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Abstract: To define the optimistic multiple-granulation(OMG) supra interior operator int% and the OMG-supra

closure operator cl;% associated with a set A in a multiple-granulation approximation space, we used the concepts

of the OMG-lower set OL Z e (A) and the OMG-upper set oug X (A). These operators create an approximate
i=1 ! i=1 i

topological space known as optimistic multiple-granulation supratopological spaces. OMG-supra-open and

OMG-supra-closed approximation sets are also defined, followed by OMG-supra-continuous approximation and

OMG-irresolute approximation.

Keywords: multi-granulation nano generalized topology; multi-granulation nano generalized interior; multi-

granulation nano generalized closure

1. Historical Background

Pawlak [9,10] proposed a term for rough sets in approximation space to address the uncertainty
arising from artificial systems with lacking and incomplete real-world information. Rough sets are
conceptualised in terms of the equivalent relationship of a universal finite set, which serves as the
foundation for lower and upper approximations for particular subsets. Numerous researchers have
investigated the connection between topological spaces and rough sets, demonstrating that the lower
and upper approximation operators formed from a reflexive and transitive relation correspond to
the interior and closure operators in a topology, [1,3,11,12,15,19-21]. Ibedou et al. [2] proposed semi-
connectedness for nano topological and approximation spaces. Additionally, he utilized the concept of
operators in approximation spaces to introduce semicontinuity and other forms of continuity more
comprehensively.

Extending and generalising the rough set model is one of the most significant research avenues.
Qian et al. [13,14] extended the Pawlak set model by introducing and defining multi-granulation
rough sets with multiple equivalence relations in the universe set. Pawlak’s rough set has only one
equivalence relation. Qian’s definition produces two different kinds of multi-granulation rough
sets because it contains multiple equivalence relations. Initially, we consider the optimistic multi-
granulation rough set. The term "optimistic" in the lower approximation refers to the requirement
that at least one independent granular structure satisfy the implication relationship between the
equivalency class and the indefinable set.

Second, the pessimistic multi-granulation rough set, in which the term "pessimistic" is used in the
lower approximation in multiple independent granular structures, refers to the idea that every granular
structure must satisfy the implication relation between the equivalence class and the undefinable
set. Following that, a number of researchers looked into multi-granulation rough set models based
on various types of relationships and came up with a number of interesting ideas (for example,
[4-8,16,17]).

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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This paper focuses on the OMG-supra interior and OMG-supra closure operators in a multiple-

granulation approximation space, which generates an approximation topological space known as the
optimistic multiple-granulation supratopological spaces. The OMG-supra-preopen and OMG-supra-
preclosed sets in multiple-granulation approximation space are defined. There are also definitions
for the OMG-supra-pre interior and OMG-supra pre closure operators. The OMG-supra-continuity
approximation and the OMG-supra-pre continuity approximation are defined. Some new approx-
imation continuities are defined in a generalised form by employing special multiple-granulation
approximation operators defined on multiple-granulation approximation spaces.
In this paper, let U = {x,x2,..x,} be a nonempty and finite set of objects, called a universe of
discourse. R C U x U is an equivalence relationon U. x € U, [x]g = {y € U : (x,y) € R} is
the equivalence class that contains x. Then U/R = {[x|g : x € U} creates a partition of U. Let R
be a family of equivalence relations on U. The pair (U, R) is described as a multiple-granulation
approximation space.

Definition 1.1. [13,14] Let (U, R ) be a multiple-granulation approximation space with Ry, R, R3, ..., Ry €
‘R, where m is a natural number. For any X C U, the OMG-lower and upper approximations of X on
the family of equivalence relations {R; : 1 < i < m} are defined

OLgR_(X) ={xeU:[x]g, € Xor[x]g, € Xor..or[x]g, C X},
is1 !

={xel:[x]g, N X #Dand [x]g, N X # @...and [x]g, N X # O}.

(OL . (X),ou - (X)) is referred to as the optimistic multiple-granulation rough set of X. The term
-1 s
"optimistic" refers to x € OL » (X if and only if there exists at least one equivalence relation R; such
i
that [x]g, € X forall x € Uand 1 < i < m. The optimistic multiple-granulation boundary region of X
is defined by OBND . (X) as:

i
i=1

B Dm X - m X - Lm X
OBNDy  (X) =OUy  (X) =OLy  (X)

i=1 i=1 i=1

Proposition 1.3. [14] Let (U, R) be a multiple-granulation approximation space. For any X,Y C U,
the following properties are true:

1) OLg LX) EXCoUy (X).

i=1 i=1

i=1 i=1 i=1 i=1

(~X) =~ (OLy _(X)).

(3) OL% Ri(N X) =~V (OU§ R (X)) and OU§ R; ¢ R;

i=1 i=1 i i=1
4) OLgRi(OLgRi(X)) - OUVZR_(OL‘%R(X)) - OL:RV(X).
() OUy , (OUy (X)) =OLy Ri(ou_g o (X)) =0l (X).

i=1 i=1 1 i=1 i=1

ZRi ‘ZRI‘

i=1
(7) XCY=0Uy (X)CO

i=1 i=1
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(8) OLy  (XNY) COLy  (X)N OLy  (¥)and
i=1 ! i=1 i
oum R (XuY) 20U V(X)U Oty . (¥).
R; P} i
(9) OL'y £ (X UY)2O0 1R1 L x)u OLgRi(Y) and
Oule(XﬂY) OUy  (X)N OUy  (Y).

t

(10) OL' v (X) = (X) and Oy , (X) = Millg,(X) for1 <i < m.

17 i=1

i

2. Pre-Connectedness in Multiple-Granulation Approximation Spaces

3o0f11

Theorem 2.1. Suppose A C U is a multiple-granulation approximation space in (U, R). For each

B € P(U), we define the mapping MGS — int% from P(U) to P(U) as

OLw_(A)N OLw

(B) forall B# U,

g R; IR
MGS — intjy (B) = - -
u, if B=1U.
For B, C € P(U), the operator MGS — int4 fulfils the following conditions:
(1) MGS — int4 (?) =@, MGS — znt%(u) =U.
(2) MGS — int (B) C B.
B)IfBCC then MGS — int4 (B) € MGS — int4 (C).
(4) MGS — int5 (BN C) € MGS — int4 (B) N MGS — int# (C).
(5) MGS — inti} (MGS — int} (B)) = MGS — int% (B).
Proof.
(1) According to Proposition 1.3 (2),
—1i 4 = m m == .
MGS — int} (D) OL‘ERI‘ (A)N OL‘ERZ‘ (@) =0
The second part comes directly from the definition.
(2) MGS — int} (B) = OLmR‘( )N OL§R(B) COLw (A)N BCB.

i= i=1 i=1
(3) If BC C then OL n (B) OL n R_(C), implies that

i
i= 1 i=1

MGS — int#(B) C MGS — int4 (C).
(4) For B,C € P(U) we have
MGS — int%(B NnC) =O0L m R‘(A) NOL» (BNC)
i=1 ! i=1 i
COLw (A)N|OLw (B)NOLw
iE1Ri iElRi i§1 i

i=1 i=1

= MGS — int4(B) N MGS — int4 (C).

(5) Obvious.

. <c>)

> R; > R; >

i=1

(A)NOLy Ri(c>>

i=
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We observe that in a multipe-granulation approximation space (U, R), a mapping MGS — int;%
obtained in Theorem 2.1 is called the OMG-supra interior operator associated with A.
In the event that there is no misunderstanding, we write int4 (B) instead of MGS — int (B).

Theorem 2.2. If int;% is the OMG-supra interior operator associated with A in a multiple-granulation
approximation space (U, R), there exists a multiple-granulation supratopology 74 C P(U) defined
as:

TA = {B e P(U): B=int}(B)}.

(U, T#') is called the OMG-approximation supratopological space.

Proof.

(1) Using (1) in Theorem 2.1, we have
o,U € TE.

(2) Assume B; € Tfé, then
B; = int% (B;) forany i € A.

According to Theorem 2.1(2), int%(UieABi) C UjeaB;. In contrast, int%(Bi) C UieAint;%(Bi).
Theorem 2.1 (3) and (5) states that for any i € A,

int%(Bi) = int%(int%(Bi))
C inty (Uieaint (By)).

Thus,
Useaintz (B) C int (Uicaintz (By)).
Since B; = int (B;) we have
UicaB; C int (UicaBi).

So UjeaB; = int% (UjeaBi). This suggests that U;cp B; € Tfé. Hence, Tfé is a multiple-granulation
supratopology.

Each element of 774 is known as the OMG-supra open approximation set, while its complement is
known as the OMG-supra closed approximation set.

Theorem 2.3. If A C U is associated with a multiple-granulation approximation space (U, R ), then
the mapping MGS — cl4 from P(U) to P(U) is defined by:

(OL

MGS — clA(B) = '

@, if B=0.

(A))u OUgR (B) forall B # @,

i

m
Y R;
=1 i=1

For B, C € P(U), the operator MGS — cl4 has the following conditions:
(1) MGS — I (@) = ©, MGS —cl4(U) = U.
(2) BC MGS — cl4(B).
(3)If B C C then MGS — cl4 (B) € MGS — cl4 (C).
(4) MGS — ¢l (B) UMGS — ¢l (C) € MGS — clA(BUC).
(5) MGS — cl} (MGS — cl4(B)) = MGS — cl4 (B).
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Proof. Analogous to Theorem 2.1.

A mapping MGS — cl4 defined in Theorem 2.3 is called the OMG-supra closure operator associ-
ated with A in a multiple-granulation approximation space (U, R).
To avoid confusion, we can write cl% (B) instead of MGS — cl4 (B).

Lemma 2.4. Let (U, R) be a multiple-granulation approximation space. For each B € P(U), we
have

1) intR(BC) = (cIf3(B))".
2) clﬁ BS) = (intA(B))

(3) clg Ollm (B)) = cl4(B).

4) int;;(opg Ri(B)) = int4 (B).

(5) Bisthe 6MG—supra open approximation set if and only if B = int4 (B).

Proof. Obvious.

cl4(B°) = (int4(B))° implies that the OMG-supra closure operator generates the same OMG-
supratopology 74 as the following theorem.

Theorem 2.5. Let cI4 be the OMG-supra closure operator associated with A in a multiple-granulation
approximation space (U, R). Then there exists the OMG-supratopology 7' C P(U) defined as:

= {B € P(U): B = clA(B)}.

Proof. In the same way as Theorem 2.2.

Definition 2.6. Assume (U, R) is a multiple-granulation approximation space and A € P(U). Then,

(1) B is the OMG-supra-preopen approximation set with A if and only if B C int% (cl4 (B)).
(2) B is the OMG-supra-preclosed approximation set with A if and only if B D cl4 (int (B)).
(3) The OMG-supra-pre interior of B with A, denoted by spint4 (B), is defined as:

spinty(B) = | J{C : C C B, C is the OMG-supra-preopen set}.
(4) The OMG-supra-pre closure of B with respect to A, denoted by s pcl;%(B), is defined as:

spelis (B =[){C: B C C,C is the OMG-supra-pre closed set}.

Theorem 2.7. Let (U, R) be a multiple-granulation approximation space, with A, B € P(U). Then the
following statements are valid:

(1) Bis the OMG-supra-preopen approximation set if and only if B = s pmtﬁ
(2) Bis the OMG-supra-preclosed approximation set if and only if B = spcl4 (
(3) spzntA( ) = U and spclf (?) = @.

4) intR( ) C spint (B) C B C spcl4 (B) C cl4(B).

o) spclﬁ ) Uspcln (C) C spclA(B uQ).

(6) spclf (spcld (B)) = spclf (B).

(7) clA(spclA( )) = spclA(clA( )) = cl4(B).
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(8) spints (B°) = (spclf (B))°.
Proof. We demonstrate (7): Based on (4), B C spcl4 (B) C cl4 (B); thus,
CIA(B) C clf(spelh (B)) C cl (clA(B)) = clA(B).

Hence, we get
ClA (splf(B)) = clA(B).
Furthermore, since cl/ (B) is the OMG-supra-preclosed approximation set, then spcl4 (cl4 (B)) =
cl4(B).
R

Remark. (1) Every OMG-supra-open (supra-closed) approximation set is OMG-supra-preopen (supra-
preclosed) approximation set.

(2) Any union of OMG-supra-open approximation sets is OMG-supra-open approximation.

(3) Any intersection of OMG-supra-closed approximation sets constitutes an OMG-supra-closed
approximation set.

The following example demonstrates that the converse of the statement is not true.

Example 2.8. Consider P = U/Ry = {{a},{b,c,d}}, Q=U/R, = {{b,d},{a,c}} and L = U/R3 =
{{a,b,c},{d}} are three partitions on the universe U = {a,b,c,d}. Then we compute the OMG-lower,
OMG-upper, OMG-interior and OMG-closure with respect to A = {a,b, c} of each subset B C U in the
Table 1.

Table 1. The optimistic multiple-granulation lower and upper

OLpio1(B) | intl{" (B) | OUp,q.1(B) | 1" (B)
{a} {a} {a} {a} {a,d}
{b} 2 2 {v} {b,d}
{c} @ @ {c} {c,d}
{d} {d} @ {d} {d}
{a,b} {a} {a} {a,b,c} {a,b,c,d}
{a,c} {a,c} {a,c} {a,c} {a,c,d}
{a,d} {a,d} {a} {a,b,c,d} {a,b,c,d}
{b,c} @ @ {b,c} {b,c,d}
{b,d} | {bd} {v} {b,d} {b,d}
{c,d} {d} @ {b,c,d} {b,c,d}
{a,b,c} | {a,b,c} {a,b,c} {a,b,c} {a,b,c,d}
{a,b,d} | {a,b,d} {a,b} {a,b,c,d} {a,b,c,d}
{a,c,d} | {a,cd} {a,c} {a,b,c,d} {a,b,c,d}
{b,c,d} | {bcd} {b,c} {b,c,d} {b,c,d}

The set B = {a,b} is the OMG-supra-preopen approximation set with A = {a,b,c}, but not the
OMG-supra-open approximation set.

int!}(B) = {a} # {a,b} = B.
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The sets {a,c} and {b, c} are OMG-supra-preopen approximation sets with A = {a, b, c}, but their
intersection is not OMG-supra-preopen approximation set with respect to A = {a,b, c}.

{c} = {a,c}n{bc} € inte" (P ({c})) = @.
Furthermore, since int;{g’b'c}({a, c,d}) ={a,c}, int%’b’c}({b, ¢, d}) = {b,c}, then

@ = int!* ({c,d}) = int!¥" ({a,c,d} N {b,c,d})
3 inte" ({a, c,d}) NintlP ({b,c,d})
={a,c}n{b,c} = {c}.

Definition 2.9. Let (U, R) be a multiple-granulation approximation space with A € P(U). If
B C int4 (cl4(B)) U cl4 (int4 (B)), then B is the OMG-supra-b-open approximation set with respect to
A.

Proposition 2.10. Let B be the OMG-supra-b-open approximation set of (U, R) with int (B) = @.
Then B and B¢ are the OMG-supra-preopen approximation sets.
Proof. Given that B is the OMG-supra-b-open approximation set. Then

B C intf (cl4(B)) Ucl4 (int4 (B)).
If int# (B) = @, then cl4 (int4 (B)) = @. Thus,
B C int4 (cl4(B)).

Thus, B represents the OMG-supra-preopen approximation set. Moreover, (int4 (B))¢ = U. This
indicates that clé(BC) = U. Therefore, B® is the OMG-supra-preopen approximation set.

3. Pre-Continuity in Multiple-Granulation Approximation Spaces

Definition 3.1. Let (U, R) (V,R*) be two multiple-granulation approximation spaces, with A € P(U)
and B € P(V). Thet mapping f : (U, R) — (V,R*) is called

(1) An OMG-supra-continuous approximation if f~1(C) is the OMG-supra-open approximation set
p pp pra-open app
in U for each OMG-supra-open approximation set in V.
(2) An OMG-irresolute approximation (resp. the OMG-supra-pre-continuous approximation) if
pp p pra-p pp
~1(C) is an OMG-supra-preopen approximation set in U for each the OMG-supra-preopen
pra-preopen app pra-preop
approximation set in V (resp. intZ,, (C) = C).
(3) An OMG-irresolute open approximation (resp. the OMG-supra-preopen approximation) if
pen app p pra-preopen app
f(C) is the OMG-supra-preopen approximation set in V for each the OMG-supra-preopen
approximation set in U (resp. int4 (C) = C).
(4) The OMG-irresolute closed approximation (resp. the OMG-supra-preclosed appromation) if
f(C) is the OMG-supra-preclosed approximation set in V for each the OMG-supra-preclosed
approximation set in U (resp. clé(C ) =0O).

Theorem 3.2. Let (U,R) and (V,R*) be two multiple-granulation approximation spaces, A €
P(U),B e P(V)and f: X — Y be a function. Then the following statements are equivalent:

(1) fis the OMG-supra continuous approximation.

(2) The OMG-supra-closed approximation set C C Y'is f~1(C).
(3) f(cl4(K)) C clB.(f(K)) forall K C U.

@) clA(f1(C)) C fY(cIB.(C)) forallC C V.
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() f~U(intk.(C)) C inth(f~(C)) forallC C V.

1) < (2) Obvious.

For every K C U, cIZ. (f(K)) is a multiple-granulation approximation closed set in V. Hence,
f(K))) is a multiple-granulation approximation closed set in U. However, K C f~1(f(K)) C
f(K))), and then

Thus, we get f(cl4 (K)) C cIB.(f(K)).
(3) = (4) Forany C C V, set f!(C) = K. From (3) we get

Flelg(f7H(C))) € elR-(f(FH(C))) € el ().

This means that cI4 (f~1(C)) C f~1(cI.(C)).

(4) = (5) Straightforward.

(5) = (1) Let C be a multiple-granulation approximation open set in V. Then, C = int%.(C). By
) f7HC) = f(ntB.(C)) C intA(f~1(C)). Since int3 (f~1(C)) C f~1(C) and int5 (f~(C)) =
f~Y(C). Thus, f~1(C) is a multiple-granulation approximation open set in U. Hence, a multiple-
granulation approximation f is continuous.

The following two theorems are proved analogously to theorem 3.2.

Theorem 3.3. Let (U,R) and (V,R*) be two multiple-granulation approximation spaces with
AeP(U),BeP(V)and f : X — Y a function. Then, the following statements are equivalent:

(1) fis an OMG-irresolute approximation map.

(2) The OMG-supra pre-closed approximation set C C Y'is f~1(C).
(3) f(speld(K)) C spclB. (f(K)) forall K C U.

) spcld(f71(C)) C fYspclk.(C)) forall C C V.

() f~Yspintd. (C)) C spint (f1(C)) forall C C V.

Theorem 3.4. Let (U, R) and (V, R*) be two multiple-granulation approximation spaces with A €
P(U),B e P(V)and f : X — Y a function. Then the following statements are equivalent:

(1) fis the OMG-supra-precontinuous approximation.
) f(speld(K)) C clB,(f(K)) forall K C U.

3) speld (f1(C)) C fHcIB.(C)) forallC C V.

@) f1(intB.(C)) C spintA(f1(C)) forall C C V.

Theorem 3.5. Let (U, R), (V,R*) be two a multiple-granulation approximation spaces with A €
P(U),B € P(V)and f : X — Y a function. Then, the following statements are equivalent:

(1) f is the OMG-irresolute open approximation map.

() f(s.:pizt%(}l()) - spinf{a* (f(Kg) forall K C U.

(3) spint% (f~(C)) € f~ (spint3.(C)) forall C C V.

(4) For any set C C Y and any OMG-supra-preclosed approximation set K C X such that f~1(C) =
K, there exists an OMG-supra-preclosed approximation set E C Y with C C E such that
fHE) K.
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Proof. (1) = (2) Given that spint4 (K) C K for any K C U, then

f(spintz (K)) C f(K).

According to (1), f(spint (K)) is the OMG-supra-pre-open approximation set in V. Therefore,

fspintR (K)) C spintf. (f(K)).

(2) = (3) Forany C C V, set f 1(C) = K. Then,

flspint (F1(C))) € spint-(f(f~1(C))) C spintf. (C).

It implies that spint5 (f~1(C)) C f~(spinth.(C)).
(3) = (4) Let K C X be the OMG-supra-preclosed approximation set with f~1(C) C K, C C Y. Thus,
clf (int4 (K)) C K and spintf (K°) C spint (f~1(C°)). By (3)

K° C spinth (F71(C)) C £ (spinth. (C°)).

This means that f~(spcl8.(C)) = f((spclZ.(C))°) C C. Thus, there exists the OMG-supra-
preclosed approximation set spcIB. (C) in V with C C spclZ. (C) so that f~!(spclB.(C)) C K.
(4) = (1) Clear.

The following theorems can be proven in the same way that Theorem 3.9 was.

Theorem 3.6. Let f : X — Y be a function and (U, R), (V,R*) be two multiple-granulation
approximation spaces with A € P(U), B € P(V). Then, the following claims are interchangeable:

(1) f is the OMG-supra-open approximation map.

) f(int4(K)) C inth. (f(K)) forall K C U.

@) int (f1(C)) C fY(intB.(C)) forallC C V.

(4) For any set C C Y, the OMG-supra-closed approximation set K C X so that f~1(C)

= K, there
exists the OMG-supra-closed approximation set E C Y with C C E so that f~1(E) C K.

Theorem 3.7. Let (U,R), (V,R*) be two multiple-granulation approximation spaces with A €
P(U),B € P(V)and f : X — Y a function. Then, the following statements are equivalent:

(1) f is the OMG-supra-preopen approximation map.

@) f(inth(K)) C spint?,. (f(K)) forall K C U.

@) intA(f1(C)) C fHspintk.(C)) forall C C V.

(4) For any set C C Y and any OMG-supra-preclosed approximation set K C X so that f~1(C) = K,
there exists an OMG-supra-closed approximation set E C Y with C C E such that f~!(E) C K.

Theorem 3.8. Let (U,R), (V,R*) be two multiple-granulation approximation spaces with A €
P(U),Be€ P(V)and f : X — Y a function. Then, the following claims are interchangeable:

(1) f is the OMGe-irresolute closed approximation map.
) f(spelf(K)) 2 spclB. (f(K)) forall K C U.

Theorem 3.9. Let (U, R), (V,R*) be two multiple-granulation approximation spaces with A &
P(U),B e P(V)and f : X — Y a function. Then, the following claims are interchangeable:

(1) fis the OMG-supra-preclosed approximation map.
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2 f(cl?( )) C inth. (cIB.(f(K))) forall K C U.
(3) spcl%. (f(K)) C f(cl4(K)) forall K C U.

Remark 3.10.

(1) Every OMG-supra continuous approximation (respectively, the OMG-supra open approximation
map or the OMG-supra closed approximation map) is the OMG-supra precontinuous approx-
imation (respectively, the OMG-supra-preopen approximation or the OMG-supra-preclosed
approximation) map.

(2) Every OMG-irresolute approximation map has an OMG-supra-precontinuous approximation.

Example 3.11. Given U = V, consider P = U/Ry = {{a},{b,c,d}}, Q =U/Ry = {{b,d}, {a,c}}, and
L=U/Rs ={{a,b,c},{d}} are three partitions on the universe U = {a,b,c,d}. We then compute the
OMG-lower, OMG-upper, OMG-interior, and OMG-closure with respect to A = {a, b, c} of each subset
B C U in Table 1.

A mapping f : (U,R) — (V,R*) is defined as f(a) = f(d) = b, f(b) = a, and f(c) = c. If
{a, c} is the OMG-supra-open approximation set and f~1({a,c}) = {b,c} is the OMG-supra-preopen
approximation set, then f is the OMG-supra-precontinuous approximation, but not the OMG-supra
continuous approximation.
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