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Abstract: To define the optimistic multiple-granulation(OMG) supra interior operator intA
R and the OMG-supra

closure operator clA
R associated with a set A in a multiple-granulation approximation space, we used the concepts

of the OMG-lower set OL m
Σ

i=1
Ri
(A) and the OMG-upper set OU m

Σ
i=1

Ri
(A). These operators create an approximate

topological space known as optimistic multiple-granulation supratopological spaces. OMG-supra-open and

OMG-supra-closed approximation sets are also defined, followed by OMG-supra-continuous approximation and

OMG-irresolute approximation.

Keywords: multi-granulation nano generalized topology; multi-granulation nano generalized interior; multi-

granulation nano generalized closure

1. Historical Background

Pawlak [9,10] proposed a term for rough sets in approximation space to address the uncertainty
arising from artificial systems with lacking and incomplete real-world information. Rough sets are
conceptualised in terms of the equivalent relationship of a universal finite set, which serves as the
foundation for lower and upper approximations for particular subsets. Numerous researchers have
investigated the connection between topological spaces and rough sets, demonstrating that the lower
and upper approximation operators formed from a reflexive and transitive relation correspond to
the interior and closure operators in a topology, [1,3,11,12,15,19–21]. Ibedou et al. [2] proposed semi-
connectedness for nano topological and approximation spaces. Additionally, he utilized the concept of
operators in approximation spaces to introduce semicontinuity and other forms of continuity more
comprehensively.

Extending and generalising the rough set model is one of the most significant research avenues.
Qian et al. [13,14] extended the Pawlak set model by introducing and defining multi-granulation
rough sets with multiple equivalence relations in the universe set. Pawlak’s rough set has only one
equivalence relation. Qian’s definition produces two different kinds of multi-granulation rough
sets because it contains multiple equivalence relations. Initially, we consider the optimistic multi-
granulation rough set. The term "optimistic" in the lower approximation refers to the requirement
that at least one independent granular structure satisfy the implication relationship between the
equivalency class and the indefinable set.

Second, the pessimistic multi-granulation rough set, in which the term "pessimistic" is used in the
lower approximation in multiple independent granular structures, refers to the idea that every granular
structure must satisfy the implication relation between the equivalence class and the undefinable
set. Following that, a number of researchers looked into multi-granulation rough set models based
on various types of relationships and came up with a number of interesting ideas (for example,
[4–8,16,17]).
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This paper focuses on the OMG-supra interior and OMG-supra closure operators in a multiple-
granulation approximation space, which generates an approximation topological space known as the
optimistic multiple-granulation supratopological spaces. The OMG-supra-preopen and OMG-supra-
preclosed sets in multiple-granulation approximation space are defined. There are also definitions
for the OMG-supra-pre interior and OMG-supra pre closure operators. The OMG-supra-continuity
approximation and the OMG-supra-pre continuity approximation are defined. Some new approx-
imation continuities are defined in a generalised form by employing special multiple-granulation
approximation operators defined on multiple-granulation approximation spaces.
In this paper, let U = {x1, x2, ...xn} be a nonempty and finite set of objects, called a universe of
discourse. R ⊆ U × U is an equivalence relation on U. x ∈ U, [x]R = {y ∈ U : (x, y) ∈ R} is
the equivalence class that contains x. Then U/R = {[x]R : x ∈ U} creates a partition of U. Let R
be a family of equivalence relations on U. The pair (U,R) is described as a multiple-granulation
approximation space.

Definition 1.1. [13,14] Let (U,R) be a multiple-granulation approximation space with R1, R2, R3, ..., Rm ∈
R, where m is a natural number. For any X ⊆ U, the OMG-lower and upper approximations of X on
the family of equivalence relations {Ri : 1 ≤ i ≤ m} are defined

OL m
Σ

i=1
Ri
(X) = {x ∈ U : [x]R1 ⊆ X or [x]R2 ⊆ X or .... or [x]Rm ⊆ X},

OU m
Σ

i=1
Ri
(X) =∼ (OL m

Σ
i=1

Ri
(∼ X))

= {x ∈ U : [x]R1 ∩ X ̸= ∅ and [x]R2 ∩ X ̸= ∅... and [x]Rm ∩ X ̸= ∅}.

(OL m
Σ

i=1
Ri
(X), OU m

Σ
i=1

Ri
(X)) is referred to as the optimistic multiple-granulation rough set of X. The term

"optimistic" refers to x ∈ OL m
Σ

i=1
Ri
(X) if and only if there exists at least one equivalence relation Ri such

that [x]Ri ⊆ X for all x ∈ U and 1 ≤ i ≤ m. The optimistic multiple-granulation boundary region of X
is defined by OBND m

Σ
i=1

Ri
(X) as:

OBND m
Σ

i=1
Ri
(X) = OU m

Σ
i=1

Ri
(X)− OL m

Σ
i=1

Ri
(X).

Proposition 1.3. [14] Let (U,R) be a multiple-granulation approximation space. For any X, Y ⊆ U,
the following properties are true:

(1) OL m
Σ

i=1
Ri
(X) ⊆ X ⊆ OU m

Σ
i=1

Ri
(X).

(2) OL m
Σ

i=1
Ri
(∅) = OU m

Σ
i=1

Ri
(∅) = ∅ and OL m

Σ
i=1

Ri
(U) = OU m

Σ
i=1

Ri
(U) = U.

(3) OL m
Σ

i=1
Ri
(∼ X) =∼ (OU m

Σ
i=1

Ri
(X)) and OU m

Σ
i=1

Ri
(∼ X) =∼ (OL m

Σ
i=1

Ri
(X)).

(4) OL m
Σ

i=1
Ri
(OL m

Σ
i=1

Ri
(X)) = OU m

Σ
i=1

Ri
(OL m

Σ
i=1

Ri
(X)) = OL m

Σ
i=1

Ri
(X).

(5) OU m
Σ

i=1
Ri
(OU m

Σ
i=1

Ri
(X)) = OL m

Σ
i=1

Ri
(OU m

Σ
i=1

Ri
(X)) = OU m

Σ
i=1

Ri
(X).

(6) X ⊆ Y =⇒ OL m
Σ

i=1
Ri
(X) ⊆ OL m

Σ
i=1

Ri
(Y).

(7) X ⊆ Y =⇒ OU m
Σ

i=1
Ri
(X) ⊆ OU m

Σ
i=1

Ri
(Y).
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(8) OL m
Σ

i=1
Ri
(X ∩ Y) ⊆ OL m

Σ
i=1

Ri
(X) ∩ OL m

Σ
i=1

Ri
(Y) and

OU m
Σ

i=1
Ri
(X ∪ Y) ⊇ OU m

Σ
i=1

Ri
(X) ∪ OU m

Σ
i=1

Ri
(Y).

(9) OL m
Σ

i=1
Ri
(X ∪ Y) ⊇ OL m

Σ
i=1

Ri
(X) ∪ OL m

Σ
i=1

Ri
(Y) and

OU m
Σ

i=1
Ri
(X ∩ Y) ⊆ OU m

Σ
i=1

Ri
(X) ∩ OU m

Σ
i=1

Ri
(Y).

(10) OL m
Σ

i=1
Ri
(X) = ∪iLRi (X) and OU m

Σ
i=1

Ri
(X) = ∩iURi (X) for 1 ≤ i ≤ m.

2. Pre-Connectedness in Multiple-Granulation Approximation Spaces

Theorem 2.1. Suppose A ⊆ U is a multiple-granulation approximation space in (U,R). For each
B ∈ P(U), we define the mapping MGS − intA

R from P(U) to P(U) as:

MGS − intA
R(B) =


OL m

Σ
i=1

Ri
(A) ∩ OL m

Σ
i=1

Ri
(B) for all B ̸= U,

U, if B = U.

For B, C ∈ P(U), the operator MGS − intA
R fulfils the following conditions:

(1) MGS − intA
R(∅) = ∅, MGS − intA

R(U) = U.
(2) MGS − intA

R(B) ⊆ B.
(3) If B ⊆ C then MGS − intA

R(B) ⊆ MGS − intA
R(C).

(4) MGS − intA
R(B ∩ C) ⊆ MGS − intA

R(B) ∩ MGS − intA
R(C).

(5) MGS − intA
R(MGS − intA

R(B)) = MGS − intA
R(B).

Proof.

(1) According to Proposition 1.3 (2),

MGS − intA
R(∅) = OL m

Σ
i=1

Ri
(A) ∩ OL m

Σ
i=1

Ri
(∅) = ∅.

The second part comes directly from the definition.

(2) MGS − intA
R(B) = OL m

Σ
i=1

Ri
(A) ∩ OL m

Σ
i=1

Ri
(B) ⊆ OL m

Σ
i=1

Ri
(A) ∩ B ⊆ B.

(3) If B ⊆ C then OL m
Σ

i=1
Ri
(B) ⊆ OL m

Σ
i=1

Ri
(C), implies that

MGS − intA
R(B) ⊆ MGS − intA

R(C).

(4) For B, C ∈ P(U) we have

MGS − intA
R(B ∩ C) = OL m

Σ
i=1

Ri
(A) ∩ OL m

Σ
i=1

Ri
(B ∩ C)

⊆ OL m
Σ

i=1
Ri
(A) ∩

(
OL m

Σ
i=1

Ri
(B) ∩ OL m

Σ
i=1

Ri
(C)

)

=

(
OL m

Σ
i=1

Ri
(A) ∩ OL m

Σ
i=1

Ri
(B)

)
∩
(

OL m
Σ

i=1
Ri
(A) ∩ OL m

Σ
i=1

Ri
(C)

)
= MGS − intA

R(B) ∩ MGS − intA
R(C).

(5) Obvious.
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We observe that in a multipe-granulation approximation space (U,R), a mapping MGS − intA
R

obtained in Theorem 2.1 is called the OMG-supra interior operator associated with A.
In the event that there is no misunderstanding, we write intA

R(B) instead of MGS − intA
R(B).

Theorem 2.2. If intA
R is the OMG-supra interior operator associated with A in a multiple-granulation

approximation space (U,R), there exists a multiple-granulation supratopology T A
R ⊆ P(U) defined

as:
T A
R = {B ∈ P(U) : B = intA

R(B)}.

(U, T A
R ) is called the OMG-approximation supratopological space.

Proof.

(1) Using (1) in Theorem 2.1, we have
∅, U ∈ T A

R .

(2) Assume Bi ∈ T A
R , then

Bi = intA
R(Bi) for any i ∈ ∆.

According to Theorem 2.1(2), intA
R(∪i∈∆Bi) ⊆ ∪i∈∆Bi. In contrast, intA

R(Bi) ⊆ ∪i∈∆intA
R(Bi).

Theorem 2.1 (3) and (5) states that for any i ∈ ∆,

intA
R(Bi) = intA

R(intA
R(Bi))

⊆ intA
R(∪i∈∆intA

R(Bi)).

Thus,

∪i∈∆intA
R(Bi) ⊆ intA

R(∪i∈∆intA
R(Bi)).

Since Bi = intA
R(Bi) we have

∪i∈∆Bi ⊆ intA
R(∪i∈∆Bi).

So ∪i∈∆Bi = intA
R(∪i∈∆Bi). This suggests that ∪i∈∆Bi ∈ T A

R . Hence, T A
R is a multiple-granulation

supratopology.

Each element of T A
R is known as the OMG-supra open approximation set, while its complement is

known as the OMG-supra closed approximation set.

Theorem 2.3. If A ⊆ U is associated with a multiple-granulation approximation space (U,R), then
the mapping MGS − clA

R from P(U) to P(U) is defined by:

MGS − clA
R(B) =


(OL m

Σ
i=1

Ri
(A))c ∪ OU m

Σ
i=1

Ri
(B) for all B ̸= ∅,

∅, if B = ∅.

For B, C ∈ P(U), the operator MGS − clA
R has the following conditions:

(1) MGS − clA
R(∅) = ∅, MGS − clA

R(U) = U.
(2) B ⊆ MGS − clA

R(B).
(3) If B ⊆ C then MGS − clA

R(B) ⊆ MGS − clA
R(C).

(4) MGS − clA
R(B) ∪ MGS − clA

R(C) ⊆ MGS − clA
R(B ∪ C).

(5) MGS − clA
R(MGS − clA

R(B)) = MGS − clA
R(B).
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Proof. Analogous to Theorem 2.1.

A mapping MGS − clA
R defined in Theorem 2.3 is called the OMG-supra closure operator associ-

ated with A in a multiple-granulation approximation space (U,R).
To avoid confusion, we can write clA

R(B) instead of MGS − clA
R(B).

Lemma 2.4. Let (U,R) be a multiple-granulation approximation space. For each B ∈ P(U), we
have

(1) intA
R(Bc) = (clA

R(B))c.
(2) clA

R(Bc) = (intA
R(B))c.

(3) clA
R(OU m

Σ
i=1

Ri
(B)) = clA

R(B).

(4) intA
R(OL m

Σ
i=1

Ri
(B)) = intA

R(B).

(5) B is the OMG-supra open approximation set if and only if B = intA
R(B).

Proof. Obvious.

clA
R(Bc) = (intA

R(B))c implies that the OMG-supra closure operator generates the same OMG-
supratopology T A

R as the following theorem.

Theorem 2.5. Let clA
R be the OMG-supra closure operator associated with A in a multiple-granulation

approximation space (U,R). Then there exists the OMG-supratopology T A
R ⊆ P(U) defined as:

T A
R = {B ∈ P(U) : Bc = clA

R(Bc)}.

Proof. In the same way as Theorem 2.2.

Definition 2.6. Assume (U,R) is a multiple-granulation approximation space and A ∈ P(U). Then,

(1) B is the OMG-supra-preopen approximation set with A if and only if B ⊆ intA
R(clA

R(B)).

(2) B is the OMG-supra-preclosed approximation set with A if and only if B ⊇ clA
R(intA

R(B)).

(3) The OMG-supra-pre interior of B with A, denoted by spintA
R(B), is defined as:

spintA
R(B) =

⋃
{C : C ⊆ B, C is the OMG-supra-preopen set}.

(4) The OMG-supra-pre closure of B with respect to A, denoted by spclA
R(B), is defined as:

spclA
R(B) =

⋂
{C : B ⊆ C, C is the OMG-supra-pre closed set}.

Theorem 2.7. Let (U,R) be a multiple-granulation approximation space, with A, B ∈ P(U). Then the
following statements are valid:

(1) B is the OMG-supra-preopen approximation set if and only if B = spintA
R(B).

(2) B is the OMG-supra-preclosed approximation set if and only if B = spclA
R(B).

(3) spintA
R(U) = U and spclA

R(∅) = ∅.
(4) intA

R(B) ⊆ spintA
R(B) ⊆ B ⊆ spclA

R(B) ⊆ clA
R(B).

(5) spclA
R(B) ∪ spclA

R(C) ⊆ spclA
R(B ∪ C).

(6) spclA
R(spclA

R(B)) = spclA
R(B).

(7) clA
R(spclA

R(B)) = spclA
R(clA

R(B)) = clA
R(B).
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(8) spintA
R(Bc) = (spclA

R(B))c.

Proof. We demonstrate (7): Based on (4), B ⊆ spclA
R(B) ⊆ clA

R(B); thus,

clA
R(B) ⊆ clA

R(spclA
R(B)) ⊆ clA

R(clA
R(B)) = clA

R(B).

Hence, we get
clA
R(spclA

R(B)) = clA
R(B).

Furthermore, since clA
R(B) is the OMG-supra-preclosed approximation set, then spclA

R(clA
R(B)) =

clA
R(B).

Remark. (1) Every OMG-supra-open (supra-closed) approximation set is OMG-supra-preopen (supra-
preclosed) approximation set.

(2) Any union of OMG-supra-open approximation sets is OMG-supra-open approximation.

(3) Any intersection of OMG-supra-closed approximation sets constitutes an OMG-supra-closed
approximation set.

The following example demonstrates that the converse of the statement is not true.

Example 2.8. Consider P = U/R1 = {{a}, {b, c, d}}, Q = U/R2 = {{b, d}, {a, c}} and L = U/R3 =

{{a, b, c}, {d}} are three partitions on the universe U = {a, b, c, d}. Then we compute the OMG-lower,
OMG-upper, OMG-interior and OMG-closure with respect to A = {a, b, c} of each subset B ⊆ U in the
Table 1.

Table 1. The optimistic multiple-granulation lower and upper

OLP+Q+L(B) int{a,b,c}
R (B) OUP+Q+L(B) cl{a,b,c}

R (B)
{a} {a} {a} {a} {a, d}
{b} ∅ ∅ {b} {b, d}
{c} ∅ ∅ {c} {c, d}
{d} {d} ∅ {d} {d}
{a, b} {a} {a} {a, b, c} {a, b, c, d}
{a, c} {a, c} {a, c} {a, c} {a, c, d}
{a, d} {a, d} {a} {a, b, c, d} {a, b, c, d}
{b, c} ∅ ∅ {b, c} {b, c, d}
{b, d} {b, d} {b} {b, d} {b, d}
{c, d} {d} ∅ {b, c, d} {b, c, d}
{a, b, c} {a, b, c} {a, b, c} {a, b, c} {a, b, c, d}
{a, b, d} {a, b, d} {a, b} {a, b, c, d} {a, b, c, d}
{a, c, d} {a, c, d} {a, c} {a, b, c, d} {a, b, c, d}
{b, c, d} {b, c, d} {b, c} {b, c, d} {b, c, d}

The set B = {a, b} is the OMG-supra-preopen approximation set with A = {a, b, c}, but not the
OMG-supra-open approximation set.

int{a,b,c}
R (B) = {a} ̸= {a, b} = B.
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The sets {a, c} and {b, c} are OMG-supra-preopen approximation sets with A = {a, b, c}, but their
intersection is not OMG-supra-preopen approximation set with respect to A = {a, b, c}.

{c} = {a, c} ∩ {b, c} ⊈ int{a,b,c}
R (cl{a,b,c}

R ({c})) = ∅.

Furthermore, since int{a,b,c}
R ({a, c, d}) = {a, c}, int{a,b,c}

R ({b, c, d}) = {b, c}, then

∅ = int{a,b,c}
R ({c, d}) = int{a,b,c}

R ({a, c, d} ∩ {b, c, d})

⊉ int{a,b,c}
R ({a, c, d}) ∩ int{a,b,c}

R ({b, c, d})
= {a, c} ∩ {b, c} = {c}.

Definition 2.9. Let (U,R) be a multiple-granulation approximation space with A ∈ P(U). If
B ⊆ intA

R(clA
R(B)) ∪ clA

R(intA
R(B)), then B is the OMG-supra-b-open approximation set with respect to

A.

Proposition 2.10. Let B be the OMG-supra-b-open approximation set of (U,R) with intA
R(B) = ∅.

Then B and Bc are the OMG-supra-preopen approximation sets.
Proof. Given that B is the OMG-supra-b-open approximation set. Then

B ⊆ intA
R(clA

R(B)) ∪ clA
R(intA

R(B)).

If intA
R(B) = ∅, then clA

R(intA
R(B)) = ∅. Thus,

B ⊆ intA
R(clA

R(B)).

Thus, B represents the OMG-supra-preopen approximation set. Moreover, (intA
R(B))c = U. This

indicates that clA
R(Bc) = U. Therefore, Bc is the OMG-supra-preopen approximation set.

3. Pre-Continuity in Multiple-Granulation Approximation Spaces

Definition 3.1. Let (U,R) (V,R∗) be two multiple-granulation approximation spaces, with A ∈ P(U)

and B ∈ P(V). Thet mapping f : (U,R) −→ (V,R∗) is called

(1) An OMG-supra-continuous approximation if f−1(C) is the OMG-supra-open approximation set
in U for each OMG-supra-open approximation set in V.

(2) An OMG-irresolute approximation (resp. the OMG-supra-pre-continuous approximation) if
f−1(C) is an OMG-supra-preopen approximation set in U for each the OMG-supra-preopen
approximation set in V (resp. intB

R∗(C) = C).
(3) An OMG-irresolute open approximation (resp. the OMG-supra-preopen approximation) if

f (C) is the OMG-supra-preopen approximation set in V for each the OMG-supra-preopen
approximation set in U (resp. intA

R(C) = C).
(4) The OMG-irresolute closed approximation (resp. the OMG-supra-preclosed appromation) if

f (C) is the OMG-supra-preclosed approximation set in V for each the OMG-supra-preclosed
approximation set in U (resp. clA

R(C) = C).

Theorem 3.2. Let (U,R) and (V,R∗) be two multiple-granulation approximation spaces, A ∈
P(U), B ∈ P(V) and f : X −→ Y be a function. Then the following statements are equivalent:

(1) f is the OMG-supra continuous approximation.
(2) The OMG-supra-closed approximation set C ⊆ Y is f−1(C).
(3) f (clA

R(K)) ⊆ clB
R∗( f (K)) for all K ⊆ U.

(4) clA
R( f−1(C)) ⊆ f−1(clB

R∗(C)) for all C ⊆ V.
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(5) f−1(intB
R∗(C)) ⊆ intA

R( f−1(C)) for all C ⊆ V.

Proof. (1) ⇔ (2) Obvious.
(2) ⇒ (3) For every K ⊆ U, clB

R∗( f (K)) is a multiple-granulation approximation closed set in V. Hence,
f−1(clB

R∗( f (K))) is a multiple-granulation approximation closed set in U. However, K ⊆ f−1( f (K)) ⊆
f−1(clB

R∗( f (K))), and then

clA
R(K) ⊆ clA

R( f−1( f (K)))

⊆ clA
R( f−1(clB

R∗( f (K))))

= f−1(clB
R∗( f (K))).

Thus, we get f (clA
R(K)) ⊆ clB

R∗( f (K)).
(3) ⇒ (4) For any C ⊆ V, set f−1(C) = K. From (3) we get

f (clA
R( f−1(C))) ⊆ clB

R∗( f ( f−1(C))) ⊆ clB
R∗(C).

This means that clA
R( f−1(C)) ⊆ f−1(clB

R∗(C)).
(4) ⇒ (5) Straightforward.
(5) ⇒ (1) Let C be a multiple-granulation approximation open set in V. Then, C = intB

R∗(C). By
(5) f−1(C) = f−1(intB

R∗(C)) ⊆ intA
R( f−1(C)). Since intA

R( f−1(C)) ⊆ f−1(C) and intA
R( f−1(C)) =

f−1(C). Thus, f−1(C) is a multiple-granulation approximation open set in U. Hence, a multiple-
granulation approximation f is continuous.

The following two theorems are proved analogously to theorem 3.2.

Theorem 3.3. Let (U,R) and (V,R∗) be two multiple-granulation approximation spaces with
A ∈ P(U), B ∈ P(V) and f : X −→ Y a function. Then, the following statements are equivalent:

(1) f is an OMG-irresolute approximation map.
(2) The OMG-supra pre-closed approximation set C ⊆ Y is f−1(C).
(3) f (spclA

R(K)) ⊆ spclB
R∗( f (K)) for all K ⊆ U.

(4) spclA
R( f−1(C)) ⊆ f−1(spclB

R∗(C)) for all C ⊆ V.
(5) f−1(spintB

R∗(C)) ⊆ spintA
R( f−1(C)) for all C ⊆ V.

Theorem 3.4. Let (U,R) and (V,R∗) be two multiple-granulation approximation spaces with A ∈
P(U), B ∈ P(V) and f : X −→ Y a function. Then the following statements are equivalent:

(1) f is the OMG-supra-precontinuous approximation.
(2) f (spclA

R(K)) ⊆ clB
R∗( f (K)) for all K ⊆ U.

(3) spclA
R( f−1(C)) ⊆ f−1(clB

R∗(C)) for all C ⊆ V.
(4) f−1(intB

R∗(C)) ⊆ spintA
R( f−1(C)) for all C ⊆ V.

Theorem 3.5. Let (U,R), (V,R∗) be two a multiple-granulation approximation spaces with A ∈
P(U), B ∈ P(V) and f : X −→ Y a function. Then, the following statements are equivalent:

(1) f is the OMG-irresolute open approximation map.
(2) f (spintA

R(K)) ⊆ spintB
R∗( f (K)) for all K ⊆ U.

(3) spintA
R( f−1(C)) ⊆ f−1(spintB

R∗(C)) for all C ⊆ V.
(4) For any set C ⊆ Y and any OMG-supra-preclosed approximation set K ⊆ X such that f−1(C) =

K, there exists an OMG-supra-preclosed approximation set E ⊆ Y with C ⊆ E such that
f−1(E) ⊆ K.
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Proof. (1) ⇒ (2) Given that spintA
R(K) ⊆ K for any K ⊆ U, then

f (spintA
R(K)) ⊆ f (K).

According to (1), f (spintA
R(K)) is the OMG-supra-pre-open approximation set in V. Therefore,

f (spintA
R(K)) ⊆ spintB

R∗( f (K)).

(2) ⇒ (3) For any C ⊆ V, set f−1(C) = K. Then,

f (spintA
R( f−1(C))) ⊆ spintB

R∗( f ( f−1(C))) ⊆ spintB
R∗(C).

It implies that spintA
R( f−1(C)) ⊆ f−1(spintB

R∗(C)).
(3) ⇒ (4) Let K ⊆ X be the OMG-supra-preclosed approximation set with f−1(C) ⊆ K, C ⊆ Y. Thus,
clA
R(intA

R(K)) ⊆ K and spintA
R(K

c) ⊆ spintA
R( f−1(Cc)). By (3)

Kc ⊆ spintA
R( f−1(Cc)) ⊆ f−1(spintB

R∗(Cc)).

This means that f−1(spclB
R∗(C)) = f−1((spclB

R∗(Cc))c) ⊆ C. Thus, there exists the OMG-supra-
preclosed approximation set spclB

R∗(C) in V with C ⊆ spclB
R∗(C) so that f−1(spclB

R∗(C)) ⊆ K.
(4) ⇒ (1) Clear.

The following theorems can be proven in the same way that Theorem 3.9 was.

Theorem 3.6. Let f : X −→ Y be a function and (U,R), (V,R∗) be two multiple-granulation
approximation spaces with A ∈ P(U), B ∈ P(V). Then, the following claims are interchangeable:

(1) f is the OMG-supra-open approximation map.
(2) f (intA

R(K)) ⊆ intB
R∗( f (K)) for all K ⊆ U.

(3) intA
R( f−1(C)) ⊆ f−1(intB

R∗(C)) for all C ⊆ V.
(4) For any set C ⊆ Y, the OMG-supra-closed approximation set K ⊆ X so that f−1(C) = K, there

exists the OMG-supra-closed approximation set E ⊆ Y with C ⊆ E so that f−1(E) ⊆ K.

Theorem 3.7. Let (U,R), (V,R∗) be two multiple-granulation approximation spaces with A ∈
P(U), B ∈ P(V) and f : X −→ Y a function. Then, the following statements are equivalent:

(1) f is the OMG-supra-preopen approximation map.
(2) f (intA

R(K)) ⊆ spintB
R∗( f (K)) for all K ⊆ U.

(3) intA
R( f−1(C)) ⊆ f−1(spintB

R∗(C)) for all C ⊆ V.
(4) For any set C ⊆ Y and any OMG-supra-preclosed approximation set K ⊆ X so that f−1(C) = K,

there exists an OMG-supra-closed approximation set E ⊆ Y with C ⊆ E such that f−1(E) ⊆ K.

Theorem 3.8. Let (U,R), (V,R∗) be two multiple-granulation approximation spaces with A ∈
P(U), B ∈ P(V) and f : X −→ Y a function. Then, the following claims are interchangeable:

(1) f is the OMG-irresolute closed approximation map.
(2) f (spclA

R(K)) ⊇ spclB
R∗( f (K)) for all K ⊆ U.

Theorem 3.9. Let (U,R), (V,R∗) be two multiple-granulation approximation spaces with A ∈
P(U), B ∈ P(V) and f : X −→ Y a function. Then, the following claims are interchangeable:

(1) f is the OMG-supra-preclosed approximation map.
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(2) f (clA
R(K)) ⊆ intB

R∗(clB
R∗( f (K))) for all K ⊆ U.

(3) spclB
R∗( f (K)) ⊆ f (clA

R(K)) for all K ⊆ U.

Remark 3.10.

(1) Every OMG-supra continuous approximation (respectively, the OMG-supra open approximation
map or the OMG-supra closed approximation map) is the OMG-supra precontinuous approx-
imation (respectively, the OMG-supra-preopen approximation or the OMG-supra-preclosed
approximation) map.

(2) Every OMG-irresolute approximation map has an OMG-supra-precontinuous approximation.

Example 3.11. Given U = V, consider P = U/R1 = {{a}, {b, c, d}}, Q = U/R2 = {{b, d}, {a, c}}, and
L = U/R3 = {{a, b, c}, {d}} are three partitions on the universe U = {a, b, c, d}. We then compute the
OMG-lower, OMG-upper, OMG-interior, and OMG-closure with respect to A = {a, b, c} of each subset
B ⊆ U in Table 1.
A mapping f : (U,R) −→ (V,R∗) is defined as f (a) = f (d) = b, f (b) = a, and f (c) = c. If
{a, c} is the OMG-supra-open approximation set and f−1({a, c}) = {b, c} is the OMG-supra-preopen
approximation set, then f is the OMG-supra-precontinuous approximation, but not the OMG-supra
continuous approximation.
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