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Technical Note
A New Index for Measuring the Non-Uniformity of a

Probability Distribution

Hening Huang

Teledyne RD Instruments (retired); San Diego, CA, USA

Abstract: This technical note proposes a new index to quantitatively measure the non-uniformity of
a probability distribution relative to a baseline uniform distribution, named as the “distribution non-
uniformity index” (DNUI). The proposed DNUI is bounded between 0 and 1, where 0 indicates
perfect uniformity and 1 indicates extreme non-uniformity. It is appliable to both discrete and
continuous cases. Several examples are provided to demonstrate the effectiveness of the proposed
DNUI and compare it with two evenness measures.
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Introduction

Non-uniformity or unevenness is inherent in probability distributions because outcomes or
values from a probability system are generally not uniformly or evenly distributed. While the shape
of a distribution can provide an intuitive understanding of its non-uniformity, researchers often need
a quantitative measure of non-uniformity (or unevenness) that can be useful for building distribution
models or for comparing different distributions.

A probability distribution is considered uniform if all outcomes have equal probability (in the
discrete case) or if its probability density is constant (in the continuous case). Consequently, a uniform
distribution should be used as a baseline for measuring the non-uniformity of a given distribution.
That is, non-uniformity refers to how a probability distribution deviates from a baseline uniform
distribution. It is important to note that comparing a given distribution to the baseline uniform
distribution assumes that both distributions are defined on the same support. This is especially
critical in the continuous case, where ensuring that the support is fixed is essential for a meaningful
comparison.

The Kullback-Leibler (KL) divergence can be employed as a metric for measuring the non-
uniformity of a given distribution by quantifying how different the distribution is from a baseline
uniform distribution. A small KL divergence value indicates that the distribution is close to uniform.
The KL divergence is applicable in both the discrete case and in the continuous case provided that
the support is fixed. However, one significant drawback of using the KL divergence in this context is
that it is unbounded. While a KL divergence value of zero represents perfect uniformity, there is no
natural upper limit that allows us to contextualize how “non-uniform” a distribution is. This lack of
an upper bound can make interpretation challenging, especially when comparing different
distributions or when the scale of the divergence matters.

In recent work, Rajaram et al. (2024a, b), proposed a measure called the “degree of inequality”
to quantify how evenly the probability mass (or density) is spread over the available outcomes or
support. They defined the degree of inequality (DOI) for a partial distribution on a fixed interval as
the ratio of the exponential of the Shannon entropy of the partial distribution to the coverage

probability of that interval. That is (Rajaram et al., 2024a, b),

DOI = ? = iexp(Hp), 1)
P

cp
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where the subscript “P” stands for “part”, referring to the partial distribution on a fixed interval of
the given distribution, cp represents the coverage probability of the interval, Hp is the entropy of
the partial distribution, and Dp = exp(Hp) is the entropy-based diversity of the partial distribution.
Itis noted that Rajaram et al. (2024a) also named the ratio LZ—: as the “degree of uniformity”. However,

calling this ratio the “degree of inequality” (or “degree of uniformity”) is potentially misleading, as
it behaves more like an amplified diversity than a bounded evenness/unevenness index. In addition,
the DOI diverges as cp — 0. This means that, tiny probability (for small intervals) will yield huge
DOI values. Moreover, the DOI is not a standardized (or normalized) quantity. The lack of
standardization can hinder comparisons between different distributions, as absolute values may not
have an intuitive interpretation without a proper reference point. Thus, the unstandardized nature
of the DOI limits its usefulness as a generally comparable indicator of the non-uniformity of
distributions.

Classical evenness measures such as Simpson’s evenness and Buzas & Gibson’s evenness are
essentially diversity ratios. Simpson’s evenness is given by (e.g., Roy & Bhattacharya, 2024)

_ 1/n 2
Es2 YL P2 @

Buzas & Gibson’s evenness is given by (Buzas & Gibson, 1969)

Epg = 2200 @)

where H is the Shannon entropy of the given distribution.

However, Gregorius and Gillet (2021) pointed out, “Diversity-based methods of assessing
evenness cannot provide information on unevenness, since measures of diversity generally do not
produce characteristic values that are associated with states of complete unevenness.” This is because
measures of diversity are aimed at properties of individual distributions rather than differences
between such distributions, which makes them difficult to transform into meaningful distance
measures (Gregorius & Gillet, 2021).

It is important to note that the non-uniformity or unevenness of a given distribution should be
measured by a distance relative to the ideal of perfect uniformity. However, the DOI proposed by
Rajaram et al. (20244, b), or the diversity-based evenness measures Es, and Ep; never compute any
distance relative to a uniform benchmark.

The aim of this study is to develop a new index for measuring the non-uniformity of a
probability distribution. In the following sections, Section 2 describes the proposed distribution non-
uniformity index (DNUI). Section 3 presents several examples. Section 4 provides discussion and
conclusion.

2. The Proposed Distribution Non-Uniformity Index (DNUI)
2.1. Discrete Cases

Consider a discrete random variable X with probability mass function (PMF) P(x) and n
possible outcomes. Let X;; denote the uniform distribution with the same possible outcomes, so that
Py(x) = % for all x. We use this uniform distribution as the baseline for measuring the non-uniformity
of the distribution of X.

The difference between P(x) and Py(x) is given by

Apcry = P(x) — Py(x) = P(x) — % (4)

Thus, P(x) can be written as

Taking squares on both sides of Eq. (5) yields
2 1
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Then taking the expectation on both sides of Eq (6) yields
1
E[P(x)?*] = E(A3 ) + - E(Ap(x)) + = W) + (7)
where w,zg(x) is called the total variance and wp,, is called the total deviation
2 8
Wp(x) = \[E(AP(x)) +—E(Qpw))- ®
where E(Af,(x)) is the variance of P(x) relative to Py(x), given by
1
E(A3 ) = E([P() — Py(0)1%) = S2y P[P () — 112, 9)
E(Ap(x)) is the bias of P(x) relative to Py(x), given by
1 1
E(AP(x)) = E[P(x) — Py(x)] = ?:1 P(xi)z —.= B(X) — " (10)

where B(X) is the informity of X. The concept of informity is introduced in Huang (2025). The
informity of a discrete random variable is defined as the expectation of its PMF. The informity of the
baseline uniform distribution Xy, is f(Xy) = Py(x) = % Thus, E(A) is the seen as the informity bias.

Definition 1. The proposed distribution non-uniformity index (DNUI) (denoted by p(X))is given by
(11)

p(X) = 2P _ BPG? ]z _ E(A%(x))J“ZE(AP(x))
JE[P(0)?] E[P(x)?] E(A} () +2E(Ap(x) 3

E[P(x)?] is the root mean square (RMS) of P(x) and E[P(x)?] is the second moment of the
probability P(x), given by
E[P(x)?] = Eiey P(x)P(x)? = i, P(x:)°. (12)

2.2. Continuous Cases

Consider the continuous random variable Y with probability density function (PDF) p(y)
defined on an unbounded support (e.g., (—o0,)). Since no baseline uniform distribution exists for
an unbounded support, we cannot measure the non-uniformity of the entire distribution of Y.
Instead, we focus on a partial distribution of Y on a fixed interval [y, y,]. According to Rajaram et
al. (2024a), the PDF of the partial distribution is given by renormalization of the original PDF

p'(y) = 462) : (13)

where Py, ) = . ;1 2 p(y)dy, which is the coverage probability of the interval [y;, yz]
We use this

Let Y, denote the uniform distribution on [y;,y,] with density py(y) = o y)

uniform distribution as the baseline for measuring the non-uniformity of the partial distribution.
Similar to the discrete cases, the difference between p'(y) and py(y) is given by

Aoy =70'() —p,» =p') - — (14)
Thus, p'(y) can be written as

PO = By + 55 (15)
Taking squares on both sides of Eq. (15) yields

p'(?* = (y) + y) Ay ﬁ (16)
Then taking the expectation on both sides of Eq. (16) yields

Elp'0)°] = Ey) + 555 BBy + 5552 gy = Wyp) + (yz_;yl)z (17)

The total deviation w,,(,y is given by
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— 2 2 18
Wy = \/E(Ap,(y)) + 555 B0 (18)
where E(Af,,(y)) is the variance of p(y) relative to py(y) on [y;,¥.], given by
2
2 _ , 2, _ v2_pr» [ pO 1 (19)
By = Br'0) — p, 001 = J)7 720 |22 - L] ay,

E(A,y)) is the bias of p’(y) relative to py(y), given by
' y ») ») 1
Ey) = Ep'0) = py 0 = [ 722 [ 20— fay. (20)

Y1 Py yo) [Poyiy2)

Definition 2. The proposed DNUI for the partial distribution on [y;,y,] (denoted by p(y;,y,)) is

given by
g1 2 2 (21)
p(y y ) = Do) ER'OY 2-y? _ E(AP’(y))"'(yz—yl)E(AP'(y))
VI B 5)7] E[p'G)?] E(Azz)’(y))*(y;ypE(A”'(Y))+<y27y )z
1
where E[p'(y)?] is the second moment of the probability density p'(y), given by
3
22)
E ’ 21 — y2| p(») dv. (
PO =1 r ]

Definition 3. If the continuous distribution is defined on the fixed support [—a,a], P_qq =1 and
(¥, — ¥1) = 2a, the proposed DNUI for the entire distribution of Y (denoted by p(Y) is given by

23
“p(y) EIPO)?) 52 E(87 ) +2E(Bp) @)
p(Y) = Pl 21 2 1 1
VEP()?] E[p(»)?] E(85 ) +2E@pp) ooz
where E[p(y)?] is the second moment of the probability density p(y), given by
Ep()°] = [L,p0)dy, (24)
the variance E(A?,(y)) is given by
112
E@2,) = J%00) [p0) -] dy 5
a 1 ra 1
= p)Pdy —— [ p()?dy +
and the bias E(4,,)) is given by
1 1
E(bpe) = [, p0MIPO) = ldy = [£, p(n)2dy — 5. (26)

3. Examples
3.1. Coin-Tossing

Consider tossing a coin, which is a simplest two-state probability system: {X; P(x)}={head, tail;
P(head), P(tail)}, where P(tail) = 1 — P(head). The DNUI for this system is given by

E[P(x)2] >3 (27)
PX) = | Tpom
where the second moment E[P(x)?] can be calculated as
E[P(x)?] = [P(head)]? + [P(tail)]3. (28)

Figure 1 shows the DNUI of the coin-tossing system as a function of the bias represented by
P(head). The two evenness measures: Simpson’s evenness Eg, and Buzas & Gibson’s evenness Ep;
are also shown in the figure for comparison.
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Figure 1. The DNUI of the coin-tossing system as a function of the bias represented by the probability of heads,

compared with Simpson’s evenness Es, and Buzas & Gibson’s evenness Ep.

As shown in Figure 1, when the coin is fair, i.e.,, P(head) = P(tail) = 0.5, the DNUI is 0, and
Simpson’s evenness Es, and Buzas & Gibson’s evenness Ep; are both 1, indicating perfect
uniformity. When a coin is highly biased towards the tail or head, the DNUI increases, while both
Simpson’s evenness Es, and Buzas & Gibson’s evenness Ep; decrease. In the most extreme case
where P(tail) =1 or P(head) = 1, the DNUI is the highest: p(X) = 0.866, indicating the highest
non-uniformity or unevenness. However, although Eg, and Ep; are the lowest, i.e., Es, = Egg =
0.5, this value does not reflect the high degree of unevenness. This confirms the argument of
Gregorius and Gillet (2021): “... measures of diversity generally do not produce characteristic values
that are associated with states of complete unevenness.”

3.2. Three Frequency Data Series

JJC (2024) posted a question on Cross Validated about quantifying distribution non-uniformity.
He supplied three frequency datasets (Series A, B, and C), each containing 10 values (Table 1).
Visually, Series A is almost perfectly uniform, Series B is nearly uniform, and Series C is heavily
skewed by a single outlier (0.6). Table 1 lists these datasets alongside their corresponding DNUI, Es,,
and Eg; values.

Table 1. Three frequency data series and the corresponding DNUI, Es,, and Ep; values.

Series p(X) Es, Eg¢
A:{0.1,0.11, 0.1, 0.09, 0.09, 0.11, 0.1, 0.1, 0.12, 0.08} 0.1864 0.9881 0.9940
B: {0.1, 0.1, 0.1, 0.08, 0.12, 0.12, 0.09, 0.09, 0.12, 0.08} 0.2499 0.9785 0.9891
C: {0.03, 0.02, 0.6, 0.02, 0.03, 0.07, 0.06, 0.05, 0.05, 0.07} 0.9767 0.2625 0.4545

From Table 1, we can see that the DNUI value of Series A is 0.1864, confirming its high
uniformity, and the DNUI value of Series B is 0.2499, indicating its close uniformity. In contrast, the
DNUI value of Series C is 0.9767 (close to 1), indicating its extreme non-uniformity. On the other
hand, the Es, and Ep; values for Series A and Series B are close to 1, indicating high uniformity.
The Es, value for Series C is 0.2625, indicating the high degree of unevenness. However, the Epg
value for Series C is 0.4545, not reflecting the high degree of unevenness.
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3.3. Five Continuous Distributions with Fixed Support [—a, a]

Consider five continuous distributions with fixed support [—a,a]: uniform, triangular,
quadratic, raised cosine, and half-cosine. Table 2 summarizes their PDFs, variances, biases, second
moments, and DNUIs.

Table 2. The PDF p(y), variance E(A% ), bias E(Ap(y)), second moment E[p(y)?], and DNUI p(Y) for five

()
continuous distributions with fixed support [—a, a].
Distribution p(y) E (Af,(y)) E(A, ) E[p(»)?] p(Y)
1 1
Uniform — 0 0 — 0
2a 4q?
(
,(y+2a)’ Ca<y<0 ) ) )
Triangular 4 (a a_ ) - — = 0.9354
{ PR 0<y<a 12a 6a 2a
3 142 1 1 27
dratic =|1-(5) — — 27 09154
Quadrati 4a a’ ] 28a? 10a 70a?
. . 1 T 1 1 5
Raised cosine o [1 + cos (E y)] 32 1a a2z 0.9487
Half . T (T[ ) 1 73\ 1 w2 1\1 1 0.9209
alf-cosine 14 s \55Y 1718z %35 P .

As can be seen from Table 2, the DNUI is independent of the scale parameter a, which is a
desirable property for the measures of distribution non-uniformity. The DNUI value for the uniform
distribution is 0, which is by definition. The DNUI for the other four distribution are all greater than
0.9, indicating these four distributions are highly non-uniform. This result is consistent with our
common sense. In addition, for the raised cosine distribution, the DNUI is the highest among the five
distributions, indicating that it is the greatest non-uniformity.

3.4. Exponential Distribution

The PDF of the exponential distribution with support [0,00) is
p(y) = 2e7, (29)
where A is the shape parameter.
We consider the partial exponential distribution on the interval [0, b] (i.e,, y; =0 and y, = b),
where b is the length of the interval. The informity of the baseline uniform distribution on [0, b] is
1/b. Thus, the DNUI for the partial exponential distribution on [0, b] is given by

(30)
_[Er 621452
PO.0) = e
where the second moment E[p'(y)?] is given by
Elp’ 21 = 1 b 3d . 31
The coverage probability of the interval [0, b] is given by
b _ (32)
Py = fo Aexp(=Ay)dy =1 —e~%b,
The integral fob p(¥)3dy canbe solved as
(33)

b b _ 3 b _ AZ _
fo p(y)3dy = fo [le Ay)} dy = 23 fo e 3y = ?(1 — g3y,

Figure 2 shows the plots of the DNUI for the partial exponential distribution with A =1 as a
function of the interval length b. As the interval length b increases, the DNUI increases, indicating
that the non-uniformity of the partial distribution increases with a longer interval.
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Figure 2. Plots of the DNUI for the partial exponential distribution with 1 =1 as a function of the interval
length.

4. Discussion and Conclusions

Unlike the degree of inequality (DOI) proposed by Rajaram et al. (2024a, b) or the diversity-
based evenness measures Es, and Ep; (which are not distance measures), the proposed DNUI is a
standardized distance measure based on the total deviation defined by Eq. (8). It is important to note
that the total deviation consists of two components: variance and bias, both of which are relative to
the baseline uniform distribution.

The proposed DNUI ranges from 0 to 1, where 0 indicates perfect uniformity and 1 indicates
extreme non-uniformity. Lower DNUI values (close to 0) indicate a lower degree of non-uniformity
or a flatter distribution, while larger DNUI (close to 1) values correspond to a higher degree of non-
uniformity or a more uneven distribution. However, there is no universal standard for defining the
level (or degree) of non-uniformity of a distribution. Based on the examples presented, we tentatively
propose to use DNUI values of 0.4, 0.7, and 0.85 (corresponding to low, moderate, and high non-
uniformity, respectively) to assess the levels of non-uniformity of a distribution.

It is important to note that the DNUI depends solely on the probabilities and not on the outcomes
(or scores) or the specific order of outcomes. This property can be demonstrated with the frequency
data from Series C in subsection 3.1: {0.03, 0.02, 0.6, 0.02, 0.03, 0.07, 0.06, 0.05, 0.05, 0.07}. If we swap
the order of the second and third frequency values, the DNUI values remains unchanged. This
invariance means that different distributions can yield the same DNUI value. In other words, the
DNUI is not a one-to-one function of the distribution; it can “collapses” different distributions into
the same DNUI value. This is similar to how different distributions can have the same mean or
variance.

In summary, the proposed distribution non-uniformity index (DNUI) provides effective
measures for assessing the non-uniformity of a probability distribution. It is applicable to any
distribution with fixed support and can also be used for a partial distribution defined on a fixed
interval, even when the entire distribution has unbounded support. The presented examples have
demonstrated the effectiveness of the proposed DNUI in capturing and quantifying distribution non-
uniformity.
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