.20944/preprints201903.0129.v1

10 YUKSEL SOYKAN, INCI OKUMUS, MELIH GOCEN

As special cases we have the following summation formula for Tetranacci and Tetranacci-Lucas quater-

nions:
N~ 1=~ = = L
(2.11) > M, = 3 (Mo + 2My + My g = (141 + 45 + 7))
p=0
and
NP PPN S 5 . .
(2.12) > R, = 3 (Bt + 2Rp + By + (2 = 10i — 135 — 22k)).
p=0
respectively.

Now, we present the formulas which give the summation of odd and even generalized Tetranacci numbers.

THEOREM 7. For n > 1, we have the following formulas:
(a): Zzzl Vapi1 = 3(2Vany2 + Vo — Vo1 — 2Vo — Vi — 3Va + V3)
(b): op_; Vap = 5(2Vans1 + Von—1 = Vano + Vo — Vi + 3V2 — 2V3).

Proof. This is a Theorem in Soykan [21, Theorem 2.6].

Note that from above theorem, we have

. .
Z Vopy1. = Vi+ Z Vop+1
p=0 p=1
= Vit 5(@Vansr + Vo — Vauor — 25 — Vi — 3V + V)
(2.13) = SVanea + Van — Van1 — 20 +2V3 — 3V; + V5)
and

DV = Vot Vi
p=0 p=1
1
= W+ 5(2V2n+1 + Va1 — Voo + Vo — Vi + 3V5 — 2V3)
1

(2.14) = 3(2‘/2n+1 + Von—1 — Van—o +4Vo — Vi + 3V, — 2V53).

Note that, as special cases, for every integer n > 0, we have

- 1
Z Moypi1 = §(2M2n+2 + May, — Moy — 2Mo + 2My — 3My + M3),
p=0
- 1
Z My, = §(2M2n+1 + Map_1 — Moy_o +4My — My + 3My — 2M3)
p=0
and
" 1
Z Ropr1 = §(2R2n+2 + Rap — Ran—1 — 2Ro + 2Ry — 3Ry + Ry),
p=0

- 1
Z Ryp = §(2R2n+1 + Rop—1 — Rop—o +4Ro — R1 + 3Rs — 2R3).
p=0
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THEOREM 8. For n > 0, we have the following formulas:
(a):

n
. 1 - . ~
Z Vop+1 = §(2VQn+2 + Van — Vap—1 + d)
p=0
where
d=(—2Vo+2V; =3Vo+ V3) +i(Vo — Vi + 3Vo — 2V3) + j(—2Vp — Vi — 3V + V) + k(Vp — V1 — 2V3),
(b):
noo 1~ R R
Z Vap = §(2V2n+1 +Von—1 = Van_2 +e)
p=0
where
e= (4Vo — Vi +3Va —2V3) + (—2Vo +2V1 — 3Vo + V3)i + (Vo — V1 +3Va — 2V3)j + (—2Vp — Vi — 3V + V3)k.

Proof. The proof can be easily obtained by using (2.13) and (2.14), so we omit it.

As special cases, we have the following two corollaries.

COROLLARY 9. Forn > 0, we have the following formulas:

no_~ —~ — —~
(a): Z M2p+1 = %(2M2n+2 + Mgn — Mznfl + (]. — 21— 2] — 5k))
p=0

no_ e — —
(b): > My, = %(2M2n+1 + Map 1 — Map_o — (2 — i+ 2j + 2k))
p=0

COROLLARY 10. For n > 0, we have the following formulas:

(a): Z §2p+1 = %(2§2n+2 + Egn - Egnfl - (8 + 2+ 115 + 11](:))
p=0
(b): > §2p = %(2§2n+1 + Rop_1 — Ron_o + (10 — 8 — 2j — 11k)).
p=0
3. Matrices related with Generalized Tetranacci Quaternions

We define the square matrix B of order 4 as:

1 1 11

1 0 00
B:

01 00

0010

such that det B = —1.

Consider the sequence {U,} which is defined by the fourth-order recurrence relation

Upn=Up-1+Up2+Up3+Upy, Us=U1=0U=0Us=1.
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The numbers U,, can be expressed using Binet’s formula

a ﬂ" A 5"
@—Ba-Na-0 B-aB-0B-9 (-a0-Br-0 6-a6-B0-1)

U, =

Induction proof may be used to establish

U2 Uptr +U, +Up U1+ U,  Unta

Upr1 Up+U14+U,—2 U, +U,—1 U,
Uy, U1 +Up—24+Ups Up—1+Up_o Up_1

Uwns1 Uno+Up_s+Up_s Up_o+U,_3 U,_o

(3.1) B" =

and (the matrix formulation of V,,)

n

Viots 1 1 1 1 V3

V, 1 0 0 0 1%

(32) n+2 _ 2
Vot 01 0 0 1

Vi 00 10 v

Now, we define the matrices By as

Vs VitVa+Vo VitVs ¥
Vi VatVat Vi Va+th Vi
Vs tVitVo B+
Vo i+W+Voy Vit¥y W

This matrice By is called generalized Tetranacci quaternion matrix. As special cases, Tetranacci quaternion

matrix and Tetranacci-Lucas quaternion matrix are

]/\/1\5 1/\4\4 + ]/\/1\3 + J/W\2 ]/\4\4 + J/W\?, ]/\4\4 1:35 1§4 + ﬁ?, + EQ }AM + 1§3 1§4

]/\4\4 ]/\4\3 +]/\4\2+]/\4\1 ]/\4\3+]/\4\2 ]/\4\3 }/%4 §3+ﬁ2 +E1 }/%34’}/%2 §3
BM = - - o o o - - and BR = R R N N R o R 5

Ms Mo+ M+ My My+ My M, Ry R+ Ri+Ry Ry+Ri Ry

]\72 1\71-1-]\704-]\/4\71 ]\//T1+M\o ]\//71 §2 §1+§0+§71 §1+§0 él
respectively.

THEOREM 11. Forn > 0, the following is valid:

n ~

1111 Viis Vira+ Vars +Viso Vipa+ Vs Vi
10 0 0 ‘771-&-4 ‘7n+3 + ‘7n+2 + ‘7n+1 ‘7n+3 + ‘7n+2 ‘/}n+3
(3.3) By =1 _ -~ - o~ N R N
01 0 0 Vn+3 Vn+2 + Vn+1 + Vi Voto + Var1 Vago
0010 Vivz Vg1 4Vi+ Vs Visr 4V Vi
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Proof. We prove by mathematical induction on n. If n = 0, then the result is clear. Now, we assume it

is true for n = k, that is

Vies Viga +Vigs +Vigo Viga +Vigs Viga
Vita Vigzs +Vigo + Vi Viga +Vigo Vigs

Viets Vk+2 + ‘7k+1 + Vi ‘7k+2 + ‘71@+1 ‘71@+2
‘7k+2 ‘7k+1 + ‘71@ + qu ‘7/c+1 + ‘71@ Vkﬂ

By BF =

If we use (2.1), then we have 17k+4 = ‘A/k+3 + ‘71%2 + ‘7k-+1 + Vk Then, by induction hypothesis, we obtain

ByBf' = (ByB")B
Vies Viea + Viga + Vigo Viga + Virs Vi 11 11
B Vita Vigs +Vico +Vier Vigs + Vs Vies 1000
Virs  Viee+ Vi + Ve Viso+ Vi Vio 0100
Vive  Vipr + Vi + Vi Vier + Ve Vi 0 010

Vk+5 + ‘7k+4 + ‘7k+3 + ‘7k+2 ‘7k+5 + ‘7k+4 + ‘7k+3 ‘7k+5 + ‘7k+4 Vk+5
‘7k+4 + ‘71@+3 + Vk+2 + ‘71@+1 ‘7k+4 + Vk+3 + 17k+2 ‘7k+4 + ‘7k+3 ‘7k+4
‘7k+3 + Vk+2 + ‘71@+1 + Vi Vk+3 + ‘71@+2 + ‘7k+1 Vk+3 + ‘71@+2 ‘7k+3
‘7k+2 + Vk-{-l + Vi + Vs ‘7k+2 + 17k+1 + 7 Vk+2 + ‘7k+1 ‘7k+2

Vito Viws + Viws + Viss  Viws + Vigs Vigs
‘7k+5 ‘7k+4 + Vk+3 + ‘71@+2 ‘A/k+4 + Vk+3 ‘7k+4
Vk+4 ‘71c+3 + ‘7k+2 + ‘7k+1 ‘71c+3 + ‘7k+2 ‘7k+3
‘7k+3 ‘7k+2 + ‘7k+1 + Vi ‘71c+2 + ‘7k+1 ‘7k+2

Thus, (3.3) holds for all non-negative integers n.
COROLLARY 12. For n > 0, the following holds:
Virs = VsUnro + (Vo + Vi 4+ Vo)Un i1 + (Vi + Va)Uy + Va1
Proof. The proof can be seen by the coefficient of the matrix By and (3.1).
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