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Abstract: In this paper we perform numerous numerical studies for the problem of low-rank1

matrix completion. We compare the Bayesian approaches and a recently introduced de-biased2

estimator which provides a useful way to build confidence intervals of interest. From a theoretical3

viewpoint, the de-biased estimator comes with a sharp minimax-optimal rate of estimation error4

whereas the Bayesian approach reaches this rate with an additional logarithmic factor. Our5

simulation studies show originally interesting results that the de-biased estimator is just as good as6

the Bayesian estimators. Moreover, Bayesian approaches are much more stable and can outperform7

the de-biased estimator in the case of small samples. However, we also find that the length of the8

confidence intervals revealed by the de-biased estimator for an entry is absolutely shorter than9

the length of the considered credible interval. These suggest further theoretical studies on the10

estimation error and the concentration for Bayesian methods as they are being quite limited up to11

present.12

Keywords: Low-rank matrix; matrix completion; Bayesian method; de-biased estimator; uncer-13

tainty quantification; confidence interval.14

1. Introduction15

The goal of low-rank matrix completion is to recover a low-rank matrix from its16

partially observed entries. This problem has recently received and increased attention17

due to the emergence of several challenging applications, such as recommender systems18

(particularly the famous Netflix challenge [5]). Different approaches from frequentist19

to Bayesian methods have been conducted in this problem, both from theoretical and20

computational point of views, see for example [1,3,6–9,13,15–17,21,22,24].21

From a frequentist point of view, most of the recent methods are usually based22

on penalized optimization. A seminal result can be found in [7,8] for exact matrix23

completion (noiseless case) and further developed in the noisy case in [6,13,20]. Some24

efficient algorithms had also been studied, for example see [11,18,21]. More particularly,25

in the notible work [13], the authors studied nuclear-norm penalized estimators and26

provided reconstruction errors for their methods. Moreover, they also showed that these27

errors are minimax-optimal (up to a logarithmic factor). Note that the average quadratic28

error on the entries of a rank-r matrix size m× p from n-observations can not be better29

than: r max(m, p)/n [13].30

More recently, in a remarkable work [9], de-biased estimators have been proposed31

for the problem of noisy low-rank matrix completion. The estimation accruracy of this32

estimator is shown to be sharp in the sense that it reaches the minimax-optimal rate33

without any additional logarithmic factor. A sharp bound has also been obtained by34

a different estimator in [12], however its statistical inference is not known up to our35

knowledge. More importantly, the confident intervals on the reconstruction of entries of36
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the underlying matrix are also provided by using the de-biased estimators in the work37

by [9]. It is noted that conducting uncertainty quantification for matrix completion is not38

strainghtforward. This is because, in general, the solutions for matrix completion do not39

admit closed-form and the distributions of the estimates returned by the state-of-the-art40

algorithms are hard to derive.41

On the other hand, uncertainty quantification can be assess normally from a42

Bayesian perspective that is the unknown matrix is considered as a random variable43

through a prior distribution and the statistical inference can be made by the posterior dis-44

tribution, for example the credible intervals. Bayesian methods have been also studied45

for low-rank matrix completion mainly from a computational viewpoint [2,4,10,15,16,22–46

24]. Most Bayesian estimators are based on conjugate priors which allow to use Gibb47

ssampling [2,22] or Variational Bayes methods [16] and these algorithms are fast enough48

to deal with and actually tested on large datasets like Netflix or MovieLens1. However,49

the theoretical understanding of Bayesian estimators is quite limited, up to ourknowl-50

edge, [17] and [3] are the only prominent examples. More specifically, they showed that51

a Bayesian estimator with a low-rank factorization prior reaches the minimax-optimal52

rate up to a logarithmic factor and the paper [3] further show that the same rate can be53

obtained by using a Variational Bayesian estimator.54

In this paper, we perform various numerical comparisons on the estimation accuracy55

(the mean square error, the normalized mean square error and the prediction error, see56

Section 3) between the de-biased estimator in [9] and the Bayesian methods [3] for which57

the statistical properties have been well studied thoroughly. Furthermore, we examine58

in details the behaviour of the confidence intervals revealed by the de-biased estimator59

against the Bayesian credible intervals. Although Bayesian method has become common60

in matrix completion, its uncertainty quantification in this problem (e.g. credible interval61

for recovering entries of the matrix) has receive much more limited attention in the62

literature.63

Results from simulation comparisions release originally interesting messages. More64

specifically, the de-biased estimator is just as good as the Bayesian estimators on the65

estimation accuracy, although it is completely successful in improving the ancestry66

estimator that being de-biased. On the other hand, the Bayesian approaches are much67

more stable than the de-biased method and in addition they outperform the de-biased68

estimator especially in case of small samples. However, we find that the 95% confidence69

intervals disclosed by the de-biased estimator are significantly sharper in the length70

than the 89% and 95% credible intervals. These evidences suggest that the Bayesian71

estimators may actually reach the minimax-optimal rate sharply and the log-term could72

be due to the technical proofs (the PAC-Bayesian bounds technique). Furthermore, the73

concentration rate of the corresponding Bayesian posterior showed in [3] with a log-term74

could be sharp.75

The rest of the paper is structured as follows. In Section 2 we present the low-76

rank matrix completion problem, then introduce the de-biased estimator as well as the77

disclosed confidence interval and provide details on the considered Bayesian estimators.78

In Section 3, simulation studies comparing the different methods are presented. We79

discuss and conclude our results in the final section.80

2. Low-rank matrix completion81

2.1. Model82

Let M∗ ∈ Rm×p be an unknown rank-r matrix of interest. We observe a random
subset of noisy entries of M∗ as

Yij = M∗ij + Eij, (i, j) ∈ Ω (1)

1 http://grouplens.org/datasets/movielens/
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where Ω is a subset of indices {1, . . . , m} × {1, . . . , p} and Eij ∼ N (0, σ2) are inde-83

pendently generated noise at the location (i, j). We assume that the data are missing84

uniformly at random. Then, the problem of estimating M∗ with n = |Ω| < mp is called85

the (noisy) low-rank matrix completion problem.86

Let PΩ(·) : Rm×p 7→ Rm×p be the orthogonal projection onto the observed entries
in the index set Ω that

PΩ(Y)ij =

{
Yij, if (i, j) ∈ Ω,
0, if (i, j) /∈ Ω

.

Notations:87

For a matrix A ∈ Rm×p, ‖A‖F =
√

trace(A>A) denotes its Frobenius norm and88

‖A‖∗ = trace(
√

A>A) denotes its nuclear norm. [a± b] is used to denote the interval89

[a− b, a + b]. We use Idq to denote the identity matrix of dimension q× q.90

2.2. The de-biased estimator91

Let M̂ be either the solution of the following nuclear norm regularization [18]

min
Z∈Rm×p

1
2
‖PΩ(Z−Y)‖2

F + λ‖Z‖∗,

or of the following factorization minimization [11]

min
U∈Rm×r ,V∈Rp×r

1
2
‖PΩ(Y−UV>)‖2

F +
λ

2
‖U‖2

F +
λ

2
‖V‖2

F, (2)

where λ > 0 is a tuning parameter.92

Given an estimator M̂ as above, the de-biased estimator [9] is defined as

Mdb := Prrank−r
[
M̂−PΩ(M̂−Y)

]
, (3)

where Prrank−r(B) = arg minA:rank(A)≤r ‖A− B‖F is the projection onto the set of rank-r93

matrices.94

Remark 1. The estimation accuracy of the de-biased estimator, provided in Theorem 3 in [9]95

under some assumptions, is that ‖Mdb −M∗‖2
F ≤ c max(n, p)rσ2/n without any extra log-96

term and c is universal numerical constant.97

2.2.1. Confidence interval98

Let M̂ = ÛΣ̂V̂> be the singular values decomposition of M̂. Put

vij := σ2
[
Udb

i. (U
db>Udb)−1Udb>

i. + Vdb
j. (Vdb>Vdb)−1Vdb>

j.

]
, (4)

where

Udb = Û(Σ̂ + λIdr)
1/2 and Vdb = V̂(Σ̂ + λIdr)

1/2.

Then, given a significance level α ∈ (0, 1), the following interval[
Mdb

ij ±Φ−1(1− α/2)
√

vij

]
is a nearly accurate two-sided (1− α) confidence interval of M∗ij, where Φ(·) is the CDF99

of the standard normal distribution. This is given in Corollary 1 in [9].100
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2.3. The Bayesian estimators101

The Bayesian estimator studied in [3,17] is given by

MB :=
∫

Mρλ(M|Y)dM

where
ρλ(M|Y) ∝ L(Y|M)λπ(M)

is the posterior and L(Y|M)λ is the likelihood raising by λ. Here λ ∈ (0, 1) is a tuning102

parameter and π(M) is the prior distribution.103

2.3.1. Priors104

A popular choice for the priors in Bayesian matrix completion is to assign condi-
tional Gaussian priors to U ∈ Rm×K and V ∈ Rp×K with

M = UV> =
K

∑
k=1

U.kV>.k ,

for a fixed integer K ≤ min(m, p). More specifically, for k ∈ {1, . . . , K}, independently

U.k ∼ N (0, γk Idm),

V.k ∼ N (0, γk Idp),

γ−1
k ∼ Γ(a, b),

(5)

where Idq is the identity matrix of dimension q× q and a, b are some tuning parameters.105

This kind of prior is conjugate for which the conditional posteriors can be derived106

explicitly in closed form and allows to use the Gibbs sampler, see [22] for details. Some107

reviews and discussion on low-rank factorization priors can be found in [1,2].108

Remark 2. In the case that the rank r is not known, it is natural to take K as large as possible,109

e.g K = min(m, p) but this may be computationally prohibitive if K is large.110

Remark 3. The estimation error for this Bayesian estimator, under some assumptions, is given111

in Corollary 4.2 in [3] that ‖MB − M∗‖2
F ≤ max(n, p)rσ2/n with additional log-term by112

log(n max(m, p)). It is noted that, in [17], the rate is also reached with additional log-term113

by log(min(m, p)) under general sampling distribution however the paper considered some114

truncations on the prior.115

For a given rank-r, we propose to consider the following prior, called fixed-rank-
prior,

U.k ∼ N (0, Idm),

V.k ∼ N (0, Idp),
(6)

for k = 1, . . . , r. This prior is a simplified version of the above prior. We note that for116

K > r the Gibbs sampler of the fixed-rank-prior will be faster than Gibbs sampler for the117

above prior. However, interestingly, results from simulation for the Bayesian estimator118

with this prior are slightly better than the one based on the above prior at some point.119

Remark 4. We remark that the theoretical estimation error for the Bayesian estimator with the120

fixed-rank-prior given in (6) remains unchanged following by Corollary 4.2 in [3].121

2.3.2. Credible interval122

Using Bayesian approach, the credibility intervals for the matrix and their functions123

(e.g. entries) can be easily constructed using the Markov Chain Monte Carlo (MCMC)124

technique. Here, we focus on the equal-tailed credible interval for an entry.125
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More precisely, the credible intervals are reported using the 89% equal-tailed in-126

tervals which is suggested by [14,19] for small posterior samples as in our situations127

with 500 posterior samples. We noted that to obtain 95% intervals, an effective posterior128

sample size of at least 10.000 is recommended [14], which is computationally prohibited129

to run on all of our simulations. A few examples with 10.000 posterior samples are130

examined in Figure 1.131

3. Numerical studies132

3.1. Experimental designs133

In order to access the performance of different estimators, a series of experiments134

were conducted with simulated data:135

• Setting I: In the first setting, we fix m = 100 and a rank-r matrix M∗m×p is generated
as the product of two rank-r matrices,

M∗ = U∗m×2(V
∗
p×2)

>,

where the entries of U∗ and V∗ are i.i.d N (0, 1). With a missing rate τ = 20%, 50%136

and 80%, the entries of the matrix M∗ are observed using a uniform sampling. This137

sampled set is then corrupted by noise as in (1), where the Ei are i.i.d N (0, 1). We138

alternate the other dimension by taking p = 100 and p = 1000. The rank r is varied139

between r = 2 and r = 5.140

• Setting II: The second series of simulations is similar to the first one, except that the
matrix M∗ is no longer rank-r, but it can be well approximated by a rank-r matrix:

M∗ = U∗m×r(V
∗
m×r)

> +
1

10
(Am×50)(Bm×50)

>

where the entries of A and B are i.i.d N (0, 1).141

Remark 5. We note that for second series of simulations, with appriximate low-rank matrices,142

the theory of the de-biased estimator can not be used whereas theoretical guarantees for Bayesian143

estimators are still validated, see [3,17].144

For each setup, we generate 50 data sets (simulation replicates) and report the
average and the standard deviation for a measure of error of each estimator over the
replicates. The behavior of an estimator (say M̂) is evaluated through the mean squared
error (MSE) per entry

MSE :=
1

mp
‖M̂−M∗‖2

F

and the normalized mean square error (NMSE)

NMSE :=
‖M̂−M∗‖2

F
‖M∗‖2

F
.

We also measure the prediction error by using

Pred :=
‖PΩ̄(M̂−M∗)‖2

F
mp− n

,

where Ω̄ is the set of un-observed entries.145

We compare the de-biased estimator (denoted by ‘d.b’), the Bayesian estimator146

with the fixed-rank-prior (6) (denoted by ‘f.Bayes’) and the Bayesian estimator with147

the (flexible rank) prior (5) (denoted by ‘Bayes’). As a by-product in calculating the148

de-biased estimator through the Alternating Least Squares estimator (2), we also report149

the results for this estimator, denoted it by ‘als’.150
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The ‘als’ estimator is available from the R package ‘softImpute’ [18] and is used with151

defaulted options. The ‘d.b’ estimator is run with λ = 2.5σ
√

mp as in [9]. The ‘f.Bayes’152

and ‘Bayes’ estimators are used with tuning parameter λ = 1/(4σ2) and parameters for153

the prior of ’Bayes’ estimator are K = 10, a = 1, b = 1/100. The Gibbs samplers for these154

two Bayesian estimators are run with 500 steps and 100 burn-in steps.155

3.2. Results on estimation accuracy156

From the reults in Tables 1 and 2, it is clear to see that the de-biased estimator157

significantly outperforms its ancestry estimator being de-biased. Whereas, the de-biased158

estimator is just as good as the Bayesian methods in some case.159

More specifically, in Table 1, the de-biased estimator is equally comparative to160

Bayesian estimators in the case with high rates of observation (say τ = 20% or 50%).161

With the case of highly missing rate τ = 80%, the de-biased estimator returns highly162

unstable results, this may be because its ancestry estimator (here is the als estimator) is163

unstable with small observation. However, when the dimension of the matrix increases,164

the differences between the de-biased estimator and the Bayesian estimators become165

smaller. This is also recognized for the setting of approximate low-rank matrices as in166

Table 2 and in Table 3, 4.167

The ’f.Bayes’ method returns the best results quite often in terms of all considered168

errors (MSE, NMSE and Pred) in setting of exact low-rank matrices. However, it is noted169

that for the setting with true underlying matrix being approximately low-rank, in Table 2170

and 4, the ’Bayes’ approach is slightly betther than the ’f.Bayes’ approach at some point.171

This can be explained as the ’Bayes’ approach employed a kind of approximate low-rank172

prior through the Gamma prior on the variance of the factor matrices and thus it is able173

to adapt to the approximate low-rankness.174

3.3. Results on uncertainty quantification175

To examine the uncertainty quantification across the methods, we simulate a matrix176

as in Section 3.1 then we repeat the observation process 50 times. More precisely, we177

obtain 50 data sets by replicating the observation of 20%, 50% and 80% entries of the178

matrix M∗ using a uniform sampling and then each sampled set is corrupted by noise as179

in (1), where the Ei are i.i.d N (0, 1).180

Table 3 and 4 report the averaged lengths of the confidence intervals and of the181

credible intervals as well as the estimation errors of all methods over 50 independent182

experiments. More precisely, we report the 95% confidence intervals for the de-biased183

method. The credible intervals is reported using the 89% equal-tailed intervals which is184

suggested by [14,19] for small posterior samples as in our situations with 500 posterior185

samples. We noted that to obtain 95% intervals, an effective posterior sample size of186

at least 10.000 is recommended [14]. A few examples with 10000 posterior samples are187

given in Figure 1.188

A noteworthy conclusion from the results in Table 3 and 4 and Figure 1 is that189

the lengths of the 95% confidence intervals revealed by the de-biased method are sig-190

nificantly thinner than the 89% or 95% credible intervals. We note that in all of our191

simulations the confidence intervals always contains the true value of interest and thus192

we do not report the coverage rate. The credible intervals of the ’f.Bayes’ approach are193

really similar to those based on the ’Bayes’ approach.194

More particularly, in Figure 1, we compare the limiting Gaussian distribution of195

the de-biased estimator and posterior samples for the ’f.Bayes’ method against the true196

entries of interest. It is clear that the limiting Gaussian distribution of the de-biased197

estimator yeilds a sharper tail distribution compare to the distribution of the posterior198

samples.199
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4. Discussion and Conclusion200

In this paper, we provide extensive numerical comparisions between the de-biased201

estimator and the Bayesian estimators in the problem of low-rank matrix completion.202

Results from numerical simulations draw a systematic picture on the behaviour of these203

estimators originally. More specifically, on the estimation accuracy, the de-biased estima-204

tor is just comparable to the Bayesian estimators whereas the Bayesian estimators are205

much more stable and in some cases can outperform the de-biased estimator especially206

in the small samples. However, the lengths of the confidence intervals (of the entries)207

are entirely smaller than the lengths of the credible intervals.208

These findings suggest that the considered Bayesian estimators may actually reach209

the minimax-optimal rate of convergence without additional logarithmic factor. These210

log-terms could be due to the PAC-Bayesian bounds technique that used to prove the211

theorical properties of the Bayesian estimator. On the other hand, as shown in [3], the212

same rate with log-term is proved for the concentration of the corresponding posterior213

and we conjecture that this rate could not be improved due to the width spreading of214

credible intervals. These are important questions that remain open up to our knowledge.215

Last but not least, it is also important to do the comparisons with the Variational216

Bayesian (VB) method in [16] where its theoretical guarantees are given in [3], because217

this method is very popular for matrix completion with large dataset. This will be the218

objective of our future work. However, we would like to note that, in a preprint [2], the219

authors had performed some comparisons between the Bayesian approach and the VB220

method. The message from their works is that we can expect that VB should be more or221

less as accurate as Bayes, maybe slightly less, but that the credibility intervals would be222

wrong (see e.g Figure 3 in [2]).223

Table 1: Simulation results for Setting I (exact low-rank). The mean and the standard
deviation (in parentheses) of each error between the simulation replicates are presented.
(MSE: average of mean square error; NMSE: average of normalized mean square error;
Pred: average of prediction error; als: the alternating least squares estimator; d.b: the
de-biased estimator; f.Bayes: the Bayesian estimator with the fixed-rank-prior; Bayes:
the Bayesian estimator with flexible rank prior.)

r = 2, p = 100, τ = 20% r = 5, p = 100, τ = 20%
Errors als d.b f.Bayes Bayes als d.b f.Bayes Bayes

MSE 0.808 (.012) 0.051 (.004) 0.051 (.003) 0.051 (.003) 0.828 (.013) 0.130 (.005) 0.130 (.006) 0.130 (.006)
NMSE 0.399 (.056) 0.025 (.004) 0.025 (.004) 0.025 (.004) 0.167 (.014) 0.026 (.003) 0.026 (.002) 0.026 (.003)
Pred 0.054 (.004) 0.054 (.004) 0.054 (.004) 0.054 (.004) 0.148 (.009) 0.148 (.009) 0.148 (.009) 0.149 (.010)

r = 2, p = 100, τ = 50% r = 5, p = 100, τ = 50%
als d.b f.Bayes Bayes als d.b f.Bayes Bayes

MSE 0.548 (.011) 0.088 (.007) 0.088 (.007) 0.089 (.007) 0.632 (.014) 0.233 (.012) 0.235 (.012) 0.238 (.012)
NMSE 0.290 (.040) 0.046 (.007) 0.046 (.007) 0.047 (.008) 0.130 (.014) 0.048 (.006) 0.048 (.005) 0.049 (.006)
Pred 0.093 (.007) 0.093 (.007) 0.094 (.007) 0.095 (.008) 0.265 (.016) 0.265 (.016) 0.268 (.016) 0.272 (.016)

r = 2, p = 100, τ = 80% r = 5, p = 100, τ = 80%
als d.b f.Bayes Bayes als d.b f.Bayes Bayes

MSE 0.695 (.784) 0.545 (.805) 0.286 (.027) 0.294 (.028) 3.999 (.900) 3.755 (.912) 1.083 (.085) 1.417 (.228)
NMSE 0.335 (.344) 0.261 (.354) 0.141 (.020) 0.145 (.024) 0.813 (.177) 0.763 (.181) 0.222 (.029) 0.289 (.051)
Pred 0.618 (.979) 0.618 (.981) 0.304 (.031) 0.313 (.033) 4.748 (1.123) 4.328 (1.116) 1.221 (.102) 1.602 (.265)

r = 2, p = 1000, τ = 20% r = 5, p = 1000, τ = 20%
als d.b f.Bayes Bayes als d.b f.Bayes Bayes

MSE 0.806 (.004) 0.028 (.001) 0.028 (.001) 0.028 (.001) 0.816 (.005) 0.070 (.001) 0.070 (.001) 0.070 (.001)
NMSE 0.407 (.041) 0.014 (.001) 0.014 (.001) 0.014 (.001) 0.162 (.010) 0.013 (.001) 0.014 (.001) 0.014 (.001)
Pred 0.029 (.001) 0.029 (.001) 0.029 (.001) 0.029 (.001) 0.075 (.002) 0.075 (.002) 0.076 (.002) 0.076 (.002)

r = 2, p = 1000, τ = 50% r = 5, p = 1000, τ = 50%
als d.b f.Bayes Bayes als d.b f.Bayes Bayes

MSE 0.523 (.004) 0.046 (.001) 0.046 (.001) 0.046 (.001) 0.564 (.004) 0.119 (.002) 0.120 (.002) 0.120 (.002)
NMSE 0.266 (.025) 0.023 (.002) 0.023 (.002) 0.024 (.002) 0.115 (.007) 0.024 (.001) 0.024 (.001) 0.024 (.001)
Pred 0.048 (.002) 0.048 (.001) 0.048 (.001) 0.048 (.001) 0.129 (.003) 0.129 (.003) 0.129 (.003) 0.129 (.003)

r = 2, p = 1000, τ = 80% r = 5, p = 1000, τ = 80%
als d.b f.Bayes Bayes als d.b f.Bayes Bayes

MSE 0.312 (.005) 0.133 (.004) 0.134 (.004) 0.134 (.004) 0.580 (.156) 0.435 (.161) 0.404 (.012) 0.406 (.012)
NMSE 0.174 (.089) 0.068 (.009) 0.068 (.009) 0.069 (.009) 0.116 (.035) 0.087 (.035) 0.081 (.006) 0.081 (.006)
Pred 0.175 (.258) 0.139 (.005) 0.140 (.005) 0.140 (.005) 0.475 (.195) 0.474 (.196) 0.436 (.014) 0.438 (.014)

Funding: This research was supported by the European Research Council grant number 742158.224
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Table 2: Simulation results for Setting II (approximate low-rank). The mean and the
standard deviation (in parentheses) of each error between the simulation replicates are
presented. (MSE: average of mean square error; NMSE: average of normalized mean
square error; Pred: average of prediction error; als: the alternating least squares estimator;
d.b: the de-biased estimator; f.Bayes: the Bayesian estimator with the fixed-rank-prior;
Bayes: the Bayesian estimator with flexible rank prior.)

approximate rank-2, p = 100, τ = 20% approximate rank-5, p = 100, τ = 20%
Errors als d.b f.Bayes Bayes als d.b f.Bayes Bayes

MSE 0.915 (.012) 0.539 (.017) 0.538 (.017) 0.537 (.017) 0.944 (.014) 0.593 (.015) 0.592 (.015) 0.592 (.015)
NMSE 0.373 (.047) 0.220 (.029) 0.219 (.028) 0.218 (.028) 0.172 (.014) 0.108 (.009) 0.108 (.009) 0.108 (.009)
Pred 0.583 (.022) 0.583 (.022) 0.579 (.022) 0.580 (.022) 0.718 (.030) 0.718 (.030) 0.713 (.030) 0.712 (.030)

approximate rank-2, p = 100, τ = 50% approximate rank-5, p = 100, τ = 50%
als d.b f.Bayes Bayes als d.b f.Bayes Bayes

MSE 0.822 (.016) 0.593 (.018) 0.588 (.016) 0.587 (.017) 0.956 (.021) 0.760 (.023) 0.742 (.022) 0.743 (.022)
NMSE 0.324 (.038) 0.234 (.028) 0.232 (.027) 0.232 (.027) 0.173 (.015) 0.137 (.013) 0.134 (.012) 0.134 (.012)
Pred 0.642 (.024) 0.642 (.024) 0.633 (.021) 0.633 (.022) 0.912 (.034) 0.913 (.034) 0.882 (.033) 0.883 (.033)

approximate rank-2, p = 100, τ = 80% approximate rank-5, p = 100, τ = 80%
als d.b f.Bayes Bayes als d.b f.Bayes Bayes

MSE 1.344 (.872) 1.275 (.887) 0.842 (.035) 0.846 (.034) 4.747 (1.044) 4.603 (1.064) 1.724 (.084) 1.854 (.193)
NMSE 0.555 (.370) 0.527 (.375) 0.346 (.036) 0.348 (.037) 0.876 (.181) 0.849 (.184) 0.320 (.023) 0.344 (.043)
Pred 1.430 (1.090) 1.431 (1.091) 0.902 (.040) 0.906 (.039) 5.685 (1.303) 5.305 (1.300) 1.963 (.100) 2.109 (.223)

approximate rank-2, p = 1000, τ = 20% approximate rank-5, p = 1000, τ = 20%
als d.b f.Bayes Bayes als d.b f.Bayes Bayes

MSE 0.909 (.004) 0.522 (.012) 0.522 (.012) 0.501 (.009) 0.923 (.005) 0.552 (.011) 0.552 (.010) 0.525 (.009)
NMSE 0.363 (.030) 0.208 (.017) 0.208 (.017) 0.200 (.016) 0.168 (.009) 0.101 (.006) 0.100 (.006) 0.095 (.005)
Pred 0.546 (.013) 0.546 (.013) 0.545 (.013) 0.532 (.011) 0.615 (.013) 0.615 (.013) 0.613 (.012) 0.594 (.011)

approximate rank-2, p = 1000, τ = 50% approximate rank-5, p = 1000, τ = 50%
als d.b f.Bayes Bayes als d.b f.Bayes Bayes

MSE 0.785 (.005) 0.547 (.010) 0.546 (.010) 0.545 (.010) 0.847 (.008) 0.624 (.012) 0.622 (.012) 0.619 (.012)
NMSE 0.316 (.025) 0.220 (.018) 0.219 (.018) 0.219 (.017) 0.153 (.009) 0.113 (.007) 0.112 (.007) 0.111 (.007)
Pred 0.571 (.010) 0.571 (.010) 0.569 (.010) 0.569 (.010) 0.694 (.014) 0.694 (.014) 0.688 (.014) 0.687 (.013)

approximate rank-2, p = 1000, τ = 80% approximate rank-5, p = 1000, τ = 80%
als d.b f.Bayes Bayes als d.b f.Bayes Bayes

MSE 0.767 (.014) 0.678 (.015) 0.663 (.015) 0.662 (.015) 1.140 (.018) 1.068 (.019) 0.992 (.020) 0.992 (.020)
NMSE 0.307 (.030) 0.271 (.027) 0.265 (.026) 0.265 (.026) 0.207 (.012) 0.194 (.011) 0.180 (.010) 0.180 (.010)
Pred 0.709 (.017) 0.708 (.017) 0.689 (.016) 0.689 (.016) 1.175 (.023) 1.175 (.023) 1.080 (.023) 1.080 (.023)
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Table 3: Simulation results for Setting I on average langths of the confidence intervals
and of the credible intervals of the entries as well as the mean square errors (standard
deviation is given in parentheses).

missing rate CI db CI f.Bayes CI Bayes MSE db MSE f.Bayes MSE Bayes
r = 2, p = 100

τ = 20% 0.811 (.035) 1.028 (.055) 1.040 (.086) 0.051 (.003) 0.051 (.003) 0.051 (.003)
τ = 50% 1.521 (.062) 2.430 (.226) 2.456 (.266) 0.088 (.006) 0.088 (.007) 0.089 (.008)
τ = 80% 1.271 (.124) 3.418 (.589) 3.432 (.579) 0.498 (.664) 0.290 (.028) 0.295 (.030)

r = 2, p = 1000
τ = 20% 0.567 (.013) 0.708 (.045) 0.733 (.046) 0.028 (.001) 0.028 (.001) 0.028 (.001)
τ = 50% 0.542 (.019) 0.860 (.092) 0.866 (.083) 0.046 (.001) 0.046 (.001) 0.046 (.001)
τ = 80% 0.310 (.027) 0.821 (.160) 0.832 (.145) 0.364 (.977) 0.137 (.004) 0.137 (.005)

r = 5, p = 100
τ = 20% 1.215 (.043) 2.113 (.144) 1.521 (.101) 0.128 (.006) 0.155 (.007) 0.128 (.006)
τ = 50% 1.124 (.081) 1.890 (.175) 1.907 (.171) 0.234 (.012) 0.239 (.012) 0.235 (.013)
τ = 80% 1.032 (.301) 3.285 (.515) 2.914 (.495) 2.768 (1.407) 1.799 (.117) 1.490 (.156)

r = 5, p = 1000
τ = 20% 0.856 (.011) 1.525 (.079) 1.118 (.065) 0.070 (.002) 0.077 (.002) 0.070 (.001)
τ = 50% 1.231 (.021) 2.763 (.248) 2.016 (.186) 0.120 (.003) 0.148 (.003) 0.120 (.003)
τ = 80% 0.927 (.052) 2.748 (.533) 2.742 (.505) 0.418 (.011) 0.418 (.011) 0.411 (.011)

Table 4: Simulation results for Setting II on average langths of the confidence intervals
and of the credible intervals of the entries as well as the mean square errors (standard
deviation is given in parentheses).

missing rate CI db CI f.Bayes CI Bayes MSE db MSE f.Bayes MSE Bayes
approximate rank-2, p = 100

τ = 20% 0.530 (.041) 0.691 (.070) 0.707 (.068) 0.554 (.004) 0.553 (.004) 0.552 (.004)
τ = 50% 1.220 (.074) 2.009 (.206) 2.023 (.191) 0.575 (.009) 0.569 (.008) 0.569 (.008)
τ = 80% 0.859 (.142) 2.338 (.496) 2.359 (.499) 1.116 (.685) 0.830 (.029) 0.835 (.030)

approximate rank-2, p = 1000
τ = 20% 0.831 (.015) 1.054 (.065) 1.100 (.078) 0.502 (.001) 0.501 (.001) 0.489 (.005)
τ = 50% 0.502 (.022) 0.814 (.083) 0.824 (.083) 0.559 (.002) 0.558 (.002) 0.557 (.002)
τ = 80% 0.183 (.022) 0.519 (.117) 0.560 (.113) 0.673 (.006) 0.659 (.006) 0.659 (.006)

approximate rank-5, p = 100
τ = 20% 1.143 (.039) 2.006 (.103) 1.462 (.084) 0.617 (.007) 0.641 (.009) 0.614 (.008)
τ = 50% 1.244 (.070) 2.790 (.268) 2.070 (.243) 0.749 (.019) 0.812 (.020) 0.735 (.017)
τ = 80% 1.771 (.503) 5.461 (1.137) 5.415 (1.115) 4.946 (.819) 2.434 (.129) 1.984 (.269)

approximate rank-5, p = 1000
τ = 20% 0.976 (.015) 1.759 (.107) 1.338 (.090) 0.539 (.001) 0.547 (.002) 0.518 (.006)
τ = 50% 0.684 (.015) 1.555 (.126) 1.140 (.096) 0.619 (.003) 0.636 (.003) 0.614 (.004)
τ = 80% 0.915 (.035) 3.312 (.563) 2.590 (.635) 1.098 (.207) 1.156 (.016) 0.995 (.012)
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Figure 1. Plot to compare the limiting Gaussian distributions of the de-biased estimator and the
histograms of the 10000 posterior samples for some entries. The dotted line is the true value of the
entries.
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