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Abstract: High-dimensional data often contain noise and redundancy, which can significantly un-
dermine the performance of machine learning. To address this challenge, we propose an advanced
robust principal component analysis (RPCA) model that integrates bidirectional graph Laplacian
constraints alongwith the anchor point technique. This approach constructs two graphs from both the
sample and feature perspectives for a more comprehensive capture of the underlying data structure.
Moreover, the anchor point technique serves to substantially reduce computational complexity, making
the model more efficient and scalable. Experiments conducted on the GTdatabase demonstrate that
our model maintains high accuracy and improves efficiency, particularly under challenging conditions
like varying illumination and pose. The method enhances dimensionality reduction and robustness in
face recognition, making it suitable for large-scale applications.

Keywords: robust PCA; graph Laplacian; anchor points; face recognition; dimensionality reduction

0. Introduction
With the rapid advancement of artificial intelligence technology, machine learning has found

extensive applications in various domains, including information retrieval, person re-identification,
and face recognition. In execution of these tasks, data are frequently represented as high-dimensional,
inevitably exhibiting correlations and containing substantial redundancy and noisy features. The
valuable characteristics may undermine the performance of subsequent tasks, such as clustering, classi-
fication, retrieval, or reconstruction. Hence, high-dimensional data pose the "curse of dimensionality"
challenge to machine learning algorithms. To enhance the efficacy of machine learning methods, it
is imperative to employ feature selection techniques to eliminate irrelevant, redundant, and noisy
features from high-dimensional data.

Face recognition has been a prominent area of focus in machine learning. Principal component
analysis (PCA) and its various variants have been successfully used for face recognition [1–7]. Sirovich
and Kirby firstly applied PCA to efficiently represent the face images in a lower-dimensional space.
Based on the Karhunen-Loeve procedure for the characterization of human faces [1], Turk and Pentland
presented the eigenface method for face recognition [2]. Subsequently, Yang et. al., [3] proposed a
novel technique known as 2DPCA to enhance the recognition rate of conventional PCA. Early PCA
methods primarily addressed grayscale images by representing each image as a vector. Specifically,
consider a data matrix X = (x1, ..., xn) ∈ Rm×n(m ≫ n) with rows representing features and columns
representing samples. PCA is typically utilized to identify the optimal principal directions U =

(u1, ..., uk) ∈ Rm×k(UTU = I) that define the low-dimensional (k-dim) subspace. The projected data
points with the low subspace U can be denoted as the matrix VT = (v1, ..., vn) ∈ Rk×n. Then the
traditional PCA finds U and V with the following constrained problem

arg min
U,V

∥ X − UVT ∥2
F, s.t. VTV = I. (1)
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However, the performance of traditional PCA is typically poor. Outliers, which are prevalent
in many scenarios due to factors such as sudden intense interference during transmission, sensor
failures, and calibration errors, can significantly impact the results. To address this problem, robust
PCA (RPCA) [8] has been proposed to decompose the observed matrix data into a sum of low-rank
and sparse matrices, ensuring that no abnormal data disrupts the system. Intuitively, the RPCA can be
formulated as the following minimization problem

arg min
L,S

rank(L) + λ∥S∥0, s.t. X = L + S. (2)

To address (2) more effectively, researchers relaxed the rank function by the nuclear norm [9,10],
thereby transforming the problem into a convex optimization problem, as follows

arg min
L,S

∥L∥∗ + λ∥S∥1, s.t. X = L + S. (3)

Although the convex model can accurately yield low-rank and sparse matrices under relatively
mild conditions, it overlooks the presence of the noise with small magnitudes. This oversight is
significant because, in real-world scenarios, data often suffer from contamination by the noise. To
address this limitation, Zhou et. al. [11] introduced a method that decomposed the data matrix into
three components: a low-rank matrix, a sparse matrix, and a noise matrix

arg min
U,V,S

∥X − UV − S∥2
F + λ∥S∥1, s.t. X = L + S + G, L = UV. (4)

However, color information is not fully exploited, despite being a crucial characteristic for
enhancing image discriminability. To address this, Torres et al. [4] extended traditional PCA to color
face recognition by applying it separately to the color channels, with the final result obtained by
fusing the outcomes from all three channels. Building upon this foundation, Yang et al. [5] proposed
a general discriminant model for color face recognition, which employs a set of color component
combination coefficients to merge the three color channels into a single channel, representing color
face images. Furthermore, Xiang et al. [6] introduced a matrix-representation model for color images
based on the PCA framework and applied 2DPCA to compute optimal projection vectors for feature
extraction. A more generalized approach, as opposed to the aforementioned channel-wise processing
techniques, involves representing color images through quaternion matrices, which inherently encode
color channels in a holistic manner. This avoids artificial separation of RGB components and preserves
inter-channel correlations. Recent works have utilized quaternion PCA (QPCA) for dimensionality
reduction [12–18]. Notably, Wang et al. [19] demonstrated that the matrix equation AXB = C is
fundamental to optimizing quaternion-based models, where solutions over quaternions and their
extensions enable efficient color image processing while preserving color integrity, particularly in
feature extraction and multi-channel image encryption. In complementary technical advancement, Jia
et al. [20] constructed general solutions for split-quaternion tensor equations, extending the processing
scope to dynamic videos while significantly enhancing computational efficiency and security through
the pseudo-Euclidean properties of split quaternions.

The purpose of these non-linear dimensionality reduction techniques is to find a representa-
tion of points in a low-dimensional space, in which all points still maintain the similarity in the
lower-dimensional space. In recent years, optimization models that combine linear and non-linear
dimensionality reduction methods, especially graph Laplacian embedding, have demonstrated their
effectiveness. Cai et al. [21] proposed a graph regularized non-negative matrix factorization (GNMF)
method, which combined graph structure and non-negative matrix factorization for an improved
compact representation of the original data. Building upon this, Jiang et al. [22] developed graph
Laplacian PCA (GLPCA), which sought a low-dimensional representation of image data with signifi-
cant improvement in clustering and image reconstruction by incorporating graph structures and PCA.
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Further advancing this line of research, Feng et al. [23] employed PGLPCA based on graph Laplacian
regularization and Lp-norm for feature selection and tumor clustering. Parallel developments include
Liu et al.’s [24] graph Laplacian matrix formulation for semi-supervised feature extraction and Wang
et al.’s [25] Laplacian regularized low-rank representation (LLRR), which successfully captures the in-
trinsic geometric structure of gene expression data for improved tumor sample clustering. Building on
these methods, Yang et al. [26] developed an innovative online algorithm using Monte Carlo sampling
for sparse graph-constrained matrix optimization, effectively solving feature selection problems while
maintaining manifold structures.

To fully exploit the spatial and spectral features of images, we propose constructing two comple-
mentary graphs. One graph captures temporal or sample-based relationships among superpixels e.g.,
the columns of the data matrix X, while the other encodes spatial relationships among pixel locations
e.g., the rows of the data matrix X. By integrating these two graphs, we effectively harness both
spatial and spectral information, resulting in a more comprehensive representation of the image data.
This dual-graph strategy enhances the model’s capacity to capture the inherent structure of the data,
thereby improving performance in tasks like image segmentation, classification, and reconstruction.

Furthermore, to expedite the construction of the graph Laplacian matrix and streamline the
computational process, we introduce the notion of anchor points. These anchor points serve as
representative samples that encapsulate the data’s structure, significantly reducing the number of
pairwise comparisons needed during graph construction. Instead of calculating relationships between
all data points, we select a subset of anchor points (using methods such as random sampling, K-means,
or other clustering techniques) and build the graph based on the relationships between data points
and these anchors. This approach not only reduces computational complexity but also preserves the
geometric and relational properties of the data, enabling the method to scale to large datasets without
compromising the quality of the embeddings or the performance of downstream tasks.

The main contributions of our work are outlined as follows

1. Integration of Graph Laplacian Embedding with RPCA We incorporate graph Laplacian embed-
ding into RPCA to account for the spatial information inherent in the data. By representing the
data as a graph, where nodes correspond to data points and edges reflect pairwise relationships
(such as similarity or distance), the graph Laplacian matrix effectively captures the dataset’s
underlying geometric structure.

2. Exploitation of Two-Sided Data Structure We leverage a dual perspective by obtaining the graph
Laplacian from both the sample and feature dimensions. This approach enables us to capture
intrinsic relationships not only among data points (samples) but also among features, thereby
providing a more holistic representation of the data.

3. Introduction of Anchors for Computational Efficiency We introduce the concept of anchors to
enhance the model’s running speed and reduce computational complexity. Anchors serve as
representative points that summarize the data’s structure, thereby minimizing the number of
pairwise comparisons needed during graph construction. Instead of computing relationships
between all data points, we select a subset of anchors (using methods like random sampling, K-
means, or other clustering techniques) and construct the graph based on the relationships between
data points and these anchors. This method significantly reduces the size of the adjacency matrix
and, consequently, the computational burden associated with the graph Laplacian.

The rest of the paper is organized as follows. Section 1 provides an overview of the fundamental
theoretical foundations including quaternion and quaternion matrix, graphs, graph Laplacian embed-
ding and anchor point technique. In Section 2, we present the proposed algorithm and methodology.
Subsequently, Section 3 demonstrates the experimental results using real-world facial image datasets.
Finally, Section 4 concludes the paper with a summary of our findings and contributions.
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Table 1. Notations and Descriptions.

Notation Description
X data matrix of size m × n
n number of samples
m number of features
xi the i-th column of X
xi the i-th row of X

Tr(A) the trace norm of the matrix A
||A||F the Frobenius norm of the matrix A

1. Preliminaries
1.1. Quaternion and Quaternion Matrix

Introduced by mathematician Hamilton in 1843 [27], quaternion generalizes complex numbers by
incorporating one real part and three imaginary parts. A quaternion can be expressed as

a = a0 + a1i + a2 j + a3k, (5)

where a0, a1, a2, a3 ∈ R , and i, j, k are three imaginary units that follow the multiplication rules

i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i, ki = −ik = j. (6)

The conjugate and modulus of quaternion a are defined as follows

ā = a0 − a1i − a2j − a3k, (7)

|a| =
√
(a0)2 + (a1)2 + (a2)2 + (a3)2. (8)

A quaternion matrix A ∈ Qm×n takes the form

A = A0 + A1i + A2 j + A3k, (9)

with A0, ..., A3 ∈ Rm×n, and its conjugate transposed matrix is given by A∗ = AT
0 − AT

1 i − AT
2 j −

AT
3 k. A pure quaternion matrix provides a representation for color images, with its three imaginary

components A1, A2, A3 corresponding to the red, green, and blue channels, respectively. Furthermore,
the real representation method is a widely used technique for transforming quaternion matrices into
the corresponding real matrices, the real representation of the matrix A is shown as

γA =


A0 −A2 −A1 −A3

A2 A0 −A3 A1

A1 A3 A0 −A2

A3 −A1 A2 A0

, (10)

and the first block column of γA is denoted by

γA,c =


A0

A2

A1

A3

. (11)

Properties 1.1. For A, B ∈ Qm×n, C ∈ Qn×s, the following properties hold [28].

1. γA+B = γA + γB, γAC = γAγC.
2. γA∗ = γT

A, where (·)T denotes transpose operation.
3. A is a column unitary matrix if and only if γA is a column orthogonal matrix.
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1.2. Graph

Let G = (V, E) be an undirected weighted graph. The weight value between vi and vj is
denoted by wij. If there is no edge between vi and vj, i.e., (vi, vj) /∈ E, then wij = 0. The matrix
W = (wij)(i, j = 1, ..., n) is called the adjacency matrix of G. We define the degree matrix D, which is a
diagonal matrix whose diagonal entry Dii equals to the sum of weights of all edges incident to i, i.e.,
di = ∑n

j=1 wij. Subsequently, the graph Laplacian matrix is defined as follows

L = D − W. (12)

In some applications, the normalized graph Laplacian is used, defined as

Lnorm = I − D− 1
2 WD− 1

2 . (13)

Properties 1.2. Let L denote a graph Laplacian matrix. Then the following properties hold [29].

1. For each vector ( f1, ..., fn)′ = f ∈ Rn, we have

f
′
L f =

1
2

n

∑
i=1

wij
(

fi − f j
)2. (14)

2. L is symmetric and positive semi-definite.
3. The smallest eigenvalue of L is 0, and corresponding eigenvector is 1 whose elements are all ones.
4. L has n non-negative real eigenvalues 0 = λ1 ≤ λ2 ≤ ... ≤ λn.

1.3. Graph Laplacian Embedding

Graph Laplacian embedding has emerged as a widely-used technique in nonlinear manifold
learning, aiming to preserve the local geometric structure of data. The underlying assumption is that
points which are close in the original data space should maintain their proximity in the embedded space.
To achieve this, a nearest neighbor graph is constructed to capture and model the local relationships
among data points.

Given the data matrix X = (x1, ..., xn) ∈ Rm×n, where xi (i = 1, ..., n) denotes a data sample or
one vertex in the graph. For each data point xi, we connect each xi to its k nearest neighbors. Here,

we adopt Euclidean distance wij =
√

∑m
d=1(xi,d − xj,d)2 to measure the similarity between the data

samples.
Let Z = (z1, ..., zn) ∈ Rk×n represent embedding coordinates of data samples X = (x1, ..., xn) ∈

Rm×n. The dissimilarity of the two data points in the lower-dimensional space can be measured by the
Euclidean distance. Define the dissimilarity of the two data points in the lower-dimensional space as
d(zi, zj) = ||zi − zj||2, combining with the weight matrix W, the smoothness of the low-dimensional
representation can be measured by minimizing the following equation [30]

S =
1
2

n

∑
i,j=1

∥zi − zj∥2wij

=
n

∑
i=1

zT
i ziDii −

n

∑
i,j=1

zT
i zjwij

= Tr(VT DV)− Tr(VTWV) = Tr(VT LV),

(15)

where D = diag(d1, ..., dn) is a diagonal matrix, and L = D − W is the graph Laplacian matrix.

1.4. Anchors

Anchor point techniques play a critical role in data representation and learning, effectively
reducing computational costs while capturing the underlying structure of the data. In machine
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learning, anchor points are a set of representative samples or features selected from a dataset. Given
a dataset X = (x1, x2, ..., xn) ∈ Rm×n, anchor points A = (a1, a2, ..., ak) ∈ Rm×k with k ≪ n, act as
reference points in the data space, which can be strategically selected based on prior knowledge
(e.g., class centers) or learned through methods like K-means clustering. Anchor points facilitate the
construction of similarity matrices or lower-dimensional embeddings, thereby reducing computational
complexity and enhancing model generalization, particularly for large-scale data. Following this
introduction, we will explore two methodologies for deriving these anchor points, which are crucial
for subsequent steps in constructing similarity matrices.

1. K-means method for anchor points
We adopt the K-means clustering algorithm to derive a set of anchor points, which serve as
representative prototypes for the underlying data distribution. Considering a dataset X =

(x1, x2, ..., xn) ∈ Rm×n, the K-means algorithm aims to partition X into k disjoint clusters C =

{C1, C2, ..., Ck} by minimizing the within-cluster sum of squares, formulated as [31]

f (x) =
k

∑
i=1

∑
x∈Ci

∥x − ui∥2, (16)

where Ci denotes the i-th cluster and ui is its centroid, namely the anchor points.
2. BKHK method for anchor points

The Balanced and Hierarchical K-means (BKHK) algorithm is a hierarchical anchor point selection
method that combines K-means and hierarchical clustering to recursively construct evenly
distributed anchor points, thereby improving representation ability. In contrast to conventional
K-means algorithms that execute a single-step partitioning of the dataset into a predetermined
number of clusters, BKHK employs a hierarchical partitioning strategy. It recursively divides the
dataset X into m sub-clusters, performing binary K-means at each step. This process continues
until the desired number of clusters is achieved. The objective function of Balanced Binary
K-means is defined as follows [32]

arg min
H∈Bn×2,1T

n H=[⌊ n
2 ⌋,n−⌊ n

2 ⌋]
∥X − CHT∥2

F, (17)

where C ∈ Rd×2 represents the two class centers, and H ∈ Bn×2 is the class indicator matrix.

The construction of the similarity matrix based on representative anchors is a well-explored
problem. In our approach, we choose to measure the distance using the Euclidean distance. To be
specific, our objective is to learn a similarity matrix Z ∈ Rn×m, in a way that a smaller distance
corresponds to a larger affinity value. This allows us to formulate the optimization problem as follows

arg min
zi1m=1,zi>0

m

∑
j=1

∥xi − uj∥2
2 + γ

m

∑
j=1

z2
ij. (18)

In many cases, we prefer Z to be a sparse matrix, such that zi has k nonzero values corresponding
to the k-nearest anchors. Consequently, the maximal γ is determined by solving the following problem

max
γ,∥zi∥0=k

γ. (19)

Suppose eij = ∥xi − ui∥2
2, and eij are arranged from small to large. The solution to (19) is

γ = k
2 ei,k+1 − 1

2 ∑k
j=1 eij. Therefore, the solution to (18) can be obtained as follows

zij =


ei,k+1−eij

kei,k+1−∑k
h=1 eih

, j ≤ k,

0, j > k.
(20)
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After obtaining the matrix Z, we construct the similarity matrix A using the formula

A = Z∆−1ZT . (21)

Here, ∆ ∈ Rm×m is a diagonal matrix with the j-th diagonal element calculated as ∑n
i=1 zij. In practical

applications, we can obtain A without explicitly computing it by utilizing A = PPT , where P = Z∆− 1
2 .

2. Methodology
The sample dataset comprises l color facial images, where n labeled images form the train-

ing set X, denoted as X = {X1, ..., Xn}, and l − n unlabeled images constitute the test set Y, de-
noted as Y = {Xn+1, ..., Xl}. Each color facial image is initially represented as a quaternion ma-
trix Q = Q0 + Q1i + Q2 j + Q3k ∈ Qp×q, where Q denotes the quaternion space. To facilitate nu-
merical computation, the quaternion matrix Q is transformed into its real representation matrix
γQ ∈ R4p×4q. Due to the information redundancy of the real representation matrix, the first column
block of γQ, [Q0, Q2, Q1, Q3]

T is vectorized into Xi ∈ Rm×1, where m = 4p × q. The data matrix X
and the test matrix Y are constructed by column-wise concatenation of these vectors, resulting in
X = {X1, ..., Xn} ∈ Rm×n and Y = {Xn+1, ..., Xl} ∈ Rm×(l−n).

In robust principal component analysis (RPCA), it is well-established that data signals are typically
decomposed into a sum of low-rank terms, sparse terms, and noise terms that are statistically modeled.
This decomposition can be mathematically expressed as

X = L + S + E. (22)

The columns of matrix L span a low dimensional subspace, while matrix S contains only a sparse set
of non-zero entries. Typically, it is assumed that the elements of matrix E are drawn from a Gaussian
distribution with a mean of zero. The low-rank component L can be factorized as L = UVT , allowing
equation (22) to be reformulated as

X = UVT + S + E, (23)

where U ∈ Rm×k, V ∈ Rn×k and k ≪ m, n. It is important to note that, due to the inherent con-
straints imposed by this factorization, a low-rank structure is implicitly enforced on matrix L, even
though k might still exceed the true rank of L. In equation (23), the columns of matrix U define the
low-dimensional subspace in which the columns of matrix L reside, while matrix V represents the
corresponding coefficients within this subspace.

To capture the geometric structures of the sample and feature manifolds in facial data, we use
two graphs, namely a sample graph for columns and a feature graph for rows, each tailored to its
respective dimension.

Initially, a k-nearest-neighbors sample graph is constructed, with its vertices corresponding to
the data points (x1, ..., xn). We adopt a 0-1 weighting scheme to establish the k-nearest-neighbors data
graph. Consequently, the sample weight matrix can be formally defined as

[WV ]ij =

1, i f xj ∈ N(xi),

0, otherwise,
i, j = 1, ..., n, (24)

where N(xi) is the k-nearest neighbor of xi and LV = DV − WV is the graph Laplacian matrix of the
sample, where [DV ]ii = ∑j[WV ]ij is a diagonal degree matrix.

Similarly to the methodology employed for constructing the sample weight matrix, we obtain the
feature weight matrix as follows

[WU ]ij =

1, i f xj,T ∈ N(xi,T),

0, otherwise,
i, j = 1, ..., m. (25)
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The feature graph Laplacian matrix is defined as LU = DU − WU .
Via integrating graph regularization for both sample and feature manifolds with the RPCA model,

we propose a novel dual graph regularized principal component analysis model. This model is
designed to simultaneously capture the inherent geometric structures within the data across both
manifolds. The corresponding objective function is formulated as follows

min
U,V

∥X − UVT − S∥2
F + γTr(UT LUU) + γTr(VT LVV) + λ∥S∥1,

s.t. UTU = I,
(26)

where the parameter γ is used to balance the contribution of the graph Laplacian regularization term
and the parameter λ is used to balance the contribution of the sparse term.

We employ the Augmented Lagrangian Multiplier (ALM) method to optimize the objective
function. This approach reformulates the constrained optimization problem into a sequence of un-
constrained subproblems by incorporating Lagrange multipliers and penalty terms. Through this
iterative process, the method progressively converges towards the optimal solution. In the context of
utilizing the ALM method to derive the optimal solution, we substitute Z for UVT + S, and (26) can be
equivalently reformulated as follows

min
U,V

∥X − Z∥2
F + γTr(UT LUU) + γTr(VT LVV) + λ∥S∥1,

s.t. UTU = I, Z = UVT + S.
(27)

According to the ALM method, (27) can be equivalently minimized as

Lµ,ν,Y,Γ(S, Z, U, V) =∥X − Z∥2
F + γTr(UT LUU) + γTr(VT LVV)

+ λ∥S∥1 + Tr(YT(Z − UVT − S)) +
µ

2
∥Z − UVT − S∥2

F

+ Tr(ΓT(UTU − I)) +
ν

2
∥UTU − I∥2

F,

(28)

where Γ and Λ are Lagrange multipliers, and µ and ν are the step size in the update rule.
Given that there are four variables requiring solution, the Alternating Direction Method (ADM)

is employed to address this problem. It simplifies the solution process by allowing us to solve for a
single variable while keeping the others fixed. By applying this method, the optimization problem
represented by (28) can be naturally decomposed into four subproblems.

Problem 1: With variables U, V, Z fixed, the variable S is solved by rewriting (28)

Lµ,ν,Y,Γ(S, Z, U, V) = λ∥S∥1 +
µ

2
∥Z − UVT − S +

Y
µ
∥2

F. (29)

(29) can be solved by the proximal shrink operator denoted as follows

Sk+1 = soft(Zk+1 − Uk+1Vk+1,T +
Yk

µ
,

λ

µ
),

soft(a, τ) = sign(a)max(|a| − τ, 0).
(30)

Problem 2: With variables V, S, Z fixed, the variable U is solved by rewriting (28)

Lµ,ν,Y,Γ(S, Z, U, V) =γTr(UT LUU) + Tr(YT(Z − UVT − S))

+
µ

2
∥Z − UVT − S∥2

F + Tr(ΓT(UTU − I)) +
ν

2
∥UTU − I∥2

F,
(31)
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L =γTr(UT LUU)− Tr(VTYTU)− µTr(ZTUVT) +
µ

2
Tr(VUTUVT)

+ µTr(VTSTU) + Tr(ΓTUTU) +
ν

2
∥UTU − I∥2

F.
(32)

By computing the partial derivative with respect to the variable U in (32), we obtain

∂L
∂U

= 2γLUU − YV − µZV + µU(VTV)

+ µSV + 2UΓ + ν(2UUTU − U).
(33)

By setting the equation (33) equal to 0 , the updated iteration formula for variable U can be addressed
via the Sylvester equation, as showed below

(2γLU + νI)U + U(µVTV + 2Γ) = YV + µ(Z − S)V. (34)

Problem 3: With variables U, S, Z fixed, the variable V is solved by rewriting (28)

Lµ,ν,Y,Γ(S, Z, U, V) =γTr(VT LVV) + Tr(YT(Z − UVT − S))

+
µ

2
∥Z − UVT − S∥2

F,
(35)

L =γTr(VT LVV)− Tr(VTYTU)− µTr(ZTUVT)

+
µ

2
Tr(VUTUVT) + µTr(VTSTU).

(36)

Similar to the procedure outlined in (33), we derive the partial derivative of the variable U in equation
(36)

∂L
∂V

= 2γLVV − YTU − µZTU + µV(UTU) + µSTU. (37)

The updated iteration formula for variable V also involves solving the Sylvester equation, as detailed
below

2γLVV + V(µUTU) = YTU + µ(ZT − ST)U. (38)

Problem 4: With variables U, V, S fixed, the variable Z is solved by rewriting (28)

Lµ,ν,Y,Γ(S, Z, U, V) = ∥X − Z∥2
F +

µ

2
∥Z − UVT − S +

Y
µ
∥2

F. (39)

The problem described by equation (39) is convex, which facilitates a straightforward update of the
variable Z as follows

Zk+1 =
2X + µ(UVT + S − Y

µ )

2 + µ
. (40)

Algorithm 1 The solution to optimize (26)

Require: Facial image data matrix: Xm×n, Parameters: k, r, λ, γ, µ, ν
Ensure: Um×k, Vn×k

1: Initialize Z, Y, S, U, V
2: repeat
3: Update S by (30).
4: Update U by (34).
5: Update V by (38).
6: Update Z by (40).
7: Update Y by Yr+1 = Yr + µr(ZT − UVT − S).
8: Update µ by µr+1 = ρµr.
9: until convergence
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3. Experiments
3.1. Datasets

The proposed model is rigorously evaluated on the Georgia Tech face dataset [33], a well-
established benchmark in face recognition research comprising facial images from 50 distinct subjects,
with each subject contributing 15 unique samples. These samples exhibit significant variations in
lighting conditions, facial expressions (e.g., neutral, smiling, surprised), and head poses (e.g., frontal,
side views), rendering the dataset highly effective for assessing the robustness and generalization capa-
bilities of face recognition models. This diversity facilitates robust assessment of model generalization
under challenging real-world conditions. All images in the GTdatabase are preprocessed by manual
cropping and resizing to a uniform resolution of 44 × 33 pixels, with representative samples visualized
in Fig.1.

Figure 1. Sample images for one individual of the GTdatabase.

3.2. Parameter Selection

Our model involves six critical parameters: γ, λ, µ, ν, k and r, which must be carefully tuned in the
formulation (28). Based on empirical evidence from prior studies and our experimental validation, we
set γ = 0.005, µ = 0.005 and ν = 0.001. For the regularization parameter γ, we adopt λ = 1√

max(m,n)
as suggested in [5]. Additionally, we select k = 15 as the number of nearest neighbors for graph
construction, ensuring a balanced representation of local data structures. Furthermore, we respectively
set r = 200 and r = 100 to compare the final results. These parameter choices are carefully calibrated
to optimize the model’s performance across diverse scenarios.

3.3. Experiment Results

Using the learned projection matrix U, we project the test samples into the low-dimensional space
and compute their similarity to the training samples in this reduced space using Euclidean distance.
This enables nearest neighbor classification, where recognition results are determined by identifying
the closest matches based on similarity. To evaluate the model’s performance, we employ two metrics:
the standard accuracy (ACC) and the convergence time. ACC measures the face matching accuracy,
defined as the ratio of correctly classified samples to the total number of test samples, providing a
quantitative assessment of the model’s recognition capability. Specifically, ACC is calculated as

ACC =
∑n

i=1 σ(pi, map(qi))

n
× 100%, (41)

where pi is the predicted label of a test sample and map(qi) is the real label of the test sample. σ(x, y)
equals 1 if x = y and 0 otherwise.

For the 50 × 15 samples in the GTdatabase, we partitioned the dataset into training and test sets
with a ratio of 0.7. To ensure statistical reliability and robustness, the results reported are the average
values obtained from 10 independent trials, providing a more precise and representative assessment of
the model’s performance.
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For the k = 15-nearest neighbors, we set the dimensionality reduction parameter to r = 200.
The corresponding accuracy and runtime of the model, evaluated using the original graph Laplacian
matrix, the graph Laplacian matrix constructed via K-means, and the graph Laplacian matrix generated
by the BKHK method, are summarized in Table 2.

Table 2. Results of RPCA with graph Laplacian constraint(r = 200).

Method Accuracy (%) Running Time (s) Notes
Standard graph Laplacian 73.8% 991.94 Baseline method

K-means + graph Laplacian 73.3% 935.39 K-means for anchor selection
BKHK + graph Laplacian 73.3% 973.15 BKHK for anchor selection

Similarly, for the k = 15-nearest neighbors, we conducted an additional experiment with the
dimensionality reduction parameter set to r = 100. The accuracy and runtime of the model with
original graph Laplacian matrix, graph Laplacian matrix constructed via K-means, and graph Laplacian
matrix generated by the BKHK method are summarized in Table 3.

Table 3. Results of RPCA with graph Laplacian constraint(r = 100).

Method Accuracy (%) Running Time (s) Notes
Standard graph Laplacian 73.3% 2924.71 Baseline method

K-means + graph Laplacian 72.9% 2765.83 K-means for anchor selection
BKHK + graph Laplacian 72.9% 2132.40 BKHK for anchor selection

From the experimental results summarized in Table 2 and Table 3, we can draw the following
conclusions. First, all three methods—standard graph Laplacian, K-means-based graph Laplacian, and
BKHK-based graph Laplacian—demonstrate high recognition accuracy, with the standard method
exhibiting slightly superior performance due to its ability to capture the underlying data structure
more comprehensive. Second, the anchor-based methods, particularly the BKHK approach, exhibit
significantly lower computational complexity, especially in lower-dimensional settings (e.g., r = 100).
This efficiency advantage positions the BKHK-based method as a highly scalable solution for large-
scale datasets, where computational efficiency is paramount. In conclusion, while all methods deliver
comparable accuracy, the anchor-based approaches, particularly BKHK, provide substantial computa-
tional savings, making them more suitable for real-world applications requiring both performance and
scalability.

4. Conclusions
In this study, we present an advanced RPCA framework incorporating bidirectional graph Lapla-

cian constraints and an anchor point strategy, achieving enhanced computational efficiency while
preserving recognition accuracy in facial analysis. The dual-graph architecture captures intrinsic
geometric relationships from both sample and feature perspectives, maintaining structural and dis-
criminative characteristics of high-dimensional data. Anchor points effectively reduce computational
complexity without sacrificing robustness. Extensive experiments on the GTdatabase demonstrate
superior processing speed and sustained accuracy under challenging conditions including illumination
variations, expressions, and pose changes. Our work advances dimensionality reduction techniques
while providing a practical solution for face recognition. Future research will extend this framework to
larger datasets and explore broader applications in computer vision.
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